Asymptotics final

Answer as much as you can. The questions do not have equal weight. There are two pages.
1. For z > 1, find the leading-order approximation to the integral,

J
I = / g®)e HWat, 1< gt) <2,  f(t) =+ 7t + 1063 — 18t — 27t + 27,
J

where j is any integer.

2(a). Find the coefficients of the p — 0 asymptotic approximation to the integral, fpoo t—2e %dt,
noting that Euler’s constant is v = — fooo e *logz dx.

2(b). The function f(r) satisfies
2
frr+ = fr+4rf2f, =0, inr>1,
r

and is subject to the boundary conditions, f(1) =0 and f — 1 as r — co. Obtain an asymptotic
expansion for f at fixed r and € — 0 in the asymptotic sequence, {1,¢,€?log(1/¢),e?}. Then find
a similar expansion for f at fixed p = €“r, where a > 0 is a parameter that you should determine.
Match these expansions.

3. Using multiple scales, find the leading-order asymptotic approximation, valid for ¢t = O(e!) to
the solution of the equations,

&=y, g4+ =z+exy™, i =elzy +yz— 2), y(0) =0, =(0)=2(0) =1,

where m is a positive integer.

4. Using the WKB method, provide approximations for all eigenvalues, A, of the problem
y' + X yF(z) =0,  y(0)=y(2) =0,,

where F(x) — cz® for x — 0, with ¢ a positive constant, F(1) =0, F >0for0 <z < 1,and F <0
for 1 <z < 2. Note that the WKB approximation to 3" + f(x)y =0 is

/ w(x') da’

e @ —® 2 _ _ _
y m[(a be® +2(a+be ], Q f>0, @

L (acos® +bsinh), w?=f>0, 0=

yNﬁ ] f(l‘*):O,

/ Q') da’
T x

)

and
w" 4 2P 72w = 0,

has solution, w(z) = v/z Cl/p(2zp/2/p), where C,(z) is a Bessel function of order v.
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5. (a) With positive parameters 5 and ~, find the general term in an expansion for k < 1 of

1 zVdx
Iﬁw(k’) _/0 W

(b) Using this expansion, find the nearest singularity to the origin ko and its type, a. Then
make a second approximation of the integral to obtain the coefficient A in Ig (k) ~ A(ko — k)“.

(c) Use multiplicative and additive extraction to remove the nearest singularity in the small-k
approximation, keeping terms upto and including order k2.

(d) Construct the (2,2) Padé approximant from the k < 1 series solution. At what value of k
does this approximant place the singularity when 5 =2 and v = 1/37

(e) Compute Sy (k), the (n + 1)—term approximation of Iy;/3(k) for K < 1 and n = 0 to 7.
Sketch S7(k) against k for 0 < k < 1, and compare the result with the numerical computation
shown in the figure; use a printout of the figure if needed! Next use the Shanks transform to
generate improved approximations of I 1 /3(k). Add the best of these to your figure, together with
Iy1/3(k) ~ A(ko — k)®, the two improved series from (c), and the (2,2) Padé approximant from (d).

(f) For a numerical comparison, compare all the preceding results with the numerically deter-
mined value, I ;/3(0.9) =~ 2.3060.



