MATH 400 — Final exam

Closed book exam; no calculators. Answer as much as you can; credit awarded for the best three
answers. Adequately explain the steps you take. e.g. if you use an expansion formula, say in one
sentence why this is possible; if you quote a special function solution to an ODE, say why this is the
correct one. Be as explicit as possible in giving your solutions.

1. The ringing of a hemispherical bell is modelled by

.
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Using separation of variables, find the solution, demanding regularity at 8 = 0, and imposing the
boundary and initial conditions, u(3m,t) = u(#,0) = 0 and u;(#,0) = f(¢). What are the normal-
mode frequencies (i.e. the possible choices for w if u o sinwt)? Find an explicit solution (involving
no integrals) for f(#) = 1+ 5cos®§ — 3 cos¥.

2. Establish that R
df
Flzf(x)} = z%,

where F{f} = f(k) is the Fourier transform of f(z). Next consider the Airy function Ai(z), which
satisfies

d?Ai , < .
e A, Ai(z) dx =1, Ai — 0 for x — +o0.

By applying the Fourier transform, show that

1 o0
Ai(z) = / cos(3t® + at) dt.
0

T
Now solve the PDE
Up = Ugp — Ugps, u — 0 for x — Fo00, u(z,0) = Ai(z),
expressing your answer in terms of the Airy function (without any further integrals).
3. For the Laplace transform, establish the relations,
L{f'(O)} =sf(s) = f(0),  L{ft—a)H(t—a)}=e""f(s) and L{o(t-a)}=e""

where f(s) = L{f(t)}, a > 0, H(x) is the step function and §(x) is the Dirac delta function.
An age-structured model of a population with larvae and adults is based on the PDEs,

Ut + Uq + U = v, Vg + Vg + pv = -0, 0<a,t < oo,

where p is the (constant) death rate. Initially u(a,0) = d(a — A) and v(a,0) = 0, for some age A > 0.
The adults reproduce to create larvae such that

3 o
v(0,t) = / u(a, t)da,
4 Jo
whereas u(0,t) = 0. By Laplace transforming the equations, find u(a,t) and v(a,t).

4. Using the method of characteristics, solve the PDE,

ug + utug, =0, u(z,0) = f(z).



For the initial condition,

0, r < —1,
1, -1 <z <0,
flz) = T—z, 0<z<l,
0, 1<z,
show that an expansion fan is launched from z = —1, and that a shock forms at x = ¢ = 1. Sketch

the characteristic curves on a space-time diagram, and snapshots of the solution for ¢t = 1, ¢ = %
and t = 3, indicating how one can use a geometrical construction to avoid a multivalued solution for
t > 1. Provide an equation of motion for the position of the shock, and then solve it to find the path
of that discontinuity for 1 <t < 3 2 and t > 2 Add the shock path to your characteristics diagram.

Helpful information:

The Sturm-Liouville differential equation:

% [p(ﬂf)ﬁ] +q(z)y + Ao(z)y = 0.

Legendre’s equation, with regular solution y = P, (z) at x = £1, is

1
2
(=at)y =20y 4 nn+ 1y =0 [ [Pa)fde = =

Bessel’s equation is

2y + 2y + (22 —mP)y =0,

and has the solution, y = Jp,(2), which is regular at z = 0.

Fourier Transform:

foy = 7@ = [ et e f@ = F U= 5= [ fea
Laplace Transform:

T = LU0 = [T roeta & 0= £ F) = 5 [ Fletas

where C is the Bromwich contour

Cauchy’s theorem: if F'(z) has a simple pole at z = z,, but is otherwise analytic inside a closed
contour C,

/CF(z)dz =2mi [(2 — 2:) F(2)],,.. -

og_/ £ gz — 2')da.

cos(A + B) = cos A cos B — sin Asin B, sin(A 4+ B) = sin A cos B + cos Asin B.

Convolution:

Helpful trigonometric relations:



MATH 400 — Solution

1. Let u =Y (2)T'(t) where z = cosf. Then, separating variables,
T" + XT =0, (1= 22)Y) + XY =0.

Thus, T is given by coswt or sinwt, with w? = X, and Y satisfies Legendre’s equation. The boundary
conditions are unusual: X is regular at x = 1 and X (0) = 0. The problem still has Sturm-Liouville
form, and the solutions are the odd Legendre polynomials Y = P, (x), with A =n(n+ 1) and n = 1,
3, 5, .... We write a general solution,

oo
u= Z (ap, coswpt + by, sinwy,t) P, (x) wp = y/n(n+1).
n=1,n odd

But a,, = 0 in view of u(6,0) = 0, and

o) 1
f(0) = Z Wy by P () — b, = Jo 1 Pud = @ntl) /f ) (cos ) sin 0d6,

1
n=1,n odd Wn, fO PEdIB VAL TL + 1

in view of the expansion theorem of a Sturm-Liouville problem and the helpful integral provided. (7

points.)
For f(0) =1+ 5cos® — 3cosf = 1+ 2P;(x), we have
2n+1) ! 2n + 1 P! 2
b= 2D [ 4 opypde = 2D [ 20 6n3}
vn(n+1) Jo nn+1) [n(n+1) 7

in view of Legendre’s equation and the orthogonality of the P,’s. (4 points.)

2. From the definition of the Fourier transform

o0 ) d £

Flzf(x)} = /_OO e~y f(x)de = i— _kaf( Ydx = zd—”]]; (1 point).

Transforming the ODE:

dif’cAl = ik?Ai — /A\l(k) = E(O)eik3/3.
= / Ai(z) dz =
1

oo ) 1 00
= / ke ik /3 g — / cos(kx + 1k%)dk (4 points).
—o0 ™ Jo

But

Hence,

Ai(x) o

Last, Fourier transforming the PDE and initial condition,
iy = ik + ik34 N ’Et(k,t) — ﬂ(k,O)ei(kSJrk)t — ei(k3+k)t+ik3/3‘

Hence, inverting the transform,

1 [ ; _ . +1 .
u(z,t) = 27r/ ezk(a:+t)+zk3(1+3t)/3dk = (1+3t) 1/3 A5 ((11301/3> ] (4 points).

3. From the definitions (and as long as Re(s) > 0 and f(t) is bounded for t — o),

Cif(1) = /Ooof’u)e-“dt: ) s / F(t)e*tdt = sF(s) — £(0)



C{F(t— a)H(t — a)} = / T H = a)etdt = /0 T Fr)e st — e F(s)
and OO“
L{5(t—a)} = /0 5(t —a)e Stdt = e (3 points).
For u(a,0) = 6(a — A) and v(a,0) = 0, Laplace transforming the PDEs gives
U+ (s+p)u=1v+da—A) & Vg +(s+p+1)v =0,

Hence
0(a,s) = 0(0,s)e” TV & [@e T, = 5(0, s)e” + §(a — A)elTH,

or
i(a,s) = 5(0,5)(1 — e~ e T L H(q — A)elsHmA-a),

Taking the transform of the birth condition:

50, =2 [~ aars) da = —270) :
v(O,s)—4/0 (a,s)d _4(8+M)(S+M+1)+4(5+“)’

or
3(s+pu+1) 9 3

= +
A(s+p+5)2-1 16(s+p—3) 16(s+p+3)

Thus, inverting the transform using the shifting theorem,

v(0,s) =

v(a,t) = % [96%“_“) + 36_%@_@)} e~ Ht=a)=(utl)a

and
u(a,t) = (e* — Dv(a,t) + e M5(t —a+ A)

(8 points.)

4. The characteristics equations and solution:

dx 9 du

priaky & EZO — r=xo+u*t & u= f(z—u’t).

Given the initial condition, there is a jump at x = —1 that broadens into an expansion fan with
xg = —1=2 —u’t for -1 < 2 <t — 1. Imposing the remainder of the initial condition then implies

0, < —1,

V(1 +2)/t, 1<z <t -1,

u=1< 1, t—1<zx<t,
(1—-2)/(1-1t), t<z<]1,
0, 1<z,

which breaks down for £ = 1 at £ = 1 when the third region shrinks to xero width and the solution
there becomes vertical. (4 points).
Given that the flux is J = u3, the position of the shock X (t) satisfies

X — EM — 1[(u+)2 + utu~™ 4 (u*)Q].

dt 3 ut—u 3
Just after t = 1, the shock jumps from u~ = 1 to u* = 0, and so
1 1 2
Xt)==-t-1)+1=-t+—.
() =3(-1)+1=5t+2
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But the right-hand edge of the fan collides with the shock when x =t —1

(X +1)/t and

Thereafter, we have u

(4 points).
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Sketches: 3 points.



