
MATH 400: Applied PDEs. Final exam

Closed book exam; no calculators. Answer as much as you can; credit awarded for the best three
answers. Each question is worth 14 points. Adequately explain the steps you take. e.g. if you use an
expansion formula, say in one sentence why this is possible; if you quote a special function solution
to an ODE, say why this is the correct one. Be as explicit as possible in giving your solutions.

1. (a) If Pmn (x) denotes an associated Legendre function (with integers n and m), show that

Pmm (cos θ) = am sinm θ,

where am is a constant that you should calculate.
(b) Solve Laplace’s equation in spherical polar coordinates,

∇2u =
1

ρ2
(ρ2uρ)ρ +

1

ρ2 sin θ
(sin θ uθ)θ +

1

ρ2 sin2 θ
uϕϕ = 0,

over the shell, 1 < ρ < 2, subject to

u regular for θ → 0, θ → π, u is 2π − periodic in ϕ, u(1, θ, ϕ) = 0, u(2, θ, ϕ) = f(θ) cosmϕ,

writing your solution as an infinite series in which the coefficients are given by integrals of f(θ).
(c) Provide an explicit solution without any series or integrals for the special case with f(θ) = sinm θ.

2. (a) Given that F{F−1{f̂(k)}} = f̂(k), show that∫ ∞
−∞

e−i(k−k
′)xdx = 2πδ(k − k′)

and therefore establish that ∫ ∞
−∞

f(x)g(x)dx =
1

2π

∫ ∞
−∞

f̂(k)ĝ(−k)dk

where F{f(x)} = f̂(k) and F{g(x)} = ĝ(k). Show that

1√
ε
F−1{e−|k|/ε} =

√
ε

π(ε2x2 + 1)
,

where ε is a positive parameter.
(b) The intensity of light in an infinitely long fluorescent tube, u(r, x) satisfies

uxx +
1

r
(rur)r = f(x), −∞ < x <∞, 0 < r < 1,

u regular for r → 0, u(1, x) = 0.

Find û(r, k), the Fourier transform in x of u(r, x), in terms of f̂(k).
(c) The total power output of the tube is given by the integral

I =

∫ ∞
−∞

[ur(1, x)]2 dx.

Using the results from (a), express this power integral I as a single integral over k, first for general
f(x), and then in the special case, f(x) =

√
ε/[π(ε2x2 + 1)]. Evaluate this last integral for ε→ 0.
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3. (a) From the definition of the Laplace transform, establish the relations,

L{1} = s−1, L{f(t− a)H(t− a)} = e−saf(s) and L{δ(t− a)} = e−sa

where f(s) = L{f(t)}, a > 0, H(x) is the step function and δ(x) is the Dirac delta function.
(b) An age-structured model of the population at a summer holiday resort is based on the PDE,

ut + ua = ae−a − µu, 0 ≤ a, t <∞,

where u(a, t) dictates the number of individuals with age a at time t, the term ae−a denotes new
tourist arrivals and µ is the (constant) rate of their departures. At the beginning of the season, there
are only locals, u(a, 0) = U(a), and during the summer there are no births, u(0, t) = 0. Using the
Laplace transform, find u(a, t). Given that U(a) is bounded, take the limit t→∞ to determine the
steady state u∞(a) that u(a, t) approaches over long times. As a sanity check, confirm your result by
solving the PDE for u∞(a) directly.

4. (a) A model for traffic flow is based on the conservation law

d

dt

∫ b

a
u(x, t) dx+

[
u(1− u2)

]x=b
x=a

= 0,

where [a, b] denotes an arbitrary interval. Turn this model into a PDE and then solve it using the
method of characteristics for the initial condition u(x, 0) = f(x).
(b) Derive a formula for the speed of a shock in this model.
(c) If f(x) contains a discontinuity at x = 1, with u → 1

2 to the left and u → 0 to the right, argue
that an expansion fan must appear for t > 0. Provide a solution for u(x, t) within this fan.
(d) A lane of cars enters an empty highway, such that

u(x, 0) = f(x) =


0, x < 0,
1
2 , 0 ≤ x < 1,
0, x > 1.

Draw a characteristics diagram for this problem and demonstrate that, in addition to the expansion
fan around x = 1, a shock must appear at x = 0 for t > 0. Find the position of the shock at later
times, and add this position on your characteristics diagram. Sketch the solution for t = 1 and t = 5

2 .
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Helpful information:

The Sturm-Liouville differential equation and expansion formulae:

d

dx

[
p(x)

dy

dx

]
+ q(x)y + λσ(x)y = 0, a ≤ x ≤ b,

f(x) =
∞∑
n=1

cnyn(x), cn =

∫ b
a f(x)yn(x)σ(x)dx∫ b
a [yn(x)]2σ(x)dx

.

The ODE,
z2y′′ + zy′ − (z2 + n2)y = 0,

with parameter n = 0, 1, 2, ..., has the regular solution y(z) = AIn(z) for z → 0, where A is an
arbitrary constant and In(z) is a modified Bessel function. I0(z) is an even function with I0(0) = 1
and I ′′0 (0) = 1

2 .

The associated Legendre differential equation, with regular solution n = 1, 2, ... and y = Pmn (x)
at x = ±1, is

(1− x2)y′′ − 2xy′ + n(n+ 1)y − m2y

1− x2
= 0; Pmn (x) = (−1)m(1− x2)m/2 d

m

dxm
[Pn(x)],

where Pn(x) is a Legendre polynomial, which can be computed from Rodrigues’ formula,

Pn(x) =
1

2nn!

dn

dxn
(x2 − 1)n;

∫ 1

−1
[Pmn (x)]2dx =

2(n+m)!

(2n+ 1)(n−m)!
.

Fourier Transform:

f̂(k) = F{f(x)} =

∫ ∞
−∞

f(x)e−ikxdx & f(x) = F−1{f̂(k)} =
1

2π

∫ ∞
−∞

f̂(k)eikxdk

Laplace Transform:

f(s) = L{f(t)} =

∫ ∞
0

f(t)e−stdt & f(t) = L−1{f(s)} =
1

2πi

∫
C
f(s)estds,

where C is the Bromwich contour

Cauchy’s theorem: if F (z) has a simple pole at z = z∗, but is otherwise analytic inside a closed
contour C, ∫

C
F (z)dz = 2πi [(z − z∗)F (z)]z→z∗ .

Convolution:

f ◦ g =

∫ ∞
−∞

f(x′)g(x− x′)dx′.

Helpful trigonometric relations:

cos(A+B) = cosA cosB − sinA sinB, sin(A+B) = sinA cosB + cosA sinB.
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MATH 400 – Solution

1. (14 points) (a) By combining Rodrigues formula with the expression relating Pmn (x) to Pn(x),
we establish the required result, with

am = (−1)m
(2m)!

2mm!
(2 points).

(b) To solve the PDE, we separate variables: u = R(ρ)Θ(θ)Φ(ϕ). The PDE can then be re-
arranged into

sin2 θ

[
(ρ2R′)′

R
+

(Θ′ sin θ)′

Θ sin θ

]
= −Φ′′

Φ

which must therefore equal a separation constant, m2, giving the ODE, Φ′′ + m2Φ = 0, with m =
0, 1, ..., and the usual functions (sinmϕ, cosmϕ or a constant with m = 0) present in a Fourier series
(2 points). More re-arrangements now give

(Θ′ sin θ)′

Θ sin θ
− m2

sin2 θ
= −(ρ2R′)′

R
= −λ,

and another separation constant. With the quick change of variable x = cos θ, we find that Θ(x)
satisfies the associated Legendre differential equation. Demanding that Θ(x) be regular at θ = 0 and
π, or x = ±1, gives λ = n(n+ 1) for n = 0, 1, 2, ... and Θ ∝ Pmn (x) (2 points).

Last, the ODE for R(ρ) is an Euler equation, with solutions ρα and

α(α+ 1)− n(n+ 1) = 0 → α = −n− 1 or α = n.

Since we want R(ρ) to vanish at ρ = 1, we set

R(ρ) = constant× (ρn − ρ−n−1) (2 points).

The boundary condition at ρ = 2 tell us that we need only a single term of the full general
solution; that with Φ ∝ cosmϕ. Hence,

u = cosmϕ
∞∑
n=m

cn(ρn − ρ−n−1)Pmn (x),

since Pmn = 0 for n < m. Applying the boundary condition at ρ = 2 and using the SL expansion
formula:

f(θ) =
∞∑
n=m

cn(2n − 2−n−1)Pmn (x) =⇒ cn =
(2n+ 1)(n−m)!

2(2n − 2−n−1)(n+m)!

∫ 1

−1
f(cos θ)Pmn (x)dx,

given that the associated Legendre functions satsify a Sturm-Liouville problem with weight function
σ(x) = 1, and in view of the integral provided in the helpful information (4 points).

(c) In the case f(θ) = sinm x, the boundary condition is equivalent to u(2, θ, ϕ) = a−1m Pmm (x) cosmϕ.
Hence

u =
(ρn − ρ−n−1)
am(2n − 2−n−1)

Pmn (x) cosmϕ. (2 points).

2. (14 points) (a) From the definition of the Fourier transform and its inverse,

F{F−1{f̂(k)}} =

∫ ∞
−∞

∫ ∞
−∞

e−i(k−k
′)xf̂(k′)

dk′

2π
dx
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But this must equal f̂(k), establishing the first result (1 point). Now consider the next integral.
Inserting the definitions of the inverse transforms of f̂(k) and ĝ(k) gives

1

4π2

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

ei(k+k
′)xf̂(k)ĝ(k′)dkdk′dx =

1

2π

∫ ∞
−∞

∫ ∞
−∞

δ(k + k′)f̂(k)ĝ(k′)dkdk′

giving the second result (2 points). Third,

F−1{e−b|k|} =

∫ ∞
−∞

eikx−b|k|
dk

2π
=

∫ 0

−∞
eikx+bk

dk

2π
+

∫ ∞
0

eikx−bk
dk

2π
=

b

π(b2 + x2)

giving the last result with b = ε−1. (1 point)
(b) Fourier transforming the PDE gives

1

r
(rûr)r − k2û = f̂ , û(1, k) = 0, & û(r, k) regular for r → 0. (2 points)

But the ODE here is an inhomogeneous version of the modified Bessel equation with n = 0. The
(regular) homogeneous solution is proportional to I0(kr), whereas any function of k alone can be used
to furnish the particular solution −f̂/k2. Hence

û(r, k) =
f̂

k2

[
I0(kr)

I0(k)
− 1

]
. (4 points)

(c) In view of the results established earlier, and because I0 is even, we have

I =
1

2π

∫ ∞
−∞

[ûr(1, k, 1)]2dk =
1

2π

∫ ∞
−∞

f̂(k)f̂(−k)

k2

[
I ′0(k)

I0(k)

]2
dk. (2 points)

For the Lorentzian, we have

I =
1

2πε

∫ ∞
−∞

e−2ε
−1|k|

k2

[
I ′0(k)

I0(k)

]2
dk ≈ 1

8π

when ε→ 0, given I ′(k)/I(k) ≈ 1
2k for k � 1 (2 points).

3. (14 points) (a) From the definitions (and as long as Re(s) > 0)

L{1} =

∫ ∞
0

e−stdt =
1

s
,

L{f(t− a)H(t− a)} =

∫ ∞
a

f(t− a)e−stdt =

∫ ∞
0

f(τ)e−sτ−sadt = e−saf(s)

and

L{δ(t− a)} =

∫ ∞
0

δ(t− a)e−stdt = e−sa (3 points).

(b) Laplace transforming the PDE gives

ūa + (s+ µ)ū = U(a) +
ae−a

s
−→ ū(a, s) =

∫ a

0
e(z−a)(s−µ)U(z)dz +

∫ a

0

z

s
e(z−a)(s−µ)−zdz

(4 points). We invert the transform, using the results from (a) to find

u(a, t) =

∫ a

0
δ(t− a+ z)eµ(a−z)U(z)dz +

∫ a

0
H(t− a+ z)eµ(a−z)−zzdz
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= e−µtU(a− t)H(a− t) +
a(µ− 1)− 1

(µ− 1)2
e−a − z∗(µ− 1)− 1

(µ− 1)2
e−µa+(µ−1)z∗

where z∗ = (a− t)H(a− t) (given that the delta-function and step of H(t− a+ z) only lie inside the
integration range if a > t) (4 points).

For t→∞, the first term disappears since U(a) is bounded and a < t, whereas z∗ → 0, leaving

u→ a(µ− 1)− 1

(µ− 1)2
e−a +

1

(µ− 1)2
e−µa (1 point).

Last we resolve the PDE for u∞(a):

du∞
da

+ µu∞ = aea, u∞(0) = 0,

which gives the same result for u∞(a) (2 points).

4. (14 points) (a) We massage the integral form of the conservation law:∫ b

a

[
ut + (u− u3)x

]
dx = 0.

But the interval [a, b] is arbitrary, and so the integrand itself must vanish, leading to the PDE

ut + (1− 3u2)ux = 0.

(1 point). The characteristics equations and solution:

dx

dt
= 1− 3u2 &

du

dt
= 0 −→ x = x0 + (1− 3u2)t & u = f(x0) = f(x− t+ 3u2t).

(2 points).
(b) We put a < x∗(t) < b, where x = x∗(t) denotes the shock position. Then using the conservation

law and Leibnitz’s rule, we observe that

(u− − u+)
dx∗
dt

∫ x∗

a
ut dx+

∫ b

x∗

ut dx = −[u− u3]ba,

where u± are the limits of u(x, t) from the right and left (respectively). If we now take the limit
a→ x−∗ and b→ x+∗ , we arrive at

dx∗
dt

= 1− [(u−)2 + u−u+ + (u+)2].

(2 points).
(c) The characteristics to the left of the jump at x = 1 have x = x0 + t

4 ; those on the right have
x = x0 + t. A triangular region therefore opens up for t > 0 over which there are no characteristics
from x0 < 1 or x0 > 1. Instead, we have x0 = 1 here, or

x = 1 + (1− 3u2)t, or u =

√
1 + t− x

3t
.

This solution spans the region

1 +
t

4
< x < 1 + t.

(3 points).
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(d) For the specific initial condition given, we arrive at the characteristics diagram shown in the
figure. Initially, the shock speed 3/4, since u− = 0 and u+ = 1

2 . Hence x∗ = 3t/4. But this shock

hits the fan for 3t/4 = 1 + t/4; i.e. at the point (x, t) = (32 , 2). From then on, u+ =
√

1+t−x∗
3t . The

shock position is now set by solving

dx∗
dt

= 1− 1 + t− x∗
3t

, x∗(2) =
3

2
,

which gives

x∗(t) = t+ 1− 3

2

(
t

2

) 1
3

.

(3 points, 3 points for the sketches).
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