Coursework 3

(1) Consider the PDE
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with boundary condition, u, = 0 at » = 1. Use separation of variables to demonstrate that the solution
of the initial-value problem, u(r,8,0) = 0 and w(r,0,0) = f(r,0), can be written as the superposition of
normal modes

u= Z Z Cnj sin(wy,jt) Fj(r)Gp(cos ),
j=1n=0

where you should determine the functions F,;(r) and G, (cosf), along with the normal-mode frequencies
wyj. Provide an expression for the coefficients ¢,; in terms of only integrals over r, if the initial condition is
f(r,0) =0for < ir (i.e. the northern hemisphere) and f(r,0) = 1 for > in (the southern hemisphere).

(2) The Schrodinger equation and Hermite polynomials: Consider the PDE,

i¢t = (b:vw - V(.’IJ)¢,

where V(z) is a prescribed potential function and —co < & < co; ¢(x,t) is known as the wavefunction. The
separation of variables, ¢ = e'¥* X (z), reduces the PDE to the eigenvalue problem,

X"+ (E-V)X =0,

where X (z) — 0 for z — +o0.

(a) For the potential of the simple harmonic oscillator, V(x) = 2%/4, introduce the transformation,
X = e=*"/4(x), to show that the solutions satisfy Hermite’s ODE (see below).

(b) By posing the polynomial solution, y(z) = >_,°_; ama™, obtain a recurrence relation for the coeffi-

cients, a,,, and thence determine for what values of E the series terminates.

(c) Calculate H,(z) for n = 2, 3, ..., 5, using the recurrence relation of (b). Verify your results using the
recursion relation for the polynomials themselves (given below), and Rodrigues formula (also given below).

(d) By writing Hermite’s ODE in standard Sturm-Liouville form, establish that the weight function is
indeed o = e~*"/2; what is p(z) and how is E related to the Sturm-Liouville eigenvalue? What kind of

boundary conditions are being imposed on the Sturm-Liouville problem for y(z)?
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(e) Evaluate the integral

by repeatedly integrating by parts. Hence verify the integral relation at the bottom of the next page, given
Rodrigues formula.

(f) Collect together the previous results to write down a solution for the wavefunction ¢(z,t), when the
initial condition is ¢(z,0) = f(x), expressing any coeflicients as integrals involving the Hermite polynomials

and f(x).
() Find the wavefunction for all time for ¢(z,0) = (1 — 24)e=*"/4 and ¢(z,0) = e~=(1+)/4,



Helpful information:

Bessel’s equation is
sz/, + ry’ + (k27”2 o m2)y _ O,
and has the solution, y(r) = J,,,(kr), which is regular at » = 0. The more general ODE,

22y + (1 - 2a)zy + (WB%2? + o — 2%y =0,

has solutions y = 2*C, (wz?) where C,(z) is a Bessel function.
Legendre’s equation is
d dy
— 1=z Ay = 0;
T {( z7) dx} + Ay =0;

the solutions that are regular at x = +1 are A = n(n+ 1) and y = P, (x) (the Legendre polynomial of degree
n), with n =0, 1, 2, ... Also, P,(1) =1 and

1 ) )
/_1[Pn(ac)] dr= 2o

A summary of the properties of Hermite polynomials:

Hermite’s ODE: ¢/ —zy’ + Ay =0

Weight function: o(z) = e~ /2

Interval: —oco <z < o0

Regular solutions: y(z) = Hy(z) and A =n

Normalization: The leading coefficient of the polynomial is unity. i.e. H,(z) = 2™ + ..
Hy(z) = x, ete.

Recurrence relation: Hy,41 —cHy, +nH,—1 =0
Rodrigues formula:

., 80 Hy(x) =1 and

2y d"
Hy(z) = (-1)"e” /12—
(@) = (=1)"e" P

(e7°/?).

Integral relation:

/DO [Hy(2))?e*" 2dz = nlV/27.



A warm-up problem
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with boundary condition, u,(1,6,t) = 0. Use separation of variables to demonstrate that the solution of the
initial-value problem, u(r,6,0) = g(r,8), can be written as the superposition,

u = Z Z njTnj(t)F;(r)Gp(cos0),

where you should determine the functions T5,;(t), F;(r) and G,(cosf). Be careful to include all possible
choices for these functions, including the constant solution if that is acceptable.

Provide an expression for the coefficients ¢,,; in terms of integrals over the initial condition g(r, §). Make
this expression as explicit as you can by using the helpful information given below and proving that

Consider the PDE

1 1
%[Jf(k)JrJg(k)]: /0 rJ2(kr)dr, k /0 rJo(kr)dr = Ji(k),

1 1
/ Py(z)dz =2 and / P, (z)de =0 if n>0.

-1 -1
Hence, establish that the solution will in general converge to a constant for large times, unless

™
/ g(r,0)sinf do = 0,
0
in which case the solution decays exponentially with time.

Let u=T(t)R(r)Y (z) with = cosf. Then

d dy
T +AT =0, r*R’"+rR +k*’R=0, — (1= 2?)=—| + \Y =0,
dz dz

with A = k? + X\. Thus, demanding regularity at r = 0 and x = +1, we find that T(t), R(r) and Y (x) are
given by e, Jy(kr) and P, (z), respectively, along with A = n(n + 1) and n = 0, 1, ... The boundary
condition at r = 1 implies J{(k) = 0, and so k = z;, the j'" zero of J|(z), or Ji(z). But the solution with
7 =0, corresponding to k = zyp = 0 and R = constant, is also possible.

We now write a general solution,

=3 cwsdo(zmmPal@)e ™, Ay =nln41) + 27

n=0 j=0
Note that the double sum includes a term with j = n = 0 term corresponding to ¢y = coo (because
Jo(zm) Po(z)e 100t = 1), which we will need to deal further with later.

To simplify the formulae for the coefficients, we may show that f_ll P,dx = 0 if n # 0, by integrating
Legendre’s equation in x, and that fil Pydxr = 2 since Py = 1. Also, the integral of one of the relations
satisfied by Jo and Jy implies that Jy(k) = k fol rJo(kr)dr, which vanishes if k is a zero of Jj.

The initial condition now demands
2n+1
Jo ZJ

/ / (r,8)Jo(zjr)Py(cos8)rsiné do dr,

Cnj =
in view of the results derived or provided for fo r[Jo(zjr)]* dr and f_ll[Pn(ac)]2 dx. The constant ¢ follows

as: o
co = / / g(r,0) rsinf dr do,
o Jo

again given the relations proven earlier. When this latter integral of the initial condition is finite, u — ¢
for t — co. Otherwise, ¢y = 0, leaving a sum with purely exponentially decaying terms.
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Solutions
1. (11 points) Let v = T'(¢t)R(r)Y () with z = cos§. Then

d

T" +w?T =0, R’ +2rR + w?r*R —n(n +1)R = 0, .
x

{(1 - xQ)Cflﬂ +n(n+1)Y =0,
Thus, given u(r,0,0) = 0 and demanding regularity at » = 0 and « = +1, we find that T'(t), R(r) and Y (z)
are given by sinwt, r~1/2J, (wr) and P, (z), respectively, along with 12 = 1 + n(n+1) and n =0, 1, ... (5
points). The boundary condition at r = 1 implies F(w) = J,(w) — 3J,(w) = 0. But J,(z) is an oscillatory
function implying that F(w) will have an infinite mumber of zeros. Hence we set w = z,;, the j** zero of
F(2) (1 point). We now write a general solution,

- Cnj . 1
1/222 Z"J ) Po(z )Sln(wnjt)7 v=mn-+ 9’ Wnj = Znj-

n=0 j=1 “nj
(1 point). The initial condition now demands

( N ) fo I f Jy(2nj7)Pp(cos 0) r3/2sin @ df dr
Cnj =
! 2 fo u(znjr)]2rdr

)

given that the weight function of the Sturm-Liouville problem for R(r) is o = r2. For the initial condition
given at the end of the question,

fo L (znjr)r3/? dr ffl P, () dx
Cnj = (n 2) .

fol [Jo (znj7)|?rdr

But Legendre’s ODE implies that

@ =2)P(x)°,  PL0)
/de n(n+ 1) T nn+1)

if n > 0, and unity if n = 0 (4 points).

2. (25 points)(a) With the given substitution, we find that y satisfies Hermite’s ODE with A = E — 1.
(2 points)

(b) By posing the power series solution, y(z) = )", a,x™, and substituting into the ODE, we find the
recurrence relation,
(m — Nap,
(m+2)(m+1)
Thus A = n gives a polynomial solution provided that we take a; = 0 if n is even, or ag = 0 if n is odd. This
corresponds to E =n + %. (4 points)

Am+2 =

(c) Using the recurrence relation and normalization, we find that
Hy=1, Hi=2, Hy=2>-1, Hs;=2%—3z, Hy=z*—62>+3, Hs;=2"—10z>+ 15z.

We find the same results by evaluating the derivatives in Rodrigues formula, or by taking Hy = 1 and
H; = z, and then using the recursion relation, Hy,+1 = *H,, — nH,_1. (5 points)

(d) The ODE can be rearranged into the standard form of a Sturm-Liouville problem using the inte-

grating factor, exp [(—x)dz = e~’/2_ This gives
d 2,5d 2
a [ _x2/00Y Ne /2 — 0
dx ( dm) A y="u
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Hence, p(z) = o(z) = e~*"/2 and the Sturm-Liouville eigenvalue is A = E — 1. For x — +o00, p(z) — 0; the
boundary conditions are regularity conditions. (4 points)

(e) We write
00 dne—w2/2 00 2 ,od"H
H,———dz = (-1)" R —_L
/_OO dan (=1) /_Ooe don 0

after integrating by parts n times. But d"H,,/dz™ = n!, and the remaining integral is evaluated as v/2m.
Finally, exploiting Rodrigues formula give the desired integral relation. (3 points)

(f) The solution to the PDE can be written as

0o
¢($,t> — chei(n+%)t—z2/4Hn(x)

n=0
where
\1ﬁ / " @) Ha()e
Cp = —— z)H,, (x)e T.
n2m J_oo
(2 points)

(g) Now, (22 —1)2 = 2* — 222 + 1 = Hy + 4H5 + 2H,. Hence, the solution for the first case is
Qb _ |:H4(x)69it/2 4 4H2(x)e5it/2 4 2€it/2:| 6712/4

(2 points). In the second case, we must use the full expansion formula, in which the coefficients can be

evaluated as ) -
2
Cp = H, (z)e * 27/ dx
n\\/ 2T /_oo (@)

The integrals can be determined using the Rodrigues formula and integration by parts:

n 00 n 2 o] n
ey = (-1) / o t/4 d (e’x2/2)dz _ (-1) / 67x2/2+z/4dx _ (-1) el/32.
nV21 J_ oo dxm 4np\\27 J_ oo 4np)

Hence

- (_1)71 i(n+2)t—a?
#= Z;) 4np) Hn(x)e( Fa)tmat/4t1/52

(3 points).



