Coursework 5: Method of characteristics
(1) Using the method of characteristics, solve
up — (x + cost)uy, +u =0,
for —oo < x < o0, subject to u(z,0) = sinz.
(2) Using the method of characteristics, solve
ug + 2t(t* + 2)u, = dat,

for x > 0, subject to u(x,0) = F(z) and u(0,t) = f().

(3) Solve
ug +uduy, =0, —co<z<oo, t>0 u(xO)—L
xr — ) ) Y Y - 9y
V14 a?
for (a) o = +1 and (b) 0 = —1. In each case, establish whether the solution continues to exist for

all time, finding when and where things go wrong if all goes pear-shaped. Sketch the characteristics
diagram and sample snapshots of your solution, indicating any breakdown of the solution. For the
shocking case, provide a formula for the speed of any discontinuities and qualitatively describe
the shock dynamics. Sketch a solution for ¢ = 40 in which an equal-area rule is used to avoid a
multi-valued solution.



Sample problems
(1) Using the method of characteristics, solve

x2ut + Uy = w2

for —oo < & < 0o and t > 0, subject to u(z,0) = f(z).
The characteristic equations are

dx 1 du 1

dt - z2u?’

dt ~ z2?

Hence, given that © = xg and u = f(xg) at t =0,

?=ap+3t & ud=[f(zo)]® +3(x2 + 3t)"/° — 3.

1/3

Replacing ¢ by (z3 + 3t)1/3 in the latter gives u(z,t).

(2) Using the method of characteristics, solve
ut + (1 — z)uy = x,
for —oo < z < oo, subject to u(z,0) = 0.

The characteristic equations are

dz du
a—x(l—x) & —=u.

Hence, given that ¢ = g and u =0 at t =0,

t ¢
-1
oe or xo = ﬁ & u = log[l+zg(ef—1)] = log |1+ z(e )

1= o + o€l
(3) Using the method of characteristics, solve

x2ut —+ Uy = :U2

for z > 0, subject to u(x,0) = 0 and u(0,t) = f(t). Provide a condition on f(¢) which guarantees
that the solution is continuous.

The characteristic equations are

dz 9 du

— =xa — =1

@~ Y a
Hence, if t = xg andu =0 at t =0,

=23 43t & u=t

which is the case for 2° > 3t. But if the characteristic leaves x = 0 at t = to with u = f(to), we
find instead that

¥ =3(t—t)) & wu=f(to) +t—to=f(t—a%/3)+23/3.

If f(0) = 0, then u — x3/3 = t along the dividing characteristic curve t = 23/3, rendering the
solution continuous.



Coursework 5: Solutions to actual problems

(1) (2 points) The characteristic equations are

dx du
E:—x—cost & gl
giving
r = xpe '+ %(e_lt —cost —sint) & wu=e 'sinzg.

Eliminating xg gives

1
u=e 'sin |ze — 5(1 —e'cost — e’ sint)

(2) (4 points) The characteristic equations are

dx du
= = tx + 23 — = 4qt.
ar At b =4

Hence, if the characteristic intersects © = xg and u = F(zg) at t =0,
z=14az0)e” =1 & u=F(ao)+2(1+xp)e’” —2—2£2 — 4,
giving
xo=(z+1 +t2)67t2 —1 & u(z,t) = F(xo) + 2z —t! for x> e —1—¢2.
But if the characteristic leaves x = 0 at t = to with u = f(to), we find instead, for z < et — 1—12,

that
p=(1+8) 01— & u=flto) +1g—2— "= 267+ 21 + )",

for which the solution is given only implicitly.

(3) (12 points) The characteristic equations are

dx 3 du

— = & — =0.

at " dt
Hence, given u = f(xg) at t = 0,

oxg

Vit a2

T =9+ u’t and u= f(xg) =

That is, the implicit solution,
o(x — udt)

it (@ — B2

which can be graphed easily at least.

For 0 = +1, the solution spreads out, shallowing with time. With ¢ = —1, however, the solution
steepens, both above u = % and below u = —%. Shocks form when wu, first diverges:
f' (o)

U T334 f (o) 2 (w0)

That is, for
t=ts = —{3[f(z0)*f'(x0)}



where zg gives the minimum of (f3)’. Hence xg = +/2/3 and t, ~ 1.793. These translate to initial
shock positions of z,(ts) ~ 0.363. Afterwards, the solution is multi-valued.
The speed of any shock (at position & = z.(t)) is given by

dr. _ (ut)* —(u)*
dt  4(ut —u)
where u® denote the limiting values of u to either side.
Two shocks form at the shock time predicted above. These discontinuities then move toward

each other and collide at x = 0. Afterwards, since the profile is symmetrical about v = 0 and
uT = —u~, the merged shock stays still.
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