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ABSTRACT. Let § be a locally compact nonarchimedean field with residue characteristic p and G the group
of §-rational points of a connected split reductive group over §. For k an arbitrary field of any characteristic,
we study the homological properties of the Iwahori-Hecke k-algebra H' and of the pro-p Iwahori-Hecke k-
algebra H of G. We prove that both of these algebras are Gorenstein rings with self-injective dimension
bounded above by the rank of G. If G is semisimple, we also show that this upper bound is sharp, that
both H and H' are Auslander-Gorenstein and that there is a duality functor on the finite length modules
of H (respectively H'). We obtain the analogous Gorenstein and Auslander-Gorenstein properties for the
graded rings associated to H and H'.

When k has characteristic p, we prove that in “most” cases H and H' have infinite global dimension.
In particular, we deduce that the category of smooth k-representations of G = PGL2(Q,) generated by
their invariant vectors under the pro-p-Iwahori subgroup has infinite global dimension (at least if k is

algebraically closed).
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INTRODUCTION

0.1. Framework. The affine Hecke algebra with parameter q attached to an affine Coxeter system
(W, S) is ubiquitous in representation theory: it is the Z[q]-algebra H with basis (), indexed by the
elements w € W with the braid relations

twlw = tww if (ww') = £(w) + £(w'),
where ¢ is the length function of (W, S), and the quadratic relations
t2=(q—1)ts+q for s e S.

It has been extensively studied ([32], [23] for example) over Z[qT!], that is to say when the parameter is
an invertible indeterminate.

In the representation theory of p-adic reductive groups, specializations of the affine Hecke algebra
appear naturally as follows. Let § be a locally compact nonarchimedean field with residue characteristic
p and residue field with ¢ elements, and let G be the group of F-rational points of a connected split
reductive group G over §. Fix an Iwahori subgroup I’ of G and consider the (extended) affine Coxeter
system corresponding to the choice of an apartment in the semisimple building of G containing the
chamber fixed by I'. An arbitrary field £ is a Z[q]-module via the specialization of q to the image of the
integer ¢ in the field k. The Iwahori-Hecke k-algebra of G is then isomorphic to (the extended version
of) H ®zq k-

This article studies the homological properties of the Iwahori-Hecke k-algebra H' of G, as well as the
properties of an extension of H : the Hecke k-algebra H of the pro-p-Sylow subgroup I of I'. We are
motivated by the case when k has characteristic p where very little is known, since the parameter q
specializes to 0. Nevertheless, our methods and most of our results are valid over an arbitrary field k.

The case when k is the field of complex numbers appears most often in the literature. The represen-
tation theory of complex affine Hecke algebras is closely related to the complex representation theory of
G. The blocks of the category of smooth complex representations of G ([5]) are called Bernstein com-
ponents. By the program of Bushnell and Kutzko ([15]), they should be parametrized by certain pairs
(U, p) called types, where p is an irreducible smooth representation of an open compact subgroup U of
G. For various groups G and various types, it is known that the corresponding block is equivalent to a
category of modules over a tensor product of complex affine Hecke algebras (see also [22]).

For example, the trivial representation of I’ is a type and the corresponding block is equivalent to the
category of modules over the complex Iwahori-Hecke algebra of G ([6]). Since each Bernstein component
has finite global dimension (by a result by Bernstein), the complex Iwahori-Hecke algebra also has finite
global dimension. Furthermore, the irreducible representations of the complex Iwahori-Hecke algebra
are well understood ([23], [40]). To classify these representations, it is crucial that the algebra has a
presentation due to Bernstein, which can be seen as an analog of the loop presentation for affine Lie
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algebras. In [23], this presentation is the key for the geometric realization of the affine Hecke Clq*!]-
algebra and its regular representation in terms of the equivariant K-theory of the Steinberg variety of
triples, with respect to the natural action of G x C* ([17], [23]). In their description, the parameter q
appears naturally as the generator of the Grothendieck group of C*.

If q is not invertible the affine Hecke algebra has been studied in [51] (and [50]). But it does not have
a Bernstein presentation and has no known geometric realization. Hence, the Iwahori-Hecke algebra H’
over a field k with characteristic p is much less understood than in the complex case. However, it appears
naturally in the context of the mod p representation theory of G, or rather, the pro-p Iwahori-Hecke
algebra H does: there is a faithful functor from a full subcategory of the smooth k-representations of G
(containing all irreducibles) into the category of H-modules. Since it is not in general an equivalence of
categories ([35]), the link between Hecke modules and representations in characteristic p is more subtle
than in the complex case, and is not yet fully understood. Nevertheless, it has motivated the study of the
representations of the k-algebra H which, in the case when G is the general linear group, has revealed a
numerical coincidence between certain irreducible mod p Galois representations and a family of irreducible
Hecke modules called supersingular and characterized by the fact that they are annihilated by certain
central Hecke operators (this was conjectured in [50] and proved in [34]). The meaning and consequences
of this coincidence, which suggests that the H-modules in characteristic p carry some number theoretic
information, still have to be explored. More generally, the recent developments about mod p and p-adic
Langlands correspondence ([38]) for GL2(Q),) show that, as opposed to the complex case, the focus on
irreducible representations of G is not going to be enough to grasp the depth of the phenomena. Thus,
on the side of the Hecke modules, one also needs to understand the geometry and homological properties

of H. The current article is a first step in this direction.

0.2. Results. Until mentioned otherwise, k is a field with arbitrary characteristic and H and H’ are re-
spectively the pro-p Iwahori-Hecke k-algebra and the Iwahori-Hecke k-algebra of the split p-adic reductive
group G (notations in Section 2). In the semisimple building 2~ of G, we fix an apartment ./ containing
the chamber C fixed by the chosen Iwahori subgroup I'. We denote by d the semisimple rank of G. In
this introduction, we describe the results for H. They are equally valid for H' as proved throughout the
article.

0.2.1. After some preliminaries and notations (Sections 1 and 2), we describe in Section 3 the main
steps for defining a natural resolution of H as an (H, H)-bimodule which is a key ingredient in the rest
of the article. To help the flow, some details are postponed to the technical Section 4. The result is the

following (Theorem 3.12): there is a natural exact sequence of (H, H)-bimodules of the form
(0.1) 0—>@H(eF)®H}H—>...—>@H(EF)®HTFH—>H—>0
FeZy FeFo
which yields a free resolution of H as a left and as a right H-module. The sets .%; are made of certain
facets of dimension i contained in the closure C' of C. For such a facet F, the algebra H} is the pro-p
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Iwahori-Hecke algebra of the stabilizer of F' in G: it is a subalgebra of H so that H can be seen as a left
and right H}—module. Note that if G is semisimple, then H} is finite dimensional as a vector space. (In
the above resolution, the right action of H} on H is twisted by a certain orientation character ex, hence
the notation H(ep)).

As explained in Section 1, this resolution ensures that certain homological properties of H are controlled
by the “small” pro-p Iwahori-Hecke algebras H} In Section 5, we establish that each H} is left and right
noetherian and has self-injective dimension equal to the rank r of the center of G. It implies the following
result (Theorem 3.14):

Theorem 0.1. H is a Gorenstein ring of self-injective dimension bounded above by the rank d+r of the
group G. The same statement is valid for the Iwahori-Hecke algebra H'.

We now explain the idea behind the resolution (0.1). The cornerstone of our argument is the following
construction in [43]. For an arbitrary k-representation V of G generated by its I-invariant subspace,
consider the attached G-equivariant homological coefficient system of level zero V on the building 2
and the associated augmented chain complex C¢"(2(,), V) — V. If k = C, it yields a resolution for V
(loc.cit). This fails in general if k£ has characteristic p (Remark 3.2). However, we are able to prove,
independently of the characteristic of k, that passing to the I-invariants vectors in Cg’"(%(.),g) -V
always yields an exact resolution (CZ"(2(s), V))! — V! of V! as a left H-module. This is done by proving
that the latter complex is isomorphic to another complex C’g’"(gf(.),xl) — V! associated to a certain
homological coefficient system ¥I on the apartment o7 (3.2). This observation was inspired by a similar
statement in [11] valid for complex representations. It remains to show that the new complex is exact,
and this is obtained by a classical argument of contractibility of certain subcomplexes of &7, together
with the crucial fact that the coefficient system ¥I on &7 has additional “local constancy” properties
(Theorem 3.4).

Let X denote the universal representation of G compactly induced from the trivial character of I with
values in k (it is naturally a right H-module). In the case where V = X, we have obtained an exact
resolution (Cgr(%.),§))1 — X! of H = X! as an (H, H)-bimodule: it is the resolution (0.1). Note that,
if the field & has characteristic 0, then for H' such a result is already contained (with a different proof)
in [37].

0.2.2. Suppose that G is semisimple, meaning = 0. Then by tensoring (0.1) with any left H-module

m, we obtain an exact resolution
(0.2) Gpre(m) — m

of m by Gorenstein projective modules (Lemma 6.4), which can be used to compute the right H-modules
Extly (m, H).

In the process of proving that the upper bound d in the previous theorem is sharp, we first investigated
the case of the two following H-modules: the trivial character x¢ri, and the sign character xgign (in
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the setting of the complex Iwahori-Hecke algebra and complex representations of G, these characters
correspond respectively to the trivial and the Steinberg representation of G). We computed that, for
X € {Xtrivs Xsign }, We have Ext% (x,H) = x o tc where ¢ is an involutive automorphism of H which, in
the particular case where G is simply connected, coincides with the canonical involution exchanging iy
and Xsign. This proves that the self-injective dimension of G is equal to d. Moreover, it suggests that
(under the assumption that G is semisimple) there is a duality functor on finite length H-modules. This
is part of the following result (see 6.4).

Theorem 0.2. Suppose that G is semisimple.

i. For any left H-module of finite length, there is a natural isomorphism of right H-modules
Ext$(m, H) = m?

where m? := Homy, (1 m, k) and the action of H on tm is through the automorphism ic.

1. In particular, H has injective dimension equal to d.

i11. H is Auslander-Gorenstein. In particular, we have Ext%(m, H) =0 for any i < d and any H-module
of finite length m.

We conclude Section 6 by noticing that in the case of the sign and trivial characters, the resolution
(0.2) is in fact a resolution by projective H-modules, under certain hypotheses on k which are satisfied for
example if k has characteristic 0 or p: these characters have projective dimension d (Proposition 6.20).

0.2.3. Without any assumption on G, we study in Section 7 the global dimension of H (and H') when &
has characteristic p. We prove that in “most” cases, H and H both admit a simple module with infinite
projective dimension. But, for example, if G = PGL2(Q),) the algebra H has infinite global dimension
whereas H', for p # 2, has global dimension 1. As an application, using [35], we obtain that the category
of smooth k-representations of G = PGL2(Q,) generated by their I-invariant vectors has infinite global
dimension, at least if k is algebraically closed.

0.2.4. In Section 8 we introduce the graded ring greH associated to a natural filtration on H. The
graded ring similarly associated to H' in the case when G is simply connected is known as the affine nil
Coxeter algebra. It is investigated in the theory of affine Grassmannians and noncommutative symmetric
functions (compare, for example, [4, 27, 30]). We prove the following.

Theorem 0.3. i. groH is a Gorenstein ring of self-injective dimension bounded above by the rank of
the group G.
ii. If furthermore G is semisimple, then greH is Auslander-Gorenstein.
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1. SOME GENERAL ALGEBRA

Let k be any field and A be some k-algebra.

First we assume that A is a (Ag, Ap)-bimodule over a k-algebra Ag, where the left, resp. right, Ao-
module structure of A is given by an algebra homomorphism A : Ag — A, resp. p: Ag — A. We consider
the following three properties:

1. A is left and right noetherian.

2. Ag has finite injective dimension r as a left and as a right module over itself.

3. A is free as a left as well as a right Ag-module.

In the following a left, resp. right, A-module will be viewed as an Ag-module via the map A, resp. p.

Lemma 1.1. 4. Assuming 1.-3., A as a left and as a right Ag-module has injective dimension < r.
ii. Assuming 3., let N be a left A-module which as an Ag-module has injective dimension < r. For
any left Ag-module M we have Ext'y(A ®a, M, N) =0 for any i > r.
iii. Assume 3., A = p, and that Ay is a direct summand of A as an (Ag, Ag)-bimodule. If the Ag-module

M has infinite projective dimension then the A-module A® a, M has infinite projective dimension as well.

Proof. i. We write A = ®;c14p, and we choose an injective resolution 0 = Ag — Ey — ... E, — 0 of Ag
as an Ag-module. Since over a noetherian ring arbitrary direct sums of injective modules are injective it
follows that 0 — A — ®;crFo — ... = ®ier B — 0 is an injective resolution of A as an Ag-module.

ii. We choose a projective resolution P, — M of the Ag-module M. Since A is free as an Apg-module
by assumption it follows that A®4, P — A®4a, M is a projective resolution of the A-module A® 4, M.
We compute

Ext!y (A ®4, M, N) = h'(Homa(A ®4, Po, N)) = h'(Hom s, (Ps, N)) = Ext’y (M, N) =0

for i > r.
iii. Let M’ be any Ag-module. As above we have Ext’ (A ®4, M, A®4, M') = Ext’y (M, A®4, M").
The third assumption implies that Ext’ (M, M’) is a direct summand of Ext’y (M, A ®4, M’). O

Let us now assume that we have an integer > 0 and an exact sequence of (A, A)-bimodules
(1.1) 00— Bj—...—Byp—A—0

where each term B; is isomorphic to a finite direct sum of bimodules of the form A ®4, A with Ay as
above (but varying with B; and the respective direct summand). We say that (1.1) satisfies one of the
properties 1., 2., or 3. if each of the occurring bimodules has this property.

Proposition 1.2. . Assuming that (1.1) satisfies 1.-3., the injective dimension of A as a left and as
a right A-module is < d + r.

ii. Assuming that (1.1) satisfies 3., let N be a left A-module such that, for all the algebras Ay appearing
in the bimodules of (1.1), the injective dimension of N as an Ag-module is < r. Then N has injective

dimension < d+r.
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iit. Assuming that (1.1) satisfies 3., let M be a left A-module such that, for all the algebras Ay appearing
in the bimodules of (1.1), the projective dimension of M as an Ag-module is < r. Then M has projective
dimension < d -+ r.

Proof. By Lemma 1.1.i the first assertion is a special case of the second one. To prove ii. we let M be
an arbitrary left A-module. By the property 3. the sequence (1.1) is an exact sequence of free right
A-modules. Hence tensoring by M gives the exact sequence of left A-modules

0—Bij®sa M — ... — By®a M — M —0.

Viewing this as a quasi-isomorphism between the complexes Bg ®4 M — ... — By ®4 M and M the
corresponding hyper-Ext spectral sequence is a first quadrant spectral sequence of the form

E}' = ExtYy (Bs ®4 M, N) = Ext5"(M,N) .

Each A-module B; ® 4 M is a finite direct sum of A-modules of the form A ®4, A®AM = A®4, M. It
therefore follows from Lemma 1.1.ii that

Exti‘(BsQ@AM,N):O for any t > r and 0 < s < d.

Inserting this information into the spectral sequence gives EXti‘(M ,N) =0 for any ¢ > d + r. iii. By
assumption and the property 3. each term B;® 4 M in the above exact sequence has a projective resolution
of length < r. Passing to the total complex in the corresponding double complex leads to a projective
resolution of length < d 4 r of the A-module M. O

Obvious statements analogous to Proposition 1.2.i. and iii. hold for right A-modules N and M,

respectively.

2. PRO-p IWAHORI-HECKE ALGEBRAS

We fix a locally compact nonarchimedean field § (of arbitrary characteristic) with ring of integers ©
and prime element m. We choose the valuation valg on § normalized by valz(7) = 1. Let G := G(5F) be
the group of §-rational points of a connected reductive group G over § which we always assume to be
§-split. The residue field O/7O of § is F, for some power ¢ = p! of the residue characteristic p. Let
k denote an arbitrary field. Let 2", resp. 2!, be the semisimple, resp. enlarged ([13, 4.2.16]), building
of G. There is the canonical projection map pr : 21 — 2. We fix a chamber C in 2" as well as a
hyperspecial vertex xg of C. The stabilizer of xy in G contains a good maximal compact subgroup X of
G. The pointwise stabilizer I' C X of pr~1(C) is an Iwahori subgroup. In fact, let G,, and G¢ denote
the Bruhat-Tits group schemes over O whose D-valued points are X and I', respectively. (Note that
G, (%) = Go(F) = G). Their reductions over the residue field F, are denoted by G, and G¢. By [48]
3.4.2, 3.7, and 3.8 we have:

~ Gy, is connected reductive and F-split.
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— The natural homomorphism G¢ — G, has a connected unipotent kernel and maps the con-
nected component ég onto a Borel subgroup B of G,,. Hence G¢ /GOC is isomorphic to a subgroup of
NomlaxO (B)/B. But Nomlam0 (B) = B and therefore G¢ = G..

It implies G&(D) = G¢(D) =T and G (D) = G4, (D) = K.

Let N denote the unipotent radical of B and T its Levi subgroup. We put

XK= Ker(GgE0 (9) 2 Gy, (Fq)) and I:={geX:pr(g) € N(Fq)}
and obtain the chain
K, CICICckK
of compact open subgroups in G such that

j<:/gcl = éxo = éxo (Fq) 2 I/:Kl =N:= N(Fq) :

The subgroup I is pro-p and is called the pro-p-Iwahori subgroup. It is a maximal pro-p-subgroup in X.
The quotient I'/1 identifies with T (F,,).

The compact induction X := ind¥(1) of the trivial I-representation over k is a smooth representation
of G in a k-vector space. The pro-p Iwahori-Hecke algebra is defined to be H := Endyq) (X)°P. Tt is a
k-algebra. We often will identify H, as a right H-module, via the map

H =5 ind®(1)' € X

h —— (charr)h

(where chary € ind¥ (1) denotes the characteristic function of I) with the submodule ind{*(1)! of I-fixed
vectors in ind?(l). If we replace I by I’ in the latter, we define the Iwahori-Hecke algebra H': it identifies
with the submodule ind$ (1)" of I'-fixed vectors in the compact induction X’ := ind{ (1).

We recall that, for any smooth G-representation V, the subspace V! = Homyq (ind$ (1), V) of I-fixed
vectors in V naturally is a left H-module. Likewise V! is an H'-module.

3. THE UNIVERSAL RESOLUTION

3.1. We consider the semisimple Bruhat-Tits building 2~ of G. We recall (cf. [43] 1.1-2 for a brief
overview) that 2" is (the topological realization of) a G-equivariant polysimplicial complex of dimension
equal to the semisimple rank d of G. The (open) polysimplices are called facets and the d-dimensional,
resp. zero dimensional, facets chambers, resp. vertices. Associated with each facet F' is, in a G-equivariant
way, a smooth affine O-group scheme G whose general fiber is G and such that Gg(9) is the pointwise
stabilizer in G of pr!(F) (denoted by %,,—1 () in [48, 3.4.1]). Its neutral component is denoted by G%
so that the reduction GOF over [, is a connected smooth algebraic group. The subgroup G%(9) of G is
compact open. Let

Ir:={g€G%(O): (g modn)e unipotent radical of Gy}.
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The Ir are compact open pro-p subgroups in G which satisfy Ic =1, I, = Ky,

(3.1) glpg~! = Iyr for any g € G,
and
(3.2) I Clp whenever F' C F.

Let fP} denote the stabilizer in G of the facet F. For g € T}, set ep(g) = +1, resp. —1, if g
preserves, resp. reverses, a given orientation of F. Note that if F' is contained in the closure C of C, then
ImCICTIC fP} with Ix being normal in fPJ;,.

Lemma 3.1. Let F' be any facet of 2. The elements in T ﬂfP}, fix F' pointwise; in particular, we have
GF/‘(I/ N T},) =1.

Proof. Any h e T'n ‘.PTF, stabilizes the facet F” and fixes pointwise the chamber C. We pick points y € C
and z € F’, and we choose an apartment A of 2  which contains C' and F’. Then A also contains
the geodesics [yz] and [yh(z)] = h([yz]). Since C is open in A both geodesics meet C' in small (half
open) intervals and therefore necessarily are equal. It follows that h(z) = z. This shows that h fixes F’
pointwise. O

Let V be a smooth k-representation of G. Properties (3.1) and (3.2) imply that the family {V#}x of
subspaces of Ip-fixed vectors in V forms a G-equivariant coefficient system V on 2". The associated (cf.
[43] 11.2) augmented oriented chain complex

(3.3) 0— CT (20, V) L ... L 0T (20, V) =V — 0
is a complex of G-representations.

Remark 3.2. 1. The complex (3.3) is exact when V is one of the universal modules X and X’'. This
is the “universal” part of the proof of [43] Thm. I1.3.1 which works for completely arbitrary coefficient
rings (instead of the field of complex numbers): the arguments in loc. cit. Step 2 with T := G/I, resp.
T := G/T, and Step 3 with a special vertex of the chamber goC go through literally.

2. If k is the field of complex coefficients and V is a representation generated by its I-invariant subspace,
then (3.3) is exact. This is the level zero case of [43, Theorem I1.3.1].

3. Suppose that k has characteristic p and G = GL2(Q,). Let V be a representation of G generated
by its I-invariant subspace and with scalar action of the center. Then (3.3) is exact if and only if V¥1 is
equal to the sub-K-representation of V generated by V!. It is a corollary of the main result of [35] and of
the exactness of the complex in the universal case as explained in [36, 6.3]. For example, (3.3) is exact if
V is the trivial representation of G, but it is not exact in general: if V is the supersingular representation
of G with trivial central character described in [10, Theorem 8.6], then VX1 is a representation of X
which is not semisimple whereas its socle is the sub-X-representation generated by the 2-dimensional
space VI,
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If we pass in (3.3) to the I-invariant vectors we obtain the complex of left H-modules

(3.4) 0— CT (20, V' L. L 0 (2, V) S V! — 0.

Surprisingly we will be able to establish the exactness of this complex in complete generality.

3.2. In Section 4.1, we will recall the definition of the standard apartment </, which in particular,
contains the chamber C. To the smooth k-representation V of G, we associate the coefficient system on
&/ denoted by ¥I and defined by

t
F— VIFIOPE) for any facet F' in &/
with transition maps

i t —
th, o vIrUNPE) e (I07g,) whenever F/ C F .

T — Z gz .

ge(n?t,)/(nPk)

We consider the associated augmented oriented chain complex

(3.5) 0 — CI (A, V) L ... L O (), V) “L VI 0

where the augmentation is given by
o+ C (), V1) — V!

=Y. Y gf@.

z€A ge1/(INPL)

The following result is inspired by [11].

Proposition 3.3. Restricting chains from 2 to </ induces an isomorphism between the complex (3.4)

and the complex (3.5).

Proof. We are going to check that restricting oriented chains gives isomorphisms

(3.6) Co (20, V) = C (o3, VY) for any i € {0, ..., d},

which are compatible with the differential maps. By the definition of the action of I on the chains, the
value of an oriented I-invariant i-chain at an oriented facet (F,c) € ;) lies in VIFI0P5) | Therefore
(3.6) is well defined. It is bijective by the Bruhat decomposition which will be recalled in Section 4.5 and
implies that any chamber in 2" has an I-conjugate that belongs to the standard apartment 7. Since |
fixes C pointwise no two different points in &7 can be equivalent under the I-action. Hence for any facet
F'in 2 there is a unique facet I in ./ such that F’ = gF for some g € 1. Lastly, by Lemma 3.1 this

remains true for oriented facets.
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Now we check the compatibility of the isomorphisms (3.6) with the differentials. Suppose that i > 1.
Consider an oriented I-invariant i-chain f € Cgr(%(i),g)l. The image of f by the differential 9 in the
complex (3.4) is an I-invariant (i — 1)-chain determined by its values at (F',c') € #/;_;) and

Of)F, )= > [flgF.0)

Fed; FI'CcgF
g€l/(INPh)
where ¢ is such that it induces the orientation ¢’ as in [43, II.1]. Since f is I-invariant and g does not
change the orientation (Lemma 3.1), we have

f(gF,c) = f(g(F,c)) = g(f(F,c)).

Moreover, by uniqueness of the facet in the I-orbit of F’ belonging to 27, the ¢’s in the previous sum
belong to I N iP},. Therefore

(3.7) ONE )= > g(f(Fe)= > tp(f(Fe).

Fed,F'CF ge(In?},)/(InP},) Fed; F'CF

where 27 denotes the set of i-dimensional facets in &/ and where ¢ induces the orientation ¢’. Likewise,
it gets easily checked that the composition of the augmentation map € in the complex (3.12) with the
isomorphism (3.6) for ¢ = 0 yields the augmentation map €, announced in the proposition. O

Theorem 3.4. The complezes (3.4) and (3.5) are ezact.

Proof. By Proposition 3.3, it suffices to show that (3.5) is exact. Let F' be a facet in the standard
apartment. By Proposition 4.13, there is a unique chamber C(F') which contains F' in its closure and
which is closest to the chamber C' in the sense of the gallery distance. Furthermore, it satisfies

(3.8) Ip(INPL) =Tgpr) and 1NPL=TnPL . .

This implies that the transition map
(3.9) S0 ylow =, yir(n?h)

from the chamber C'(F') to the facet F is the identity map.

In order to use this to show the exactness of (3.5) we introduce, for any n > 0, the subcomplex o7 (n)
of all facets F' in o/ such that C'(F') is of distance < n from C' (or equivalently, of all facets in the closure
of the chambers at distance < n from C). We have .7 (0) = C. By (3.9), the restriction ¥I|%(O) is the
constant coefficient system with value VI: for any F' C F C C, we have indeed C(F) = C(F’) = C and
th ot§

s oth = tg, where both tg and t%:, are the identity map on VI, so that t?, is also the identity map on

VI Hence the augmented complex

0 — CI (A (0)(a), V) L5 ... L € (#(0) 0, V') <5 VI — 0
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is exact since C is contractible. On the other hand we obviously have
O (e, M) = | CZ (o (n) 3, M) -
n>0

Hence for the exactness of (3.5) it suffices to show that, for any n > 1, the relative complex

0 = C (o (n)(a), V1) /CT (' (n — 1)), V) L5 ... L5 (o (n) ), V) /CT (7 (n — 1) (6, V) = 0

is exact. If Ch(n) denotes the set of all chambers in &7 of distance n from C, then Lemma 4.15 ensures
that, for n > 1, we have the disjoint decomposition
dn)=om-1)u || D\o(n-1)
DeCh(n)

Setting 0D := DU/ (n — 1), the above relative complex decomposes into the direct sum over D € Ch(n)
of the relative complexes

or( 1) or 9 9 or( 1) or
(3.10) 0 = C¢"(0D(q), V) /CI(# (n—1)(¢), ¥) = ... = C" (0D (o), V) /CI(# (n—1) 0, ¥) = 0.

On any facet in each D \ & (n — 1) the coefficient system ¥I has, by (3.9), the constant value VI, and
by the same argument as in the case n = 0, the transition maps ¢, for two facets I/ C F C D\ «/(n—1)
are the identity on V!P. Consider the constant coefficient system V' on 0D = D U @/ (n — 1) and for
any i € {0,...,d} the map

CZ"(0Dgp), VIP) = O (0Di), V1) /O (o (n — 1)), V)

defined the following way: for an oriented i-chain f € Cgr(aﬁ(i),VID), its restriction to the facets in
D\./(n — 1) can be seen, by extension by zero, as an element of Cg’“(ob(i),vl) and we consider the

image of this restriction in the quotient on the right hand side. This defines a bijective map
O (0D sy, VIP) [CZ (o (n = 1)), VIP) — CZ (0 Dpy, V) /CZ (o (n = 1), V)

that commutes with the differentials, so that the complex (3.10) is isomorphic to

0 = CZ(0Dy), VIP)/C (o (n = 1)(4), VI?) L5 ... L5 CZ(0Dyq), VIP)/C (o (n — 1)), VIP) = 0 .

It is exact since &/ (n — 1) and oD are contractible by Proposition 4.16. O

3.3. In the case where V = X is the universal representation X, the subspaces {X!F}x are right H-
invariant so that we have a coefficient system of right H-modules and the associated spaces of chains on
Z are (G, H)-bimodules. The associated augmented oriented chain complex

or 0 0 or €
(3.11) 0 — C"(Za), X) — ... — CT(Z0),X) — X —0

therefore is a complex of (G, H)-bimodules.

Remark 3.5. The augmentation C¢"(%2{q), X) <5 X has a G-equivariant section.
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Proof. By Frobenius reciprocity it suffices to find an I-invariant chain in C¢"(Zg), X) which is mapped
by the augmentation € to char;. We may take the chain supported on the vertex zo with value char;. 0O

As in Section 3.1 for the complex (3.3), we pass in (3.11) to the I-invariant vectors. We now obtain
the complex of (H, H)-bimodules

(3.12) 0— CT (200, X)L .. L C( 270, X) S H— 0.

In this setting, Theorem 3.4 gives the following.
Theorem 3.6. The complex (3.12) yields an exact resolution of the (H,H)-bimodule H.

We now identify the structure of (H, H)-bimodule of the terms in the complex (3.12).

3.3.1. Let F be a facet contained in C. Extending functions on fPTF by zero to G induces a ﬂ’},—equivariant
embedding

.
(3.13) X1 = ind] F (1) = X .

We introduce the k-algebra

o . Pt
H} = Endk[g,}](X}) P = ind; 7 (1)" .

N
It is naturally a subalgebra of H via the extension by zero embedding indfF (1)' — ind¥(1). Alternatively,
t
in terms of the endomorphism rings and using that ind¥(1) = ind%p (ind?F (1)) by the transitivity of
induction, the inclusion HTF — H is given by h — ind%p (h).
We are going to consider (fPTF, H})—bimodules and their twists by the character eg, defined in Section
3.1, as follows.

e For any (T},HTF)—bimodule m we denote by ep ® m the space m endowed with the structure of a
(TP}, H})—bimodule where the action of (P} is twisted by the character ep.

e By viewing H} as the space of I-bi-invariant functions on CP} we see that the product of functions
defines an involution jr : h — eph of the vector space HJ;, The computation

((erh1) - (erha)) (@) = > er(g)ha(g)er(g ' g)halg™"g") = (ep(h1 - h2))(g))
gePh /1

shows that jg in fact is an automorphism of the algebra H} For any left, resp. right, H}—module m we
denote by (ep)m, resp. m(er), the space m endowed with the structure of a left, resp. right, H}—module
where the action of H} is composed with jp. Of course, with m also m(er) is a (ﬂ’}, H})-bimodule.

Lemma 3.7. The (iPF,H})—bimodules €F ® X} and XTF(eF) are isomorphic.
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Proof. One easily checks that the map

.ok . Ph
ep ®ind; F(1) — ind; 7 (1)(ep)

fr—erf
yields the required isomorphism. O
Lemma 3.8. The map
(3.14) X!, @y H— X'
f®h— h(f)

s a well defined homomorphism of (‘P},H)-bimodules.

Proof. Denote by ir the map in question. Since
in(ho(f) @ h) = h(ho(f)) = (hoindg; (ho))(f) = ir(f @ indF} (ho)h)

the map ip is well defined as a map into X. Since any h € H is a G-equivariant endomorphism of X we

have

ir(9(f ®@h)) =ir(gf ®h) = h(gf) = gh(f) = gir(f @ h) .
This shows the iPTF—equivariance of the map. But Ir being normal in ﬂ’} acts trivially on the left hand side.
Hence it also shows that the image of i is contained in X'7. The H-equivariance of ip is obvious. O

Example 3.9. I = I¢ is a normal subgroup of iPE. Hence HTC = k[fPTC/I]Op = k[fPTC/I] is the group algebra
of the discrete group fPTC/I, and Xg = k:[fPTC/I] as a right module over itself. In particular, the map ic is

an isomorphism for trivial reasons.

In Proposition 4.21 we will show that H is free as a left as well as a right H}—module. This yields the
following result.

Proposition 3.10. de (€F®X Oy, H)! = H(ep) @yt H as (H, H)-bimodules. In particular, it is free
F

as a left as well as a mght H-module.

Proof. The fact that the functor ind% is exact and commutes with arbitrary direct sums implies the first

F
identity in the chain of isomorphisms of (G, H)-bimodules
indﬂ(j:er (GF X X} ®H} H) 1ndG (GF X }(]L ) ®H} H
= b ¢! H
lnd?;( rler)) Oyt
— ind%m (X5 (er) Dt H
= X(ep) ®H} H
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where the second one is given by Lemma 3.7. Passing to the I-invariants on the right hand side commutes
with the tensor product since H is free over H} It gives the announced isomorphism. Since H (resp.
H(ep)) is a free left (resp. right) H}—module (see Remark 4.22), we deduce that H(ep) By, H is free as
a left as well as a right H-module. O

Lemma 3.11. 4. The map (3.14) is an isomorphism.
. ind%D (ep ® X\ = H(ep) ®H¥ H as (H,H)-bimodules. In particular, it is free as a left as well as

a right H-module.

Proof. The first assertion will be shown in Section 4.9. The second assertion then follows from the first
and Proposition 3.10. U

3.3.2. Let i€ {0,...,d} and let .Z; denote the set of i-dimensional facets. Let F' be one of them. Choose
an orientation (F,c) for F. There is a natural (T}, H)-equivariant map

er X' = CT( 27, X)

that sends an element # € X'F onto the only i-chain with support {F} and value z at (F,c). It induces

an injective (G, H)-equivariant map
indS (er © X'%) = CF (2, X)

the image of which is the space of i-chains supported on the G-conjugates of F.

The group G acts on the set Z; of i-dimensional facets with finitely many orbits. Accordingly, the
(G, H)-bimodule C2"(Z(;), X) of oriented i-chains breaks up into a finite direct sum of (G, H)-bimodules
of the form ind%w (er @ X'F). Since G acts transitively on the chambers we may assume that ' C C and
apply the results of Section 3.3.1.

We fix a (finite) set of representatives .%; for the G-orbits in .Z; such that every member of every set
Z; is contained in C. Theorem 3.6 and Lemma 3.11.ii together imply the following theorem.

Theorem 3.12. The complex (3.12) is an exact sequence of (H, H)-bimodules of the form

(3.15) 0—>@H(ep)®H;H—>...—>@H(ep)®H}H—>H—>0.
FeFy FeZo

It yields a free resolution of H as a left as well as a right H-module.
Remark 3.13. There is a natural isomorphism of (H, H)-bimodules H(ep) @+ H~H®+ (ep)H.
F F
3.4. We denote by r the rank of the center of G. The number d' := d + r is the rank of the group G.

Theorem 3.14. The injective dimension of H as a left as well as a right H-module is bounded above by
the rank of the group G.

Proof. In Propositions 4.21, 5.5 (see also Remark 4.22) we will verify the assumptions of Section 1 for
the complexes (3.15). Hence Proposition 1.2 applies. O
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There is a natural action of the finite Weyl group Wy (see Section 4.1) on the finite torus T(F,) and
on the groups of its k-characters. Denote by I' the set of orbits under this latter action. Suppose that
the cardinality of T(F,), or equivalently ¢ — 1, is invertible in k. Then to any v € I" one can associate a
central idempotent ¢, € H as in [50, Corollary 4]. In particular, in the case where v = 1 is the orbit of
the trivial character, then the algebra Hey with unit e identifies with the Iwahori-Hecke algebra H' of
G.

Corollary 3.15. Suppose that ¢ — 1 is invertible in k. Then the injective dimension of He, as a left as
well as a right He,-module is < d'. In particular, the injective dimension of H' as a left as well as a
right H'-module is < d".

In fact, in the case of H' the restriction on the characteristic of k in the above Corollary 3.15 is
unnecessary as we will explain in the next section.

In Corollary 6.14.ii we will see that the above upper bounds on the self-injective dimensions are sharp
if the group G is semisimple.

3.5. About the Iwahori-Hecke algebra. We apply the arguments of 3.3 to the representation X'
defined in Section 2. In this case, the subspaces {(X’)!¥}f are right H'-invariant. Applying Theorem 3.4
to V = X’ we obtain the exact sequence of (H, H')-bimodules and I'-representations

(3.16) 0 — CT (200, X)L . L T (20, X)) 5 (X)) — 0.
Lemma 3.16. Each term in (3.16) is I'-invariant.

Proof. Recall that TV fixes the apartment ./ pointwise (see 4.1), that T normalizes I, and that I’ = T°I.
For any chamber D in 7, one easily checks that Ip\G/I' = T°Ip\G/I' (see Remark 4.4 below for
example). This implies (X/)> = (X/)T"I0. For D = C we, in particular, obtain (X/) = (X/)T'.

Now let f € C2"(Z (4, X"\ for any 0 < i < d, be any oriented i-chain which is fixed by I. We have to

show that f also is fixed by any ¢t € T%. Let (F,c) € Z(;) be arbitrary and pick an element g € I such
that (Fp,co) := g~ ' (F,c) € ;). We have

t(F,c) = tg(Fy,co) = tgt ™ (Fy, co) with tgt™! €1
and hence
F(t(F ) = f(tgt™ (Fv, co)) = tgt™ ' f((Fb, c0)) = tgt™ ' flg™ (F\c)) = tgt™ g7 f((F.c)) -
On the other hand, using Proposition 4.13, we obtain
gTHF,0) = F((Fo o)) € (X007 R) = (x7ylen = (x')T e

It follows that gt~ 'g~f((F,c)) = f((F,c)) and therefore that f(t(F,c)) = tf((F,c)). O
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We therefore have the exact resolution of H as an (H', H')-bimodule given by

(3.17) 0 — C (210, X"\ L

X o L (2, X S H — 0.
To further compute the (H',H’)-bimodules in this resolution we define, analogously as in 3.3.1, the

representation XQ,: = indng (1) = X’ and the corresponding subalgebra

. Pt /
H) = End, g (X)oP = ind) (1)!

+
of H which, by a similar argument as in Lemma 3.16, coincides as a vector space with indiJjF (DL In
Section 4.9, we give the necessary arguments to adapt the proof of Lemma 3.11 to X’. In particular, the
analog of (3.14) is the isomorphism of (ZPJ;,, H’)-bimodules

(3.18) X't Oyt H = (XNVE, f@h—s h(f).
and the argument of Proposition 3.10 goes through: we obtain that
ind$; (ep @ (X)) = H' (ep) Dy H
F

as (H',H')-bimodules, and it is free as a left as well as a right H-module. Here H'(er) denotes the space
H’ endowed with the structure of (H, H;L)—bimodule where the action of H;t on the right is composed
with h +— eph (it is a well-defined involutive automorphism of H'} by Lemma 3.1). Therefore (see 3.3.2),
the complex (3.17) is an exact sequence of (H', H')-bimodules of the form

3.19 0— H' (e s H — . — H (e wH —H —0.

(3.19) F@d (€r) @yt F@% (€r) @yr

It yields a free resolution of H' as a left as well as a right H-module. Together with Proposition 5.5 we

then deduce the analog of Theorem 3.14.

Theorem 3.17. The injective dimension of H as a left as well as a right H -module is bounded above
by the rank of the group G.

4. EXERCISES IN BRUHAT-TITS THEORY

4.1. We follow [43, I.1]. Fix a maximal F-split torus T in G. Consider the associated root data

(@, X*(T),®, X.(T)) where X*(T) and X,(T) denote respectively the set of algebraic characters and
cocharacters of T, and similarly, let X*(Z) and X,.(Z) denote respectively the set of algebraic characters
and cocharacters of the connected center Z of G. We note that this root system is reduced by our
assumption that the group G is §-split. Denote by

(.,.): Xu(T)x X*(T) = Z
the natural perfect pairing. Its R-linear extension is also denoted by (.,.). The vector space

R ®7 (X.(T)/X.(Z)) , resp. R @z X,(T) ,
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considered as an affine space on itself identifies with the standard apartment .27, resp. ! of the building
2, resp. 2. Any root a takes value zero on X, (Z) so that a defines a function on &7 which we denote
by z +— «(z). For any subset Y of &/, we write a(Y) > 0 if a takes nonnegative values on Y. To « is

also associated a coroot & € ® such that (&, a) = 2 and a reflection on .7 defined by
Sa:x—=x—a(x)d mod X.(Z)®zR .

The subgroup of the transformations of &7 generated by these reflections identifies with the finite Weyl
group Wy, defined to be the quotient by T of its normalizer Ng(T) in G.
To an element g € T corresponds a vector v(g) € R ®z X, (T) defined by

(v(9), x) = —valg(x(g9))  for any x € X*(T).

The kernel of v is the maximal compact subgroup of T. The quotient of T by the kernel of v is a free
abelian group A with rank equal to dim(T), and v induces an isomorphism A = X,(T). The group A
acts by translation on o/ via v. The extended Weyl group W is defined to be the quotient of Ng(T) by
the kernel of v. The actions of Wy and A combine into an action of W on 7 as recalled in [43, page 102]
and on /! as well. For simplicity we choose the hyperspecial vertex xo of the building to be the zero
point in «/. The extended Weyl group W is the semi-direct product of Wy x A ([48, 1.9]): Wy identifies
with the subgroup of W that fixes any point of </! that lifts x.

4.2. Root subgroups. We now recall the definition of the affine roots and the properties of the associ-
ated root subgroups. To a root « is attached a unipotent subgroup U, of G such that for any v € U, —{1},
the intersection U_,ul_o N Ng(T) consists in only one element called mq(u). The image of mq(u) in
Wy is s, and its translation part has the form —h,(u). & for some real number h,(u): the image in W
of this element mq(u) is the reflection at the affine hyperplane {z € &7, a(x) = —ho(u)}. Denote by I,
the discrete unbounded subset of R given by {h(u), u € Uy — {1}}. Since our group G is F-split we, in
fact, have I', = Z for any «. The affine functions

(,h):=a(.)+bh, ac® hely

are called the affine roots. We identify an element « of ® with the affine root (a,0) so that the set of
affine roots ®, ¢ contains ®. From the definition of mq(u), it appears that the action of Wy on ® extends
into an action of W on the set ®,¢; of affine roots. Explicitly, if w = wgty € W is the composition of the
translation by A € A with wg € Wy, then the action of w on the affine root (a, ho(u)) with u € U, is

(wo(@), ha(u) + (valg oar)(A)) = (wo(a), ha(u) — (v(A), a))

and we can check that ho(u)+ (valg o) (X) = By () (wuw ™) so that the latter element is indeed an affine
root.
Define a filtration of Uy, o € ® by

Ua,r = {u € Usy — {1}, bo(u) >r}uU{l} forreR.
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Set Un,00 = {1}.

By abuse of notation we write throughout the paper wUw ™!, for some w € W and some subgroup
U C G, whenever the result of this conjugation is independent of the choice of a representative of w in
Ng(T).

Remark 4.1. Let (a,h) be an affine root and put U, ) := Ua,p-

(1) For any w € W, we have wu(a,h)w*I = Unp(a,p)-
(2) For r € R a real number, h > r is equivalent to U(q 5 C Ua,r-

For any non empty subset Y C <7, define
fy:® — RU{oo}

a+— — inf o(z) .
€Y

and the subgroup of G
(4.1) Uy = < Uy fy(a) ¢ €P>

generated by all Uy ¢, (q) for a € .

Choosing a chamber C such that C' contains z( in the standard apartment amounts to choosing the
subset @1 of ® of the roots o such that a(C) > 0. These roots are then called the positive roots. Denote
by II a basis for ®*. The set of positive affine roots @:f g is defined to be the set of affine roots taking
nonnegative values on the standard chamber C. An affine root («,h) is called negative if (—a, —h) is

positive.

Lemma 4.2. 1. We have
umo Zf (RS (I>+,

ua a) —
Jole) uml if aecd .

ii. The group Uc is generated by all U, for a € (I):ff'

Proof. Let a € ® and let hg € {0,1} C I', be the minimal element in I', = Z such that (o, ho) is a
positive affine root. We prove that Uq s, () = Ua,p,- Since a + ho takes nonnegative values on C, we
have fc(a) < bho and Ua,p, is contained in Uy, ¢, (). Now let u € Uy s (o) — {1} We have ho(u) > fo(a)
and it implies that o + b, (u) takes nonnegative values on C' so that ho(u) > ho and u € Uy - O

4.3. The finite Weyl group Wy is a Coxeter system generated by the set S := {s, : a € II} of reflections
associated to the simple roots II. It is endowed with a length function denoted by ¢. This length extends
to W in such a way that the length of an element w € W is the cardinality of {A € @;fﬂ w(A) € @}
(see [32, 1]). For any affine root (a,b), we have in W the reflection at the affine hyperplane a(.) = —h
given by

S(a,p) = image in W of mq (u),
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where u € U, is such that h = b, (u). The affine Weyl group is defined as the subgroup
Waff =< sy, A€ (I’aff >

of W. There is a partial order on ® given by o < § if and only if 5 — « is a linear combination with

(integral) nonnegative coefficients of elements in II. Let
@™ .= {a € ® : v is minimal for <}

and
Haff =1I1U {(a, 1) oA (I)min} - (I)(—z’—ff and Saff = {SA A€ Haff} .
The length satisfies ([32, 1]) the following formula, for every A € Il,5¢ and w € W:
w)+1 ifw(Ad)ed’,,
(4.2) fwsa) = 4 ) _ ) “If
lw) =1 ifw(A) € Q).
The pair (Ways, Sapf) is a Coxeter system ([9, V.3.2 Thm. 1(i)] or [7, Satz 2.2.16]), and the length
function ¢ restricted to W, ¢ coincides with the length function of this Coxeter system ([7, Cor. 2.2.12]).
We moreover have ([7, Satz 2.3.1, Lemma 2.3.2] or [32, 1.5]):

— Wy is a normal subgroup of W.

- Q:={w e W:/{(w) =0} is an abelian subgroup of W.

— W is the semi-direct product W = € x W .

— The length £ is constant on the double cosets Qw2 for w € W. In particular ) normalizes S,y and
QC =C.

One easily deduces that
(4.3) L(vw) < L(v) + £(w) for any v,w € W.

We fix a facet F' contained in C. Attached to it is the subset IIr of the affine roots in II, s taking
value zero on F, or equivalently the subset S of those reflections in S,y fixing I’ pointwise. We let

Pp = {(a,h) € Bopr: (o, h)|F =0}, DL :=Bp NS, Opi=dpN o,
and
Wp = subgroup of W,y generated by all s,y such that (a,b)|F = 0.

The pair (Wp, Sr) is a Coxeter system with Wx being the pointwise stabilizer in W of pr=*(F) ([9,
V.3.3, IV.1.8 Thm. 2(i)]), the restriction £|W g coincides with its length function ([9, IV.1.8 Cor. 4]), and
W is finite ([9, V.3.6 Prop. 4]).

Remark 4.3. The closure F of a facet F' consists exactly of the points of C' that are fixed by the
reflections in S ([9, V.3.3 Proposition 1]).
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Remark 4.4. Recall that W, s, acts simply transitively on the chambers of the standard apartment .o/
([9, V.3.2 Théoréme 1]). Moreover, for any facet F’ in &7, there is a unique facet F' contained in C' which
is W p-conjugate to F” ([12, 1.3.5]).

Lemma 4.5. Any A € <I>; has a decomposition A = ZBeHF mpB with uniquely determined nonnegative

integers mp.

Proof. By decomposition into irreducible components we may assume that ® is irreducible so that the
chamber C'is a simplex and the cardinality of Il s is equal to dim &/ + 1. By [7, Satz 2.2.8] the positive
affine root A has a unique decomposition A = ZBeHaff mpB with integers mp > 0. We have

(> msBIlF=0.
BEHaff\HF
If F = {y} is a vertex then Il \ I consists of a single element B,. It follows that mp, B,(y) = 0. But

By(y) # 0 and hence mp, = 0. In general we have

Hafr \IIp = {By : y is a vertex of F}.

But if y is a vertex of F then A € @?y} and therefore mp, = 0. O
The map
Qurp — @
(a,h) — «

is surjective and equivariant with respect to the projection map W — Wy. Its restriction ®p — @ clearly
is injective; let II% C @’ denote the image of IIp C ®p, respectively, in ®. Since Wr is finite and
ker(W — W) is torsionfree the restriction Wr — Wy is injective as well; let S € W’ denote the image
of Sp C W, respectively, in Wy. Obviously S% is a generating set of W/%.. The subgroup W leaves the
subset ®p invariant. Hence W', leaves @, invariant. It follows that ®/ is a subroot system of ® with
Weyl group W7 (see [48, 1.9]) and, using Lemma 4.5, that II%. is a basis of the root system ®’. For
example, if F' = {xo}, then W,y = Wy and @ = ®. If F' = C, then Wo = {1} and &¢ = (). We have
the following result (compare with [34, Propositions 2.1, 2.5, 2.7]).

Proposition 4.6.  i. The set D of elements d € W satisfying
d(®f) c @F

aff
is a system of representatives of the left cosets W/W . It satisfies
(4.4) U(dwp) = €(d) + l(wr)

for any wp € Wp and d € Dp. In particular, d is the unique element with minimal length in dW .
it. For s € Sp and d € D, we are in one of the following situations:

— {(sd) = 4(d) — 1 in which case sd € Dp.
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— l(sd) = 4(d) + 1 in which case either sd € Dp or sd € dWp.

Proof. i. First check that the cosets d Wg are pairwise disjoint for d € Dp. Let dy,ds € Dp such that
di Wg = do Wg. In particular, dl_ldg is an element of Wy, and we suppose that it is nontrivial. Then
there exists an affine root A € Iy C &} such that ¢(d; 'dasa) = £(dy'd2) — 1. By (4.2) we obtain
dfldg(A) € ¢, and hence dyA € di(®) C ¢~ which contradicts the fact that dy € Dp.

For w € W, we now prove by induction on the length of w that there exists a (obviously unique)
(d,wr) € Dp x Wp such that w = dwp and that it satisfies ¢(dwr) = €(d) + ¢(wF).

Applying (4.2) and Lemma 4.5, first note that an element w € W belongs to Dy if and only if for
any affine root A € Iy we have {(ws) = ¢(w) + 1. In particular, any element with length 0 belongs to
Dp. Suppose now that £(w) > 0 and that it does not belong to Dp. Then there is an A € IIy such that
l(wsy) = £(w) — 1 and, by induction, we can write ws4 = dwp with (d,wr) € D x W and ¢(dwr) =
0(d) + l(wp). We have w = dwpsys and wpsq € Wp. It remains to check that ¢(w) = £(d) + l(wpsa)
which amounts to proving that {(wpsa) = ¢(wr)+ 1. The latter is true because otherwise we would have
l(wrpsa) < {(wp) which, using (4.3), leads to the contradiction ¢(w) < ¢(d) + l(wrsa) < £(d) + l(wr) =
U wsy) = L(w) — 1.

We have proved the assertions of i., remarking for the last one that 1 is the only element with length
0in Wpg.

ii. Let d € D and s = sy with A € IIp. From (4.2) we know that ¢(sad) = ¢(d) £ 1. If sad & Dp,
then there is a B € ®}. such that ssd(B) € P, while d(B) € @fo. Since sA(q):ff \{4}) = @:ff \ {4}
(cf. [32, 1.4] or [7, Lemma 2.2.9]) we must have d(B) = A. In particular, d~1(A4) € @fo and hence
{(sad) = £(d) + 1 by (4.2). Furthermore, B = d~'(A) € ®5 implies that d~'sd = sg € Wy by definition
of WF. [l

Let (o, h) € ®}. Then fr(a) = h so that the group
UL = < Unp, (a,h) € DL >
generated by all Uy, (o, h) € @JIS, is contained in Up. If F = C then UY is trivial.

Lemma 4.7. Let d € W. The condition d(®}) C @, of Proposition /.6 is equivalent to

aff
(4.5) dU%d!tcuc .
Proof. Let d € W such that d(®}.) C @jff. By Remark 4.1 (1), we have dUd~! = Ug(a) for any affine

root A, so that Lemma 4.2.ii implies d U% d~' ¢ Uc. Now suppose that d € W satisfies d u% d~'cUo
and let (a, b) € <I>;E. Denote by d = woty the decomposition of d in the semi-direct product W = Wy.A.
Recall that

d(a, h) = (wo(e), b + (valg oar)(N)) .
Denote by ho € {0,1} the minimal element in I, () such that (wo(a), ho) € q)gff_ We have dU, pd ! =
Ug(a,p) C Ue N Uyg(a)- The latter is equal to Uy (q)p, after [43, 1.1, property 3 on p. 103] and Lemma

4.2.1. By Remark 4.1 (2), it implies that h + (valz oa)(A) > bho and d(a, b) € (I):ff' O
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4.4. In Section 3 we introduced the pro-p-subgroup Ir of G%.(9). It is the group denoted by R in [43].
In the following we abbreviate T := ker(v) and we let T' denote the pro-p Sylow subgroup of T°. Then
G% (D) = UpTO ([13, 5.2.1, 5.2.4]).

Lemma 4.8. Ug C g =< UOF,IF > = 'L[OFIF.
Proof. For any real number r let 7+ denote the smallest integer > r. We also define the function

. fr(a)+ if a|F is constant,
fr(a) =

fr(a)  otherwise.

After [43, Proposition 1.2.2], the product map induces the following bijections

[T Yose@ x T x T Uasor@ — o

acd— acedt
IT Yaspi) x T x T Uasi — 1r
aEd— acdt

where the products on the left hand side are ordered in some arbitrarily chosen way. We immediately see
that Uo C Io and hence that U% C Ur € Ug C Ip. Using Lemma 4.2.1 the first bijection becomes

H Uq,1 x T! x H uoh();lc‘

acd— acdt
Since moreover I is normal in I¢ it remains to show that Ic € < U%,Ir >. As fo(a) > fr(a) we
have U fo(a) € Ua,f(a) Whenever a|F is not constant. Suppose therefore that «|F has the constant
value r. If 7 is not an integer then fo(a) > fr(a)+ and again Uy fo(a) € Ua,fi(a). Suppose now
in addition that r is an integer. Then (o, —7) = («, fr(a)) € ®p. If this affine root is positive then
Ua, fo(a) € Ua, fr(a) € UY.. If it is negative then fp(a) <0, resp. < —1, if & € &7, resp. @ € ®T; hence
[r(a) <1, resp. <0,if a € D, resp. a € . O

4.5. Parahoric subgroups and Bruhat decompositions. There is an action of the group G on the
building 2" recalled in [43, page 104] that extends the action of Ng(T) on the standard apartment
described in section 4.1. This action is compatible via the projection pr with the action of G on the
enlarged building 2! described in [13, 4.2.16]. Recall that TP}L; denotes the stabilizer in G of a facet F,
and denote by Pp,—1(p) := Gr(9) the pointwise stabilizer in G of pr—1(F). We have

Up C GH(D) C Ppr1(p) € Pl

with Up being normal in iPJIr;. The pro-unipotent radical Ir of G%(9) is normal in fP}. Recall that we
set I' := G (D) = GE(O) (see Section 2) and I :=1I¢.

A parahoric subgroup of G, by definition, is a subgroup of the form G%(9O) for a facet F'. It contains
an Iwahori subgroup, that is to say a G-conjugate of I' = G (9) ([48, 3.4.3])

We recall the following Bruhat decompositions:
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e We have the decomposition G = I’ Ng(T)I' and two cosets I'niI’ and I'nsl” are equal if and only if ng
and ny have the same projection in W. In other words, let {w},ecw denote a system of representatives
in Ng(T) of the elements in W: it provides a system of representatives of the double cosets of G modulo
I'. This follows from [48, 3.3.1] since in our situation we have I' = P, -1(¢y. The Bruhat decomposition
implies that for any chamber D in .27, there is a I’-conjugate of D that belongs to the standard apartment.
The same holds for the I-conjugates of D, since I'Ng(T)I' = INg(T)T'.

e The subgroup Ggry of G generated by all parahoric subgroups is the disjoint union of the double
cosets I'wI’ where w runs over the affine Weyl group Weyr. This follows from [13, 5.2.12] since I =
G¢(9) € Gagy-

We again fix a facet F contained in C. Denote by Qf the subgroup of the elements in Q stabilizing
F. Using Remark 4.3, we have

Qr ={weQ, wSpw ™t = Sr}
so that Wr is normalized by Q. Denote by W} the subgroup of W generated by Wg and Qp. It is a
semi-direct product of these two subgroups. Remark that Wg = and W} NWerr=Wp.

Lemma 4.9. The stabilizer TP} of F is the distinct union of the double cosets 'wl" for all w in W} In
particular, W} is the stabilizer of F' in W. The parahoric subgroup G%(9) is the distinct union of the
double cosets Twl' for all w in Wg.

Proof. Both T} and G%(0) contain I’ because F is contained in C. The group ﬂ’} is the reunion of the
double cosets I'wl’ such that w € W stabilizes F. An element w in W can be written w = w,ffw with
w € Q and w € Wesy. Suppose that w stabilizes F. Since wF is contained in C and is W, s-conjugate
to F', we have w € Qp and wgsfF' = F by Remark 4.4. By [9, V.3.3 Proposition 1], it implies that
wqfr € W which finishes the proof of the first assertion.

For the second part we first of all note that TY C G%.(9) by [13, 4.6.4(ii)]. Moreover, [13, 4.6.7(iii)]
implies that the reduction map G%(9) — Gx(F,) is surjective. We now deduce from [13, 4.6.33 and
1.1.12] that I'/Ir is a Borel subgroup of the finite reductive group G%(9)/Ir. By the first part of our
assertion we have the decomposition G%(O) = [[, @I’ with w running over (G%(O) N Ng(T))/T°.
This means, by the Bruhat decomposition of G%(9)/Ir with respect to its Borel subgroup I'/Ir, that
(G%(9D) N Ng(T))/T? maps isomorphically onto the Weyl group of G%(9)/Ir with respect to the torus
T°Ir/Ip. Since the elements in G%(9) stabilize pr~! (F) pointwise we have (G%(O)NNg(T))/T° C Wp.
But it follows from [48, 3.5.1 and 1.9] that W maps isomorphically onto the very same Weyl group.
Hence we must have (G%(9) N Ng(T))/T? = Wp. O

We deduce from the latter the following.

Lemma 4.10. The intersection of ‘P} with the subgroup Gqsy of G generated by all parahoric subgroups
is equal to G%.(9).

We now describe systems of representatives for the double cosets I'\G/G%(9O) and I'\G/ T}.
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Lemma 4.11. The set Dp is stable by right multiplication by an element in Qp.

Proof. Let w € Qp. In particular it satisfies w(®p) = ®p. Moreover, it is the minimal length element in

wWy: in other words, w € Dy, so that w(®) C <I>:{ff. It proves that w(®}) = @:ff N®p = dF. O

Denote by @} a system of representatives of the orbits in Dg under the right action of Qp.

Lemma 4.12. i. The set @} is a system of representatives of the left cosets W/W} It satisfies
U(dwp) = 0(d) + L(wp) for any d € Dl wp € W}
ii. The sets {d }sep, and {d}deDf are respective systems of representatives of the double cosets
F

I'\G/G% (D) and \G/Ph..

Proof. (1) That W is the reunion of the dVV]LF for d € DTF is clear from Prop. 4.6 because Qp C W} Let
dy,dy € D, If dy € dyW1,, then there is w € Qp and wr € W such that dy = dywwr. But diw € D by
Lemma 4.11, so that do = dyw by Prop. 4.6 and w = 1 by definition of @}. The length equality is clear
again by Prop. 4.6. (2) Let wy,ws € W such that £(w;1) + £(ws) = £(wiws). Then T'w 1ol = Ty wol’
(for example [19, Thm. 3.6]). Together with Lemma 4.9, this remark finishes the proof. O

4.6. We recall the geometric interpretation of the set DTF. The gallery distance d(D, D) between two
chambers D and D’ of the standard apartment is defined to be the minimal length of a gallery connecting
D and D'. By [12, 2.3.10] and keeping in mind that W, s acts simply transitively on the chambers of .o/
we have, for any w,w’ € Wezy:

(4.6) d(wC,w'C) = t(w™w').

Proposition 4.13. Let F be a facet F C C and d € DL.

i. Among the chambers of </ containing dF in their closure, the chamber C(dF') := dC' is the unique
one which is closest to the chamber C.

ii. It satisfies Igp(IN TPLF) =low@r) and IN TPLF =1In (Pg(dF)'

Proof. i. A chamber of & has the form wC for some w € W and we can multiply w on the right by an
element in Q so as to have w™'d € Wyy. Suppose that dF' C wC. Then w™'dF = F by Remark 4.4.
Therefore d € wW} after Lemma 4.9. But d is, up to right multiplication by an element in Qr C €2, the
unique element with minimal length in dW}. So d(wC,C) > d(dC, C) if wC # dC.

ii. It is immediate from Lemma 3.1 that IN Tg( cIn ?LF. For the second point of the proposition

dF)
we therefore need to prove that the subgroup of ijP generated by Ip U (d_llcf N ﬂ’}) is equal to I and that
ddnPL cd1dnPL.

The intersection d—'1dN CPJ{[7 is a pro-p-subgroup of iP} contained in G,y because d~'1d is contained in
a parahoric subgroup. Thus d=1dn (Pjp is a pro-p-subgroup of the parahoric subgroup G%(9) by Lemma
4.10, and it is contained in a pro-p-Sylow subgroup of the latter ([44, I.1.4 Prop. 4]). But any pro-p-Sylow
subgroup of G%(9) contains its unipotent pro-radical Ir. Therefore the subgroup of fP} generated by
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Ir U (J_llcz N TP}) is a pro-p-subgroup of G%(9). To prove that it is equal to I, it is therefore enough
to prove that it contains I (because I is a maximal pro-p-subgroup of G%(9)), and by the identity in
Lemma 4.8, that it contains u%.

But UY% is contained in d"Ued N ?L by (4.5), hence it is contained in d=1d n fP} by the inclusion in
Lemma 4.8. Tt proves the first equality, from which we deduce that d~1dn (P} C Iso that d~1d N f]’}7 C
ddn1cddnP,. O

Remark 4.14. We deduce from i. in Proposition 4.13 that if dF is contained in C for d € @}, then
de Wl =q.

Let n > 0 and Ch(n) be the set of the chambers in o/ at distance n from C. Denote by <7 (n) the set
of the facets in & contained in the closure of the chambers at distance < n.

Lemma 4.15. For n > 1, the set </ (n) is the disjoint union

dn)=n-1)u || D\F(n-1)
DeCh(n)

Proof. Let D and D’ be two distincts chambers in & at distance n from C and F a facet contained in
both D and D'. We have to prove that F is contained in the closure of a chamber at distance < n.

Fix F C C a facet in the closure of the standard chamber such that F is W-conjugate to F. There
is a unique d € DTF such that F = dF. We shall prove that ¢(d) < n which gives the required result
by (4.6). Let w,w’ € W, unique up to right multiplication by an element in €, such that D = wC and
D’ = w'C’ respectively. We have ¢(w) = ¢(w") = n by hypothesis. By the same argument as in the proof
of the previous proposition, we can choose w and w’ such that w,w’ € dW}. In particular, there are two
elements wo, wy, € WTF such that w = dwg, w' = dw} and ¢(wy) = l(w) = n — £(d). If ¢(d) = n, then
l(wo) = (wjy) = 0 and wg, w(, € Q which contradicts the fact that D # D’. Therefore ¢(d) < n. O

Proposition 4.16. Let n > 1 and D € Ch(n). The simplicial subcomplezes o/ (n—1) and DU o/ (n—1)
of & are contractible for the structure of affine Fuclidean space on <.

Proof. First recall that for any two points x,y € <7 there is a unique geodesic [x,y] in &/ connecting
them. It is simply the segment {tz + (1 —t)y, t € [0,1]} ([12, 2.5.4 (ii) and 2.5.13]).

Let D be a chamber in 7. We denote by ¢l(C, D) the union of the closures of the chambers in &/ that
belong to a minimal gallery between C' and D. This set is called the enclos of C and D in [12, 2.4]. It is
convex by [12, Proposition 2.4.5].

Now let 4 denote any of the two subcomplexes in the assertion. Obviously C C %. Let D be any
chamber in ¢ and let (C = Cy,C4,...,Cy = D) be any minimal gallery. Since d(C,C;) = i for any
0 < i < ¢ we see that all chambers Cy, ..., Cy belong to &. It follows that the whole enclos cl(C, D) is
contained in %. This ensures that % is star-like and hence contractible. O
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4.7. We denote by W the quotient of Ng(T) by T! (notation in section 4.4) and obtain the exact
sequence 0 — T?/T! — W — W — 0. It is convenient in the following to fix a lift © € W of any v € W
as well as a lift 1 € Ng(T) for any w € W. By [50, Theorem 1] the group G is the disjoint union of the
double cosets IwI for all w € W. The length function ¢ on W pulls back to a length function ¢ on W
([50, Proposition 1]).

Fix a facet F' contained in C. Define Wp, resp. W}, to be the preimage in W of W F, Tesp. WTF Their
lifts provide respective systems of representatives of the double cosets in I\G%(9O)/I and I\(P} /1. We
also let Q7 C W denote the preimage of Qp.

Remark 4.17. 1. Note that the set {d}4ep, is a system of representatives of the left cosets in W/Wx

and that {j}dep » is a system of representatives of the double cosets in I\G/G% (D). Similarly, D},
provides a system of representatives of the double cosets in I\G/ ﬂ)}.

2. Together with Remark 4.4 and the Bruhat decomposition for G,ys, this decomposition of G into
double cosets modulo I and iP} implies that any facet in 2" is I-conjugate to a unique facet in o7.

4.8. A basis for H (resp. H') is given by the characteristic functions of the double cosets I\G/I (resp.
I'\G/I'). For w € W (resp. w € W), denote by 7, (resp. 7/,) the corresponding characteristic function.
The defining relations of H' are the braid relations ([32, 2.1 and 3.2 (a)])

(4.7) T Th = Thow for w,w’ € W such that ¢(ww’) = £(w) + £(w')
together with the quadratic relations
(4.8) (r)?=(a— D7 +q

for all s € Sqpry ([32, 3.2]).
The defining relations of H are the braid relations (see [50, Theorem 1])

(4.9) TwTw = Tww! for w,w’ € W such that £(ww') = £(w) + £(w')

together with a modified form of the quadratic relations (4.10) which we introduce below after some
preliminaries. As part of a Chevalley basis we have (cf. [13, 3.2], [25, I1.1.3], [46]), for any root o € ¥, a
homomorphism ¢, : SLy — G, of O-group schemes which restricts to isomorphisms

1 x & 1o =
{(O 1)}—+ua and {<* 1)}—>ua,

Moreover, one has &(t) = pa(( t91 ). For any s = s(,) € Sars we put
0 o
Ng 1= <pa(< L )) € Ng(T) .
-7 0

We have n? = a(—1) € T? and n,T° = s € W. In the following we make the choice 5 := n,T! and

5 := ns. We also let the subtorus Ty C T denote the image (in the sense of algebraic groups) of the

N
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cocharacter &. Its group of F,-rational points Ts(F,) is a subgroup of T°/T! isomorphic to Fz. The
quadratic relations in H are:

(4.10) 7'52 = qTz + T30 for any s € Suy,
where
0 := Z T3
teTs(Fq)

(cf. [50, Thm. 1]). A general element w € W can be decomposed into w = wsj...§; with w € Q,

s; € Sqff, and £ = £(w). The braid relations imply 7, = 7,74 ... T,

Remark 4.18. By (4.9), a basis element 7, for w € W with length zero is invertible in H. For s € Saff
we have 75(15 — 6;) = qTs(—1) and therefore 75 is invertible if and only if ¢ is invertible in k. All basis
elements 7, for w € W are invertible in H if and only if ¢ is invertible in k. Likewise, all basis elements
7,, for w € W are invertible in H' if and only if ¢ is invertible in k.

We set 77 := 752(75 — 05) = 75-1 — 0,. Define

(4.11) Top = Tay oo T Ty -

According to [50, Cor. 2] the element 7, only depends on w (and not on its decomposition) and there is
a unique involutive automorphism ¢ of H such that

Wrw) = (1) @7i for any we W.

w

Note that
(1w) = 7w for any w € Q and (75) =05 — 75 for any s € S,r¢.

Obviously, t restricts to an automorphism of HJ}, for any facet F contained in C.

Remark 4.19. The corresponding involution t" on H' carries 7} to —(7/+1—¢q) for s € S,s and fixes 7,
for all w € Q. It coincides with the well-known Iwahori-Matsumoto involution [24, 2.2] (which is usually

defined when ¢ is invertible in k). For w € W, there is also an element 7, defined similarly as (4.11) and
£(w)

satisfying «/(7,,) = (—=1)"")7/"_,.

4.9. We now study the maps (3.14) and (3.18) and will first introduce a variant of them in Proposition
4.25. We still work with the fixed facet F' contained in C. Extending functions on G%(9) by zero to G
induces G%(9)-equivariant embeddings

Xp = indIGOF(D)(l) —X and X} := indlc,;%(g)(l) — X'

We introduce the k-algebras
(©)

(" .

They are naturally subalgebras of H and H’, respectively, via the extension by zero embedding. In

o . G%(O o B e X
Hp := Endyas o) (Xp)® = [indy (1)) and  Hj := Endygs (o) (X5) = [indy,

fact, Xp is a sub-G%(O)-representation of the representation X} of T} introduced in (3.13), and Hp is
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naturally a subalgebra of H}r; Likewise X', is a sub-G%.(9O)-representation of X’Ii, and H’, is naturally a
subalgebra of H’l;r

A basis for Hp (resp. Hf) is given by (7w),,evi,. (resp. (7,)wew); a basis for HTF (resp. H’}) is given
by (Tw)we\?v} (resp. (Tq;)wew}).
Lemma 4.20. i. The Hecke algebra HTF is free as a left as well as a right Hp-module, with basis
(To)weap- In fact, we have H} = Hp ®ppro k[Qr] as (Hp, k[Qp])-bimodules. As an algebra, H} is

isomorphic to the twisted tensor product where the product is given by
(T @ W) (T @ W) = TwTyrw—1 @ ww' for w,w' € Wp and w,w’ € Qp
1. The algebra Hp is a direct summand of H} as an (Hp, Hp)-bimodule.

Proof. We have VVTF /WF = W} /Wpg = Qp. Moreover, the elements in QO have length 0. It proves i.
using (4.9). To prove ii, note that the direct sum of all Hp7y for w € Qp, w # 1 is a (Hp, Hp)-bimodule
by definition of Q. O

Proposition 4.21. i. The Hecke algebra H is free as a left as well as a right H}-module. It is also
free as a left as well as a right Hp-module.

it. The algebra H} (resp. Hp ) is a direct summand of H as an (H?,H})—bimodule (resp. a (Hp,Hp)-
bimodule).

Proof. i. By Lemma 4.20, it is enough to prove that H is free as a module over H} The braid relations
and the property of the system of representatives DTF (Lemma 4.12.1) ensure that H is a free right module

over H} with basis (7;) Likewise, it is a free left module over H} with basis (15-1), el

.

ii. We write the prO(;ifEﬁlFthe case of Hp. Let Mp be the direct sum of the 7;Hp for d € Dp, d # 1.
We prove that it is an (Hp, Hp)-bimodule by checking that it is stable under left multiplication by Hp.
Because of the braid relations (4.9), Hp is generated by all 74 for @ € Wy and £(w) € {0,1}. Let d € Dp
with d # 1. If £() = 0, then @ is a lift in W of 1 and ToT; = TiTi-15q € Mp. If £{(w) = 1, then w = 5 is
a lift in W of an element s in S .

a) Suppose £(sd) = £(d)+1. Then 757; = 7.5 and sd # 1. If sd € Dp then 7.5 € Mp . If sd ¢ D then,
by Proposition 4.6 ii., there is a v € Wp such that sd = dv and ((sd) = £(d) + £(v) so that 7.; = 7;75
belongs to Mp.

b) Suppose {(sd) = £(d) — 1. Note that sd cannot be 1 since d € D and d # 1. Then by [50, Thm.
1(ii)] (see also (4.10)) we have 72 € k[T?/T')7s + k[T°/T'] and hence 757; € k[T°/T!]7; + k[T°/T!]7,;.
Both d and sd lie in D — {1} by Proposition 4.6 ii. So 757; € Mp.

Similarly, one proves that H is the direct sum of the (H},H})-bimodules HTF and M}, where M} is
defined to be the direct sum of the TJH} for d € DI ,d# 1. O

Remark 4.22. Recall that the right H}-module H(ep) was defined in section 3.3.1 by twisting the action
of H} by the involution jg. Proposition 4.21 implies that the right H}—module H(ep) is free.
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Remark 4.23. The results of Lemma 4.20 and Proposition 4.21 are valid with H', H/, H’Ii instead
of, respectively, H, Hp, H}; In particular, H'FJr is free as a left as well as a right Hz-module, with basis

(1),)weqy, and H' is a free right module over H;L with basis (7)) In the proof of Proposition 4.21.ii.b)

deDlh,
the relation (4.10) is replaced by the classical quadratic relation (4.8).

There are the natural maps
nr: Xp @ Hyp — Xh, s Xl @, B — X
of (G%(9), H}r;)— and (G%(9), H’Ii)—bimodules, respectively, defined by f ® h —— h(f).
Lemma 4.24. The maps ng and 0 are bijective.

Proof. By Lemma 4.20 it suffices to check that the maps
X p @gproyr) k[Qr] — X5 and X @ k[Q2p] — X
defined by f ® w — 7,(f) and f ® w — 7.(f), respectively, are bijective. This follows from the
bijectivity of the maps
G%(D)/Ix Qp — PL/I 4 GO xor — P
an
(gLw) > glwl = gol (U, w) s gl'ol’ = gl

since @ normalizes I’ and I ([50, Lemma 6]) and since fPTF = G%(9) x QFp by Lemma 4.9. O

We now prove the following proposition, which, combined with Lemma 4.24 gives the bijectivity of the
maps (3.14) in Lemma 3.8 and of (3.18).
Proposition 4.25. The maps
Xpen, H —Xr - Xpoy I — X/
f®h — h(f) f®h — h(f)
are well defined isomorphisms of, respectively, (G%(9),H)- and (G%(9),H')-bimodules.

(4.12)

Proof. That the maps are well defined, G%(9)-equivariant, and H- and H'-equivariant, respectively, is
obtained exactly as in Lemma 3.8 for (3.14).

We prove that the first one is injective. Recall that, by Proposition 4.21, the space Xr ®u, H
decomposes as the direct sum of X ® 7;_, for allAd € Dr. Each space Xf ® 77, is mapped by (4.12)
onto a space of functions with support in G%(D)J_II. By Remark 4.17 it is therefore enough to check
that 7;_, : X — X is an injective map for any d € Dp: if k has characteristic p it comes (since a nonzero
kernel would have nonzero I-invariants), from the fact that its restriction to Hp = (Xp)! is injective by
(4.9) and (4.4); if k has characteristic different from p, it comes from the fact that the basis element 7;_,
is invertible in H (Remark 4.18).

Now check the surjectivity. An element in X'F is a linear combination of characteristic functions of

double cosets of the form 1x\G/I. Since {C?_l}deDF is a system of representatives of G%(9)\G/I and
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Ir is normal in GS(9), such a double coset can be written glpd T with ¢ € G%(9). We have to
check that its characteristic function belongs to the image of (4.12), which amounts to proving that the
characteristic function of Ipd—'T does, given that (4.12) is G%(9)-equivariant. To this end, we prove

that Ipd 1 = Id 1 by using Lemma 4.8 and the inclusion (4.5) which together ensure that
1C U C Ipd Ued C Tpd '1d.

For the second map, the argument for the injectivity goes through literally if k£ has characteristic
different from p. For the characteristic p case, note, by a similar argument as in Lemma 3.16, that
H,. = (X2)' coincides with (X/.)! so that Thoy X}w — X’ is injective for any d € Dp. The argument
for surjectivity is valid with I’ instead of I because d normalizes T for any d € Dp. O

5. FROBENIUS EXTENSIONS

5.1. For the convenience of the reader we recall the formalism of Frobenius extensions (for example,
[3]). Let R C S be an inclusion of rings and a an automorphism of R. For a left, resp. right, R-module
N we denote by oIV, resp. N,, the R-module which is the pullback of NV along «. Then R C S is called

an a-Frobenius extension if one of the following equivalent conditions is satisfied:

a. The functors N — S ®r N and N —— Homp(S, oN) from left R-modules to left S-modules are
naturally isomorphic.

b. S is finitely generated projective as a left R-module, and S = Hompg(S, oR) as (S, R)-bimodules.

c. S is finitely generated projective as a right R-module, and S = Hompg(S, R,-1) as (R, S)-bimodules.

Moreover, an a-Frobenius extension R C S is called free if S is free as a left as well as a right R-module.

Example 5.1. ([3, Example (B) after 1.2]) If Gy is a subgroup of finite index in the group Go then
k[G1] C k[Gs] is a free idyq,)-Frobenius extension.

By [3, Cor. 1.2] we have the following criterion.

Lemma 5.2. Suppose given, for the ring extension R C S and the automorphism o of R, a homomor-
phism of (R, R)-bimodules 0 : igSo — R together with elements x1,...,Tn,Y1,...,Yn € S such that
S =>" Rx; = > yiR and the matriz (0(z;y;j))1<ij<n has a two-sided inverse in My (R). Then
R C S is a free a-Frobenius extension.

Our interest in Frobenius extensions comes from the following property. Although it is well known we
include a sketch of proof for the convenience of the reader.

Lemma 5.3. For any free a-Frobenius extension R C S the rings R and S have the same self-injective
dimension.
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Proof. First let N be any left R-module. By c. the tensor product with .S over R of a projective resolution
of N is a projective resolution of S ®pr N. This implies

Ext}(S ®p N, S) = Exth(N, S) .

Since S = R™ as left R-modules we deduce that Ext(S ®pr N, S) = Extip (N, R)™.
On the other hand let M be a left S-module. By b. any projective resolution of M as an S-module is,
at the same time, a projective resolution of M as an R-module. We deduce that

Ext% (M, S) = Ext}y(M, Homp(S, o R)) = Ext’y(M, o R) = Exty (M, R),-1 .

Since the notion of a Frobenius extension is left-right symmetric an analogous argument works for

right modules. O

We go back to the notations of the earlier sections and fix a facet F in C. We recall that the
characteristic functions (), ewl, form a k-basis of H}, Moreover, they satisfy the braid relations (4.9).

As before Z denotes the connected center of G. The subgroup ZT°/T! is normal in W} We fix an
element of maximal length wy € Wy and have the corresponding automorphism of k-algebras

Qg E[ZT°/TY] — k[ZT°/T)
Z10/T! 5 € —s wofwal

The k-algebras Hp ([47, Prop. 3.7] and [41, Thm. 2.4]) and H’, (compare 21, Prop. 4.1]) are Frobenius
algebras. We generalize these results as follows. Let r denote the rank of the torus Z. Then Z/Z N T°
is a free abelian group of rank 7. Since the extension 0 — ZNTY/ZNT! - Z/ZNT! - Z/ZNT° - 0
splits we may fix a subgroup of finite index Zg C ZT°/T! which is free of rank r and which is central in
W. Note that, because the elements in ZT° /T! have length zero, the map & € ZT?/T! — 7¢ yields an
injective morphism of k-algebras k[ZT°/T'] — H. We identify k[ZT°/T'] with its image in H. Likewise,
we identify k[Z/Z N T°] with its image in H'.

Proposition 5.4. . k[ZT%/T!] C H} is a free ouy,-Frobenius extension.
ii. k[Zo) C H} is a free idyz, -Frobenius extension.
iii. k[Z/ZNTY) C H};r is a free idyz/zqro)-Frobenius extension.

Proof. i. We consider the map

9 Hi, — k[ZT/T!]
Z Qo Ty — Z Ao -
weWl, £€ZTO/TL

Using the fact that the length function on W} is Qp-bi-invariant the braid relations (4.9) imply that 6
in fact is a homomorphism of (k[ZT?/T!], (k[ZT°/T'])-bimodules

9 - id(H},)awO — k[ZT%/TY .
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Let [W}] - W} denote a set of representatives for the cosets of the image of Z in W} This is a

finite set. We know from Section 4.9 that (1) ] and (Tg—14,) are bases of H}r, as a left as

we[Wi, we[Wh)

well as a right k[ZT°/T']-module. In order to apply Lemma 5.2 it remains to show that the matrix

(O(T5Ti-1w,)), we[Wi is invertible. Since ¢(w~lwg) = £(wo) — £(w~1) ([9, VI.1.6 Cor. 3]) it follows from
) F

(4.9) that O(T5Tg-14,) = 0(Tw,) = 1. By [50, Thm. 1(ii)] (see (4.10)) we have 72 € k[T°/T!]7, + k[T?/T]

for any lift 0 € W of an element in S, ¢f- This together with the braid relations implies that

ToTo-1wy € > K[TO/T]r

v'w—lwg
v/ <v

where < denotes the Bruhat order on W} (compare [7, 2.4.9]). We see that
O(T5Tip—10,) = 0 unless w < v.

In other words the matrix in question is lower triangular.

ii. This is a consequence of i., the above example, and the transitivity of Frobenius extensions ([3,
Prop. 1.3]).

iii. The proof of iii. is a somewhat simpler copy of the proof of i. Here we identify wy with its image
in Wg. The map

0 H — k[Z/Z N T
P D DR
wEW} §€Z/7ZNTO

is a homomorphism of (k[Z/ZNTY], k[Z/ZNT°])-bimodules id(H/}i)id — k[Z/ZNTY]. As in the proof of ii.,

(Tl’u)we[w}} and (T;,lwo)

are bases of Hg as a left as well as a right k[Z/ZNT]-module, and we verify

that the matrix (6'(7)7,,1,,)), wewt) 18 invertible. Using (4.7) we obtain ¢'(r,7, 1, ) = 0'(7,,) = 1.
) F

By the quadratic relation (4.8), we have (71)? € k7} + k for any s € S,¢¢. This together with the braid

S

we[W]

relations implies that TéT{l},le € Zv,<v k‘T;] o=ty where < denotes the Bruhat order on WL Therefore,

we have ¢'()7, 1, ) =0 unless w < v, and the matrix in question is lower triangular. O

Proposition 5.5. Let F' be a facet of . The k-algebras H} and Hg are left and right noetherian and

have self-injective dimension 7.

Proof. We may assume that F is contained in C. Recall that H} (respectively H’}) is a free idy[z,-
Frobenius extension (respectively a free idy(z/z~ro)-Frobenius extension) by Proposition 5.4. But k[Zo]
and k[Z/Z N'T°] are Laurent polynomial rings in r variables over k. Hence they are both noetherian and
regular of global dimension r. The former implies that H} and H’} are noetherian. The latter implies
that the self-injective dimension of k[Zo] and of k[Z/Z NTY] is equal to r (compare [42, Bem. 10.16]). We
conclude that HTF and H’I;r have self-injective dimension r using Lemma 5.3. O
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5.2. If we assume that G is semisimple then Z = 1 and Proposition 5.4.ii says that H} is a Frobenius
5

algebra. More precisely, assuming that F' C C' the proof of Proposition 5.4 tells us that, fixing an element

wp of maximal length in VV} and using the linear form

Owp H}—>k

E QoyyTy > Qg
weWl,

we have the isomorphism of left H%—modules HTF = Homk(H}, k) sending 1 to d,,. Composing with the

adjunction isomorphism

Hom; (M, Homy (HY,, k)) — Homy (M, k)
f—lz e fz)(1)]

we obtain, for any left H}—module M, the k-linear isomorphism
(5.1) Homyy (M, Hi) = Homys (M, Homy, (HY, k) 2 Homy (M, k) , f — Gup o f

For later purposes we need to explicitly determine the inverse of this isomorphism. This will make use
of the defining relations in H and the canonical involution t introduced in 4.8.

Lemma 5.6. Let F be a facet in C, M be any left H}—module, and f € Homy (M, H}), setting fo 1=
F
dwp © f we have

Z fo(m? 719U Z fo(( w)L(Twa—l)m')Tw for any x € M.

T i
wEW weWF

Proof. Write f(z) =32 i fu(z)7w. Forw € Qp we compute
F

Z fw(Ty-12)Tw = f(1-12) = T-1 f(2 Z Ju(2)Ty-17w = Z fu (@)1 = Z Jorw (@) T

weWl, weW', weW, weW}

and obtain

(5.2) Jow(@) = fu(ry-12) = ful(riz) |
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For s € S,ff we observe that 7;-175 = ¢ + 75-105s = ¢ + 0,75 and we compute

Z fu(Ts-12)Ty = f(T5-12) = T5-1 f (2 Z Juw(x)T5-17Ty

weWl, weWl,

= Z fuw(T)Ts-14 + Z Juw(T)Ts-1T5T5-14,
weW T ,0(3w)>0(w) weW T, 6(3w) <t(w)

= Z fw(x)Téflw + Z f ( )<q+0 TS) Ts—1w
weWl, £(3w)>(w) weWl, £(5w)<f(w)

= Z Ju(@)Ts-1 + (¢ — 1) Z Ju(@)Ts-1 + Z Juw(@)0sTw
weWl, weW', £(3w)<t(w) weWl, £(5w)<t(w)

= Z fsw( ) (q - 1) Z f§w($)7_w + Z fw(m)esTw
weWl, weW L ,0(3w)>0(w) weW,,6(3w) <t(w)

= Z fsw q - 1) Z f§w($)7—w + Z Z fw(x>7_tw
weWl, weW, £(5w)>(w) weW', 0(3w) <t(w) t€Ts(Fq)

= Z fsw q - 1) Z fgw(x)Tw + Z ( Z ft—lw(l‘))Tw
weWl, weW', £(5w)>(w) weWl, £(5w)<t(w) t€Ts(Fq)

It follows that, if /(5w) < ¢(w), then we have

faw(@) = fu(rsz) = Y frrw(@) = fulremz) = Y fulne)

(5.3) 1T (Fy) LET,(Fy)
= fu((ts-1 — 05)z) = fu(riz) .

where the second identity uses (5.2). The equations (5.2) and (5.3) together imply inductively the
assertion. 0

Remark 5.7. We remark that, replacing wr with its image in wi , we get an analogous linear form
Opp - H}I — k as well as a formula for H’}—modules which is analogous to the one in Lemma 5.6. The
calculation makes use of the classical quadratic relations (4.8).

6. MODULES, PROJECTIVE DIMENSION, AND DUALITY

6.1. In the course of this paper we have established two kinds of functorial exact resolutions.
1. For any left H-module m we have as a consequence of Theorems 3.6 and 3.12, the exact sequence of
H-modules

o®id
&id,

(6.1) 0 — C (20, X)! @ m 22, 0o (20, X) @rm 2 m — 0.

Moreover, by Theorem 3.12, each term in this resolution is a finite direct sum of H-modules of the form
H(e F) ®HT m.
F
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2. In the case that the left H-module m is of the form m = V! for some smooth representation V of G
we have, by Theorem 3.4, the exact sequence of H-modules

(6.2) 0— CT (20, V'L . L (20, V) S m=V —0.

We will show that (6.2) is naturally isomorphic to (6.1).

The G-equivariant map

X oy Vi — Vv

1lg®v— gv

(where 141 denotes the characteristic function of the coset gI) induces a homomorphism of G-equivariant
coefficient systems {Cr : X'¥ @y V! — VI#} and therefore a G-equivariant map of complexes

(6.3) C (21, X) @n V! = O (20, X 0 V') — CZ(2:), ) -
As the subsequent remark shows, this map is not an isomorphism in general.

Remark 6.1. 1. The map (¢ is the natural identification H ®g v~ v

2. The map (r is not surjective in general. Suppose that F' C C. By Proposition 4.25 we have
XIF g VI 2 Xp OH V! which implies that the image of (r is the sub-G3.(9O)-representation of \A
generated by VI. For example, if k has characteristic p and G = GLo (Qp) choose the same supersingular
representation V as in Remark 3.2 and F' to be the vertex xg. Then (g is not surjective.

3. Let F C C. If the cardinality of the finite reductive group G%(9) /I is invertible in k, it is classical
to establish that the functors Xr ®pu, . and HomgoF(D)(XF, .) are quasi-inverse functors between the
category of Hp-modules and the category of representations of G%(9) generated by their I-invariant
subspace (note that the latter actually are representations of the finite reductive group G%(9)/Ir). The
map (g is then injective.

Suppose k has characteristic p and G has type A,. The above mentioned functors are quasi-inverse
equivalences if and only if F' has codimension 0, or F' has codimension 1 and ¢ = p, or F' has codimension
2 and ¢ = 2 ([36, Thm 4.17]). In those cases, (r is injective. In the other cases, the functor Xp ®p,, . is

not even exact.
On the other hand there is the following trivial observation.
Remark 6.2. For any chamber D of 2 the map (p is an isomorphism.

Proof. Pick an element ¢ € G such that D = gC. Then X'» = ¢gX! and VI» = ¢gVI. Modulo the
identification X! @y V! = ¢X! the map (p is the identity. O

Of course, the map (6.3) restricts to a homomorphism of complexes of H-modules from (6.1) to (6.2).
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Proposition 6.3. The exact complezes

o®id

(6.1) 0 — CT (24, X) oy VI 222 CI (20, X) o VI 24 v 0

and

(62) 00— CT(2ap V) 5 5 CT (20, V) S VI —0

are isomorphic.

Proof. The isomorphism in Proposition 3.3 is functorial. It therefore suffices to show that the corre-
sponding homomorphism of complexes

Cgr('gf(i%éI) ®H VI = CCOT(JZ{(’L')aéI ®H VI) — Cgr('gf(i)vXI)

is bijective. As we have seen in the proof of Theorem 3.4 the coefficient systems él and ¥I on &/ only
involve subspaces of fixed vectors with respect to the groups Ip where D runs over the chambers in <.
The bijectivity therefore is an immediate consequence of Remark 6.2. O

6.2. Left and right noetherian rings which are of finite left and right self-injective dimension are also
called Gorenstein rings. A left module M over a Gorenstein ring A is called Gorenstein projective if
Ext’y (M, P) = 0 for any projective A-module P and any i > 1. Obviously any projective module is
Gorenstein projective.

We recall from [50, Theorem 4] that H is left and right noetherian and hence is a Gorenstein ring by
Theorem 3.14.

Lemma 6.4. Suppose that G is semisimple. For any left H-module m the exact resolution (6.1) consists
of Gorenstein projective modules.

Proof. By Theorem 3.12 it suffices to show that the left H-modules
H(ﬁF) ®H} Houm= H(EF) ®H} m

are Gorenstein projective for any facet F C C. As in the proof of Lemma 1.1.ii (using Remark 4.22) we
have
Exty(H(ep) Byi M, P) = EthHTF((eF)m, P)

for any ¢ > 0. By our assumption on the center of G the algebra H} is a Frobenius algebra (Proposition
5.4.ii). Over such an algebra every projective module is injective (cf. [29, Thm. 15.9]). Since H is free
as a left H}—module (Proposition 4.21), P viewed as an H}—module is projective as well, and hence is
injective. It follows that Exti{}((ep)m, P) =0 for any ¢ > 1. O

Remark 6.5. Similarly, (3.19) being a resolution of H' by free right H-modules, tensoring it by a left
H’-module m yields an exact resolution

4 H A H’ ,
(6.4) 0—>€B (ep)®H;m—> —>€B (ep)®H;m—>m—>0

FeFy FeF
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for m. Suppose that G is semisimple. Then the argument of the previous lemma goes through using
Proposition 5.4.iii (and Remark 4.23 for the freeness of H' over H/} for any facet FF C C). Thus, (6.4) is
an exact resolution of m by Gorenstein projective modules.

6.3. Differentials. Note that this paragraph does not require the hypothesis of semi-simplicity for G.
Let m be a left H-module. In this section we explicitly compute the differentials in the exact resolution

0 0
(6.5) 0—>@H(ep)®H1-Fm—>...—>@H(ep)®H}m—>m—>0
FeZy FeJy

of m derived from (6.1). We emphasize that the isomorphism between (6.5) and (6.1) obviously depends
on the choice of the sets .%; but also on the choice of an orientation (F,cp) of any F € .%;.
For any facet FF C C of dimension i > 1 we define

Fi 1(F) = {F' € #;_1: F'is W-equivalent to a facet contained in F'}.

By Remark 4.14 any two W-equivalent facets contained in C already are Q-equivalent. Therefore, the
facets of dimension i — 1 contained in F are of the form

wF’ for F' € .Z;_1(F) and certain w € Q/Qp.

We pick, for any F' € .%;_1(F), a subset Q(F, F') C Q of elements which are pairwise distinct modulo
Qp and such that
{F" C F: F" has dimension i — 1} = {wF' : F' € .F;_1(F),w € Q(F, F')}.

For any element wF” in the right hand side we introduce the sign ¢(F, F’,w) € {£1} by the requirement
that
CF,wF’ = G(F, F,, w)wcF/ s
where ¢, is the orientation induced by (F, cp) on wF”.
Proposition 6.6. The differential 0 in (6.5) is given on H(ep) @y m, for any 1 < i < d and any
F
FeZ, by

l®z) = Z Z (P, F ,w)Ts @ Ty1x for any x € m.
FIeFi_1(F) weQ(F,F')

Proof. (One easily checks that each summand on the right hand side only depends on F’ and the coset
wQpr.) It suffices to treat the universal case m = H and to show that

1®l) = Z Z e(F, F'w)Ts @ 751 .

F’Et;@i_l(F) wEQ(F,F’)

By section 3.3.2 the embedding H(er) @+ H — C" (2 ), X)! sends 1 ® 1 to the unique oriented chain
1 PA
f(F.cp) supported on F' and with value chary at (F,cp). The definition of the differential in the oriented
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chain complex C¢"(Z(;), X) implies

o J(E ) +chary if F” C F and ¢ = +cp pr,
(Fyer) ) =

0 otherwise.

From our initial discussion we deduce

8(f(F,cF)) = Z Z fF’,w = Z Z €(F’ Flvw)fF’,w

F’eﬁi_l(F) wEQ(F,F’) F’Egi_l(F) wEQ(F,F’)
where f F' w, T€SP. fFr ., is the unique oriented chain supported on wF” with value chary on (wWF', cpypr) =
(WF', e(F, F',w)wcpr), resp. on w(F',cpr). One checks that frr,, is the image of 75 ® 75-1 under the
embedding H(ep) @1 H = CZ"(2(;-1), X)". O
F! -

The description of the highest differential can be somewhat simplified by making, without loss of
generality, the following choice of orientations
CF = CC,F for any F' € %4 1.

Corollary 6.7. Under the above simplifying assumption we have

0
H
(ec) Oyg M — @ H(er) Dyi m
Fe%y_1

l®xr— Z Z ec(@)Tp @ Ty .

FeZy 1 weQ/QUp

Proof. Obviously #;_1(C) = %4_1, and Q(C, F) is a set of representatives for all cosets in Q/Qp. The

defining equation for the sign becomes cc,r = €(C, F,w)wce, p. But wee p is induced by wee = ec(w)cce.
It follows that €(C, F,w) = ec (). O

Remark 6.8. The argument in the proof of Corollary 6.7 shows that ec|Qp = ep for any F C C of
codimension one.

6.4. Duality. Throughout this section we assume that the group G is semisimple. Let m be a left H-
module. By Lemma 6.4 the exact resolution (6.5) of m consists of Gorenstein projective H-modules. We
abbreviate it from now on by

(6.6) Gpre(m) — m .

We always impose the condition that the corresponding choice of orientations satisfies cr = cc,r for any
F e ﬁd—l'
By definition, Gorenstein projective modules are Homy( . , H)-acyclic. It follows that

Extly(m, H) = h'(Homg (Gpre(m), H)) for any ¢ > 0.

From now on, we suppose that m is a left H-module of finite length.
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Lemma 6.9. The H-module m has finite k-dimension.

Proof. (Note that the subsequent argument remains valid even if G is not semisimple.) It follows from
[50, Theorem 4] and [33, Cor. 13.1.13(ii)] that H is a PI affine k-algebra in the sense of [33, 13.10.1].
Therefore any simple H-module has finite k-dimension by [33, Theorem 13.10.3(i)]. O

It follows from the lemma that each term in the resolution Gpre(m) is a finitely generated H-module.
We have

Homy (Gpre(m),H) = Homy (®pc 2, H(er) By ™, H)
= @reg,Homy (H ®HTF (6F)m> H) = @FEEZ.HOIHHTF ((EF)mv H)
= ©rez, Homyy ((ep)m, HY) ®yt H

where the second, third, and last identity uses Remark 3.13, Frobenius reciprocity, and the facts that m
is finite dimensional and H is free over H} (cf. Prop. 4.21.1), respectively. Hence the Exti;(m, H) are the
cohomology groups of the complex

o* o*
(6.7) ®res, Homyy ((ep)m, H,) Ot H = ... = Homy; ((ec)m, H.) Oy H

with 0* := Hompg (0, H).

In the following we will construct an augmentation map at the right end of this complex. But first
we have to introduce a certain class of automorphisms of the algebra H. Let £ : G — kX be any
character which is trivial on I. Analogously as in section 3.3.1, multiplying an element of H, viewed as an
I-bi-invariant function on G, by the function & defines an automorphism j¢ of the algebra H. It satisfies

je(tw) = €)1y for any w € W.

As recalled in section 4.5 we have in G the normal subgroup Gy such that G/Ggrr = 2. Hence any
character of ) can be viewed as a character of G trivial on I. In the following we apply this to the
orientation character ec of the chamber C' (note that 2 = {)¢) and obtain the involution jc := j., of
the algebra H, which is the identity on the subalgebra H,f; generated by all 7, with w in the preimage
of Wyysy in W and satisfies jo(1a) = ec((f))m for any w € Q. Of course, it extends to H the involution
jc on HTC which we had introduced in section 3.3.1.

In particular, we see that (ec)m makes sense as a (left) H-module (where the action is the action on

m composed with jo). But, in fact, we introduce the automorphism
Lo =10 jo

of H, where t is the canonical involution recalled in section 5. One easily checks from the definitions that
the involutions ¢ and jo commute. Hence ¢ is an involution as well. We let (ym denote m with the new
H-action through the automorphism tc, and we form the right H-module

m? := Homy (1im, k) .
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We obtain the exact contravariant functor m — m? from (left) finite length H-modules to (right) finite
length H-modules. Of course, there is a corresponding functor from right to left finite length H-modules.

Clearly, we have
d)d

(m?)%=m.

This implies that the exact functor (.)¢ maps simple modules to simple modules.
We observe that HTC = k[’.PTC /1] = k[€)] is the group algebra of a finite group and hence is a symmetric
Frobenius algebra. It is well known that, using the k-linear form

o1 : k[Q] — k

one obtains the isomorphism of right Hg-modules
A Homy; ((ec)m, Hl.) — Homy((ec)m, k)
f—d10f.

Since L\HT = id, hence L0|HTC = jC|HJr , we may view A as an isomorphism onto the right HTC—module
m?. As such it extends to the surjective homomorphism of right H-modules

augm : Hom ((ec)m,HTC) s H — Homy(tpm, k) = m?

HC
foT— (010 f)T=61(f(ec().)) -

This is the envisaged augmentation map.
Next we compute the image of the last differential in the complex (6.7). If FF C C has codimension
one then Sp = {sr} ([12, 1.2.10 and 2.1.1]).

Lemma 6.10. We have

(A ®idn) 0 0")( ®resz, , Homy ((er)m, H) @yt H) = Y milen-melH.
SGSaff
Proof. Let F' € F;_1. Obviously, the image 0*(Hom; ((ep)m,H}) ®t H) is the right H-submodule
F F

of Homyt ((ec)m, H) = Hom ((ec)m, HTC) @yt H generated by 9*(Homyt ((eF)m,HJIr;) ® 1). It follows
C C C F
from Corollary 6.7 that

rren= 3 c@maflnr)

UJGQ/QF
for any f € Homy ((erp)m, HTF) Moreover, by Lemma 5.6 we have
F

F= folir(rhe1) )Tw

wEVNVTF
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for some fy € Homy(m, k). If we insert the second formula into the first one then we obtain

riren= 3 w@mn 3 flrrg ) )m

UJGQ/QF wEW}
= > el@) Y folr) T Iraws + Y ec@) Y folr(th . 1)To-1 ) Taw
WEQ/QF w/GQF WEQ/QF LUIEQF
= > eo@) > foler(@) () Vrawse Y, ec@) Y foler(@) (Tl 1) ) Taw
wGQ/QF UJIGQF LUEQ/QF W/GQF
= Z EC("‘A}/)(fO(TL:’ . )Tw/TS}:‘ + fO(T‘:/S}_‘fl . )Tw/)
w'e
= 3" ol fol(rl I @ T + folTfpgyr )T @ 1) |
w' e

using that jF(Ts’iF,l) = TS"iF,l in the third and Remark 6.8 in the fourth identity. We deduce that in
m? Qpyt H we have
C

(A@id)(@"(f@ 1) = fo@Ts = folUrsg) ) @1 = fo®1g — fors @ 1.

Since by (5.1) any fo € Homy(m, k) occurs, this implies our assertion with the sum on the right hand
side over all sp with F' € .%;_;. But the form (6.1) of the complex Gpre(m) shows that the image of the
differential 0* in question is independent of the particular choice of the set .%#; 1. Hence we may sum
over all s € Sgyy. O

Proposition 6.11. The sequence

Hompy (Gprg—1(m), H) —2*——> Hompy (Gprg(m), H) 89 5 0

18 exact.

Proof. Because of Lemma 6.10 we have to show that the kernel of the multiplication map md®HJr H— m?
C

isequalto ) . Suss m?(1®7;—75®1)H. Obviously the latter is contained in this kernel. Since the algebra H
md(1®Tg—T§®1)H

is of the form f ® 1 with f € m?. This shows the reverse inclusion. d

is generated by HTC and the 75 we also see that any element in md®HT Hmodulo ) ¢ i
c a

Corollary 6.12. For any left H-module of finite length there is a natural isomorphism of right H-modules
Extd (m, H) = m?.

Remark 6.13. By viewing ec as an I'-bi-invariant character of G we introduce the involution jg, of H’
defined by ji(7,,) = ec(w)7),. Set 1, = V' o ji; where U is the canonical involution on H' described in 4.19
and define, for any left H-module m, the right H-module

m? ;= Homy (tm, k) .
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Then the calculations leading to Corollary 6.12 go through literally (see also Remark 5.7) and we obtain,

for any left H'-module m of finite length, a natural isomorphism of right H'-modules Ext, (m, H') = m<.

One instance of this duality can be seen on the trivial character X, and the sign character xsign of
H defined by

Xsign = Tw F> (_1)£(w) and Xtriv * Tw = qZ(w)

for w € W, and with the convention that 0° = 1 ([50, Corollary 1]). The canonical involution t exchanges

these two characters.

Corollary 6.14. 0. EXt%I (Xtriva H) = Xsign © Jo and EXt% (Xsigm H) = Xtriv © JC-
ii. The injective dimension of H (resp. H') as a left as well as a right H-module (resp. H' -module) is
equal to d' = d.

Proof. The first assertion follows from Corollary 6.12. The second assertion about the self-injective
dimension of H follows from the first in view of Theorem 3.14. In view of Theorem 3.17 and Remark 6.13

an analogous reasoning works for H'. O

From Theorem 3.14 we know that Exti;(m, H) = 0 for any i > d. We will show that these groups also
vanish for i < d. In fact, we will prove that H is a ring of the following kind.
A ring S is called Auslander-Gorenstein if

— S is left and right noetherian,

— S has finite injective dimension as a left as well as a right S-module, and

— every finitely generated left and every finitely generated right S-module M satisfies the Auslander
condition: For every i > 0 and any submodule N of Ext’ (M, S) we have Extg(]\f ,S) =0 for any j < i.

For Auslander-Gorenstein rings the grade
F(M) := min{i : Exti;(M,H) # 0}

of a finitely generated H-module M is an invariant which has all the properties of a “codimension of
support” (compare [1]), i. e., which is a “good” codimension function. Nonzero modules of maximal

grade are called holonomic.
Remark 6.15. For any facet F' of 2 the k-algebra H} is Auslander-Gorenstein.
Proof. HTF contains, by Prop. 5.4.ii, a Laurent polynomial ring R such that R C H} is a free idg-Frobenius

extension. By the argument in the proof of Lemma 5.3 we therefore have ExtI*{T (M, H}) = Extih (M, R)
F

for any HTF—module M. This reduces the Auslander property over H} to the Auslander property over R.
But R as a regular noetherian commutative ring is Auslander-Gorenstein (compare [42, Beispiele 1 and
2 after Satz 10.4]). O
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Theorem 6.16. Suppose that the group G is semisimple. Then the k-algebra H is Auslander-Gorenstein.
Moreover, for any finitely generated H-module M, the Gelfand-Kirillov dimension and the Krull dimen-
sion of M coincide and are equal to d — j(M).

Proof. We already know from [50, Thm. 4] and the proof of Lemma 6.9 that H is a noetherian PI affine
k-algebra. We deduce from Corollary 6.12 and Corollary 6.14.ii that H is injectively smooth in the sense
of [45, p. 990]. Hence [45, Thm. 3.10 and Lemma 4.3] (applied with the trivial grading of H) imply our
assertion. O

Corollary 6.17. Suppose that the group G is semisimple. For any H-module of finite length m we have
Ext%l(m,H) =0 for any i < d. In particular, a nonzero H-module is holonomic if and only if it is of
finite length.

Proof. By Corollary 6.12 we have m = (m%)? = Ext (m¢, H). Hence the first assertion is immediate from
the Auslander condition. By [1, Cor. 1.3] holonomic H-modules are of finite length. U

We note that any finitely generated Gorenstein projective H-module M is reflexive, which means
that it satisfies M = Homp(Homyg (M, H), H), where in addition Homy (M, H) again is finitely generated
Gorenstein projective (cf. [14, Lemma 4.2.2(ii)]). Proposition 6.11 and Corollary 6.17 therefore imply
that

Hompg (Gprq—e(m), H) — m? |

for any finite length H-module m, is an exact resolution of m¢ by finitely generated Gorenstein projective
modules.

Remark 6.18. The above assertions remain valid with H' instead of H (with no condition on k). In
particular, under the assumption that G is semisimple, H' is Auslander-Gorenstein and Ext%/ (m,H) =0
for i < d and any H'-module m of finite length.

6.5. Homological dimensions of the trivial and sign characters for H.

Proposition 6.19. Let F be a facet F C C and X € {Xtrivs Xsign}- Suppose that
i. G is semisimple,

i Y eyt ¢ # 0 in k.

Then the restriction of x to H}LJ s projective and injective as left and as a right H}—module.

Proof. First of all we note that
> " =110 T Qe Y g™
wEVVTF weWp

As a consequence of our assumption ii. all three factors on the right hand side are nonzero in k. In
particular, we have the central idempotent 1 := ﬁ > teTo /T Te € H and there is an isomorphism
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~

of algebras H' 2 ¢1H given by 7/, — e17 for all w € W (see 3.4). Since x(e1) = 1, the character x
of H factorizes through e1H and we denote by X’ the character of H' given by the composition of x by
H =~ eH < H. If x = Xsign OF X = Xtriv, the character X’ is respectively equal to

(6.8) fw)

X{Sign : 7_1,1) = (_1)€(w) and X;riv : Tq,u = q
for all w € W. We are going to verify that the restriction of x’ to H;ﬂ is projective and injective as a left
and as a right Hg—module. Since, H;L identifies with slHTF in the isomorphism H' = ¢1H, it will prove
the claim of the proposition.

In a first step we show that x’|H/s is projective. For this we let wr denote the longest element in W

and we introduce the element

o — Z’u}EWF T it X = Xtriv,
Fx — _ .
wewy @ (D) T X = Xaign-
in H%.. We claim that
(6.9) To€ry = X (T))€Fy = €p\ Ty for any v € Wp

holds true: it follows from a straightforward and completely formal computation in the Hecke algebra of
Wp. In particular, we see that e} lies in the center of H. We compute

X (ery) = Y ¢ #0

weWp

which is nonzero in k£ by our assumption ii. Hence e’F’X = X(e}’,x)_l

e%x is a central idempotent in H’.,
and H', 8%1% is a projective Hz-module, one dimensional over k, which realizes the character x'|H/.
Since the length ¢ on Wy is invariant under conjugation by Qp and W} = Wpr x Qp, the idempotent

€f, commutes with any 77, for w € Qp, and one easily sees (use (4.7)) that

Ko 1 Z /
6F7X = €F7X 7’QF‘ Tw
wEeN R

1 EwEW} Ti/U if X = Xtriv

2 wewt, q‘) 2 wewt, "R =W ()W) 7l i X = Xaign

is a central idempotent in H;L such that the projective H;ﬂ—module Hgﬂ Eg,x realizes the character x’ ]H/}
Because of our assumption i. and Proposition 5.4.iii the k-algebra Hgﬂ is a Frobenius algebra. Hence
any projective H’;—module is also injective. O

Proposition 6.20. Suppose that G is semisimple and that Zwe\if} ") £ 0 in k for all facets F € C.

Then, as left and right H-modules, the characters Xiriw and Xsign have projective dimension equal to d.



46 RACHEL OLLIVIER AND PETER SCHNEIDER

Proof. Let x € {Xtriv, Xsign}- By symmetry it suffices to treat the case of x as a left H-module. Propo-
sition 6.19 implies that Gpre(x) — X is an exact projective resolution of the H-module yx (see (6.6)).
Hence the projective dimension of x is < d. Equality follows from Corollary 6.14.1. O

Remark 6.21. With no hypothesis on k and G, consider the characters x;,,;,, and X, of H’ given by the
formulas (6.8). Let X" € {Xjps X5ign}- Under the assumption that G is semisimple and > o q'®) =0
F

in k for all facets F' C C, we establish in the proof of Proposition 6.19 that the restriction of x’ to H/}; is
projective as a left and as a right Hg—module. Therefore, the exact resolution (6.4) of x’ is a resolution
by projective modules and ' has projective dimension < d as a left H-module. From Remark 6.13, we
obtain that the projective dimension of X’ as a left H'-module is equal to d. By symmetry, the same
holds for x’ as a right H'-module.

We remark that it is a general fact for Gorenstein rings A that any A-module of finite projective
dimension also has finite injective dimension and that, in this case, both these dimensions are bounded
above by the self-injective dimension of A (cf. [20] 9.1.10). In the situation of the above Proposition 6.20
it also follows directly from Proposition 1.2, Theorem 3.12, and Proposition 6.19 that the two H-modules
Xtriv and Xsign have injective dimension < d.

Remark 6.22. Suppose that the assumptions of Proposition 6.19 hold true for all zero dimensional
facets in C. Then the resolution (3.15) is not split as a complex of H-bimodules. Otherwise, any left
H-module m would be a direct summand of P 5 H(er) Dy, m and there would be an F € %, such
that Hompy(m, H(er) Oy m) # 0. Choose m to be the trivial or the sign character of H. Then by

Proposition 6.19, the restriction of m to HTF is projective so that m is isomorphic to a direct summand

of H} and H(ep) @4+ m injects in H as a left H-module. This contradicts the fact (Corollary 6.17) that
F

HOIIlH(I’l‘l7 H) =0.

7. GLOBAL DIMENSION OF THE (PRO-p) IWAHORI-HECKE ALGEBRA IN CHARACTERISTIC p

If k£ has characteristic zero then by a theorem of Bernstein (compare the argument in [49, Prop. 37])
the Hecke algebras H and H’ are regular, i. e., they have finite global dimension, which is bounded above
by the rank of the group G. We will show that this is no longer true in characteristic p.

In this paragraph, we assume that k has characteristic p, so that one can define idempotents in H as
mentioned in 3.4. In particular, H (resp. H’ll, H';) can be identified with the algebra e1H (resp. 51H;,
e1Hp) with unit 1. It implies that the projective dimension of H (resp. H}, Hp) is bounded below by
the one of H' (resp. H T, H'). We will use this argument several times without repeating it.

Proposition 7.1. Suppose that k has characteristic p.
i. The algebra H has finite global dimension if and only if H} has finite global dimension for all facets

F C C. Otherwise, H has a simple module of infinite projective dimension.
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ii. The algebra H' has finite global dimension if and only if H}i has finite global dimension for all facets
F C C. Otherwise, H and H' both have a simple module of infinite projective dimension.

Proof. Tt follows from [50, Theorem 4] and [33, Cor. 13.1.13(iii) and Cor. 13.6.6(iii)] that H is a fully
bounded noetherian ring. For such a ring it is shown in [39] that its global dimension is the supremum
of the projective dimensions of its simple modules. But according to [20, Theorem 9.1.10] the projective
dimension of any H-module, provided that it is finite, is bounded above by the self-injective dimension
< d' of H (cf. Theorem 3.14). Tt follows that if H has infinite global dimension, then there must exist a
simple H-module of infinite projective dimension. The statement is valid with H' instead of H since H’
is also a fully bounded noetherian ring ([51, Theorem 2]) with finite self-injective dimension by Theorem
3.17.

It remains to show the equivalences. For H, combining Proposition 4.21 and Lemma 1.1.iii gives that
H has infinite global dimension as soon as there is a facet F' C C with H} of infinite global dimension.
Now suppose that H} has finite global dimension for all facets F with dimension < d contained in C.
Then using the resolution (3.15) together with Proposition 1.2.iii., we obtain that any H-module has
finite projective dimension. We have proved i. By Remark 4.23 and using the resolution (3.19), the same

argument works for H and we obtain ii. O

Corollary 7.2. Suppose that k has characteristic p.
i. If there is a facet F C C such that Hp is not semisimple, then each of Hp, H}, and H has a simple

module of infinite projective dimension.
ii. If there is a facet F C C such that H. is not semisimple, then each of Hy, Hp, H}J:, H}, H', and
H has a simple module of infinite projective dimension.

Proof. First of all we recall (cf. [2, Thm. 1]) that an algebra is semisimple if and only if it has global
dimension equal to zero. Then (cf. [2, Cor. 11, Prop. 14, Prop. 15]): a Frobenius k-algebra either is
semisimple or has infinite global dimension. In the latter case there exists a simple module of infinite
projective dimension. In section 5 we recalled that Hp and H’, always are Frobenius algebras.

Suppose that F C C is such that Hp is not semisimple. Then combining Lemmas 4.20.ii and 1.1.iii,
we see that H} has a module of infinite projective dimension, and by the proof of Proposition 5.5, which
shows that H} is fully bounded noetherian, it has a simple module of infinite projective dimension. We
conclude the proof of i. using Proposition 7.1.

The assertion ii. is proved by the same arguments (see Remark 4.23) and using the observation at the

beginning of this paragraph. 0

Since k has characteristic p, the algebras Ho = k[T/T'] and Hj, = k are semisimple. As for the
algebras HTC = k:[iPTC /1] and Hg = k:[fPTC /1], they are semisimple if and only if Q = iPTC/I’ is finite and
p does not divide its order. On the other hand, as noticed in [16, Theorem 5|, the Jacobson radical of
Hr ®p k (resp. H: @ k), where k is an algebraic closure of k, contains all the commutators in Hr ® k
(resp. H @y, k) because the simple Hp ® k-modules (resp. H, ®j k-modules) are one dimensional. Since
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Hp/Jac(Hp) maps injectively to Hp @y k/Jac(Hp @ k) and correspondingly for H}. (cf. [28, Thm. 5.14])
this statement remains true for Hp and H’,. Therefore, Hp (resp. H%) is not semisimple and has a simple
module of infinite projective dimension whenever it is not commutative. This observation gives part of
the following criterion.

Lemma 7.3. Suppose k has characteristic p. Assume d > 0, and let F be a facet F C C of dimension
< d. We have:

a. Suppose that the root system ®p is not of type Ay x ...x Ay. Then Hy and Hp are not semisimple.
b. Suppose that q # 2. Then Hp is not semisimple.

Proof. a. It follows from the classification of root systems that Sg contains two elements s and s’ that do
not commute ([9, Ch VI, 1.3]), so that we have 7,7, # 7,7} in H}. It implies that H}; and hence Hp are
not commutative. b. Let s € Sp. First suppose that ¢ # 2,3. Then there is an element ¢ € Fy = T (Fq)
whose square is not trivial. (T4(FF,) was defined in Section 5 before Remark 4.18 and identifies with
a subgroup of T?/T!.) By definition of ns, we have ngtn;1t7! = t=2 # 1 from which we deduce that
nst # tng mod T, In Hp, we therefore have 757 # 7475. It remains to consider the case ¢ = 3. Then %95
is a nonzero idempotent in k[T°/T!]. Since 75 and 65 commute we obtain
(1 %esm]z —(1- %93)75 — (- %esmes —0.
It follows that (1 — %«95)75 is a nonzero nilpotent element in Hr. Since Hr modulo its Jacobson radical

is a product of fields we see that this Jacobson radical has to be nonzero. U
Remark 7.4. If the root system ®p is of type A; x ... x Ay, then H’ is semisimple.

Example 7.5. Suppose that & has characteristic p and that ¢ = 2. Then H = H’, and we have:

1. Let G = SLy(F). Then the algebras Hg =He =kand Hl, = H, ® k x k, for any vertex x € C, are
semisimple. It therefore follows from the resolution (3.15), Proposition 1.2.iii and Corollary 6.14.i that
H has global dimension 1. In this case the resolution (6.1) is a projective resolution of any H-module m.

2. Let G = PGL2(5). Then the algebra HTC = k[Q)] = k[Z/2Z] is not semisimple (but Frobenius). By
Proposition 7.1, there exists a simple H-module of infinite projective dimension.

3. Let G = GL2(§). Then the algebra HTC = k[Z] has global dimension 1. Moreover, H;, = k X k so
that HI;O = H,,[Z] has global dimension 1 as well. It follows from the resolution (3.15) and Proposition
1.2.iii that H has global dimension < 2.

Example 7.6. Suppose that k has characteristic p # 2, and let G = PGLy(F). Then H’Ct = k[Q] =
k[Z/27Z) and Hgg = H),, = k x k are semisimple. It follows that H' has global dimension 1 (whereas H
has infinite global dimension).

Corollary 7.7. Let G = PGL2(Q)), and let k be algebraically closed of characteristic p. The category of

smooth k-representations of G generated by their I-invariant vectors has infinite global dimension.
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Proof. The category of H-modules is equivalent to the category of smooth representations of G =
PGL2(Q)) generated by their I-invariant vectors ([35]). Conclude applying Lemma 7.3b., Remark 7.5.2
and Corollary 7.2. O

8. GRADED HECKE ALGEBRAS
The elements 7, for w € W, form a k-basis of H. It is immediate from the defining relations (4.9) and
(4.10) that
F,Hi= > kry, forn>0

defines an increasing, discrete (i. e., nonnegative), and exhaustive ring filtration of H. We have FyH =

E[€2]. In this final section we investigate the associated graded algebra greH.

For any w € W we let 7, denote the principal symbol of 7, in the graded ring greH. It is clear that,
for any n > 0, the set {7, : /(w) = n} is a k-basis of gr, H. The multiplication in greH is determined by
the rule

Tow 1f L(vw) = £(v) + L(w),

(8.1) ToTw =
0 otherwise.

For any facet F' of 2~ we equip the subalgebra H} with the induced filtration.

Lemma 8.1.  i. H is filt-free as a left as well as a right HTF—module.
ii. greH is gr-free as a left as well as a right gr.H}-module.

Proof. (Compare [31, Def. 1.6.1 and p. 28] for the definitions of filt-free and gr-free modules.) i. As a
consequence of Lemma 4.12.1 we have

F,H = @deD}fcan*f(d)H} = @deD}Fn,g(d)H;ﬂfd,l and Ty Tj-1 € Fg(d)H \ Fe(d)—lH .
ii. This follows from i. U

The involution jg of H}r, obviously respects the filtration. Hence the tensor product filtration on
H(er) D, H is well defined and makes it a filtered (H, H)-bimodule. It is clear from Proposition 6.6
that (3.15) is a complex of filtered bimodules. Alternatively the subsequent proof will explain a more
conceptual reason for this fact.

Theorem 8.2. For any n > 0 the subcomplex

0— P Fu(H(er) @ H) — ... — P Fu(Her) D1 H) — Fol— 0

FeZy FeFy

of (3.15) is exact. In other words (3.15) is strict-exact.
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Proof. We will, in fact, prove the equivalent assertion for the isomorphic oriented chain complex

(8.2) 0 — C (A, X)L ... L O (), XN S5 H — 0 .

We recall that the coefficient system of right H-modules él on the apartment 7 is given by
Fr— éI(F) = Xlew) for any facet F' in &/

with transition maps

tJI::, : Xler — Xlew whenever F/ C F .

T — Z qz .

ge(n?t,)/aneh)

If F C C then C(F) = C so that éI(F) = H in this case. Since W, acts transitively on the chambers
in ./ we find, by Proposition 4.6.i, for any facet F’ in &/ a facet F' C C and an element d € Dy such
that F’ = dF. Moreover, Proposition 4.13.i implies C'(F") = dC and hence

X'(F') = Xlee = X7 — (X') = dH

(inside X). Similarly as before, we fix here and in the further proof, for any v € W, a lifting ¢ € W of v
as well as a lifting 0 € Ng(T) of 0. The above right H-module becomes a filtered H-module through

F,(XY(F")) :=dF,H  forn>0.

To see that this is well defined let F/ = diF; = doF5 with F; C C and d; € Dp,. Write d;ldl = wow
with wg € Wgrp and w € 2. Then wowlFy = F;. Since wky, Fy C C' it follows from ([9, V.3.2 property
(I)] that wFy = Fy (cf. Remark 4.4). We obtain d1F} = dewF). Using that do € Dp, one checks that
dow has minimal length in the coset doawWp, = doW p,w. Hence dow € Dy, and therefore dow = di. We
conclude that (lenH = JQ@FHH = JQT@FnH = JanH. The transition maps are maps of filtered right
H-modules of a certain degree. More precisely, we claim that

(8.3) tFé(Fn(él(F'))) C Friacotr))—deory) X (F)  whenever Fy C F/

holds true. Note that d(C,C(F})) < d(C,C(F")). As above, we let F C C and d € D be such that
F' = dF. We put Fy := d 'F) C F, and we choose dy € Dp, such that F} = dyFy. By Lemma 4.9 we
have d = dyvg for some vy € WTFO, and (4.4) implies ¢(d) = £(do) + £(vp). From Proposition 4.13.i and
(4.6) we deduce d(C,C(F")) = d(C,C(dF)) = d(C,dC) = £(d) and similarly d(C,C(F{)) = ¢(dp). We
therefore have to show that

F'(3 7
th (AF,H) € doF,y g H -

v0)

Since the transition maps are maps of right H-modules this reduces to the claim that

Z gcle S dAOFg(UO)H
ge(m?;(,))/(mv;,)
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which follows from the more precise statement that
do (1N PL)ATT = dy (TN P, )dowig TOT € Ty TOT .
0 0
But we conclude from Proposition 4.13 that 1IN fP}O, =1InNn fPLO m = lo@or) = ldac and hence that
dAoil(I N T},)d}] CI
0

We point out that in case C(F') = C(F}) we have £(vg) = 0 and the transition map F,(X'(F’)) —
F(X'(FY)) is the identity.

In 2, resp. o, we have, for any n > 0, the subcomplex £ (n), resp. &7 (n), of all facets F' such that
C(F) is of distance < n from C. By &7 (n); C 2 (n); we denote the sets of i-dimensional facet in these
subcomplexes.

As a consequence of (8.3) we may introduce the increasing sequence FoéI C ... C Fnél - él of

coefficient subsystems defined by

(Fo XN (F') := Fyy_q(c.ory) (XN(EF))

for all facets F’ in &/ (with the convention that F,,(.) = 0 if m < 0). Obviously Fnél is supported on

2/ (n). It is easy to see that each right H-module Cé"“(,ng(i),él) is a filtered module with respect to the
induced increasing discrete filtration

FoC (3, X 1= CI (1), Fu X") = CI (o () 3y, FuX')

which, moreover, is exhaustive. The complex (8.2) in this way becomes a filtered complex.

We claim that the isomorphism between (8.2) and (3.15) established in Proposition 3.3 and Theorem
3.12 is a filtered isomorphism. As a piece of notation we introduce the characteristic functions charg
of any compact open subset U C G. Let F C C be an i-dimensional facet. Under the identification
H= indg’L (X})I, coming from the transitivity of induction, the element 7, € H, for v € W, corresponds

to the function ¢, : G — XTF which is left I-invariant, is supported on Iﬁﬂ’}, and has value ¢,(0) =
i1nol - Hence under the embedding H(ep) ®H} H < C¢" (2, X)!, which depends on the choice
of an orientation (F,cr) of F, the element 7, ® 1 is mapped to the I-invariant chain f, € CZ"(2(;), X)
defined by

char.
v

fl = Z g(chain supported on {F} with value chharg,lmmT} in (F,cp))

9eG/7h,

= Z chain supported on {gF'} with value ep(gfl.)charr i in (gF, gep) .
vINg P,

geloPL, /Pt
It follows from Lemma 3.1 that ep|o~ 1161 N ‘P} = 1. Therefore we may characterize f] as being the
unique oriented chain such that

— f7 is I-invariant,

— f! is supported on the I-orbit of the facet vF', and
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— fI((vF,vep)) = charmmfp}.

Since the above embedding is right H-equivariant we obtain more generally that, for any two v, w € W,
the element 7, ® 7, € H(ep) ®+ H is mapped to the unique oriented chain f, ,, € CZ"(Z(;), X) such that
F ) —

~ [ 18 I-invariant,
- févw is supported on the I-orbit of the facet vF', and

~ fow((vF ver)) = Ty (charg g ).

According to Proposition 4.21.i the elements 73, for d € @}, form a basis of H(ep) as a right H}—module.

i is a k-basis of H(ep) @+ H. By Proposition 4.13 and (4.6) we have
F

Hence {7; ® TH’}(d,w)eD}xW

d(C,C(dF)) =d(C,dC) = £(d)  and  INPl. Clowr) = Lic

for any d € DI,. The former says that dF € 2 (£(d)); \ 2 (¢(d) — 1); and the latter that d~'1d N P}, C 1
and hence that IdI N ci‘.]’} = dI. Tt follows that

fclzw((dF, dcr)) = Ty(chary) = chary, = = dry .

Since the isomorphism CZ"(2(;),X)! = Cg’"(d(i),él) is given by restricting chains we obtain that
the composed embedding H(ep) ®H} H — C’g’"(ﬂf(i),él) sends 7; ® T, to the unique oriented chain
fiw € Cgr(,;zf(i),g) supported on {dF} C & ({(d)); \ #/(£(d) — 1); with value f;  ((dF,dcF)) = dr, €
(Fg(w)éI)(dF). In particular, we have fg,, € Fg(d)M(w)Cc"’”(ﬂ(i),él). Vice versa, let f € FnC'g’"(sz(i),él)
be an arbitrary chain. We may assume that f is supported on a single facet {F’}. We choose a facet
F C C and an element d € Dp such that F/ = dF. Then d(C,C(dF)) = ¢(d) and f((F',c)) €
Fn_g(d)él(F/) = dAFn_g(d)H. By a further decomposition we therefore may assume that f((F’,)) = dry,
for some w € W with £(w) < n—£(d). We see that f up to sign is the image of 7;®7,, € Fn(H(eF)®H} H).
This establishes our claim.

To show our assertion we therefore may equivalently prove that the complexes
0 — CI( (n)(g), FuX') — ... — CI"( (n)(g), FuX') — F,H—0

are exact for all n > 0. But this follows by exactly the same reasoning as in the proof of Theorem 3.4.
The coefficient systems FnéI still have the property that, for any chamber D in 7 of distance m from
C, they have constant values with identity transition maps on all facet in D \ & (m — 1). O

Corollary 8.3. The complex

(84) 0— @ gre(H(gre(er)) D grottl, greH — ... — @ greH(gre(er)) D grotl, greH — greH — 0
FeZy FeFy

derived from (3.15) is an exact sequence of (greH, greH)-bimodules and is a gr-free resolution of greH as
a left as well as a right graded greH-module.
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Proof. 1t follows from Theorem 8.2 that
0— e
@ gre(H(er) Ot H) —...— @ gre(H(er) Ot H) — grdH — 0
FeZFy FeFy

is exact. Moreover, by Lemma 8.1.i and [31, Lemma 1.6.14], we have

gre(H(er) @y H) = gre(Hlgre(er)) @, yi greH .

The freeness assertion follows from Lemma 8.1.ii. O

Lemma 8.4. For any facet F facet of 2 the k-algebra gr.H} is left and right noetherian and has
self-injective dimension r.

Proof. This is proved in exactly the same way as Proposition 5.5. In fact, due to the simplified relations
(8.1) the argument becomes somewhat simpler. O

Proposition 8.5. . gr.H is finitely generated as a left and right module over a commutative subring
which is a finitely generated k-algebra. In particular, greH is left and right noetherian.
ii. greH is a Gorenstein ring of self-injective dimension bounded above by the rank of the group G.

Proof. i. Let A := T/T!. Tt is immediate from the relations (8.1) that
A= kT
z€A
is a commutative graded subalgebra of groeH. In A we have the dominant (closed) Weyl chamber

Adom::{xeﬂz<a:,oz>20f0ranya€<1>+}.

Its translates w(Agom) for w € Wy, are the (closed) Weyl chambers in A. According to [32, 1.4(a)] the
length function ¢ restricted to A can be computed explicitly by

E(x):2\<x,a>] for any = € A.
acdt
We claim:

(a) £]A is Wo-invariant, which is easy.

(b) For x,2’ € A we have {(z+2a') = ¢(z) +¢(2) if and only if z and 2z’ lie in a common Weyl chamber.
Obviously ¢ is additive on the dominant Weyl chamber. Since Wy acts transitively on the set of all Weyl
chambers it follows from (a) that ¢ is additive on any Weyl chamber. Conversely let z, 2" € A such that
Uz +2') =L(x) + £(2). By (a) we may assume that z + 2’ € Agyp,. Then

Uz +2')= Z |<z+2,a>]|< Z | <z,a>|+ Z | <2’ a>|

acdt acdt acdt

=l(z) +0(2") = l(x + ) .



54 RACHEL OLLIVIER AND PETER SCHNEIDER

This easily implies that z, 2’ € Adom.- (This argument in fact shows that two points z,2’ € A which lie
in some common Weyl chamber must lie in any Weyl chamber which contains x + z’.)

Any Weyl chamber w(Agom) is a saturated subsemigroup of A and hence is finitely generated by
Gordon’s lemma ([26, p. 7]). This implies that A is a finitely generated k-algebra: If x1,...,z, generate
the semigroup Agom then {Tw(@:) fwewo,1<i<r generate the k-algebra A.

As a consequence of (8.1) we have the decomposition

greH = DuewoA(w)  with A(w) = kg
TrEA

as left A-modules. We claim that each A-module A(w) is finitely generated. Fixing w, there exist, as a
consequence of [51, (1.6.3)] (compare also [7, Lemma 3.3.6]), finitely many elements y1,.. .,y € A such
that for any x € A there is an 1 <4 < 7 with £(2®) = (zy; ') + £(y;w). Tt therefore follows from (8.1)
that A(w) is generated by 7y, 4, . .., 7y,w- The reasoning for groH as a right A-module is analogous.

ii. The bound on the self-injective dimension follows from Lemma 8.1.ii, Corollary 8.3, and Lemma
8.4 as in the proof of Theorem 3.14. O

Proposition 8.6. Suppose that the group G is semisimple. Then greH is Auslander-Gorenstein.

Proof. Tt follows from Proposition 8.5 and [33, Cor. 13.1.13(iii) and Cor. 13.6.6(iii)] that greH is a fully
bounded noetherian ring of finite self-injective dimension. Since the center of G is finite by assumption

the group Q is finite so that groH = E[(Q] is an artinian ring. Hence our assertion follows from [45,

paragraph after Cor. 6.3]. O

Everything in this section remains valid for the analogously formed graded rings gro H’ of H' and
greHgays of the affine Hecke algebra H,yy of the Coxeter system (Wqsy, Safy)-
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