AN INVERSE SATAKE ISOMORPHISM IN CHARACTERISTIC p

RACHEL OLLIVIER

ABSTRACT. Let § be a local field with finite residue field of characteristic p and k an algebraic
closure of the residue field. Let G be the group of F-points of a F-split connected reductive
group. In the apartment corresponding to a maximal split torus of T, we choose a hyperspecial
vertex and denote by K the corresponding maximal compact subgroup of G.

Given an irreducible smooth k-representation p of K, we construct an isomorphism from
the affine semigroup k-algebra k[X; (T)] of the dominant cocharacters of T onto the spherical
k-algebra H(G, p). In the case when the derived subgroup of G is simply connected, we prove
furthermore that our isomorphism is the inverse to the mod p Satake isomorphism constructed
by Herzig in [19].

CONTENTS
1. Introduction . ... e 2
1.1.  Framework and notations ........ ... e 3
1.2, RESUIES. ottt 4
1.3, PerSpPeCtIVES . et 5
1.4, AcCKnowledgments .. ...t e 6
2. Root data and associated affine Hecke rings ......... ..o i, 6
2.1, Root datumi. ... e 6
2.2. Root datum attached to G(F)......oooriiii i 8
2.3. Root datum attached to a standard facet.............. ... ... ., 11
2.4. Generic Hecke rings .. ... 12
3. Representations of spherical and pro-p Hecke algebras.............................. 14
3.1. Hecke algebras attached to parahoric subgroups of G(F).........c.ocoviiiinii... 14
3.2. Categories of Hecke modules and of representations of parahoric subgroups..... 18
3.3.  Spherical Hecke algebra attached to a weight .......... .. .. ... i 19
3.4. Parameterization of the weights...... .. .. .. 22
4. Bernstein-type map attached to a weight and Satake isomorphism.................. 22
4.1. Commutative subrings attached to a standard facet ................ ... ... ..., 22
4.2, Satake ISOMOTPIISIN . . . ..o e 26
5. Explicit computation of the mod p modified Bernstein maps........................ 28

Date: June 3, 2014.
2010 Mathematics Subject Classification. 20C08, 22E50 .
Partially supported by NSF grant DMS-1201376 and project TheHoPad ANR-2011-BS01-005.
1



2 RACHEL OLLIVIER

5.1.  Support of the modified Bernstein functions............ ... ... i L. 28
5.2.  An inverse to the mod p Satake transform of [19].............. ... ... 30
REferences . .. ..o 31

1. INTRODUCTION

The smooth mod p representation theory of a split p-adic reductive group G and its number
theoretic interpretation via an expected mod p version of the Langlands program is currently
only understood in the case of G = GL3(Q)) (see [4] for an overview). In the general case,
the irreducible representations of G have been classified up to the supersingular representations,
about which very little is known ([20], generalized by [1]). The main tool used in this classification
is the mod p Satake isomorphism established in [19] and comparison theorems between compact
and parabolic inductions for mod p representations.

In the classical setting, i.e for complex representations of G, the Satake transform provides a
description of the convolution algebra C[K\G/K]: it is an isomorphism

S: CK\G/K] =5 (C[X.(T))¥

where 20 denotes the finite Weyl group corresponding to the split torus T ([31], see also [14]) and
X« (T) the group of cocharacters of T. This isomorphism says that the characters of C[K\G/K]
parametrize the isomorphism classes of a family of smooth irreducible representations of G called
unramified. Generically, an unramified representation is isomorphic to an irreducible principal
series representation with an Iwahori-fixed vector (in general it is the unique unramified sub-
quotient of such a principal series representation [9, 4.4)).

On the other hand, all unramified representations lie in the Bernstein block of the category of
smooth representations of G called the Twahori block. By Bernstein, Borel [2] and Matsumoto [25],
this block is equivalent to the category of modules over the Iwahori-Hecke algebra Hc (G, 1) via
the functor V — VI. By this equivalence, the isomorphism classes of unramified representations
are parametrized by the (2-orbits of) characters of the commutative Bernstein subalgebra of
Hc(G,I) (as defined in [24, 3.5]), or equivalently, by the characters of the center Z(Hc(G,I)) of
He(G,I).

This discussion reveals a correspondence between characters of C[K\G/K] and characters of
Z(Hc(G, 1)), which is realized by the following statement (proved and discussed in [15, Propo-
sition 10.1] and [13, Corollary 3.1]): the Bernstein isomophism (see [23], [24])

B: (CX(T))H¥ = Z(Hc(G,1))

is compatible with S in the sense that the composition (ex *.)B is an inverse for S, where (ex x.)
is the convolution by the characteristic function of K.
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The current article provides a link between the Iwahori-Hecke algebra and the spherical Hecke
algebra with coefficients in a field k of characteristic p. In fact, more accurately, the pro-p Iwahori-
Hecke k-algebra H comes naturally into play in the mod p setting. It has been studied by [36].
On the other hand, instead of focusing on the trivial representation of K, we will consider the
more general Hecke algebra H(G, p) of an irreducible k-representation p of K.

We construct in H a commutative subalgebra 7, which is isomorphic to k[X; (T)], where
X (T) denotes the monoid of the dominant cocharacters. The notation <7, does not appear
in the body of the article: <7, is the image of k[X;(T)] by the modified Bernstein map TB;,CX
described below in 1.2.1. Using a theorem by Cabanes that relates categories of k-representations
of parahoric subgroups of G and Hecke modules ([8]), we then define a natural isomorphism from
o, onto H(G, p) and therefore obtain an isomorphism k[X; (T)] = H(G, p). The fact that these
two algebras are isomorphic was shown by Herzig in [19]. We do not rely on that result. Instead,
we prove that, if the derived subgroup of G is simply connected, our isomorphism is an inverse
to the Satake transform of [19].

We give below, after some notations, a more detailed description of our methods and results.

1.1. Framework and notations. Let § be a nonarchimedean locally compact field with ring
of integers O, maximal ideal B and residue field F, where ¢ is a power of a prime number p.
We fix a uniformizer @ of © and choose the valuation valy on § normalized by valz(w) = 1. Let
G := G(J) be the group of F-rational points of a connected reductive group G over § which we
assume to be F-split. We fix an algebraic closure k of Fg: it is the field of coefficients of (most
of) the representations we consider. All representations of G and its subgroups are smooth.
Let 2 (resp. 2 ¢*') be the semisimple (resp. extended) building of G and pr : 2°** — 2 the
canonical projection map. We fix a maximal §-split torus T in G which is equivalent to choosing
an apartment .o/ in 2 (see 2.2.1). We fix a chamber C' in &7 as well as a hyperspecial vertex zg
of C. The stabilizer of zg in G contains a good maximal compact subgroup K of G which in turns
contains an Iwahori subgroup I that fixes C pointwise. Let G, and G¢ denote the Bruhat-Tits
group schemes over ) whose O-valued points are K and I respectively. Their reductions over
the residue field F, are denoted by G, and G¢. By [35, 3.4.2, 3.7 and 3.8], G, is connected
reductive and [Fg-split. Therefore we have G(9) = G¢(9) = and G3 (D) = G4, (9) = K.

Denote by B the Borel subgroup of G, image of the natural morphism G¢ — G, and by
N the unipotent radical of B and T its Levi subgroup. Set

Ky = Ker (G (9) 2% Goy(F,)) and 1:={g € K: proj(g) € N(F,)}.
Then we have a chain K; CIC 1 C K of compact open subgroups in G such that
K/K; = G,,(F,) 2 I/K; = B(F,) 2 I/K; = N(F,) .

The subgroup I is pro-p and is called the pro-p Iwahori subgroup. It is a maximal pro-p subgroup
in K. The quotient I/I identifies with T(F,).
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Let X := ind?(l) denote the compact induction of the trivial character of I (with values in
k). We see it as the space of k-valued functions with compact support in T\G, endowed with the

action of G by right translation. The Hecke k-algebra of the G-equivariant endormorphisms of
X will be denoted by H.

Remark 1.1. Throughout the article, we will use accented letters such as X, H, .ﬂ:g, W, X, (T)
even when their non accented versions do not necessarily come into play: in doing so, we want
to emphasize the fact that we work with the pro-p Iwahori subgroup I and the attached ob jects.
The non accented letters are kept for the classical root data, universal representations, affine
Hecke algebra etc. attached to the chosen Iwahori subgroup I.

The algebra H is relatively well understood: an integral Bernstein basis has been described
by Vignéras ([36]) who underlines the existence of a commutative subalgebra denoted by A+ (1)
in H that contains the center of H and such that H is finitely generated over A (1),

Let p be an irreducible k-representation of K. Such an object is called a weight. It descends
to an irreducible representation of G, (F,) because Kj is a pro-p group. Its compact induction
to G is denoted by ind%p. The k-algebra of the G-endomorphisms of the latter is denoted by
H(G, p) and will be called the spherical Hecke algebra attached to p. It is described by Herzig in
[19] (remark that the results of [19] are equally valid when § has characteristic p). In particular,
H(G, p) is a commutative noetherian algebra. For example, if G = GL,, (for n > 1) then H(G, p)
is an algebra of polynomials in n variables localized at one of them (Example 1.6, loc. cit.). More
precisely, for general G, let X, (T) denote the set of cocharacters of the split torus T and X; (T)
the monoid of the dominant ones, then there is an isomorphism

8 : H(G, p) — k[XJ(T)]

given by [19, Thm 1.2] (see our remark 2.5 for our choice of the “dominant” normalization).

1.2. Results.

1.2.1. Let p be a weight. We prove independently from [19] that there is an isomorphism
between k[X/(T)] and H(G,p) (depending on the choice of a uniformizer w and of a set of
positive roots) by constructing a map in the opposite direction

(1.1) T k[XI(T)] = H(G,p)

and proving that it is an isomorphism (Theorem 4.11).

=

Under the hypothesis that the derived subgroup of G is simply connected, we give in 5 an
explicit description of T and prove that it is an inverse for 8§ which, under the same hypothesis,
is explicitly computed in [20].

Our method to construct T is based on the following result: it is well known that there is a
one-to-one correspondence between the weights and the characters of the (finite dimensional)
pro-p Iwahori-Hecke algebra $) of the maximal compact K ([11]). In fact, we have more than
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this: by a theorem of Cabanes ([8], recalled in 3.2), there is an equivalence of categories between
$H-modules and a certain category (denoted here by Z(xg)) of representations of K. Using this
theorem, we prove (Corollary 3.14) that passing to I-invariant vectors gives natural isomorphisms
of k-algebras

(1.2) H(G, p) = Homg((indip)", (indip)') = Homg (x ®g H, x ® H)

where Y is the character of 9 corresponding to p. Therefore, it remains to describe the k-algebra

Homp (x ®g H, x ®g H). The necessary tools are introduced in Section 4.

In Section 4, we consider F' a standard facet, that is to say a facet of the standard chamber
C' containing x¢ in its closure. We attach to F' a Weyl chamber €1 (F) (for example, if F' = C,
it is simply the set of dominant cocharacters) as well as a k-linear “Bernstein-type” map

B k[X.(T)) — H

defined on the group algebra of the extended cocharacters X, (T) (2.2.2 and Remark 1.1). Re-
stricted to the dominant monoid k[XF(T)], the map B; respects the product and its image is
a commutative subalgebra of H. For example, if F' = C, then B coincides on k[X}(T)] with
the map sending a dominant cocharacter onto the characteristic function of the corresponding
double coset modulo I, and the image of B/, coincides with the subalgebra AT M) of [36].

To the character x of § we attach a standard facet F, as well as its restriction  to the finite
torus T(F,) (3.4). (For example, if p is the Steinberg representation, then F), = C and Y is the
trivial character.) We prove in 4.2 that the map B;@X induces an isomorphism of k-algebras

(1.3) K[XH(T)] = X ®gjroyry KXH(T)] — Homg(x @5 H, x @5 H)
which, combined with (1.2), yields the isomorphism T.

1.3. Perspectives. We started this introduction by recalling some facts about complex rep-
resentations of G and the attached Hecke algebras. It suggested that constructing an inverse
to the mod p Satake transform by means of commutative Bernstein-type subalgebras of H is
motivated by understanding families of mod p representations of G. As opposed to the complex
case however, functors of the form V ~— VU where U is an open compact subgroup of G (for
example I or T) do not in general provide equivalences between the expected categories of rep-
resentations of G and of Hecke modules in characteristic p ([26], [30]). It is one of the obstacles
to the classification of the irreducible supercuspidal representations of G.

The notion of supersingularity for characters of H (G, p) has been defined in [20], and related to
the supercuspidality for representations of G. The notion of supersingularity for H-modules has
been defined in [36]. The current article provides a way to unify these two notions: consequences
of our theorem and applications to the study of blocks of H-modules in relation with mod p
representations of G are analyzed in a separate article ([28]). We point out in particular the
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importance of the Bernstein-type maps B% defined in the current paper for the classification of
the simple supersingular H-modules in [28].

1.4. Acknowledgments. I thank Marc Cabanes for enlightening discussions on modular rep-
resentation theory, Guy Henniart and Florian Herzig for helpful comments on a preliminary
version, Marie-France Vignéras for her stimulating interest in this work and Michael Harris for
insightful conversations over the years. I also thank the anonymous referee for several useful
remarks.

2. ROOT DATA AND ASSOCIATED AFFINE HECKE RINGS

We first give notations and basic results about “abstract” reduced root data. In 2.2 (respec-
tively 2.3), we will describe some aspects of the construction of the reduced root data of G
(respectively, of a semi-standard Levi subgroup of G) associated to the choice of the torus T. In
both the settings of 2.2 and of 2.3, the results of 2.1 apply.

2.1. Root datum. We refer to [24, §1]. We consider an affine root datum (®,X*, ®, X,.) where
® is the set of roots and ® the set of coroots. We suppose that it is reduced. An element of the
free abelian group X, is called a coweight. We denote by (., .) the perfect pairing on X, x X*
and by a <> & the correspondence between roots and coroots satisfying (a, &) = 2. We choose a
basis IT for ® and denote by ®* (resp. ®~) the set of roots which are positive (resp. negative)
with respect to II. There is a partial order on ® given by a = 3 if and only if § — « is a linear
combination with (integral) nonnegative ceefficients of elements in II.

To the root & corresponds the reflection s, : A — A — (A, a) & defined on X,. It leaves ®
stable. The finite Weyl group 20 is the subgroup of GL(X,) generated by the simple reflections
Sq for a € TI. Tt is a Coxeter system with generating set S = {s4, o € II}. We will denote by
(wg, A) — "X the natural action of 20 on the set of coweights. It induces a natural action of 20
on the weights which stabilizes the set of roots. The set X, acts on itself by translations: for any
coweight A € X,, we denote by e* the associated translation. The (extended) Weyl group W is
the semi-direct product 20 x X,.

2.1.1. Define the set of affine roots by @5y = ¢ x Z = (ID(J;ff H@;ff where

(I):erf ={(a,r), a € ®, 7 >0} U{(c,0), . € DT}.

The Weyl group W acts on ®q¢r by wer : (a,r) = (wa, 7 — (X, a)) where we denote by
(w, @) — wa the natural action of 20 on the roots. Denote by II,,, the set of roots that are minimal
elements for <. Define the set of simple affine roots by Il ¢ := {(a,0),a € II}U{(c, 1), a € II,;,}.
Identifying o with (a,0), we consider II a subset of Ilo¢s. For A € Il¢f, denote by s4 the
following associated reflection: s4 = s, if A = (a,0) and s4 = sae® if A = (a,1). The length on
the Coxeter system 20 extends to W in such a way that, the length of w € W is the number of
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affine roots A € @:f / such that w(A) € D, - It satisfies the following formula, for any A € I, f¢
and w € W:

l(w)+1  ifw(A)edf,,,
(2.1) f(ws >={ | off
YT lw) -1 ifw(A) e a,.

The affine Weyl group is defined as the subgroup Wyrr := < s4, A € @4y > of W. Let
Saff = {sa : A € Ily5¢}. The pair (Wqsy, Saryr) is a Coxeter system ([3, V.3.2 Thm. 1(i)]),
and the length function / restricted to Wyt coincides with the length function of this Coxeter
system. Recall ([24, 1.5]) that W,s¢ is a normal subgroup of W: the set Q of elements with
length zero is an abelian subgroup of W and W is the semi-direct product W = € x W, ;. The
length £ is constant on the double cosets Qw() for w € W. In particular €2 normalizes S,y .

We extend the Bruhat order < on the Coxeter system (Wqsy,Sqary) to W by defining
wiwy < wows if w1 = w9 and w1 < wo

for wy, wa € Wesp and wi,wp € Q (see [15, §2.1]). We write w < w' if w < w’ and w # w’ for
w,w" € W. Note that w < w’ and ¢(w) = ¢(w') implies w = w'.

2.1.2. Let X denote the set of dominant coweights that is to say the subset of all A\ € X, such
that
(\,a) >0 for all « € T,

The set of antidominant coweights is X, := —X;. The extended Weyl group W is the disjoint
union of all 20?2 where \ ranges over X; (resp. X;) (see for example [22, 2.2]).

Remark 2.1. We have £(we?) = £(w) + £(e*) for all w € 2 and A € X

There is a partial order on X given by A < p if and only if A\ — p is a non-negative integral
linear combination of the simple coroots.

2.1.3. Distinguished coset representatives. The following statement is [29, Proposition 4.6] (see
[27, Lemma 2.6] for ii).

Proposition 2.2. Let D be the subset of the elements d in W such that
(2.2) d'ot C ol

i. It is a system of representatives of the right cosets W\W. Any d € D is the unique
element with minimal length in WWd and for any w € W, we have

(2.3) L(wd) = L(w) + £(d).
ii. An element d € D can be written uniquely d = e*w with A € X} and w € 0. We then
have £(e*) = £(d) + L(w™1).
ili. Let s € S and d € D. If ¢(ds) = £(d) — 1 then ds € D. If ¢(ds) = ¢(d) + 1 then either
ds € D, or ds € 2d.



8 RACHEL OLLIVIER

Remark 2.3. Let X\ € X}

- Then e € D and D NWe W = D N *W.

- There is a unique element with maximal length in 20e*20: it is wy := wpe® where wy is the
unique element with maximal length in 20.

Lemma 2.4. Let \,;n € X} and d € DN e,
i. d <e* and in particular £(d) < £(e)) if d # €.
ii. d < et is equivalent to er < et
iii. Let w € e, If w < w, then er < et In particular, wy < wy, 18 equivalent to et < ek,

Proof. The first assertion comes from ii. of Proposition 2.2. To prove the second assertion, write
d = e*w with w € 20 and suppose that d < e*. If w # 1, then ™'\ is not a dominant
coweight otherwise by Remark 2.1 we would have ¢(d) > ¢(e*). Therefore, there is 3 € II such
that <w71)\,5> < 0, that is to say d(8,0) = (wg, —(“’71)\,@) € @;rff — ®*. This implies that
{(dsg) = £(d) + 1 by (2.1) and that dsgd ! & 20 so that dsz € D after Proposition 2.2 iii. Note
that applying Proposition 2.2 ii. to d and dsg shows that ¢(wsg) = ¢(w) — 1. By Lemma [15, 4.3]
(repeatedly) we get from d < e* that dsg < e (we have either dsg < e/ or dsg < e'sg. In the
latter case, dsg < e*sg < et if (u, ) > 0 ; otherwise (i, ) = 0 and e* and s commute: we have
dsg < sgel which implies that either dsg < e/ or sgdsg < e/, but dsg < sgdsg because dsg € D,
so in any case dsg < e*). We then complete the proof of the second assertion by induction on
(w).

To prove the last assertion, it is enough to consider the case w = d € D. We prove by induction
on {(u) for u € 0 that d < uet implies d < et: let s € S such that ¢(su) = ¢(u) — 1; by Lemma
[15, 4.3] we have d < sd < sue’ or d < suet; conclude. Therefore, d < w,, implies d < e# and
by ii., e* < et O

One easily deduces from the previous Lemma (see also [23, §1] for the compatibility between
the partial orderings < and < on the dominant coweights) the following well known result ([17,
7.8], [22, (4.6)]). Let A € X;. We have

(2.4) {we W, wswy} = [ [ Wer2w
w

where 1 € X} ranges over the dominant coweights such that e < e* or equivalently p=\.

2.2. Root datum attached to G(§). We refer for example to [34, I.1] and [35] for the de-
scription of the root datum (®,X*(T), ®,X.(T)) associated to the choice (§1.1) of a maximal
§-split torus T in G (or rather, T is the group of §-points of a maximal torus in G). This root
datum is reduced because the group G is §-split.

2.2.1. Apartment attached to a mazimal split torus. The set X*(T) (resp. X,(T)) is the set of
algebraic characters (resp. cocharacters) of T. The cocharacters will also be called the coweights.
Let X*(Z) and X, (Z) denote respectively the set of algebraic characters and cocharacters of the
connected center Z of G.
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As before, we denote by (.,.) : Xy (T) x X*(T) — Z the natural perfect pairing. The vector

space

R ®z (X«(T)/X«(2))

considered as an affine space on itself identifies with an apartment 2 of the building 2 that
we will call standard. We choose the hyperspecial vertex xy as an origin of o/. Note that the
corresponding apartment in the extended building 27¢*! as described in [35, 4.2.16] is the affine
space R ®z X, (T). Let a € ®. Since (.,«) has value zero on X,(Z), it extends to a function
a(.) on o/ which we will sometimes still denote by (., «). The reflection s, associated to a root
a € ® can be seen as a reflection on the affine space &7 given by s, : © — = —a(z)d&. The natural
action on &7 of the normalizer Ng(T) of T in G yields an isomorphism between Ng(T)/T and
the subgroup 20 of the transformations of o7 generated by these reflections.

Together with the choice of the vertex zg, the choice of the chamber C' (§1.1) of the standard
apartment implies in particular the choice of the subset ®* of the positive roots, that is to say
the set of all o € ® that take non negative values on C. Set ®~ := —®. We fix II a basis for ®T.
We denote by ®¢f (resp. CI’;“ff, resp. @;ff) the set of affine (resp. positive affine, resp. negative
affine) roots, and by Il,s the corresponding basis for @, as in 2.1. Denote by X (T) (resp.
X, (T)) the set of dominant (resp. antidominant) coweights. The partial ordering on X; (T)
associated to II is denoted by =.

The extended Weyl group W is the semi-direct product of 20 x X, (T). It contains the affine
Weyl group W, ;r. We denote by £ the length function and by < the Bruhat ordering on W.
They extend the ones on the Coxeter system (Wqzyr,Sary)-

To an element g € T corresponds a vector v(g) € R ®z X (T) defined by

(2.5) (v(9), x) = —wvalzg(x(g9))  for any x € X*(T).

The kernel of v is the maximal compact subgroup TY of T. The quotient of T by T is a free
abelian group with rank equal to dim(T), and v induces an isomorphism T/T° = X, (T). The
group T/TY acts by translation on & via v. The actions of 20 and T/T° combine into an
action of the quotient of Ng(T) by T on &7 as recalled in [34, page 102]. Since g is a special
vertex of the building, this quotient identifies with W ([35, 1.9]) and from now on we identify
W with Ng(T)/TP. In particular, a simple reflection s4 € Suff corresponding to the affine root
A = (a,r) can be seen as the reflection at the hyperplane with equation (.,a) +r = 0 in the
affine space <.

We denote by D the distinguished set of representatives of the cosets 20\W as defined in
2.1.3.

Remark 2.5. In [19] the chosen isomorphism between T/T? and X, (T) is not the same as (2.5).
Here we chose to follow [35, 1.1] and [34, I.1]. The consequence is that the image in T/T° of the
submonoid T~ := {t € T, valz(a(t)) < 0 for all « € ®*} (cf [19, Definition 1.1]) corresponds, in
our normalization, to the submonoid X; (T) of X,(T). It explains why the dominant coweights
appear naturally in our setting.



10 RACHEL OLLIVIER

2.2.2. Tame extended Weyl group. Let T* be the pro-p Sylow subgroup of T°. We denote by W
the quotient of Ng(T) by T! and obtain the exact sequence

0—TT 5 W - W — 0.
We fix a lift @ € W of any w € W.

The length function £ on W pulls back to a length function £ on W ([36, Prop. 1]). For
u,v € W we write u < v if their projections « and v in W satisfy u < v.

For any A C W we denote by A its preimage in W. In particular, we have the set X, (T):
as well as those of X,(T), its elements will be denoted by X or e*. For a € ®, we inflate the
function a(.) defined on X,(T) to X,(T). We will write (z,a) := a(z) for z € X.(T). We still
call dominant coweights the elements in the preimage X7 (T) of X (T).

2.2.3. Bruhat decomposition. We have the decomposition G = INg(T)I and two cosets In;I and
Insl are equal if and only if n; and ny have the same projection in W. In other words, a system
of representatives in Ng(T) of the elements in W provides a system of representatives of the
double cosets of G modulo I. This follows from [35, 3.3.1]. We fix a lift w € Ng(T) for any
w € W (resp. w € W) In 2.2.5 we will introduce specifically chosen lifts for the elements s,
where s € Sq¢f. By [36, Theorem 1] the group G is the disjoint union of the double cosets Iwl
for all w € W.

Remark 2.6. For w € W, we will sometimes write wlw™! instead of Wl ! since it does not
depend on the chosen lift.

2.2.4. Cartan decomposition. The double cosets of G modulo K are indexed by the coweights
in a chosen Weyl chamber: for A € X (T), the element \(w) is a lift for e™* € W (see Remark
2.5) and G is the disjoint union of the double cosets KA(w)K for A € X (T).

2.2.5. Root subgroups and Chevalley basis. For o € ®, we consider the attached unipotent sub-
group Uy of G as in ([5, 6.1]). To an affine root (a,7) € @4y corresponds a subgroup U, of
Uy ([35, 1.4]) the following properties of which we are going to use ([34, p. 103]):

- For r < 7" we have Uy, € Ua,r)-

- For w € W, the group wu(a,r)w—l does not depend on the lift w € G and is equal to Uy (4 r)-

We fix an épinglage for G as in SGA3 Exp. XXIII, 1.1 (see [12]). In particular, to o € ® is
attached a central isogeny ¢, : SLa(F) — G, where G, is the subgroup of G generated by U,
and U_, ([12, Thm 1.2.5]).

We set Ng, = Qsa <_01 é) andj for u € 3'*’ ha(u) = gba (g u01> Then T contains ha(g*)

for all a € ®. After embedding F; into §* by Teichmiiller lifting, we consider the subgroup T,
of TY equal to the image of Fg by hq. It identifies with a subgroup of TO/T!.

0 w
For a € I, set hq,1) = ha, T(q,1) := T and N1y = D (—w‘l 0).
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For A € Il,ts, the element n,, € Ng(T) is a lift for s4 € Su¢ ([12, Proof of Proposition
1.3.2]). The normalizer Ng(T) of T is generated by T and all ng, for « € ®. For all w € W

with length ¢, there is w € W with length zero and si,...,sp € S,y such that the product
Ng, ...ns, € Ng(T) is a lift for ww € W.

2.3. Root datum attached to a standard facet.

2.3.1. Let F C C be a facet containing x in its closure. Such a facet will be called standard.
Attached to it is the subset Il of the roots in II taking value zero on F', or equivalently the
subset Sg of the reflections in S fixing F' pointwise.

Remark 2.7. The closure F of a facet F' consists exactly of the points of C that are fixed by the
reflections in Sg ([3, V.3.3 Proposition 1}).

We let & denote the set of roots in ® taking value zero on F' and set @; = $p N O,
® = & N ®~. We consider the root datum (®p, X*(T), @5, X.(T)). The corresponding finite
Weyl group 205 is the subgroup of 20 generated by all s, for @ € ®p. The pair (Wp,Sk) is
a Coxeter system. The restriction (|20 coincides with its length function ([3, IV.1.8 Cor. 4]).
The extended Weyl group is Wr = 20p x X, (T). Its action on the affine roots ®p 457 := Pp x Z
coincides with the restriction of the action of W. Denote by < the partial order on X, (T) with

F
respect to IIp, by Wg,rs the affine Weyl group with generating set Sg ¢ defined as in 2.1. It
comes with a length function denoted by ¢ and a Bruhat order denoted by <, which can both
F

be extended to Wp.

2.3.2.  The restriction W does not coincide with ¢z in general, and likewise the restriction

to Wr of the Bruhat order on W does not coincide with <. We call F-positive the elements w
F
in Wy satisfying

w (@1 - @f) C Bl

For A € X,(T), the element e* is F-positive if (A\,a) > 0 for all « € ®F — ®L. In this case,
we will say that the coweight A itself is F-positive. We observe that if g and v € X, (T) are
F-positive coweights such that u — v is also F-positive, then we have the equality.

(2.6) et +l(e”) —l(e!) =Lp(e!Y) + Lp(e”) — Lp(et)

Its left hand side is indeed by definition ) g+ |(1 — v, )|+ [(v, )| — |{p, )| but the contribu-
tion to this sum of the roots in ® — <I>JI§ is zero since pu — v, p and v are F-positive.

Since the elements in 20 stabilize the set &+ — <I);,C, an element in Wg is F-positive if and
only if it belongs to Qe W p for some F-positive coweight X. The F-positive elements in W
form a semi-group. A coweight X is said strongly F-positive if (A, a) > 0 for all a € &F — <I>JI§
and (A, o) = 0 for all & € ®}.. By [7, Lemma 6.14], strongly F-positive elements do exist.
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Remark 2.8. If F = xq, then W,, = W. If F' = C then W = X, (T) and the C-positive elements
are the dominant coweights. A strongly C-positive element will be called strongly dominant.

Lemma 2.9. i. Let p € X, (T) and X € X (T) such that u <g . Suppose that for all o € 7,

we have (i, ) >0, then p € XS (T).

ii. Let v € Wp such that v < e for some A € X{(T). Then v is F-positive and there is
F

w € XF(T) with u <g \ such that WrpvWp = WretWp.

Proof. i. Let o € TI\Ilg. For all 8 € Ip, we have (6,a) < 0 [3, Thml Ch VI, n° 1.3] so
(A = p,) < 0 and (u,) > 0. For ii., note that in particular, v < wp) where wp ) denotes
F

the element with maximal length in 20 e’ r (see Remark 2.3). By (2.4) applied to the root
system associated to F, there is a unique pu € X, (T) with (i, ) > 0 for all « € &}, and p < A
F

such that v € Wre!'Wr, and part i of this lemma implies that p € X (T). In particular it is
F-positive and v is also F-positive.

2.3.3.  The root datum (®p, X*(T), &, X,(T)) is in fact the one attached to the semi-standard
Levi subgroup Mg of G corresponding to the facet F' described below.

Consider the subtorus Tp of T with dimension dim(T) — |IIr| equal to the connected com-
ponent of ﬂaeHF ker o C T and the Levi subgroup Mg of G defined to be the centralizer of Tp.
It is the group of F-points of a reductive connected algebraic group Mg which is §-split. The
group Mp is generated by T and the root subgroups U, for a € ®p.

The subgroup (Ng(T)NMp)/T? of Ng(T)/T? identifies with W in the isomorphism Ng(T)/T? ~
W. It is generated by T and all n, for o € ®p. Denote by 2% the extended building for Mp.
It shares with 27¢*! the apartment corresponding to T but, in this apartment, the set of affine
hyperplanes coming from the root system attached to Mg is a subset of those coming from the
root system attached to G. Every facet in 27! is contained in a unique facet of 2% [16,
§2.9]. Denote by cr the unique facet in 2% containing pr~=(C). By [16, Lemma 2.9.1], the
intersection I N Mp is an Iwahori subgroup for Mg: it is the pointwise fixator in Mg of cp. Its
pro-p Sylow subgroup is I N Mp. We have a Bruhat decomposition for Mp: it is the disjoint
union of the double cosets (INMpg)w(INMp) where w denotes the chosen lift for w € Wp in G
(2.2.3) which in fact belongs to Mp.

Denote by W the quotient (Ng(T)NMp)/T!. It is generated by T°/T" and all @ for w € Wp.
We have an exact sequence

0— T°T! 5 Wp — Wr — 0.

The Levi subgroup Mg is the disjoint union of the double cosets (I N Mp)w(I N M) for all

w € Wp. We denote by 2 the preimage of Wr in We.
O

2.4. Generic Hecke rings.
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2.4.1. For g € G we denote by 7, the characteristic function of IgI. Since it only depends on
the element w € W such that g € Iwl, we will also denote it by 7,,. We consider the convolution
ring Hy, of the functions with finite support in I\G/I and values in Z with product defined by

frf G =Zg— D flgu)f ()
wel\G

for f,f' € Hy. It is a free Z-module with basis the set of all {Tw}peyw satisfying the following
braid and, respectively, quadratic relations ([36, Theorem 1]):

(2.7) Tww = TwTw for w,w € W satisfying ¢(ww') = ¢(w) + £(w').
(2.8) T%A = VATn, +qTh, (1) for A € Il,5p, where vy := Z Ti.
teT 4

The braid relations imply that Hy is generated by all 7, 4 for A € Il,pp and 7, for w € W
with length zero.

2.4.2. For any w € W, define 7} to be the element in Hy ®z Z[g*?] equal to ¢“r 1 It
actually lies in Hz and the ring Hz is endowed with an involutive automorphism defined by ([36,

Corollary 2])
(2.9) L: Ty = (1)@

Remark 2.10. We have (7y,,) = —Tn, + V4.

The following fundamental Lemma is proved in [36, Lemma 13] which is a adaptation to the
pro-p Hecke ring of the analogous results of [15, §5] established for the Iwahori-Hecke ring.

Lemma 2.11. For v,w € W we have in Hy ®z Z[g='/?]

L(vw)+L(w)—£(v) 1
2 ToT -1 = Tow + E Ay Ty

T

q

where a; € 7Z and x ranges over a finite set of elements in W with length < £(vw). More
precisely, these elements satisfy x < vw (see 2.2.2).

2.4.3. Following [36, §1.3, page 9], we suppose in this paragraph that R is a ring containing an
inverse for (¢.1g — 1) and a primitive (¢ —1)*® root of 1. We denote by R* the group of invertible
elements of R. Recall that T(F,) identifies with T?/T! and can therefore be seen as a subgroup
of W. The finite Weyl group 20 identifies with the Weyl group of G, (F,) ([35, 3.5.1]): it acts on
T(F,) and its R-character. Inflate this action to an action of the extended Weyl group W. Let
¢: T(F,) = R* be a R-character of T(F,). We attach to it the following idempotent element

1
T(F,)|

Y ¢ Mr € HiezR.
teT(Fq)

65 =
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Note that for ¢ € T(F,), we have esT; = Tie¢ = £(t)ee. It implies that the quadratic relations in
Hz ®z R have the (simpler) form: let A € I1,f¢

- if € is trivial on T4 then &(ha(—1)) =1 and €77, = ec((q — 1)Tn, +q).

2.1
(2.10) - otherwise €72, = gec&(ha(—1)).

2.4.4. Let F be a standard facet. The definitions of the previous paragraphs apply to the
Levi subgroup Mg and its root system (2.3). In particular for w € Wp, denote by T the
characteristic function of (IN Mg )w(IN Mp) and by Hz(Mp) the Hecke ring as defined in 2.4.1.
It has Z-basis the set of all £ for w € Wr and the braid relations are controlled by the length
function £ on WF. The Z-linear involution of HZ(MF) as defined in 2.4.2 is denoted by I
Note that when F' = zg then ﬁZ(MF) is in fact ﬁZ and we do not write the F' exponents.

The algebra HZ(MF) does not inject in Hy in general However, there is a positive subring
HZ(MF) of HZ(MF) with Z-basis the set of all 75 for w € Wy that are F-positive, and an
injection

j?; : Hz(MF)+ — Hp

F S Tw

Tw

which, if R is a ring containing an inverse for q.1r, extends to a R-linear injection ﬁZ(M r)®zR —
Hy, ®7 R denoted by jp. The proof in the case of complex Hecke algebras can be found in [7,
(6.12)]; it goes through for pro-p Iwahori-Hecke rings over Z. We point out that what we call
the positive subring of Hy(Mp) is called negative in [7].

3. REPRESENTATIONS OF SPHERICAL AND PRO-p HECKE ALGEBRAS

3.1. Hecke algebras attached to parahoric subgroups of G(F).

3.1.1. Parahoric subgroups. Associated to each facet F' of the (semi-simple) building is, in a
G-equivariant way, a smooth affine 9D-group scheme Gy whose general fiber is G and such that
G (D) is the pointwise stabilizer in G of the preimage pr—!(F) of F in the extended building.
Its neutral component is denoted by G so that the reduction @; over [, is a connected smooth
algebraic group. The subgroup G%(9) of G is a parahoric subgroup. We consider

Irp:={g€G%9): (g modw) e unipotent radical of G}.
The groups Iy are compact open pro-p subgroups in G such that Ip =1, ixo = Kj and
(3.1) glpg™t = igp for any g € G, and Ip CIp whenever F' C F.

Let F be a standard facet. Then G% (D) is the distinct union of the double cosets a1 for all
w in Wr [29, Lemma 4.9 and §4.7].

Remark 3.1. Denote by Up the subgroup of K generated by all Uy, _ infy(a)) for all € ®. Then
G% (D) = UpTO ([6, 5.2.1, 5.2.4]).
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Since F' is standard, the product map
(3.2) H U(a’l) X Tl X H u(a,l) X H u(a,O) ;> iF

agd~ acd}, acdt—aof
induces a bijection, where the products on the left hand side are ordered in some arbitrary
chosen way ([34, Proposition 1.2.2]). Denote by U}, the subgroup of Iy generated by all U(a,0)
for v in ®* — ®L. Then I is generated by K; and U}..

Let Dg denote the set of elements in W such that d_l@; - @;f £ In particular, D, coincides
with D (defined in 2.2.1) and is contained in D for any standard facet F'.

Lemma 3.2. i. The set of all d for d € Dy is a system of representatives of the double
cosets G%(D)\G/L
ii. Ford € Dp, we have Ip(dld~' N G%(D)) =1.
iii. If d € Dp N Wpg is F-positive, then d € D.

Proof. Point i is [29, Remark 4.17]. Point ii is given by [29, Proposition 4.13] and its proof. iii.
Let d € Dp N Wp. Then d_l@; - @:ff. Suppose furthermore that d is F-positive, then there
is an F-positive y € X, (T) such that d € e*2p and we deduce that d~*(®T — &) C @fo
because 2 stabilizes @+ — .

0

Remark 3.3. - The intersection of Dp with Wg is the distinguished set of representatives of
Wr\Wr (see 2.1.3).
- The set of all d for d € WN Dy is a system of representatives of the double cosets G%(O)\K/I.

3.1.2. Hecke algebras. The universal representation X for G was defined in 1.1. Recall that it is
a left module for the pro-p Iwahori-Hecke k-algebra H which is isomorphic to

ﬁZ ®z k
where Hy, is the Hecke ring described in 2.4. Remark that the results of 2.4.3 apply.

For w € W (resp. g € G) we still denote by T, (resp. 7,) its natural image in H. Let F
be a standard facet. Extending functions on G%(9) by zero to G induces a G%(O)-equivariant
embedding

Xp = ind (1) o X .
The k-algebra

< . ,G%(O 1
Hr = Endygs 0y (Xr) = [ind ()]

is naturally a subalgebra of H via the extension by zero embedding [ind?r OF(D)(I)]i — indiG (1).
Proposition 3.4. i. The finite Hecke algebra $p has basis the set of all T, for w € Wp.
ii. It is a Frobenius algebra over k. In particular, for any (left or right) $r-module m, we

have an isomorphism of vector spaces Hom):jF(m,foF) = Homy(m, k).
iti. The Hecke algebra H is a free left $p-module with basis the set of all 75 d€Dp.
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Proof. The first point is clear. For iii, see [29, Proposition 4.21]. Note that both i and iii are
valid for the generic Hecke algebras defined over Z. For ii. see [33, Thm 2.4] (or [10, Proposition
6.11]). Recall that $r being Frobenius means that it is finite dimensional over k and that it is
endowed with a k-linear form ¢ such that the bilinear form (a,b) — d(ab) is nondegenerate. In
particular, there is a unique map ¢ : $p — $p satisfying 6(.(a)b) = &(ba) for any a,b € Hp and
one can check that ¢ is an automorphism of the k-algebra $r. For any left or right £ z-module m
we let t*m, resp. tym, denote m with the new $p-action through the automorphism ¢, resp. ¢~ 1.
Then for any left, resp. right, $ p-module m, we see that the map f — do f is an isomorphism of
right, resp. left, $pr-modules between Homg (m, ) and Homy(c*m, k) (resp. Homy(t,m, k)).
O

Remark 3.5. The previous definitions and results are valid when replacing G by a semi-standard
Levi subgroup. We will denote by ﬁ(M r) the pro-p Iwahori-Hecke algebra of M with coefficients
in k. It is isomorphic to ﬁZ(MF) ®7 k.

As for the finite dimensional Hecke algebras associated to parahoric subgroups of Mg, we will
only consider the following situation. Let F' be a standard facet and Mg the associated Levi-
subgroup. By [16, Lemma 2.9.1], Mp N K is the parahoric subgroup of Mg corresponding to an
hyperspecial point zp of the bulldlng of M. The corresponding finite Hecke algebra Nz »(Mp)
has basis the set of all TF for w € Wp.

3.1.3. When F = g, we write §) instead of $,,. Consider a simple $-module. By [32, (2.11)]
it is one dimensional and we denote by x : § — k the corresponding character. Let y be the
character of T°/T! ~ T(F,) given by

X(t) == x(71)

and ey the corresponding idempotent (§2.4.3). We have x(eg) = 1. Let Il denote the set of
simple roots « € II such that y is trivial on T,. For a € II, we have (by the quadratic relations
(2.10)): x(Tn,) =0 if o € Il — Il and x(7n,) € {0,—1} otherwise. Define II, to be the set of
all a € Il such that x(7,,) = 0.

A k-character y of §) is parameterized by the following data:
- a k-character y of T(F,) and the attached Il as above.
- a subset II, of IIy such that for all « € II, we have x(7,,) = —1 if and only if o € Il —II,.

3.1.4. Let (p, V) be a weight. The compact induction ind% p is the space of compactly supported
functions f : G — V such that f(kg) = p(k)f(g) for all k € K, g € G and with action of G
given by (g, f) — f(.g). Let H(G, p) denote the corresponding spherical Hecke algebra that is
to say the k-algebra of the G-endomorphisms of ind%,o. Choose and fix v a basis for pi (it is
known that this space is one dimensional [11, Corollary 6.5], see also Theorem 3.10 below which
is drawn from [8]). Denote by 1k, the function of ind§p with support K and value v at 1. It
is I-invariant. Since (p, V) is irreducible, an element T of H(G, p) is determined by the image
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T(1k ) of 1k ;. The restriction to (ind%p)i therefore yields an injective morphism of k-algebras
(3.3) H(G, p) — Homg((ind§p)", (ind§p)")

In 3.3, we will prove that this is an isomorphism. We first identify the structure of the H-module
(indip)".

Lemma 3.6. We have a H-equivariant isomorphism given by

(3.4) X @z H = (indfp)!
11 — 1k,

Proof. Recall that for g € G, the right action of 7, on an I-invariant function f € (imdlcép)i is
given by

-1
frg= > (g2)7'f.
z€lng—1Tg\I
In particular, when g € K, we may consider 7, as an element in $ and we have 1K v-Tg = 1K vor,-

Therefore, the morphism of H-modules of the lemma is well-defined since 1k , is an eigenvector
for the action of $ and the character .

Fact 1. For d € D, the actzon of T; on the 'mght on 1k, gwes the unique L-invariant element

of 1nde with support in KdI and value v at d the set of all such elements when d ranges over
D is a basis for (dep) )

By Proposition 3.4, a basis for x ®g H is given by all 1 ® j for d € D. Therefore the fact
ensures that the morphism of the lemma is bijective.
Now we prove the fact. The first point follows easily from the identity K;(dld~' NK) =1 in

Lemma 3.2ii. Furthermore, by Lemma 3.2i, an I-invariant function f € (ind$p)! is determined

by its values at all d’s for d € D which (using the above identity again) are dld—! N K-invariant
vectors of V: these vectors are I-invariants and therefore proportional to v. It proves the second
statement of the fact.

O

Remark 3.7. Recall that an element of H (G, p) can be seen as a function with compact support
f : G — Endg(V) such that f(kgk’) = p(k)f(g)p(K’) for any g € G, k,k" € K. To such
a function f corresponds the Hecke operator Ty € H(G, p) that sends 1k, on the element of
ind$p defined by g — f(g) . v. Reciprocally, to an element T € H(G, p) is associated the function
fr : G — End,(V) defined by fr(g) : w — T(1x.)[g] for any g € G, where 1k, € ind$p is
the unique function with support K and value w € V at 1. For A € X,(T), the function fr has
support in KA\(w)K if and only if T(1k,) € indgp has support in K\(w)K.
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3.2. Categories of Hecke modules and of representations of parahoric subgroups. Let
F be a standard facet. We consider the abelian category of (smooth) representations of G%(9).
Define the functor T that associates to a smooth representation V of G%(9) the subrepresentation

VT generated by VL. Consider the following categories of representations:

a) Z(F) is the category of finite dimensional representations of G%(9) with trivial action
of the normal subgroup Ip. It is equivalent to the (abelian) category of finite dimen-
sional representations of the finite reductive group C’"Fed(ﬂ?q) = G%(D)/IF (see [29, Proof
of Lemma 4.9]). The irreducible representations of G% () are the simple objects in Z(F).

Note that t induces a functor 1 : Z(F) — Z(F'). The category Z(F) is also equipped
with the endofunctor V : V +— VV associating to V the contragredient representation
VY = Homyg(V, k). Since V is anti-involutive, V" is irreducible if and only if V is irre-
ducible.

b) Z1(F) is the full subcategory of Z(F) image of the functor . Any irreducible represen-
tation of G%(9) is an object in Z'(F). By adjunction, a representation V € %Z(F) is an
object of ZT(F) if and only if V sits in an exact sequence in Z(F) of the form

(3.5) X5 =V =0

for some £ € N, ¢ > 1.

c) PB(F) is the full (additive) subcategory of Z'(F) whose objects are the V € #T(F) such
that V" is also an object in ZT(F). Any irreducible representation of G%(9) is an object
in A(F). By the following proposition, this definition coincides with [8, Definition 1].

Proposition 3.8. i. In Z(F), we have Xp = XY..
ii. A representation V € Z(F) is an object of B(F) if and only if there are {,m > 1 and
[ € Homgp) (X, XY%) such that V = Im(f).

Proof. i. Let ¢ : Xp — XIV; be the unique G%(O)-equivariant map sending the characteristic
function of T onto Xp — k, f — f (1). One easily checks that it is well-defined, injective, and
therefore surjective. ii. Let V. € Z(F). We deduce the claim from by i. by observing that,
VY € #1(F) if and only if V sits in an exact sequence in Z(F) of the form

(3.6) 0— VXL

for some £ € N, ¢ > 1.
O

Remark 3.9. An irreducible representation V of G%(9) is an object in HA(F). The work of
Carter and Lusztig [11] describes V explicitly as the image of a G%(9)-equivariant morphism
X F — XF.
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Consider the category Mod($r) of finite dimensional modules over $. The functor
(3.7) %1 (F) = Mod(Hr), V — VI
is faithful. The following theorem is [8, Theorem 2| the proof of which relies on the fact that 9r
is self-injective (see Proposition 3.4).

Theorem 3.10. The functor (3.7) induces an equivalence between ZB(F) and Mod($p).

Remark 3.11. In particular, (3.7) is faithful and essentially surjective. It is not full in general
(see [30]).

For V in Z(F) we consider the (compactly) induced representation ind KOF (D)(V)'

Lemma 3.12. i. ind Ié%(g)(\/) is a representation in X (xo).
ii. We have (ind Ié"F(D) (V)T = ind é%(o)(VT) in #(xo).

Proof. Tt is clear that both ind K, (0)(V) and ind S ©) (V1) are in %(z¢) because K; is normal
~ F F
in K and contained in Ir. Furthermore ind &. (D)(VT) is an object in Z1(z0): it is generated as a
F

representation of K by the functions with support in G%(9) taking value in V1 at 1. Tt remains
to show that the natural injective morphism of representations of K

(3.8) ind &g () (V) = (ind o () (V)"

is surjective: by Mackey decomposition, an I-invariant function f € ind Iéo (D)(V) is completely

F ~
determined by its values at all £ in a system of representatives of the double cosets G% (O)\K/I
and the value of f at xk can be any element in VGFOINI™ — y{IrGHO)INKIFY)  Choose the
system of representatives given by Remark 3.3ii. Then by Lemma 3.2ii, the value of f at x can

be any value in VI and f lies in the image of (3.8).
g

3.3. Spherical Hecke algebra attached to a weight. Let (p, V) be a weight and  : H—k
the corresponding character. By Cartan decomposition (2.2.4), the compact induction indgp
decomposes as a k[[K]]-module into the direct sum

ind%p = @ indg/\(w)Kp
AeXi(T)
of the spaces of functions with support in KA(w)K. The following proposition is proved after the
subsequent corollary which is the main result of this section: it allows us to replace the study of
the spherical algebra H(G, p) by the one of Homg(x ®5 H,x ®j H) which is achieved in Section
4 (see Proposition 4.9).

Proposition 3.13. Let A € X, (T).

i. The representation (indIIg)‘(w)Kp)]L of K lies in B(xp).

KX

ii. The space Homg (x, (indg (W)K,o)T) is at most one dimensional.
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Corollary 3.14. i. The map (3.3) induces an isomorphism of k-algebras
(3.9) H(G, p) = Homg((ind§p)!, (ind§p)!) = Homg (x @ M, x ®; H).

ii. For A € X,(T), the subspace of H(G, p) of the functions with support in KA\(w)K is at
most one dimensional.

Remark 3.15. It will be a corollary of the proof of Proposition 4.9 that the subspace of H(G, p)
of the functions with support in KA\(w)K is in fact one dimensional. This fact is proved and
used in [19] (Step 1 of proof of Theorem 1.2) but our method is independent.

Proof of the Corollary. By adjunction, we have
H(G, p) = Homgk (p, ind%p) o @)\exj(T)HomK(P,inEA(w)Kp).
Recall that fixing an element v € ,0i yields an isomorphism of $H-modules X = ,oi, 1+ 1k . Then,
by Proposition 3.13i and Theorem 3.10 we have an isomorphism of vector spaces
H(G, p) = @+ p) Hom (p, (indgg ™))
= @, ry Homg (x, (indig ™ S)T) 2 Homg (x, (ind§p)).

sending f € H(G, p) onto the element of Homp (x, (ind%p)i) defined by 1 — f(1k ). Composing
with the isomorphism of H-modules ®g H ~ (ind$p), 1@ h — 1k »h from Lemma 3.6, we get
an isomorphism

H(G, p) =Homg (v @ T, (ind$p)T) = Homg ((indp)L, (ind$p))

which is precisely the morphism of k-algebras (3.3). The second statement of the corollary then
comes from the second statement of the proposition using Remark 3.7.
O

Proof of Proposition 5.15. Tt suffices to show the proposition for A € X (T). We first describe

)‘(w)Kp because it contains (ind%\(w)Kp)T. Set

Ky = KN \@) 'K\(@).

the Kj-invariant subspace of indg

As a k[[K]]-module, indE)‘(w)Kp is isomorphic to the compact induction ind%A A«(p) where A« (p)

A A -1
denotes the space V with the group K, acting through the homomorphism K % K.

Since K; is normal in K, we have the representation (\(p))¥*™®1 of K, on the following
subspace of V:
V)\ = VKﬂA(w)Kl)\(w)_l — V<Kﬁ)\(w)K1)\(w)_l,K1>‘
It can be extended to a representation (7ty, V) of Py := K K; that factors through Py /K; ~
K)\/K)\ NKj.

Denote by 20, the stabilizer of A in 20. Since A € X} (T), it is generated by the simple
reflections s, for all a € ® such that (A, a) = 0. Denote by F) the associated standard facet.
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The attached subset ®p, of ® consists in all the roots a such that (A, o) = 0. The closure of F)
is the set of points in x € C such that a(z) =0 for all « € ®p,.

Fact 2. The subgroup Py of K is the parahoric subgroup associated to F.

Fact 3. As k[[K]]-modules, we have (imd%x)\*(p))K1 = ind%m\.

Fact 4. We have a) 1y € Z(F)), b) 713 is irreducible, ¢) Homg (X,T[i)\) is at most one dimen-
A
sional.

We deduce from Fact 3 that (ind?‘(w)Kp)Jr = (indg)\ﬂ)\ﬁ so that, to prove the proposition, it
remains to check that (indanA)T is a representation in %(xy). By Fact 4 b) and Remark 3.9,
there is an injective Py-equivariant map 7[1 - X r, Which, by exactness of compact induction,

gives an injective K-equivariant map
(3.10) indf 7\ — indf Xp, = Xy,

Since furthermore, by Fact 4 a) and Lemma 3.12, we have (indg.fiA )t = indgA (ﬁi\), we just proved

that the K-representation (indX 7ty) injects in X,.. B Proposition 3.8ii, the representation
?A -] 0 y
(ind%}\ﬂf)\ﬁ is therefore an object in Z(x¢). It is the first statement of the proposition.

In passing, we deduce from (3.10) that there is a right $-equivariant injection

(indg)‘(w)Kp)i — 9

so that Homg (x;, (indEA(w)Kp)i) injects in Homg (x;, $) which is one dimensional by Proposition
3.4ii. It gives the second statement of the proposition.

We now prove the Facts. Recall that A(w) € T is a lift for e € W (Remark 2.5) and that
for all & € @, we have A(@)Uy0)A(w) ! = Ue-2(a,0) = Ua,(ra))-

Proof of Fact 2: From (3.2) we deduce that the subgroup UJCC of T generated by all the root
subgroups U, ) for a € ®T is contained in Kjy: indeed, let & € &+, we have (\,a) > 0 and
M) Ua,0)M@) ™ = U, a0y C I, therefore Uin,0) € KN Aw) TKA\(@).

Now recall that Py is the subgroup of K generated by Ky and K;. The pro-p Iwahori subgroup I
which is generated by K; and UJCC is contained in Py, and so is I since T° C Py We have proved
that P) is the parahoric subgroup corresponding to a standard facet (this statement is in fact
enough for the proof of the proposition). It remains to check that it is equal to G, (9) which, by
Remark 3.1 is the subgroup of K generated by TP, all U(q,0) for a € @ such that (\,a) >0 and
all Uy 1) for @ € ® such that (X, a) < 0. But A(@)U,0)A(w) ! € K if and only if (A, a) > 0.
It proves the required equality.

Proof of Fact 3: Since Kj is normal in K, a Kj-invariant function f in indEAA* (p) is entirely
determined by its values at the points of a system of representatives of the cosets Ky\K/K; =
PA\K and these values can be any elements in V. Therefore, the Py-equivariant map

o = (ind, X))
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carrying an element v € V to the unique Ki-invariant funtion f € ind%A A«(p) with value v at
1 induces the expected isomorphism of K-representations.

Proof of Fact 4: a) We want to prove that the pro-unipotent radical iFA of P, acts trivially on
7. By (3.2), it is generated by K; and the root subgroups U, ) for a € ot — <I>J1§A that is to
say for a € ®T satisfying (A, ) > 0. Since K acts trivially on 7y, we only need to check that
for v € &+ with (X, ) > 0, the action of A(w)Uq 0)A(w) ™! on Vy via p is trivial, but it is clear
because this group is contained in Kj. i
b) Since any nonzero k-representation of P, has a nonzero I-fixed vector, proving that ﬂf\

has dimension 1 is enough to prove that TCI\ is an irreducible representation of P,. We have

- 4 -
{0} # 7 = 7[1;0 and U5, C K, (see the definition of U}, in 3.1.1) so the space of 7} is
VKO @KIA@) "I A @) UGA®) ™) Let w be the element with maximal length in 20,. Denote by

Ug the subgroup of K generated by all the root subgroups U, g) for a € ®~. We claim that
(3.11) KN MoK @) L AM@)UEN @) D o U

Indeed, let & € &~ and recall that (A, «) < 0:

- if <)\, a) = 0 then a € CI)E)\ and wa € Q)FA SO A(w)_le(mO)w)\(w) = u(wa,—()\,wa)) = u(wa,())
is contained in UJCF;

- if (A, ) < 0 then )\(w)_lﬁ)U(mo)ﬁ))\(w) = U(wa’,o\ wa)) = U(wa’,o\’a» is contained in Kj.

)

We deduce from (3.11) that

VKN (@)K1M@) LA @) UEA () !) ¢ yolgd™! _ ydUgd™" Ki)

and the last space has dimension 1 because (@ Ugw ™!, K1) is a K-conjugate of I (it is the pro-
unipotent radical of the parahoric subgroup attached to the facet wwyC where wy denotes the

longest element in 20).
U

3.4. Parameterization of the weights. Recall that a weight is an irreducible representation
of K that is to say a simple object in Z(zp). By [L1, Corollary 7.5] (and also Theorem 3.10),
the weights are in one-to-one correspondence with the characters of 9. In 3.1.3, we recalled that
a character y : $ — k is parameterized by the data of a morphism y : T9/T! — k* such that
X(t) = x(7¢) for all t € T°/T!, and of the subset II, of IIy such that x(7,,) = —1 if and only
if o € T — II,.

To the subset II, is attached a standard facet F, (Remark 2.7).

Remark 3.16. By [11, Theorem 7.1], the stabilizer of pi in K is equal to the parahoric subgroup
GOFX (O) with associated finite Weyl group generated by all s, o € II,. We will denote the latter
by 27,.

4. BERNSTEIN-TYPE MAP ATTACHED TO A WEIGHT AND SATAKE ISOMORPHISM

4.1. Commutative subrings attached to a standard facet. We fix for a standard facet F'.
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4.1.1.  Consider the subset of all A € X,(T) such that (A\,a) > 0 for all « € (T — &L) U P
If wr denotes the element with maximal length in 20z, then this set is the wp-conjugate of
X (T). Bearing in mind the conventions introduced in 2.2.2, we introduce

G+ (F) := {\ € X,(T) such that (\,a) >0 for all & € (& — dL)U D}

¢ (F) :={\ € X.(T) such that (A\,a) >0 for all a € (P~ — ) U D} }.

Remark 4.1. For all A, X € €1 (F) (resp. €~ (F)) we have £(e*) + £(e*) = (e ).

4.1.2. Bernstein-type maps attached to a standard facet.

il/z]

Proposition 4.2. i. There is a unique morphism of Zq -algebras

(4.1) 05 : Z[g™?)[X(T)] — Hz @z Zlg*?]
such that ©5(\) = ¢4 2\ if X e CT(F).
ii. There is a unique morphism of Z[qg='/?]-algebras
(4.2) O : Z[g* ) [X(T)] — Hy, @7 Z[¢/]
such that ©n(\) = g U2 if X e € (F).
iii. Both @; and ©F are injective.

Proof of the proposition. It is the same proof as in the classical case for Iwahori-Hecke alge-
bras and the dominant Weyl chamber. Let o be a sign. By Remark 4.1, the formula ©%()\) =
q_ﬁ(ek)/QTeA for A € €7 (F) defines a multiplicative map Z[q*'/?][¢7 (F)] — Hz®zZ[¢g™"/?]. Let
v € €7(F) such that A+v € €7 (F)(if 0 = +, choose for example v to be the wp-conjugate of a
suitable strongly dominant coweight). We set ©%.(\) := g(FHUET) )/ 2147, L. This formula
does not depend on the choice on v such that A + v € €7 (F') as can be seen by applying again
Remark 4.1.

To check the injectivity, use for example Lemma 2.11 that states that for all A € X*(T), the
element O©%()) is equal to the sum ¢~*M/27_\ and of a Z[¢*!/?]-linear combination of elements
T € Hy such that v € W and £(v) < £(e}).

O

i1/2]

There is, more generally, for any w € 20, a unique morphism of Z[gq -algebras

(4.3) Oy : Zlg™ )X (T)] — Hz 7 Z[¢*"/?]

such that ©,(\) = q_g(eA)/QTEA if A € w(X{(T)). Then for any standard facet F, our maps O}
and ©F coincide respectively with ©,,,. and O, where we recall that wy denotes the longest
element in 2. This remark was pointed out to me by the referee.
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4.1.3. Commutative subalgebras of Hz. For all A € X,(T), we set

(4.4) BEA) = ¢"V20%(N) and BL(N) = ¢"V205(N)

and we remark in particular that by Lemma 2.11, all these elements lie in Hy.

Remark 4.3. i. The maps B}; and B, do not respect the product in general, but they are mulit-
plicative within Weyl chambers (see Remark 4.1).

ii. Consider the case F' = C or F = xg. Then B, = Bro
integral Bernstein map E™ (resp. F) introduced in [36].

(resp. B, = Bj,) coincides with the

Lemma 4.4. For A € X.(T) we have (BL()\)) = (—l)e(eA)B;ﬂ()\) where t is the involution
defined by (2.9).

Proof. Let A € X.(T) and 1, v € €*(F) such that A = u—v. Then BE()\) = G CRARICORICONE

and BL(A\) = q(g(ek)*é(e#)*é(eu))/QTewTe_,lu. Furthermore, £(e) — £(e”) and £(e*) have the same

-1

parity and 7.-» and 7__, commute by Remark 4.1. U

—n
Using Lemma 2.11 we get the following:
Proposition 4.5. Let F' be a standard facet. The commutative ring
At = Hz N Im(07.), and respectively oy, = Hz N Im(©%),
has Z-basis the set of all BE(N), respectively Br(N), for A € X, (T).
Proposition 4.6. Let A € X} (T).

e For any t € T°/T', the basis element T, € Hyz and B(\) commute, as well as T and BL(N).

o Leta € Il. If a« € I, then

a) B}_F()‘)T;;a € qI:IZ~ Zf <A,Oé> >0 and a/) ‘B;()‘)Tna € qI:IZ~ Zf <)\,Oé> >0
BrN)Ty, €7y Hz  if (\a)=0 Br(N7n, € o Hz  if (\,a)=0

o [fa eIl —1lp, then

) Br(MN)Th, € qI:IZ~ if (A\,a)>0 and V) BLN)Th € qI;IZ~ if (M a)y>0
Br(MNTne € TnoHz  if (A, o) =0 BrNTh eTh Hz  if (A a)=0

n

Proof. Let v € X(T) be an element whose image in X(T) is the opposite of a strongly F-positive
element (2.3.2) and such that A +v € €7 (F). Remark that v € €7 (F) and €” is an element in
W that commutes with all n,, o € IIp. We have

o) Z(eA)+E(eV2)7Z(e/\+V)

Br(N) =47 Op(\ + 1)OR(—v) = g

-1
TeA+uTeu .
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a) Let o € IIp. Recall that 75 = g7, 1. Since s, and e commute in W, we have {(s.€”) =

0(e) + 1 and 7,, and T.» commute:

_ 24£(eM)+£(e¥)—b(e M) L
‘BF()‘)TT:LQ =q 2 Te>‘+"7-ni7-e”1
— First suppose that (\,a) > 0. Then £(e*s,) = £(e*) —1 and £(eMVs,) = £(eMV) — 1.
Therefore, Tox+v = T x40, -1Tn, and
B 240(eM)+0(e?)—e(e V) B 2+0(erng Do) —e(e ATV n 1) B
‘BF()‘)T:LQ =49 2 TEAJrun;lTeVl =q 2 T6A+un;17-el’1
which is an element of ¢Hz by Lemma 2.11.
— Now suppose that (A, a) = 0 so that e*, ¢’ and 7, commute. We have £(s,e*t") =
UMY+ 150 Ton Ty =T s
_ 24£(eM)He(eP)—t(eMY) _ _
B N1y, = 2 TnaTeA+uTeu1 =T,.Br(N).
b) Let a € I —IIx. We have (v, o) < 0 so that £(e”sq) = £(e”)+1 and T T, = Ty Tosns:

M +e(e)—e(eM) 1
2 T v TngTesav-

Since (v + A, a) < 0 we have £(e"T*s,) = £(e¥T*) + 1 and

£(eM)+e(e)—e(M ) 1
2 Te)\-‘rl/na Tesau.

— First suppose that (A, a) > 0. Then £(e}s,) = £(e}) — 1

B 240 Mna)H(e50Y) (A ng) 1
‘BF()\)TTL& =q 2 Te>\+l/na7-esau

which is an element of gHyz by Lemma 2.11.

— Now suppose that (\,a) = 0 that it to say that ¢* and s, commute. We have

ToatrTng = Tng Tertsar alld

_ (M) +e(e) e ) _
Br(AN)The = Tnad 2 T rtsar T pony-
which is an element of 7, I:IZ by Lemma 2.11.
Statements a’) and b’) follow applying Lemma 4.4 since (74, ) = =T}, Th,(—1) and Tp (—1) is
]

invertible in fIZ.
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4.1.4. Let Mg be the Levi subgroup of G corresponding to the facet F' as in 2.3.3. We also
refer to the notations introduced in 2.4.4.

Lemma 4.7. For A € X}(T), the element (—1)£F(6A)LF(7'5) € Hp(Mp) is equal to the sum of
7'5 and a linear combination with coefficients in Z of T{)F for F-positive elements v € W such

that v ? e*. Furthermore, we have

(4.5) JE(ED O EE)) = BLO).
In particular for F' = xq,
(4.6) (=) (1) = BE (V).

Proof. In Hz(Mp) ®z Z[g*/?], we have (—I)ZF(eA)LF(TfA) = qEF(CA)(Tf_A)_l. Lemma 2.11 for
the Hecke algebra of Mg then gives the first statement. Use Lemma 2.9 for the result about
F-positivity.

By an argument similar to the one in the proof of Proposition 4.2 (in the setting of the root
system corresponding to M), the element

0r(\) == q(ﬁF(V)—EF(u))/%-(i (Tfy)—l e ﬁz(MF) Rz Z[qilﬂ]

does not depend on the choice of A\, v € X, (T) such that A = g — v and (u, ) <0, (r,a) <0
for all @ € 7.
Choose p1, v € €+ (F) such that A = p—v. Then jp(¢*FN/20(N)) = ¢lrN+Hr@)—Le W)/ 24, (7,.,)~1
because p and v are in particular F-positive. By (2.6), we therefore have B (\) = jr (¢ N/20(N)).
Now choose g = 0 and v = —\. We have ¢**MN/20p(\) = (—1)ZF(6A)LF(7'5) and therefore
Jr(g v 20p(N) = i (1) S (E)).

g

4.2. Satake isomorphism. Let x be a character of § with values in k and F, the associated
standard facet as in 3.4.

Lemma 4.8. We have a morphism of k-algebras

X ®@k[To/T1] KIXH(T)] — Homg(x ®5 H,x “g H)

(4.7) 1o A — (1211035 (V)

Proof. We have to check that, for A € X} (T), the element 1 ® B;X()\) is an eigenvector for the
right action of $ and the character x- Recall that the finite Hecke algebra § is generated by all
T, t € TO/T! and 7, for a € 1.
e First note that for t € T?/T!, we have BL(t + A) = 7B (\). Therefore 7, acts on
1® B}X(A) by multiplication by x(7;) and ey acts by 1.
o Let a ¢ IIy. We have x(7,,) = 0. By the quadratic relations (2.10), we have e, =
X(ha(—1)) exTn, in H. Now, since II, C IIy, Proposition 4.6 b’) implies that 7, acts
by 0 on 1® "B}’,X()\).
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*

o Let o € Il — II,. We have x(7p,) = —1 and by the quadratic relations (2.10), ex7}, =
ex(Th, +1) in H, which by proposition 4.6 b’), acts by 0 on 1 ® ’B}X (N).
e Let a € II,,. We have x(7,,) = 0 and by proposition 4.6 a’), 7y, acts by 0 on 1®B;X()\).

We have proved that (4.7) is a well defined map. It is a morphism of k-algebras by Remark 4.3i.
O

Proposition 4.9. The map (4.7) is an isomorphism of k-algebras.

Proof. The proof relies on the following observation: a basis for x ®g His given by all 1@ 7 j for
d € D (Proposition 3.4). Recall that D contains the set of all e# for u € X (T). By Lemma 2.11
(and using the braid relations (2.7) together with (2.3)), 1 ® B;X (/1) is a sum of 1 ® T and of
elements in ©gcenk @ T 5.

We first deduce from this the injectivity of (4.7) because a basis for X ®jro 1) k[X}H(T)] is
given by the set of all 1 ® e# for u € X (T).

Now we prove the surjectivity. Denote, for 1 € X;(T), by H[s] the subspace of the functions in
H with support in Ke#K. Then Homg (x, x®g H) decomposes into the direct sum of all subspaces

Homg (X, x ®s H(u]) for u € X} (T) and after Corollary 3.14 and its proof, each of the spaces
Homyg (x, x ®5 H[u]) is at most one dimensional.

Let u € X (T). By Lemma 2.4ii and the observation at the beginning of this proof, the image
of 1@ Bp, (ji) by (4.7) decomposes in the direct sum of all Homg (x, x ®¢ H[)\]) for e} < e# and

it has a non zero component in Homg (x, x ®3 H[u]). We conclude by induction on £(e”) that

Homg (x, x @ H[u]) is contained in the image of (4.7) for all u € X (T). O

Remark 4.10. Recall that given A € X (T), a lift for e* € W is given by AM(w™!) € T (see 2.2.4).
More precisely, the map A — A(w ) modT! is a splitting for the exact sequence of abelian
groups

0 — TY/T! — X (T) — X, (T) — 0
and it respects the actions of 20.

By abuse of notation, we identify below the element A\(zw ') € Ng(T) with image in X} (T) C
w.

Let (p, V) be the weight corresponding to the character x of $. As in 3.1.4, we fix a basis v
for p'. Composing (4.7) with the inverse of (3.3) gives the following.

Theorem 4.11. We have an isomorphism
(4.8) X ®ppro ) kX (T)] = H(G, p)
carrying, for X € X (T), the element 1 @ A(w™1) onto the G-equivariant map determined by

Ty: ind$p — ind$p

(4.9) ko lx,Br (M@ ).
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The map A € X (T) = MA@ ) mod T! yields an isomorphism
KIXI(T)] = X ®kproyrp KX ()]
which we compose with (4.8) to obtain the isomorphism of k-algebras

T KXHT)] — H(G,p)

(4.10) \ B

The next section is devoted to proving that, in the case where the derived subgroup of G is
simply connected, this map is an inverse to the Satake isomorphism constructed in [19].

5. EXPLICIT COMPUTATION OF THE MOD P MODIFIED BERNSTEIN MAPS

5.1. Support of the modified Bernstein functions.

5.1.1. Preliminary lemmas.

Lemma 5.1. Let 1 : T°/T' — kX be the trivial character of T°/T" and e; € H the corresponding
idempotent. For any w € W, we have in H the following equality:

(5.1) (—l)g(w)L(elTﬁ,) = Z €175

veW,v<w

Proof. We consider in this proof the field £ as the residue field of an algebraic closure @p of the
field of p-adic numbers Q,. Let Z, be the ring of integers of @p and r : Z, — k the reduction.
The ring Z, satisfies the hypotheses of 2.4.3. In this proof we identify ¢ with its image q.lzp in

Zp. We work in the Hecke algebra Hz @7 Z,p in which we prove that

(5.2) (D) erma) € Y (1= eyrs + q (Hz ®2 Zy).

veW v<w

It is enough to consider the case w € W,s¢ and we proceed by induction on ¢(w). Let
w € Wysp and s € S,¢5 such that with £(sw) = ¢(w) + 1. Applying [15, Lemma 4.3], we see that
the set of the v € W such that v < sw is the disjoint union of

{veW,v<sv,w}and {v e W,sv <v,w}.
Noticing that e11(75) = —e1(75 + 1 — q), we have, by induction,

(1) ei(rm) = (1) Wea(rs+1-gUra) € ea(Tatl—q) Y (1-¢)" ) Writq(Hz0.7,)
veW,v<w

and (ts+1—¢q) > (1-— q)e(w)_f(”)ele, is successively equal to
UEVV,vﬁw
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a(rs+1—q)( > (1—g ™ Wrip N~ (1- )~ 0ry)

v<svw sv<v<w
= 3 (-t 1 3T (1 - 0 ST g1 - gt
v<sv,w v<svw sv<v<w
€ Z (sw)=bv) 75 4 Z RO e Z q(1 — q) =t 7 o
sv<v,w v<svw sv<v<w

which proves the claim. Applying the reduction r : Zp — k, we get (5.1) in H.

Lemma 5.2. Suppose that the derived subgroup of G is simply connected.

Let £ : TY/TY — k* be a character that is trivial on T, for all o € 1 (see definition in 2.2.5).
Then there exists a character o : G — kX that coincides with €1 on T, such that «(u(w)) =1
for all € X,(T). It satisfies the following equality in H, for A € X (T):

eeBE (M@ ™)) = (1) iy m1y) = > ex(d)Ts

vEW,v<er

Remark 5.3. For v € W with chosen lift & € W, the value of oc(ﬁ) does not depend on the choice
of v lifting & and we denote it by «(%) above. Furthermore, ezo(3)7T5 does not depend on the
choice of the lift .

Proof. Define a character x :  — kX by ¥ := £ and I, =II; = II and consider the associated
weight as in 3.4. By the proof of [20, Proposition 5.1] (see also the remark following Definition
2.4 loc.cit and Remark 3.16), this weight is a character K — £* and by [1, Corollary 3.4], it
extends uniquely to a character « of G satisfying a(u(w)) = 1 for all u € X, (T). Note that «
coincides with X~ on TY/T!.

Fact. The k-linear map ¥ : H — H, T4 — &(g) T4 is an isomorphism of k-algebras preserving
the support of the functions. It sends €1 onto €c and commutes with the involution .

Proof of the fact. The image of 74 = 1; Ji is independent of the choice of a representative in IgL.
The image of €1 is clearly ;. One easily checks that ¥ respects the product. Now in order to
check that ¥ commutes with the involution t, it is enough to show that ¥ and (Wt coincide on
elements of the form 7, with u € W such that £(u) = 0 and u = n4 for A € I, ;. For the former
elements, the claim is clear since t fixes such 7, when £(u) = 0. Now let A = (a,r) € Il 75. We
consider the morphism ¢, : SLa(F) — G4 as in 2.2.5. Since § is infinite, the restriction of « to

the image of ¢, is trivial. Now by Remark 2.10, we have «Wi(7,,) = Tn,.
]

We deduce from this (and using (4.6)) that
Ve BLAF ™) = D OU((rre 1) = B (A )).
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Conclude using Lemma 5.1.
O

5.1.2. For x : H — k>, consider the associated facet F) as in 3.4 and M, the corresponding
standard Levi subgroup as in 4.1.4.

Proposition 5.4. There is a character o : Mg, — k™ such that
a) o, coincides with Y~ on T and satisfies o, (u(w)) =1 for all p € X.(T),
b) in x ®g H we have, for A € XH(T),

(5.3) 1@ Bp, ANw ™)) = > oy (d) ®T;
dEWFXﬁDFX, d%eA

where d denotes any lift in WFX ford e Wg,.

Proof. In this proof we write F instead of F. Let A € X (T). Consider the restriction to MpNK
of the weight p associated to x and the corresponding restriction of x to the finite Hecke algebra
ey (Mp) (see Remark 3.5 for the definition of this subalgebra of H(Mp) attached to the compact
open subgroup Mp N K of Mp). It satisfies the hypotheses of Lemma 5.2, where Mp plays the
role of G. Note that under our hypothesis for G, the derived subgroup of Mg is equally simply
connected. Therefore, there exists a character o, : Mp — k* that coincides with x ' on TV,
such that o, (1u(w)) = 1 for all y € X,(T) and satisfying the following equality in H(Mp) (see
(4.6) applied to the Levi Mp)

eA ~
ex (DT (o) = D o (@)

vEW pv<e
F

Now applying (4.5) to the facet F, we have in H,
BEAN@ ) = D gy (0)Ta

vEW R, w<er
F

Before projecting this relation into x ®g H, recall that y(7g) = 0 for all w € 2. By definition
of Dp (see also Remark 3.3), we therefore have, in x Qg H,

1@ Bi(M@ ™) = 1@ &Bi(M\@ ™)) = Y. w(deTy
ClGVVF'ﬁgF,dSeA
F

0

5.2. An inverse to the mod p Satake transform of [19]. Let (p, V) be a weight, x : $ — k
the corresponding character and F), the facet defined as in 3.4. Consider the isomorphism

(5.4) 8 : H(G, p) — k[X](T)]

constructed in [19] (see Remark 2.5). For A € X (T), denote by fy the function in H(G, p) with
support in KA\(w™!)K and value at A(w™!) equal to the k-linear projection V — V defined by
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[19, (2.8)]. Note that this projection coincides with the identity on Vi (step 3 of the proof of
Theorem 1.2 loc.cit). Any function in H(G, p) with support in KA(cw ™)K is a k-multiple of f.
The element T, (1k ) defined by g — fi(g)v (see notation in Remark 3.7) is the unique element

in (ind$p)! with support in KA(ww™ 1)K and value v at A(ew~!) which is an eigenvector for the
action of $ and the character x (see Corollary 3.14 and Remark 3.15).

Recall that the isomorphism T : k[X;(T)] — H(G, p) was defined in (4.10) and that both §
and T are defined with no further condition on the derived subgroup of G.

Theorem 5.5. Suppose that the derived subgroup of G is simply connected.

i. For A € X} (T) we have
(5.5) T\ = Z o

w=A
Fx
ii. The map T is an inverse for S.
Remark 5.6. In particular, the matrix coefficients of T in the bases {A}) x+ () and {fa}yexr ()
depend only on the facet F, and not on Y itself.

Proof. In this proof, we write F' for F,. For i, we have to show that Ty has support the set of

all double cosets Ku(ew 1)K for u < X and that for v € p! and such a p, the value of T)(1xk )
F

at u(w1) is v. By (5.3), we have

7)\(1}(’@) = Z (XX(CZ)].KWTJ.
ClGVV}:ﬁ@F,ClSeA
F

By Lemma 2.9ii, this element has support in the expected set, and using furthermore Lemma
3.2iii, we see that any d € Wr N D satisfying d < e* lies in D. Therefore, by Fact 1, T»(1k.,)
F

has value o, (d)v at d for all d € WrNDp, d < e*. Now recall that for any p € X;(T), the
F

element e* is in D and therefore in Wr N Dp (Remark 2.3), that pu(cw™?) is a lift in G for e#
and that o, (u(ww™!)) = 1. It proves that Ty(1k ) has value v at pu(ew™1) for 4 < X. We have
F

proved the formula (5.5).
Finally, let A € X;(T). Under the hypothesis that the derived subgroup of G is simply

*

connected, 3, 8(fu) is equal to the element A seen in k[X;(T)] by [20, Proposition 5.1]. It
F
proves ii.
U
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