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a b s t r a c t

This paper deals with the so-called ‘‘pseudo three-dimensional’’ (P3D) model for a hydraulic fracture

with equilibrium height growth across two symmetric stress barriers. The key simplifying assumptions

behind the P3D model are that (i) each cross section perpendicular to the main propagation direction is

in a condition of plane-strain, and (ii) the local fracture height is determined by a balance between the

effect of the stress jump across the barriers and that of the rock toughness. Furthermore, in the

equilibrium height growth P3D models, the pressure is assumed to be uniform in each vertical cross-

section. We revisit this particular model by first formulating the non-linear differential equations

governing the evolution of the length, height, and aperture of the hydraulic fracture, in contrast to the

numerical formulations adopted in many previous studies. Scaling of these equations shows that the

solution depends, besides the dimensionless space and time coordinates, on only two numbers

representing a scaled toughness and a scaled leak-off coefficient. Analysis of the governing equations

enables us to determine explicitly the conditions under which breakthrough takes place (i.e., the onset

of growth into the bounding layers), as well as the conditions of unstable height growth (i.e., the

conditions of ‘‘runaway height’’ when the main assumptions of the equilibrium height model become

invalid). The mathematical model is solved numerically using a novel implicit fourth order collocation

scheme on a moving mesh, which makes explicit use of the fracture tip asymptotics. We then report the

results of several numerical simulations conducted for different values of the dimensionless toughness

and the dimensionless leak-off coefficients, as well as a comparison with closed-form small and large

time similarity solutions that are valid under conditions where the fracture remains contained within

the reservoir layer.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

This paper deals with the ‘‘pseudo-3D’’ (P3D) model of a
hydraulic fracture, a model widely used in the petroleum industry
to design stimulation treatments of underground hydrocarbon
reservoirs by hydraulic fracturing. The P3D model was introduced
in the 1980s [1–7], as an extension of the classical PKN (Perkins–
Kern–Nordgren) model [8,9] to simulate the propagation of a
vertical hydraulic fracture into a horizontally layered reservoir.
Like the PKN model, the P3D model is applicable to situations in
which the height of the fracture remains small compared to its
length. However, in contrast to the PKN model, the height of the
ll rights reserved.
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P3D fracture is not limited to the reservoir thickness H, see Fig. 1.
Indeed, the fracture is allowed to grow vertically into the adjacent
layers confining the hydrocarbon bearing strata, but at a rate that
is much smaller than the rate at which the fracture extends
laterally, so as to justify the critical assumption of local elastic
compliance, which is at the heart of the PKN and P3D models.

Solving the problem of an evolving planar hydraulic fracture is
a challenging task, due in part to the moving boundary nature of
this class of problems, the strong non-linearity introduced by the
lubrication equation, the non-local relationship between the
pressure in the fracture and its aperture, and the delay associated
with leak-off of the fracturing fluid. While numerical algorithms
have been developed to calculate the evolution of a planar
hydraulic fracture in a layered geological medium [10–17], there
are situations when the solution can be simplified and can thus be
obtained with much less computational expense. In particular, the
P3D model simplifies the form of the boundary curve C(t) that
contains the evolving fracture footprint, by considering only the
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Fig. 1. Problem description.
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horizontal extent of the fracture in the reservoir and the
associated vertical penetration of the fracture into the adjacent
layers.

The main distinguishing feature of both PKN and P3D models
is the local nature of the fracture compliance, a consequence of
assuming that the height/length ratio is small. In other words, the
average fracture aperture in a vertical cross-section of a PKN or
P3D model depends only on the fluid pressure in that cross-
section, in contrast to planar fracture models [10,14,17,18] that
are characterized by non-local interaction between the pressure
and aperture fields. While for the PKN fracture the compliance is
constant, a function only of the thickness of the reservoir layer
and its elastic properties, the local compliance in the P3D model is
itself part of the solution, as it depends on the local height of the
fracture, which is a priori unknown. The local compliance and
height of the fracture depend also on further assumptions about
the pressure field in a vertical cross-section; the pressure is
assumed to be uniform in the ‘‘equilibrium height’’ P3D model [3],
but is calculated on account of a vertical flow in the ‘‘dynamic
height’’ P3D model [5]. Nevertheless, allowing vertical fracture
growth brings another non-linearity to the model—in addition to
that which results from the dependence of the hydraulic
conductivity on the fracture aperture in the lubrication equation
governing the longitudinal viscous flow of fluid in the fracture.

As a result of these various assumptions, most of which have
been inherited from the PKN model, the P3D hydraulic fracture is
governed by a non-linear one-dimensional diffusion type equa-
tion over a domain that is evolving in time. In the equilibrium
height P3D model, the focus of this investigation, this equation
can be written explicitly, as shown later in this paper. Despite its
strong non-linear nature, this partial differential equation can be
solved at a small fraction of the computational cost required to
simulate arbitrary shaped planar hydraulic fractures. The P3D
model is therefore well suited to designing hydraulic fracturing
treatments, when multiple scenarios have to be evaluated,
provided that the assumptions upon which the model is built
are respected.

Despite the importance of the P3D model for the design of
hydraulic fracturing treatments, it does not appear, however, that
this model has been rigorously formulated and scrutinized, as
previous studies have generally emphasized either the discretized
form of the governing equations—the so-called cell-based
methods [7], and/or the application of the model to particular
field cases. In particular, the conditions under which equilibrium
height growth takes place, a critical assumption for the validity of
the equilibrium height P3D model, have not been determined.
This paper adopts a different approach from previous publica-
tions, as it seeks not only to formulate the mathematical problem
rigorously, but it also aims, through an emphasis on scaling
analysis, to derive general results rather than specific ones
applicable to a distinct set of parameters. For these reasons, we
consider the simplest case of an equilibrium height P3D hydraulic
fracture propagating in a reservoir layer bounded by two semi-
infinite layers with the same elastic properties as the pay zone.
Furthermore, we assume that the fracturing fluid is Newtonian
and incompressible and that the injection rate is constant. These
assumptions have been adopted so as not to distract from the
main objective of the paper, which is to provide a rigorous
formulation of the problem and scaling of the equations. None-
theless, these assumptions can be relaxed without affecting the
equations that determine the fracture height and the fracture
compliance, a main focus of this paper, nor the fundamentals of
the numerical algorithm used to solve the propagation problem.
2. Mathematical formulation

2.1. Problem definition

The geometry of a ‘‘pseudo-3D’’ hydraulic fracture is sketched
in Fig. 1. A reservoir layer of thickness H is bounded by two semi-
infinite layers assumed to have the same elastic properties as the
reservoir. The minimum horizontal far-field stress in the reservoir
is s0 and there is a (positive) stress jump Ds between the
reservoir and the bounding layers. Injection of an incompressible
Newtonian fluid of dynamic viscosity m at a constant volumetric
rate Q0 in a borehole causes the propagation of a symmetric
hydraulic fracture along the reservoir layer with limited height-
growth into the bounding layers. The main assumptions behind
this model are that (i) each cross-section perpendicular to the
main propagation direction is in plane strain on account of hmax=‘

being small (where hmax is the maximum fracture height and ‘ is
the fracture half-length, i.e., the length of a wing) and that the
fracture height varies ‘‘slowly’’ with distance from the borehole,
(ii) the fluid pressure is uniform in each vertical cross-section, and
(iii) the local fracture height hZH is an equilibrium height
controlled, in general, by the stress jump across the layers and by
the rock toughness.

Before stating the various assumptions that lead to the
formulation of the P3D model, we introduce a Cartesian
coordinate system with its origin located on the wellbore at the
mid-height of the reservoir layer, with the x-axis contained in the
plane of the fracture and the z-axis pointing upwards along
the wellbore, see Fig. 1. With this choice of coordinates, both the
x- and z-axes are axes of symmetry.

2.2. P3D model assumptions

The P3D model simplifies the solution of the evolution of the
planar fracture in the layered elastic system through a series of
assumptions that are discussed below.

Assumption 1. The leading edge of the fracture, which defines
the maximum lateral extent of the fracture, is vertical and
restricted to the reservoir layer, see Fig. 1; its position is defined
by x¼ ‘ðtÞ. The fracture height, h(x,t) is bounded below by H

(and equal to H at the leading edge), and, in view of the problem
symmetry, the vertical penetration, d, of the hydraulic fracture
(if it takes place) in either bounding layer is thus equal to
d¼(h�H)/2. The fracture boundary is thus defined by the two
functions ‘ðtÞ and hðx,tÞZH, with hð‘,tÞ ¼H; i.e., the footprint of
one wing corresponds to 0rxr‘ðtÞ, and �hðx,tÞ=2rzrhðx,tÞ=2.



ARTICLE IN PRESS

J.I. Adachi et al. / International Journal of Rock Mechanics & Mining Sciences 47 (2010) 625–639 627
Assumption 2. The vertical component qz of the fluid flux is
negligible compared to the horizontal component qx, i.e.
jqz=qxj51: For this reason, we simplify the notation by writing
q¼qx. This assumption implies through Poiseuille’s law, which
governs the flow of the viscous fracturing fluid in the crack, that
the pressure field pf does not depend on the z coordinate; i.e.,
pf(x,t). Clearly, this assumption requires that the rate of height
growth @h=@t is much smaller than the horizontal velocity d‘=dt of
the leading edge; hence, the coherence of this assumption needs
to be verified a posteriori, once the solution has been obtained.

Assumption 3. A condition of plane strain exists in any vertical
plane (y,z). Provided that h=‘51, the plane strain assumption is a
good approximation for most of the fracture, except within a
region near the leading edge of order O(H) [19]. This assumption
implies that the dependence of both the aperture field w and the
fracture height h on the independent variables x and t is via the
pressure field pf(x,t), i.e., w(x,z,t)¼wp(z,pf) and h(x,t)¼hp(pf). This
assumption is alternatively referred to as the local elasticity
assumption. The kinematic condition w¼0 at the leading edge
x¼ ‘ðtÞ, in conjunction with the local assumption, implies that
pf ¼ s0 at x¼ ‘ðtÞ, which is obviously coherent with the previously
stated assumption that hð‘,tÞ ¼H. As is well-known, adopting the
local assumption in the region near the leading edge precludes the
consideration of any propagation criterion; this assumption has to
be relaxed to properly account for a fracture propagation criterion
at the leading edge [19].

Assumption 4. Fracturing fluid leak-off into the reservoir layer is
treated in accordance with Carter’s model [20], which assumes a
one-dimensional diffusion process. The usual hypotheses behind
this model are that (i) the fracturing fluid deposits a thin layer of
relatively low permeability, known as the filter cake, on the
fracture walls, at a rate proportional to the leak-off rate and (ii)
the filtrate has enough viscosity to fully displace the fluid already
present in the rock pores.

2.3. Mathematical model

Before proceeding with the formulation of the mathematical
model, we recognize that the above set of assumptions enables
one to rigorously formulate the model in terms of field quantities
that depend only on the variables x and t. Indeed, the dependence
of the aperture field w and the flux field q on the variables x and t

only through the pressure field pf(x,t) (or its gradient) actually
implies that the model can be formulated in terms of an average
aperture wðx,tÞ and an average flux qðx,tÞ, respectively, defined as

w ¼
1

H

Z h=2

�h=2
w dz, q ¼

1

H

Z h=2

�h=2
q dz: ð1Þ

We note that both averages have been defined with respect to the
reservoir layer height H; hence wH is the cross-sectional area of
the fracture and qH is the total flux through the fracture cross-
section located at x.

2.3.1. Elastic relationship between local aperture and net pressure

One of the governing equations of the P3D model is a non-
linear local relationship between the average aperture w and the
fluid pressure pf, which is derived from elasticity. The non-
linearity stems from the dependence of the fracture height on the
pressure, since the fracture growth in the vertical direction is
subject to the requirement that the fracture is in a state of critical
equilibrium, assuming that such equilibrium state exists. The
relationship between w and pf can be derived by combining the
integral equation that expresses the fracture aperture w(z) in
terms of the net crack loading, the integral expression for the
stress intensity factor KI in terms of the net crack loading [21–23],
and the propagation criterion KI¼KIc [24,25], i.e.,

w¼
4

pE0
p

Z H=2

0
Gðs,zÞdsþðp�DsÞ

Z h=2

H=2
Gðs,zÞds

" #
, ð2Þ

KI ¼

ffiffiffiffiffiffi
8h

p

r
p

Z H=2

0

dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p þðp�DsÞ

Z h=2

H=2

dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

" #
, ð3Þ

KI ¼ KIc , ð4Þ

where E0 ¼ E=ð1�n2Þ is the plane strain Young’s modulus, p is the
net pressure defined as p¼ pf�s0 and G(s,z) is the elasticity kernel
given by

Gðs,zÞ ¼ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

�����
�����: ð5Þ

Eq. (5) for the kernel Gðs,zÞ can be derived from the expression
given by [26, (p. 5.10a)] for the fracture aperture at s due to a pair
of opposed unit forces applied on the fracture faces at z. Since the
kernel G can be integrated in closed form according toZ

Gðs,zÞds¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2

p
arcsin

2s

h

� �

�z ln
s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

þz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

�z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

�����
�����

þs ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4s2
p

�����
�����: ð6Þ

The fracture profile w(z) can be calculated explicitly for a given
fracture height h

w¼
2

E0
ðp�DsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2

p
þ

4Ds
pE0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2

p
arcsin

H

h

� ��

�z ln
H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

þ2z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�H2
p

H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

�2z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�H2
p

�����
�����þ H

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�H2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�4z2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�H2
p

�����
�����
)
:

ð7Þ

Furthermore, a closed-form expression relating the equili-
brium height h and the net pressure is readily deduced from (3)
and (4) [27]

2arcsin
H

h

� �
� 1�

p

Ds

� �
p¼

ffiffiffiffiffiffi
2p
H

r
KIc

Ds

ffiffiffiffi
H

h

r
: ð8Þ

From (7) and (8), the relationship between w and p can then be
obtained in the form of a parametric equation in terms of h.
Formally, this equation reads

w ¼wðhÞ, p¼ pðhÞ: ð9Þ

The details of the derivation are given after scaling of the
equations. We note, however, that in the particular case of the
PKN model h¼H and the fracture opening adopts an elliptical
shape; hence (9) degenerates into the linear relation w ¼M0p,
with the compliance M0 ¼ pH=2E0.
2.3.2. Poiseuille’s law

Next, we consider the relationship between the average flux q

and the pressure gradient. According to Poiseuille’s law, the local
flux q(z,t) is related to the pressure gradient by

q¼�
w3

12m
@p

@x
, �

h

2
ozo

h

2
ð10Þ
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which after integration over h yields

q ¼�
c0w3

m
@p

@x
, ð11Þ

where c0 is a shape factor that depends on the aperture profile
and on the fracture height. The dependence of c0 on the problem
parameters will be discussed in the Scaling section. We simply
note here that for the PKN model (h¼H), c0 ¼c00 ¼ p�2.
2.3.3. Conservation law

The final governing equation is the local volume balance
condition

@q

@x
þ
@w

@t
þ

C0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t�t0ðxÞ

p ¼ 0, ð12Þ

where t0(x) is the time at which the crack leading edge arrives at
coordinate x. The coefficient C0 ¼ 2Cl is the usual Carter leak-off
coefficient Cl [20] multiplied by a factor 2 to account for leak-off
through both walls of the fracture.
2.3.4. Boundary conditions

The governing equations (9), (11), and (12) are complemented
by boundary conditions at the leading edge of the fracture, x¼ ‘ðtÞ

wð‘,tÞ ¼ qð‘,tÞ ¼ 0, hð‘,tÞ ¼H ð13Þ

and at the inlet

qð0,tÞ ¼Q0=2H: ð14Þ

Together with initial conditions to be discussed below, this set of
equations are sufficient to determine the evolution of the fracture
footprint defined by the two functions ‘ðtÞ and h(x,t), and the field
quantities wðx,tÞ, p(x,t), and qðx,tÞ.
3. Dimensionless formulation

3.1. Scaling

Scaling of the governing equations is carried out by expressing
the time and space variables and the dependent field variables,
each as the product of a characteristic quantity and a dimension-
less variable. In contrast to a scaling based on time-dependent
characteristic quantities [28], the scaling introduced here relies on
constant quantities, which leads to a form of equations that is
more appropriate for numerical solution. So let ‘n, hn, and tn,
respectively, denote the characteristic height and length of the
fracture, and the characteristic time; and wn, pn, and qn the
characteristic aperture, net pressure, and flow rate. The introduc-
tion of these characteristic quantities allows us to define the
following dimensionless variables:

x¼
x

‘
, z¼

z

h�
, t¼ t

t�
, g¼ ‘

‘�
, l¼

h

h�
, P¼

p

p�
,

C¼
q

q�
, C ¼

q

q�
, O¼

w

w�
, O ¼

w

w�
: ð15Þ

Note that x is a stretching coordinate with x¼ 0 corresponding to
the fracture inlet and x¼ 1 to the fracture tip, while z is a fixed
coordinate with �l=2rzrl=2.

The six characteristic quantities that have been introduced are
identified by setting to unity, six of the dimensionless groups that
emerge from the governing equations when they are expressed in
terms of the dimensionless variables. The remaining two groups
are numbers that control the problem.
After some algebraic manipulation, we obtain the following
expressions for the characteristic quantities:

‘� ¼
pH4Ds4

4E03mQ0
, h� ¼H, t� ¼

p2H6Ds5

4mE04Q2
0

, p� ¼Ds, q� ¼
Q0

2H
,

w� ¼
pHDs

2E0
¼M0Ds: ð16Þ

Therefore the solution of the problem consists of determining the
net pressure Pðx,tÞ, the average aperture Oðx,tÞ, and the flow rate
Cðx,tÞ in the evolving domain defined by the fracture length gðtÞ
and by the fracture height profile lðx,tÞ. This solution depends
also on two numbers, namely the dimensionless toughness K of
the bounding layers and the dimensionless leak-off coefficient C of
the reservoir

K¼
ffiffiffiffiffiffi
2p
H

r
KIc

Ds , ð17Þ

C¼ C0H2Ds3=2

m1=2E0Q0
: ð18Þ

Considering that, in most practical situations, H� 102100 m,
Ds� 0:1210 MPa, KIc � 0:121 MPa m1=2, E0 � 103

2104 MPa,
m� 10�5

210�4 MPa s, C0 � 10�6
210�3 m s1=2, and Q0 � 10�3

2

10�1 m3=s, then C and K will generally vary between 10�2 and
1. As we will discuss in a later section, the number C is related to a
ratio of two timescales.

3.2. Equilibrium height

We can now formulate the mathematical model in dimension-
less form. First, the relationship between the fracture height l, the
net pressure P, and the toughness K is deduced from (8) to be

P¼ 1�
2

p arcsin
1

l

� �
þ
K

p
ffiffiffi
l
p : ð19Þ

For the particular case of zero toughness, we obtain

l¼ csc
p
2
ð1�PÞ

h i
, K¼ 0: ð20Þ

With the exception of K¼ 0, the pressure P is not a monotonic
function of l. Indeed, according to (19), P achieves a maximum
value when l¼ lu, given by

lu ¼
8þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4
þ64

p
K2

, K40: ð21Þ

The decrease of P with l for l4lu can readily be explained as
follows. As l becomes relatively large (and K40), the fracture
asymptotically approaches the shape of a ‘‘Griffith’s crack,’’ i.e., a
fracture subjected to a uniform net pressure. In other words, the
contribution of the loading in the reservoir layer to the stress
intensity factor becomes less relevant for increasing l. For a
Griffith’s crack of length h in critical equilibrium with a uniform
net pressure p0 ¼ p�Ds, the toughness, length and pressure are
related according to P¼K=p

ffiffiffi
l
p
þ1 (using scaling (17)), which is

exactly the dominant term in (19) for large l, since
arcsinð1=lÞ � 1=lþOðl�3

Þ for lb1. Thus it is expected that the
pressure P should eventually decay as � 1=

ffiffiffi
l
p

.
The main implication of the above result is that unstable

height growth is expected to take place once l4lu. We will
assume that l4lu is indeed the criterion of instability, on noting
that the net pressure increases with time according to numerical
simulations. A formal argument, however, would require us to
prove that @P=@t40 in the vertical cross-section where the
height becomes unstable. The equilibrium height P3D model is
obviously not valid once this critical height is exceeded, as one of
the assumptions, namely that the rate of flow (or fracture
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Fig. 2. Plots of w/wn versus vertical coordinate z, for different values of toughness K and equilibrium height l (l¼ 1:2, 1.4, 1.6, 1.8 and 2.0).

Fig. 3. Plot of compliance function cðl;KÞ for different values of dimensionless

toughness K. The dashed line corresponds to K¼ 0.
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propagation) in the vertical direction is much less than the rate of
flow in the horizontal direction, is then violated. The possibility of
unstable height growth is mentioned in [27], but no criterion for
calculating the critical height is given in that paper. A thorough
discussion of pressure decline during injection as a symptom of
unstable height growth can be found in [29].

3.3. Fracture compliance

After eliminating the pressure P using the equilibrium height
equation (19), the scaled opening profile OðzÞ can be deduced
from (7)

O¼
8

p2

K
2
ffiffiffi
l
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
�2zln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
þ2z

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
�2z

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
�������

�������
2
64

þ ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
�������

�������
3
75: ð22Þ

We observe that the two logarithmic terms in (22) each become
singular at the points z¼ 71=2, however, when combined they
tend to the limiting value lnl so that O remains continuous. A
large l asymptotic expression for O can readily be derived from
(22) as

OC
4

p2

Kffiffiffi
l
p

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
þO

1

l3

� �	 

, 15zol:

This asymptotic expression for the fracture aperture can alter-
natively be obtained by superposing the aperture corresponding
to a uniform equilibrium pressure in the fracture and the solution
for a unit force dipole that accounts for the reduced confining
stress across the reservoir layer. Plots of OðzÞ for different values
of l and K are shown in Fig. 2.

The average opening O, defined as

O ¼ 2

Z l=2

0
OðzÞdz,

can then be calculated by integrating (22), which yields

O ¼
1

p
Kl3=2

þ2

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

q� �
, l41: ð23Þ

It is convenient to introduce the function cðl;KÞ defined as

c¼
O
P
: ð24Þ
The function cðl;KÞ is actually a ‘‘compliance correction
function’’ as the fracture compliance M¼w=p can be exp-
ressed as

M¼ cðl;KÞM0:

Thus cðl;KÞ adjusts the elastic compliance at any given vertical
section of the fracture to account for the height growth. Using (23)
and (19), the latter to express P as a function of l and K, cðl;KÞ is
given explicitly by

cðl;KÞ ¼

ffiffiffi
l
p
Kl3=2

þ2
ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p� �
Kþ

ffiffiffi
l
p

p�2arcsin 1
l

� � � : ð25Þ

The function cðl;KÞ is a regular, strictly positive function, with
cð1;KÞ ¼ 1 and is unbounded for l-1. Plots of this function for
different values of dimensionless toughness K are shown in Fig. 3.
For K¼ 0, the compliance correction c can also be directly
expressed as a function of P, i.e.,

c¼
2

pP tan
pP
2

� �
, K¼ 0:
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Fig. 4. Plot of function UðO;KÞ for different values of dimensionless toughness K.

The dashed line corresponds to K¼ 0.
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Equivalently, combination of (20) and (23) allows us to derive the
following direct relation between O and P for K¼ 0:

p
2
O ¼ tan

p
2
P

� �
, K¼ 0: ð26Þ

3.4. Viscous flow

Using the scaling (16), Poiseuille’s law (11) becomes

C ¼�gðl;KÞO
3

g
@P
@x

, ð27Þ

where

gðl;KÞ ¼ p2

12O
3

Z l=2

�l=2
O3 dz: ð28Þ

The function gðl;KÞ is a regular, strictly positive function, which
asymptotically tends to zero as l-1, and liml-1þ gðl;KÞ ¼ 1;
however, it cannot be expressed in a closed form. (Details
about the asymptotics of the function gðl;KÞ can be found in
Appendix B.)

It is advantageous to express (27) as

C ¼�
1

gFðl;KÞO
3 @O
@x

, ð29Þ

by defining the shape function F as

Fðl;KÞ ¼ g
@P
@l

@l
@O

: ð30Þ

Using (19) and (23), the function F can be written as

Fðl;KÞ ¼ 4
ffiffiffi
l
p
�K

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
l2
ð4

ffiffiffi
l
p
þ3K

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
Þ

gðl;KÞ: ð31Þ

As expected, liml-1þFðl;KÞ ¼ 1. Notice that for K¼ 0, the above
expression reduces to

Fðl;0Þ ¼ l�2gðl;0Þ: ð32Þ

The function Fðl;KÞ eventually becomes negative as l increases,
except for K¼ 0 when it tends monotonically to zero. It can
readily be shown that the function becomes negative when
lZlu; indeed both @l=@O and g are strictly positive for l41 and
thus the change of sign in F simply reflects the change of sign in
@P=@l, associated with the maximum value of P achieved at lu.
A negative value for F actually implies a reversal of the direction
of flow (i.e., the fluid would flow from the tip to the inlet—which
is unphysical for a growing fracture) in that part of the fracture for
which l4lu, unless the gradient of opening @O=@x also reverses
sign, at least locally. This unphysical situation for l4lu clearly
demonstrates the limitation of the equilibrium height P3D model.

Finally the local continuity equation can be written as

1

g
@C
@x
þ
_O�x

_g
g
@O
@x
þ

Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�yÞ

p ¼ 0, ð33Þ

where yðx,tÞ ¼ t0=t is the normalized arrival time. Note that the
presence of the advective term is due to the stretching nature of
the x�coordinate.
3.5. Scaled mathematical model

As a result of the above considerations, it is now possible to
formulate the P3D model as a non-linear convection diffusion
equation for the mean aperture field Oðx,tÞ and an evolution
equation for the fracture length gðtÞ.
The governing equation for Oðx,tÞ is obtained by combining
Poiseuille’s law (29) and the balance law (33)

_O ¼ x
_g
g
@O
@x
þ

1

g2

@

@x
UðO;kÞO3 @O

@x

 !
�

Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�yÞ

p , ð34Þ

where the function UðO;KÞ is defined as

U¼Fð ~lðOÞ,KÞ, ð35Þ

with ~lðOÞ denoting the inverse function of (23), the relationship
between O and the equilibrium height l. Plots of the function
UðO;KÞ for different values of the dimensionless toughness K are
shown in Fig. 4. The function UðO;KÞ is not known in closed form;
however, for large O, U�O

�4
if K¼ 0 and U�O

�8=3
if K40, and

U¼ 1 if 0rOrOb, ð36Þ

where Ob is the critical value of the aperture at which height
growth starts. It is readily deduced from the equilibrium
condition (23) between l and O, which is only valid for l41 that

Ob ¼K=p: ð37Þ

Next, an equation for gðtÞ is obtained by integrating (12) in
space over the length of the fracture and then in time from the
initial time to the current time to obtain

t¼ g
Z 1

0
Oðx,tÞdxþ2Cg

Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t�t0ðgxÞ

q
dx: ð38Þ

The boundary conditions at the inlet ðx¼ 0Þ and at the leading
edge ðx¼ 1Þ are given by

Cð0,tÞ ¼ 1, Oð1,tÞ ¼Cð1,tÞ ¼ 0, t40: ð39Þ

Naturally, the boundary conditions in the terms of the flux C
can be transformed to be expressed in terms of O only, using (23)
and (29).

The initial condition for Oðx,tÞ is taken to correspond to a small
time asymptotic solution when the fracture remains contained in
the reservoir layer (i.e. OrOb), and when leak-off is negligible.
This similarity solution, referred to as the M-solution below, is
governed by (34) with U¼ 1 and C¼ 0.

The system of equations (34), (38), (39), together with the
small time asymptotic solution, constitute a closed system to
solve for the aperture field Oðx,tÞ and the fracture length gðtÞ.
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3.6. Tip asymptotics

We now examine the nature of the solution near the leading
edge. In the neighbourhood of the tip, the leak-off term
C=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�yÞ

p
can be approximated as

Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tð1�yÞ

p CC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_g

gð1�xÞ

s
, 1�x51: ð40Þ

Using (40), the balance equation (33) is integrated in a small
region of size e51 near the leading edgeZ 1

1�e

1

g
@C
@x
þ
_O�x

_g
g
@O
@x
þC

_g
gð1�xÞ

� �1=2
" #

dx¼ 0, ð41Þ

which, after taking into account the boundary conditions
C ¼O ¼ 0 at x¼ 1, implies that

C �
x-1

_gOþ2C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g _gð1�xÞ

q
: ð42Þ

Combining (42) with Poiseuille’s law (29) then yields

O
3

g
@O
@x
þ _gOþ2C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g _gð1�xÞ

q
�

x-1
0, ð43Þ

where we have taken into account that F� 1 as x-1.
In the two limiting cases of storage- and leak-off-dominated

asymptotics, the behaviour of O near the leading edge can be
deduced from (43), by adopting an asymptotic solution for O of
the form

O �
x-1

AðtÞð1�xÞa: ð44Þ

In the storage-dominated case, the first two terms in (43) have to
balance; hence

a¼ 1

3
, A¼

ffiffiffiffiffiffiffiffiffi
3 _gg3

p
: ð45Þ

In the leak-off-dominated case, however, the first and third term
in (43) have to balance; hence the power law index a and the
strength A are given by

a¼ 3

8
, A¼

2

31=4
ð _gg3C2Þ

1=8: ð46Þ

The tip asymptotic behaviour in between these two limiting cases
can also be obtained, see [30] for more details. However, a
pragmatic approach is to adopt (45) when gogc (or totcÞ and
(46) when gZgc (or tZtcÞ where

gc ¼
g8=3
~m0

g5=3
m0

tc ¼
g ~m0

gm0

� �10=3

, ð47Þ

with gm0 and g ~m0ðCÞ, two numbers that are related to the
asymptotics of the fracture length for a PKN fracture at small
and large time, i.e. when the contained fracture propagates in the
storage- and leak-off-dominated regime, respectively (see (48)
and (49)). The length gc corresponds to the intersection of the
small and large time asymptotic solutions for the length of a PKN
fracture, while tc is the time corresponding to the intersection of
these two asymptotes. In the MATLAB code colP3D [31] that
implements the algorithm presented in this paper, the switch
between the two tip asymptotes is based on the time criterion.
This approach (based on either the length or the time criterion) is
empirically justified by the observations, reported further in this
paper, that the evolution of the fracture length is influenced little
by the height growth. An alternative empirical approach would be
to switch from (45) to (46) for the tip asymptote, when the tip
velocity decreases below a critical value deduced from comparing
the small and large time asymptotics for the tip velocity of a
contained fracture.
4. Regimes of solution

4.1. Time scales and similarity solutions

The P3D fracture problem is governed by two time scales, one
legislating the height growth and the other characterizing the
transition from a storage-dominated to a leak-off-dominated
regime.

The characteristic time tn introduced earlier does not depend
on the toughness KIc of the adjacent layers, nor on the leak-off
coefficient C0 of the reservoir layer. It actually represents the time
scale needed to reach, under the particular conditions C¼K¼ 0, a
large time similarity solution characterized by g¼ Const: and
O � t on account that U�O

�4
when tb1. Unfortunately, this

similarity solution violates the basic assumption on which the
P3D model is based, namely that the flow is mainly horizontal
(i.e. longitudinal), and is therefore only a mathematical curiosity
devoid of any physical interest. Nonetheless, tn represents a scale
for the time required to reach this height growth dominated
similarity solution.

Under conditions when the fracture remains confined to the
reservoir ðl¼ 1Þ, the time scale C�10=3t� characterizes the transi-
tion between a regime where the injected fluid is essentially
occupying the fracture to a regime where most of the fluid leaks
into the reservoir. Both regimes are described by similarity
solutions with a power law dependence on time [30], see
Appendix A for further details.
The M-solution (storage-dominated regime):

Oðx,tÞ ¼Om0ðxÞt1=5, gðtÞ ¼ gm0t4=5, ð48Þ

with gm0C1:006 and Om0ð0ÞC1:326.
The ~M-solution (leak-off-dominated regime):

Oðx,tÞ ¼O ~m0ðx,CÞt1=8, gðtÞ ¼ g ~m0ðCÞt1=2, ð49Þ

with g ~m0 ¼ 2=pC and O ~m0ð0Þ ¼ 2=p1=2C1=4.
Thus the transition between the early-time M-solution and the

large-time ~M-solution evolves with the dimensionless time C10=3t.
Calculations with the PKN model show, with an error of about 2%
or less, that the confined fracture grows in the storage-dominated
regime if C10=3tt10�5 and in the leak-off-dominated regime if
C10=3t\103 [30]. Reaching the ~M-solution requires K to be large
enough (actually at least of order Oð10C�2=3

Þ) to ensure contain-
ment of the fracture within the reservoir layer.

The M-solution is of particular importance because it serves as
a small time asymptotic solution from which the P3D fracture
evolves. While other processes may have taken place at times
prior to those at which the M-solution is applicable (for example,
when the fracture length is smaller than or of the same order as
the reservoir thickness H), the existence of an intermediate time
similarity solution usually implies that the details of the earlier
fracture evolution do not affect the process anymore once the
similarity solution develops [32]. This means that the evolution of
the P3D fracture can effectively start from the M-solution, and
that the prior history can be ignored. However, as shown below,
the M-solution is an appropriate small time asymptotic solution
for the P3D fracture, only if the dimensionless toughness K40.
4.2. Phases in fracture height growth

In principle, we can identify four phases of height growth
during propagation of the P3D hydraulic fracture, which are
delimited by three time markers: (i) the breakthrough time tb

corresponding to the onset of height growth, (ii) tp when the
fracture has penetrated into the layers bounding the reservoir
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Fig. 5. Contour lines of the breakthrough time tb in the ðC,KÞ space.
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layers throughout its length, and (iii) tu when height growth
becomes unstable.
Phase 1: Complete fracture containment (lðx,tÞ ¼ 1 for 0rxr1 and

trtbðC,KÞ). The fracture opening O is everywhere less than the
threshold value Ob ¼K=p given by (37). During this phase, the
fracture behaves according to the PKN solution [9,30].
Phase 2: Partial fracture containment (lðx,tÞ41 for 0rxoxlðtÞ and

lðx,tÞ ¼ 1 for xlðtÞrxr1; tbðC,KÞrtrtpðC,KÞ). At the interface,
Oðxl,tÞ ¼Ob and lðxl,tÞ ¼ 1. The position xlðtÞ of the interface
between the contained and uncontained fracture regions in-
creases with time, with xlðtbÞ ¼ 0 and xlðtpÞ ¼ 1: In the limit K¼ 0,
the fracture is never contained, i.e. tb ¼ tp ¼ 0.
Phase 3: No fracture containment (lðx,tÞ41 for 0rxo1 and

tpðC,KÞrtrtuðC,KÞ). The fracture opening O is larger than ObðKÞ
throughout 0rxrxlðtÞ but less than OuðKÞ at which value the
height growth becomes unstable.
Phase 4: Unstable height growth (lð1,tÞ4luðKÞ for tZtuðC,KÞ). The
solution loses its physical meaning once the height growth
becomes unstable, which corresponds to the condition O ¼Ou,
given by

Ou ¼
1

pK2
16þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4
þ64

q� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4
þ64

qr
: ð50Þ

Since O is a monotonically decreasing function, i.e., @O=@xo0 of x
(otherwise the fluid flow would be reversed), the runaway
condition will first be reached at the inlet. Hence the time tu at
which the instability takes place corresponds to Oð0,tuÞ ¼Ou. The
onset of unstable height growth marks the end of applicability of
the equilibrium height P3D model, but the beginning of relevance
of the dynamic height model.

Unlike the calculations of tp and tu, which require solving the
full set of equations governing the evolution of the P3D fracture,
the breakthrough time tbðC,KÞ can be readily calculated from the
known contained (PKN) fracture solution. The evolution of the
fracture aperture at the wellbore O0ðtÞ ¼Oð0,tÞ can be deduced
from the PKN solution to be of the form [30]

O0ðt; C,KÞ ¼
2

C

� �2=3

O0�
C10=3

24=3
t

 !
, ð51Þ

where the function O0�ðt�Þ is the inlet opening in the PKN scaling
[30]. Since the fracture starts to grow into the confining layers
when the mean fracture aperture at the borehole reaches the
threshold ObðKÞ, the breakthrough time tb is deduced to be given
by

tb ¼
24=3

C10=3
O
�1

0�

C2=3K
22=3p

 !
ð52Þ

where O
�1

0� denotes the inverse function of O0�. From the known
small and large time asymptotics of O0�, the asymptotics of tb for
small and large C2=3K can readily be deduced.
Storage-dominated asymptote:

tbs ¼
K

pOm0ð0Þ

 !5

C0:79710�3K5, C2=3Kt0:66: ð53Þ

Leak-off-dominated asymptote:

tbl ¼
C2K8

28p4
, C2=3K\8:5 ð54Þ

The above expression for tbs shows that the M-solution is not
the appropriate early-time solution for the P3D geometry, if K¼ 0.
However, we still use the M-solution to initialize the calculations
in that case since the correct early time solution has not yet been
established.

Contour plots of the breakthrough time tbðC,KÞ in the space
ðC,KÞ are shown in Fig. 5.
5. Numerical algorithm

5.1. A fourth order collocation scheme to solve the model equations

In this section we describe a fourth order collocation scheme
to solve the two-point boundary value problem (34) along with
the boundary conditions (39). In order to express the model
equations as a first order system over the domain xAð0,1Þ, we
revert to Poiseuille’s law and the original conservation law, which
can be expressed in the form

@O
@x
¼�

gC

UðO;KÞO3
¼ F1ðx;O,C,gÞ, ð55Þ

@C
@x
¼�

xg _gC

UðO;KÞO3
�g _O� Cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

t�t0ðgxÞ
p ¼ F2ðx;O,C,gÞ: ð56Þ

Eq. (38) for gðtÞ, expressing global conservation of the fracturing
fluid, i.e.,

t¼ g
Z 1

0
Oðx,tÞdxþ2Cg

Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t�t0ðgxÞ

q
dx ð57Þ

completes the system of equations. The time derivatives in (55)
and (56) are replaced by the following backward difference
approximations:

_gC gt�gt�Dt
Dt and _OC

Ot�Ot�Dt
Dt : ð58Þ

With these difference approximations, (55) and (56) are reduced
to a system of ordinary differential equations for O and C, which,
when combined with (57), form a nonlinear system that is
sufficient to determine ðO,C,gÞ at time t given the values at t�Dt.
This time stepping strategy can be interpreted as the backward
Euler approximation to the time derivatives in a method of lines
scheme in which the spatial discretization has yet to be defined.
The inlet boundary condition Cð0,tÞ ¼ 1 is imposed at the left
endpoint of the domain. At the right endpoint of the domain x¼ 1,
corresponding to the fracture tip, we have seen from our
asymptotic analysis that O � AðtÞð1�xÞa, where 0oao1. Thus
polynomial approximations to O, which include the tip, would be
inaccurate due to the fact that the derivatives of O are singular.
For this reason we decompose the interval [0,1] as follows
½0,1� ¼ ½0,xc� [ ðxc ,1� into a channel region ½0,xc� and a tip region
ðxc ,1�. In the channel region we apply a collocation approximation
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Fig. 6. Comparison between computed gðtÞ and Oð0,tÞ for imposed l¼ 1 (PKN

solution) with small and large time asymptotics (calculation performed for C¼ 1).
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to (55) and (56) and use a consistent approximation for the
integrals in (57). The right boundary condition for this system of
ODE is then provided by the appropriate tip asymptotic solution
(44) evaluated at xc , while the remaining contributions from the
tip region to the integrals in (57) are determined by the tip
asymptotics. In particular, assuming the asymptotic behavior (44)
we obtain the following approximation for the storage integral
over the tip region:Z 1

xc

Oðx,tÞdxC AðtÞ
1þa ð1�xcÞ

1þa
ð59Þ

and we make the following approximation to the leak-off integral
over the tip region:Z 1

xc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t�t0ðgxÞ

q
dxC

Z 1

xc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g
_g
ð1�xÞ

r
dx¼

g
_g

� �1=2 2

3
ð1�xcÞ

3=2: ð60Þ

In order to discretize the nonlinear system (55) and (56), the
interval ½0,xc� is partitioned into n�1 subintervals with break-
points f0¼ x1,x2, . . . ,xn�1,xn ¼ xcg. Defining the vector Y ¼ ðO,CÞ
we can re-write the system of equations (55) and (56) in the
following compact form:

dY

dx
¼ Fðx;Y ,gÞ, ð61Þ

where g is regarded as a parameter and the components of the
gradient field Fðx;Y ,gÞ are defined in (55) and (56). Following the
approximation scheme adopted in [33], we assume a Hermite
cubic approximation to Y on each subinterval. Integrating (61)
over a typical subinterval ½xk,xkþ1�, we obtain an integral form of
(61), which we then approximate using Simpson’s Rule

Ykþ1 ¼ Ykþ

Z xkþ 1

xk

Fðx;YðxÞ,gÞdx

¼ Ykþ
Dx
6

Fkþ1þ4Fkþ 1
2
þFk

h i
þOðDx5

Þ:

As in [33] we use the following Hermite cubic approximant to
~Y kþ1=2 ¼ ðYkþYkþ1Þ=2�ðDx=8ÞðFkþ1�FkÞ to evaluate Fkþ1=2C
Fðxkþ1=2, ~Y kþ1=2Þ in the Simpson approximation. Consistent with
the above approximation, we use the Composite Simpson’s Rule
to approximate the storage and leak-off integrals over the channel
region.

The above discretizations reduce the continuous system
(55)–(57) to a system of 2n�1 nonlinear equations for the 2n+1
unknowns fO1, . . . ,On;C1, . . . ,Cn; gg. The two boundary condi-
tions C1 ¼ 1 and On ¼OtipðxcÞ provide the additional constraints
required to solve for the 2n+1 unknowns. The complete system of
nonlinear equations is solved at each time step using a Newton
iteration scheme in which a finite difference approximation is
used to evaluate the Jacobian for the system at each iteration.

5.2. Accuracy and robustness of the algorithm

The spatial discretization used in the numerical scheme has a
global truncation error of OðDx4

Þ, see [33], while the backward
difference formula used to approximate the time derivatives has a
truncation error of OðDtÞ. To match the spatial to time scaling
x=

ffiffiffi
t
p

, which is intrinsic to diffusion problems, it might be
desirable to use a second order backward difference approxima-
tion to achieve a truncation order OðDx4,Dt2Þ. However, we have
chosen not to do this in order to maintain the simplicity and
brevity of the code which can be downloaded [31]. For this class
of problems an explicit time stepping scheme would require a CFL
condition of the form DtrkDx2, necessitating extremely small
time steps and long run times. Since the implicit backward
difference time stepping scheme used in this algorithm is an
L-stable method there is no time step restriction. In order to
perform simulations that connect both small and large time
scales, we have found that increasing the size of the time step by a
geometric factor r41, i.e., Dtkþ1 ¼ rDtk at each time step to be a
successful approach. For the results presented in the next section,
we have chosen a conservative approach for the choice of the
geometric time factor r¼1.01 in order to reduce the OðDtÞ
truncation errors to a minimum. For the problems in which we
explore the penetration of the layers, we have also chosen a
relatively fine spatial mesh n¼60 in order to be able to capture
the evolving penetration boundary l¼ 1 with greater resolution.
However, substantially larger r42 factors are possible without
adversely affecting the results and, as the comparisons with the
PKN asymptotic solutions demonstrate, a coarse mesh comprising
just n¼10 collocation points yields results that are almost
indistinguishable from the asymptotic solutions.
6. Numerical simulations

In this section, we report results of a series of numerical
simulations carried out with the MATLAB code colP3D [31] that
implements the algorithm described above. First, we validate the
algorithm by comparing the results of the simulations with the
known small and large time asymptotic solutions under condi-
tions when height growth is prohibited. Second, we perform a
series of simulations in which height growth is allowed and for
which the leak-off and toughness parameters, C and K, assume
one of the values 0 or 1.
6.1. Simulation without height growth (PKN)

To validate the numerical algorithm, we conducted a simula-
tion by forcing the fracture to remain contained within the
reservoir layer (i.e., lðx,tÞ ¼ 1), which formally corresponds to the
limiting case K¼1. Although the dimensionless leak-off coeffi-
cient C can be absorbed through a rescaling of the equations in
this particular case, by redefining the characteristic time, length,
and width (see Appendix A), the calculations were nonetheless
performed on the basis of the originally scaled equations for C¼ 1.
The discretization parameters for the simulation were n¼10 and
r¼1.2. The calculations were started at t¼ 10�8 with an initial
time step Dt¼ 10�9, and ended at t¼ 105, so as to guarantee that
the computed solution indeed evolves from the small time to the
large time similarity solution.
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The computed evolution of the fracture length, gðtÞ, and of the
average aperture at the inlet, Oð0,tÞ, is shown in Fig. 6, together
with the small and large time asymptotes. It can be seen that the
computed solution faithfully tracks the small time asymptotics
initially and recovers the large time asymptotics very well at the
end of the simulation. A comparison between the aperture profile
computed at the beginning of the simulation ðt¼ 1:16� 10�7

Þ

with that corresponding to the small time similarity solution is
shown in Fig. 7. In this figure the solid circles correspond to the
actual collocation points whereas the open circles correspond to
the midpoint values at which the Hermite cubic interpolants
~Y kþ1=2 are used. The time horizon at which these aperture profiles
are sampled is denoted by the first pair of solid circles shown on
the fracture length and aperture plots presented in Fig. 6. A
similar comparison at the end of the simulation ðt¼ 105

Þ with the
large time similarity solution can be found in Fig. 8. The time
horizon at which these aperture profiles are sampled is denoted
Fig. 7. Comparison between Oðx,tÞ computed for t¼ 1:16� 10�7 and C¼ 1 (with

l¼ 1) and small time similarity solution (shown in red dashed line). (For

interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

Fig. 8. Comparison between Oðx,tÞ computed for t¼ 105 and C¼ 1 (with l¼ 1)

and large time similarity solution (shown in blue dashed line). (For interpretation

of the references to colour in this figure legend, the reader is referred to the web

version of this article.)
by the last pair of solid circles shown on the fracture length and
aperture plots presented in Fig. 6. The numerical and the closed-
form solutions are virtually indistinguishable on both plots.
6.2. Simulations with height growth

A series of four simulations with height growth were under-
taken with C and K, each taking the values 0 or 1. The
discretization parameters for the simulation were n¼60 and
r¼1.01. We choose to use a large number of spatial collocation
points in order to ensure that we capture the penetration free
boundary l¼ 1 with sufficient resolution. In addition, we choose
this modest geometric growth factor for the time step to ensure
that the truncation error due to the first order time discretization
remains negligible. The calculations were started at t¼ 10�8 with
an initial time step Dt¼ 10�9 for both C¼ 0 and 1. The simulation
proceeded until t¼ 102 or lð0,tÞ ¼ 5:0 whichever event occurred
first.
Fig. 9. Plot of the evolution of the length of one fracture wing gðtÞ for (i) C¼ 0,

K¼ 0, (ii) C¼ 0, K¼ 1, (iii) C¼ 1, K¼ 0, and (iv) C¼ 1, K¼ 1.

Fig. 10. Plot of the evolution of the inlet average opening Oð0,tÞ for (i) C¼ 0, K¼ 0,

(ii) C¼ 0, K¼ 1, (iii) C¼ 1, K¼ 0, and (iv) C¼ 1, K¼ 1.
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The evolution of the fracture length, gðtÞ, the average fracture
aperture at the borehole, Oð0,tÞ, and the fracture height at the
inlet, lð0,tÞ, are shown in Figs. 9–11. Notwithstanding the use of
logarithmic scales for both time and length axes in Fig. 9, it can be
seen that the toughness K has little influence on the fracture
length evolution. As expected, leak-off slows fracture propagation.
The variation with time of the average fracture opening at the
inlet, shown in Fig. 10, is also not influenced much by K. These
observations suggest that the treatment efficiency Z defined as

Z¼ 2

t

Z 1

0
O dx

is not sensitive to K, as confirmed by Fig. 12. The evolution of the
fracture height at the borehole shown in Fig. 11 indicates a strong
dependence of l on both C and K. In particular, K delays the onset
of the breakthrough into the adjacent layers. Fig. 13 shows the
influence of both C and K on the evolution of the inlet net pressure
Pð0,tÞ. The larger Oð0,tÞ and lð0,tÞ values associated with C¼ 0
Fig. 11. Plot of the evolution of the inlet fracture height lð0,tÞ for C¼ 0, K¼ 0,

C¼ 0, K¼ 1, C¼ 1, K¼ 0, C¼ 1, K¼ 1.

Fig. 12. Plot of the evolution of the efficiency ZðtÞ for (i) C¼ 1, K¼ 0 and

(ii) C¼ 1, K¼ 1.

Fig. 13. Plot of the evolution of the inlet net pressure Pð0,tÞ for (i) C¼ 0, K¼ 0,

(ii) C¼ 0, K¼ 1, (iii) C¼ 1, K¼ 0, and (iv) C¼ 1, K¼ 1.

Fig. 14. Fracture height profile lðx,tÞ for selected t and C¼ 0, K¼ 0.

Fig. 15. Average fracture opening profile Oðx,tÞ for selected t and C¼ 0, K¼ 0.
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Fig. 16. Fracture height profile lðx,tÞ for selected t and C¼ 0, K¼ 1.

Fig. 17. Average fracture opening profile Oðx,tÞ for selected t and C¼ 0, K¼ 1.

Fig. 18. Fracture height profile lðx,tÞ for selected t and C¼ 1, K¼ 0.

Fig. 19. Average fracture opening profile Oðx,tÞ for selected t and C¼ 1, K¼ 0.

Fig. 20. Fracture height profile lðx,tÞ for selected t and C¼ 1, K¼ 1.

Fig. 21. Average fracture opening profile Oðx,tÞ for selected t and C¼ 1, K¼ 1.

J.I. Adachi et al. / International Journal of Rock Mechanics & Mining Sciences 47 (2010) 625–639636
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and K¼ 0 seem to yield the same Pð0,tÞ values as the much
smaller Oð0,tÞ and lð0,tÞ values associated with the case C¼ 1 and
K¼ 1. These simulations imply therefore that the fracture length,
mean fracture opening, and efficiency are mainly affected by the
leak-off coefficient C. The toughness K essentially impacts the
vertical growth of the fracture, the maximum fracture aperture,
and the fracture pressure.

Figs. 14–21 display the fracture height profile lðx,t) and
opening profile Oðx,tÞ at selected times for the four cases
considered. The opening profiles at the time of breakthrough, tb,
for K¼ 1 (or at the start of the simulation for K¼ 0) are
represented by continuous lines without symbols in these
figures. These profiles demonstrate the dramatic influence of the
fracture height growth on the shape of the fracture opening
profile.
7. Conclusions

In this paper we have revisited the classical equilibrium height
‘‘Pseudo-3D’’ model of a hydraulic fracture, which is used in the
design of most hydraulic fracturing treatments. This model,
introduced in the early 1980s by a number of researchers as an
extension of the PKN model, allows for penetration of the fracture
into the layers bounding the hydrocarbon reservoirs, while
maintaining all the other simplifying assumptions on which the
PKN model is built. The paper takes a different tack from previous
contributions on the P3D model. Rather than following ab initio a
discrete formalism, it first adopts a continuous formulation and
scaling of the problem, thus allowing for further analysis of the
mathematical model before embarking on the development of a
numerical algorithm. This approach leads to a nonlinear convec-
tion diffusion equation with a delay term that governs the mean
fracture aperture O, supplemented by an integral condition to be
solved for the fracture length g.

In this novel formulation of the P3D model, the effect of the
height growth is entirely embodied in the function UðOÞFa
source of additional non-linearity in the P3D model compared
with the PKN model, as this function is simply unity if the fracture
remains confined to the reservoir. The function UðOÞ captures the
variation of the hydraulic conductivity associated with penetra-
tion of the fracture into the adjacent layers, while implicitly
accounting for the propagation criterion that controls its vertical
growth. Although the paper restricts consideration to the simple
but important case of identical elastic properties for the reservoir,
with impermeable bounding layers and symmetric stress barriers,
the formulation used is general. Other factors influencing fracture
height growth, such as multiple bounding layers with different
elastic properties and confining stresses, can simply be assimi-
lated in the function UðOÞ, which is in principle computable. Even
for the simple configuration of concern here, the function UðOÞ is
not known in closed form. However, its dependence on one
number only, the scaled toughness K of the bounding layers,
ensures that it can easily be pretabulated. Furthermore, the
condition of unstable height growth, which marks the limit of
validity of one of the key assumptions of the P3D model, namely
the vertical uniformity of the fluid pressure, can be determined
explicitly in the form of a simple upper bound OuðKÞ on O.

Another contribution reported in this paper is the develop-
ment of an implicit fourth order collocation scheme on a moving
mesh to solve the nonlinear partial differential equations and the
integral relation governing the response of the P3D model. The
numerical method, which approximates both the mean fracture
opening O and the mean flux C by a cubic polynomial over a
discretization interval, is fourth order accurate in the space
variable. Despite being first order accurate in time, a doubling of
the size of the time step at each new step still leads to accurate
results while permitting a very rapid simulation over many
temporal orders of magnitude. The fourth order spatial approx-
imation numerical scheme implies that the solution could satis-
factorily be captured using a rather coarse mesh. However, the
accurate tracking of the penetration front ðl¼ 1Þ during the
propagation phase, when the fracture is partially contained,
requires sufficient spatial resolution of the computational grid.
Nonetheless, this algorithm could, in principle, be improved by
explicitly recognizing the existence of a propagation front,
through the introduction of two moving meshes: one for the
contained region and one for the uncontained region.

Finally, an analysis of the behavior of the P3D model was
conducted through a series of numerical simulations. Actually, an
assessment of the overall behavior of the system can readily be
made, as only two numbers, K and C, control the solution—thanks
to the assumption of symmetric stress barriers, homogeneous
elastic properties, and constant injection rate adopted for this
study. In particular, the limits of the four regimes of propagation
of a P3D fracture (fully, partially, and not contained to the
reservoir layer, as well as unstable height growth) can be
expressed simply in terms of time thresholds that only depend
on K and C. Also, as realistic values of the physical parameters
typically correspond to values of K and C within the range [0,1],
we reported the results of four simulations conducted for each
combination of K and C taking values of 0 or 1 so as to provide
glimpse of expected variation in the response of the system.
Remarkably, we found that the mean aperture field Oðx,t) and the
fracture length gðtÞ do not deviate significantly from the
prediction of the PKN model. However, since the fracture
compliance c is sensitive to the actual height of the fracture, the
net pressure is strongly influenced by penetration of the fracture
into the bounding layers.

The rigorous mathematical formulation of the P3D model
presented in this paper has made it possible to clearly identify the
important regimes of propagation from a contained fracture
initiating in the storage regime to a final state comprising a
partially or fully penetrated fracture propagating in the leak-off
dominated regime. A clear criterion for the onset of runaway
height growth, beyond which the model fails to be valid, has
also been established. The scaling analysis has made it possible
to clearly establish the fundamental relationship between
the front propagation dynamics and the propagation regimes
of the classical PKN model and the P3D model. The novel
implicit spatially fourth order collocation scheme is shown to be
robust and makes it possible to accurately explore the behavior
of the solution over the large range of time scales active in the
problem. The algorithm implemented in the downloadable
MATLAB code colP3D [31] could in principle be extended to
account for power law fluids, proppant transport, variable
injection rate and multiple layers. Such extensions would make
it a useful design code for Industry.
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Appendix A. Similarity solutions for contained (PKN)
hydraulic fractures

The solution of the contained hydraulic fracture is well-known
[9,34,30]. The quantities can be scaled in such a way that the
solution does not depend on any parameters other than the
stretching coordinate x and a dimensionless time t� [30].
The relationship between the scaled quantities introduced in
this paper and those defined by [30] (denoted by an asterisk) are
given by

O ¼
2

C

� �2=3

O�, g¼ 25

C8

 !1=3

g�, t¼ 24

C10

 !1=3

t�: ðA:1Þ

The solution degenerates into a similarity solution at small time
(the M-solution) ðt�t10�4

Þ and at large time (the M~-solution)
ðt�\102

Þ, both characterized by a power law dependence on
time.
M-solution. The small time asymptotic solution behaves with time
according to

gðtÞ ¼ gm0t4=5, Oðx,tÞ ¼Om0ðxÞt1=5, t51, ðA:2Þ

with Om0ðxÞ and gm0 governed by

5

4g2
m0

d2O
4

m0

dx2
þ4x

dOm0

dx
�Om0 ¼ 0, 2gm0

Z 1

0
Om0 dx¼ 1, Om0ð1Þ ¼ 0:

ðA:3Þ

The solution of (A.3) yields

Om0 ¼
12

5

� �1=3

g2=3
m0 ð1�xÞ

1=3 1�
1

96
ð1�xÞ

� �
þOðð1�xÞ7=3

Þ, ðA:4Þ

and gm0C1:00063.
~M-solution. The large time asymptotic solution behaves with time

according to

gðtÞ ¼ g ~m0t1=2, Oðx,tÞ ¼O ~m0ðxÞt1=8, tb1, ðA:5Þ

with O ~m0ðxÞ and g ~m0 governed by

d2O
4
~m0

dx2
�

4Cg4
~m0ffiffiffiffiffiffiffiffiffiffiffiffi

1�x2
q ¼ 0, 2Cg ~m0

Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

q
dx¼ 1: ðA:6Þ

The solution of (A.6) yields

O ~m0ðxÞ ¼
8

pC

� �1=4 2

p
xarcsinxþ

2

p

ffiffiffiffiffiffiffiffiffiffiffiffi
1�x2

q
�x

� �1=4

, g ~m0 ¼
2

pC :

ðA:7Þ

The series expansion of O ~m0ðxÞ with respect to the tip is given by

O ~m0ðxÞ ¼
211=8

p1=2ð3CÞ1=4
ð1�xÞ3=8 1þ

1

80
ð1�xÞ

� �
þOðð1�xÞ19=8

Þ:

ðA:8Þ

Appendix B. Asymptotics of the function gðl,KÞ

It is possible to extract some information about the asymptotic
behaviors of the function gðl,KÞ. We first rewrite the aperture
Oðz;K,lÞ in terms of the space variable u¼ 2z=l, i.e.
~Oð2z=l;K,lÞ ¼Oðz;K,lÞ and express ~O into two contributions,

one that is independent of K and another one that is proportional
to K. Furthermore, since the aperture is symmetric with respect to
u¼0, we are only concerned here with u40

~O ¼ ~O0ðu;lÞþKl1=2 ~OkðuÞ, 0rur1, ðB:1Þ
where

~Oo ¼
8

p2
~f2 ðu; lÞ�ul ~f1 ðu; lÞ

h i
, ~Ok ¼

4

p2

ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2

p
, ðB:2Þ

with

f1ðu; lÞ ¼

arctanh
u

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

 !
, 0ruo

1

l
,

arctanh

ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

u
ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
 !

,
1

l
our1,

8>>>>><
>>>>>:

f2ðu; lÞ ¼

arctanh

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
l
ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

 !
, 0ruo

1

l
,

arctanh
l
ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

ffiffiffiffiffiffiffiffiffiffiffiffi
l2
�1

p
 !

,
1

l
our1:

8>>>>><
>>>>>:

ðB:3Þ

B.1. Large penetration asymptote

Let ~O0l denote the asymptotics of ~O0 for large penetration
of the fracture into the bounding layers, i.e., for lb1, which is
given by

~O0l ¼
8

p2
�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2

p
þ

1

2
ln

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

1�
ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

 !" #
,

1

l
our1, lb1:

ðB:4Þ

Consider now the following two integrals, Oðl,KÞ and Yðl,KÞ:

O ¼ 2

Z l=2

0
OðzÞdz¼ l

Z 1

0

~OðuÞdu, ðB:5Þ

Y¼ 2

Z l=2

0
O3
ðzÞdz¼ l

Z 1

0

~O
3
ðuÞdu: ðB:6Þ

The large penetration asymptotes of these two integrals, O l and
Yl can then be expressed as

O l ¼Kl3=2
Z 1

0

~Ok duþl lim
l-1

Z 1

1=l

~O0l du, ðB:7Þ

Yl ¼K3l5=2
Z 1

0

~O
3

k duþ3K2l2 lim
l-1

Z 1

1=l

~O
2

K
~O0l du

þ3Kl3=2 lim
l-1

Z 1

1=l

~OK ~O
2

0l duþl lim
l-1

Z 1

1=l

~O
3

0l du: ðB:8Þ

All the integrals are thus only numbers, independent of either K
or l, which can be computed either exactly or numericallyZ 1

0

~OKdu¼
1

p
,

Z 1

0

~O0l du¼
2

p
,

Z 1

0

~O
3

K du¼
12

p5
,

Z 1

0

~O
2

K
~O0l du¼

88

3p5
,

Z 1

0

~OK ~O
2

0l du¼ a12,

Z 1

0

~O
3

0l du¼ a3,

with a12C0:394028 and a3C2:36427.
After some manipulations, we can write the large l asymptote

of g, gl ¼ p2Yl=12O
3

l , as

gl ¼
3K3l3=2

þ22K2lþ3a1K
ffiffiffi
l
p
þ3a2

3l2
ðK

ffiffiffi
l
p
þ2Þ3

, ðB:9Þ

where a1 ¼ a12p5=4C30:145 and a2 ¼ a3p5=12C60:293.

B.2. Small penetration asymptote

Let ~O0s denote the asymptotics of ~O0 for small penetration of
the fracture into the bounding layers, i.e., for 1�l51, which is
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given by

~O0s ¼
8
ffiffiffi
2
p

p2

ffiffiffiffiffiffiffiffiffiffi
l�1
p ffiffiffiffiffiffiffiffiffiffiffiffi

1�u2
p

þ
1

12
ðl�1Þ

1þ7u2ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2
p

	 

, 0our

1

l
, 1�l51:

ðB:10Þ

Consider now the following two integrals, Oðl,KÞ and Yðl,KÞ:

O ¼ 2

Z l=2

0
OðzÞdz¼ l

Z 1

0

~OðuÞdu, ðB:11Þ

Y¼ 2

Z l=2

0
O3
ðzÞdz¼ l

Z 1

0

~O
3
ðuÞdu: ðB:12Þ

The small penetration asymptotes of these two integrals, Os

and Ys, can then be expressed as

Os ¼Kl3=2
Z 1

0

~Ok duþl lim
l-1

Z 1=l

0

~O0s du: ðB:13Þ

Hence

OsC
K
p
l3=2
þ

2

p
l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðl�1Þ

p
C

2
ffiffiffi
2
p

p
l
K
2

ffiffiffi
l
2

r
þ

ffiffiffiffiffiffiffiffiffiffi
l�1
p

 !
: ðB:14Þ

To calculate Ys and in order to remove the non-integrable terms,

we approximate ~O
3

s as

~O
3

s C
210

ffiffiffi
2
p

p6

K
2

ffiffiffi
l
2

r
þ

ffiffiffiffiffiffiffiffiffiffi
l�1
p

 !3

ð1�u2Þ
3=2
�

1

4
ð1þ7u2Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1�u2

p
hðl;KÞ

	 

,

ðB:15Þ

where the function hðl,KÞ is defined as

h¼
ðl�1Þ3=2

K
2

ffiffiffi
l
2

r
þ

ffiffiffiffiffiffiffiffiffiffi
l�1
p

: ðB:16Þ

Hence

YsC
3 � 26

ffiffiffi
2
p

p5
l
K
2

ffiffiffi
l
2

r
þ

ffiffiffiffiffiffiffiffiffiffi
l�1
p

 !3

1�
11

12
hðl;KÞ

	 

, ðB:17Þ

and

gs ¼
1

l2
1�

11

12
hðl;KÞ

	 

: ðB:18Þ

B.3. Large l asymptote

For Kb1, the function O0 can be neglected in front of Kl1=2Ok;
thus

OC
4K
p2

ffiffiffi
l
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
�4z2

q
, ðB:19Þ

and

gC
1

l2
, Kb1 ðB:20Þ

which shows that the large K asymptotics is independent of k.
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