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The Impermeable Case

This paper presents a novel asymptotic framework to obtain detailed solutions describing
the propagation of hydraulic fractures in an elastic material. The problem consists of a
system of nonlinear integro-differential equations and a free boundary problem. This

combination of local and nonlocal effects leads to transitions on a small scale near the
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crack tip, which control the behavior across the whole fracture profile. These transitions
depend upon the dominant physical process(es) and are identified by simultaneously
scaling the associated parameters with the distance from the tip. A smooth analytic
solution incorporating several physical processes in the crucial tip region can be con-

structed using this new framework. In order to clarify the exposition of the new method-
ology, this paper is confined to considering the impermeable case in which only the two
physical processes of viscous dissipation and structure energy release compete.
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1 Introduction

Hydraulic fracturing involves the propagation of a fracture in a
brittle material, such as rock, due to the pressure exerted on the
fracture surfaces by a viscous fluid that is pumped into the frac-
ture. Hydraulic fractures occur naturally as a result of magma
driven flows [1-3] as well as in several industrial and environ-
mental applications such as the deliberate propagation of fractures
in oil and gas reservoirs to enhance oil recovery; the generation of
free-surface parallel hydraulic fractures in block caving mining
operations as an alternative to explosive blasting [4]; and the gen-
eration of hydraulic fractures that are subsequently filled with im-
permeable material to isolate toxic waste or environmentally sen-
sitive regions.

In many of these applications it is important to determine the
progress of the fracture surface over time, which cannot be ob-
tained from the few quantities that can easily be monitored, such
as the fluid volume and pressure. It is, therefore, desirable to
develop mathematical models that will predict the evolution of
hydraulic fractures under given pumping conditions and geologi-
cal situations [3,5-14]. The objective of these models is to calcu-
late the fluid pressure, fracture width, and footprint given the
properties of the rock, the injection rate, and the fluid character-
istics. These models typically assume that: (i) the intact rock is
linear elastic having a Young’s modulus E and a Poisson’s ratio v;
(ii) the fluid has viscosity u; (iii) the progress of the fracture is
controlled by rock toughness Kj.; (iv) the loss of fluid to the
reservoir (not considered in this paper) is determined by the leak-
off coefficient C;.

While the most general hydraulic fracture situations require nu-
merical solution of these models, analytic and asymptotic methods
also provide solutions for simple geometries. The highly nonlinear
terms in the fluid flow equations, the nonlocal elastic response of
the fracture, and the history-dependence of a sink term governing
the fluid-loss present considerable challenges to mathematical
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analysis. The analytic solutions are important as they provide:
benchmarks against which to test numerical algorithms; detailed
information about the singular near-tip behavior of the solution in
order to design suitable basis functions for numerical models; and
the parameter values and length scales that characterize the tran-
sitions between distinct combinations of physical processes.

The purpose of this paper is to present a novel asymptotic
framework that enables us to determine the different propagation
regimes as well as an asymptotic solution. The ultimate strength
of the new methodology is its capacity for developing asymptotic
solutions when more than two physical processes compete or, for
situations in which the solution is not self-similar, for example,
when a fracture passes through a bi-material interface. For clarity
of exposition of the new methodology we concentrate here on
self-similar solutions as in [15], in which only two physical pro-
cesses (viscosity and toughness) compete.

The fracture geometry considered here, known as the KGD
(plane strain) model, was developed independently by Geertsma
and de Klerk [8] and Khristianovic and Zheltov [12]. It assumes
the fracture is an infinite vertical strip so that horizontal cross-
sections are in a state of plane strain, see Fig. 1. This model is
applicable to large aspect ratio rectangular planar fractures and
was extended in [16] to include toughness. A major contribution
to this mathematical modeling was by Spence and Sharp [16] who
initiated the work on self-similar solutions and scaling for a KGD
crack propagating in an elastic, impermeable medium with finite
toughness. Their approach has been continued through asymptotic
analyses of near-tip processes, yielding results for zero-toughness
in an impermeable rock [17]; and for zero-toughness when leak-
off is dominant [18]. Several papers [19-21] have extended this
analysis to include toughness and fluid lag, where regions devoid
of fluid develop close to the crack tip, along with transitional
regions. This paper assumes that fluid lag is negligible and so
these effects can be ignored.

Certain phases of hydraulic fracture propagation are character-
ized within a dimensionless parametric space [15,22], with bound-
aries controlled by the dominant processes, namely viscosity, en-
ergy release/toughness, or leak-off. This framework has been the
basis for semi-analytical solutions for simple geometries (KGD
and penny-shaped) which have provided benchmarks for numeri-
cal simulators. These include the following asymptotic regimes:
impermeable with zero toughness [23-25], small toughness [26],
finite toughness [16,27], and large toughness [25,28]; and perme-
able with zero toughness [29].

MARCH 2007, Vol. 74 / 365



Fracture Tip

G,
y Leak—off

1 w(x,t)
G,

P

) 1(t)

Fig. 1 The KGD profile and its cross-section

The analysis in this paper is closely related and complementary
to these most recent studies; thus we describe here how our frame-
work is different and more far-reaching. Previous analyses
[21,23,24,26,28,30] have been limited to parameter regimes in
which one or two physical processes dominate the dynamics, with
the remainder of the related nondimensional quantities set to zero.
A different set of scaling parameters is defined depending on
which process is dominant, corresponding to the edges and cor-
ners of the parameter space [22,31]. We develop an asymptotic
method which handles different scaling limits within a single
framework, and so it is not necessary to redefine scaling param-
eters to consider the effect of different dominant processes. Al-
though this study also only considers two physical processes, our
analysis can be directly applied in situations where several pro-
cesses are in balance, for example, including leak-off [32]. It can
also be extended to other geometries, such as the PKN model
[33], which assumes an elliptical vertical cross-section in contrast
to the KGD model.

We avoid the semi-infinite approximations used in previous
studies and consider parameter regimes which allow an
asymptotic expansion with self-similar solutions. The method in-
volves the simultaneous scaling of the physical processes relative
to a parameter denoting the distance from the tip. A uniform
asymptotic solution is then constructed in the tip region by re-
scaling the governing equations in terms of this small parameter.
We determine the regions where the different processes are domi-
nant, and relate them back to physical space. The process also
identifies an important parameter combination quantifying these
spatial transitions, which is used to match the local expansions
analytically. This is in contrast to [26], where matching is done
numerically. We find that the flexibility of the method is valuable
for understanding the nonlocal and local effects in the model.

1.1 Governing Equations. We describe the governing equa-
tions for the propagation of an impermeable, KGD fracture driven
by a viscous fluid in a uniform elastic medium under conditions of
plane strain, as shown in Fig. 1. The solution is constructed to
determine the fracture opening w(x,7), net pressure p(x,r) (the
difference between the fluid pressure p; and the far-field stress
0y), and the fracture half-length, [(r). We define three combined
parameters E’, u', and K’, in terms of the material parameters E,
v, u, and K., as

E 2 172
E'=——, u'=12u, K’=4(—> K. (1)
1-17 T
Along with the volumetric fluid injection rate Q, these param-
eters govern the fracture propagation. Consistent with linear elas-
tic fracture mechanics, we assume that the rock toughness Kj.
equals the stress intensity factor K;, which, for a symmetric crack
in a state of plane strain subjected to a pressure p, is given by
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The governing equations are given as follows: The conservation

of the fluid mass for an incompressible fluid with zero leak-off is

described by the lubrication equation
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For a state of plane strain, the elasticity equation
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expresses the force balance through a nonlocal relationship be-
tween the fracture opening and the net pressure. Equations (2) and
(4) imply the local propagation condition

w=(K'TEWI—x+0[(1-x)*], x— =1 (5)

which determines the asymptotic behavior of the fracture opening
close to the tip. Finally, we have boundary conditions, which en-
sure zero width and zero fluid loss at the tip

P
w=0, w3a—p=0, atx= +1 6)
X

The global volume balance condition

!
Qotzf w(s,t)ds (7)
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results from integrating (3) and using (6). The solution is con-
structed asymptotically by alternatively solving the lubrication
equation (3) and the elasticity equation (4). In the near-tip region
the dominant physical process is the energy release which is cap-
tured by the propagation condition (5). The remaining unknown
constants are then found by applying the global volume balance
condition (7); this also confirms the balance of dominant physical
processes that arise.

1.2 Scaling and Dimensionless Equations. We seck a self-
similar solution in the form w(x,?)<(r)Q(x/,t) and, therefore,
write the governing Egs. (3)—(7) with nondimensionalized width,
pressure and length scales

E=x/l, I=Ly, w=€lLQ, p=e€eE'Tll (8)

as used in [31,28,26]. The nondimensional quantities ) (the open-
ing), IT (the net pressure), and 7y (a fracture length) are all O(1).
The parameter € is introduced here for comparison with
[26,28,31], where it is used to relate w/l to p/E’. However, it
could be set to unity in our analysis. The parameter L denotes a
length scale and is of the same order as /. We assume that 7y
=constant in our analysis below and show that this assumption is
valid in Sec. 2.5, for the impermeable case of zero leak-off.

The three nondimensional quantities, which play important
roles in our analysis, are

K! ’

Oyt
= eE' L2’ g )

- -
"TEET TV el?
representing toughness/energy release, viscosity, and injected fluid
volume, respectively. We simultaneously balance these parameters
with the distance from the tip which allows us to consider regimes
where both toughness and viscosity compete. The method can also
be extended to consider multiple competing physical processes in
balance, as in [32] where leak-off is included. Note that we have
not introduced a nondimensionalized time scaling since it does not
affect this balance approach. Here we examine the case where
Gy # 0 and G,, # 0; the analysis for G,,=0 is the so called Griffiths
crack solution [34], and G;=0 is the viscosity solution [17,26].

The governing Egs. (3)-(7) can, therefore, be written as

Gk )
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Q=G0 59" ¢— =1 (12)

1
gv=7f Qdy (13)

-1
0=0, até=1* (14)

We determine different local expansions depending on which
physical process is dominant, and then construct a uniform near-
tip solution analytically. The regions where these expansions are
valid depend on a critical parameter which is a combination of the
dimensionless G quantities (9), and the transition in behavior can
be related to the dominant physical processes. We determine this
parameter as part of the process by scaling Egs. (10)—(14) with a
parameter controlling the distance from the tip £€=1. Our method
relies on analyzing the governing equations in this nondimen-
sional form but we also quote the results in the original dimen-
sional variables at the end of Sec. 2 to more easily give a physical
interpretation.

Some of the expansions in this paper have been found previ-
ously, see [16,17,26,28,31] for example. We obtain the well-
known results that the fracture width has (1-x/[)'? and (1
—x/1)*? asymptotic behavior for the toughness and viscosity
dominated regions, respectively. We also show that the fracture
grows as 13 and the fracture width is proportional to 3. Al-
though we confirm previous work, our new approach gives the
construction in a transition region, where the solution consists of
several terms in the expansion and thus is not purely a power law.
It is also has the flexibility to handle behavior dominated by dif-
ferent physical processes simultaneously. When considering two
or more physical processes, we do not rely on a scaling in which
any one process is dominant: This is in contrast to other studies,
[26,28,31] amongst others, where the nondimensional quantities
Gy corresponding to the controlling processes are set to unity. In
our method the critical parameters are determined as part of the
expansion. In Sec. 2 we describe the approach of the method in
detail and in Sec. 3 we briefly describe how the methodology can
be extended to include leak-off and in [33] it is applied to the
PKN model.

2 Analytical Solution Method

We now describe the new approach, which provides a unified
framework to balance viscosity and toughness simultaneously.

2.1 Re-scaled Equations and Balancing Approach. First we
scale the key dimensionless quantities in (9) with a parameter §
<1 related to the distance from the tip £&=1. Then we define an
asymptotic expansion for both () and II in terms of this parameter,
and balance & with the nondimensionless quantities Gy 9).
Through this procedure we can locate changes in the behavior of
the solution and the spatial regions characterized by the different
dominant physical processes. Thus we define

1-&=¢ (15)

gk = &gkékv gm = yn’émv gv = yvév (1 6)

where the Q() quantities are all O(1). The construction of the
asymptotic expansion determines inequalities between the values
of the exponents B, which characterize the different regimes.
The parameter §<<1 is essentially the distance from the tip, since
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we assume that z is O(1). Previous work, for example [26,28,31],
assumes a semi-infinite approximation; however, the parameter 8
allows us to be more general in the analysis of the fracture tip
behavior as we have not assigned the exact distance from the tip.
The semi-infinite approximation does not allow extensions to in-
clude stress jumps, for example, whereas the methodology de-
scribed in this paper can incorporate such modifications. Note that
the parameter ¢ is used for bookkeeping to balance terms in the
expansion, but does not appear in the final solution.

We assume that the solution is symmetric about £€=0 (see Fig.
1) and so, without loss of generality, we consider the interval 0
< &< 1. Then the integral in (11) is written as (and similarly for
the integral in (13))

140 ydy
2 2
o Ixx -§

The governing Egs. (10)—(14) are now written in terms of z by
substitutions of (15) and (16)

(D gL
el Ly dz

1 dQ dx 1
dmy)_ dXX 5

Mm=-— (17)

2777

aQ 5Pn2d dIl
yzdz[m—] (18)

dz

N e a0 (-on o ()
=—— — r
2y o drr2-6r-z202-&)
0= Qk'y”zﬁek“/zz”z, 70 (20)
1/8
PG, =2y8 f Qdr (21)
0
0=0, atz=0 (22)

As mentioned above, we expand () and II in terms of 8. The
terms in these expansions can then be combined with the powers
of & appearing explicitly in (18)—(22). Hence we set

Q=PH2(Qp+ 6840, + -++) (23)

=8BkH0+ STIHI"' (24)

The exponents «; and o; are unknown at present and determined
below in terms of the exponents B(y in (16) as part of the
asymptotic construction. The method involves substituting (23)
and (24) into (18)—(22) and matching terms in powers of & using
the exponents B(). This determines the exponents a; and o; and
shows how the relative magnitudes of the dimensionless param-
eters (9) compared with § influences the solution.

The sign of «; determines the leading order behavior of the
solution, and we see more clearly how this arises in the expan-
sions (23) and (24) by considering the lubrication Eq. (18). The
leading order terms in & satisfy

a0 _ 1, ,d [mg}
dZ gm’yz dZ dZ

where we have assumed that the length scale L satisfies L=C 1.

The two situations which arise are either (i) the right-hand side
of (25) is dominant and thus set to zero, so that to leading order
[T=constant, and () is determined using the propagation condition
(20). This corresponds to a;>0 and so () is dominant and ob-
tained from the propagation condition (20) which gives the clas-
sical square root term associated with a dominant toughness
[28,31]. This in turn also defines IT; via (19). Note that the pre-
factor 6% incorporated explicitly in (23) and (24) comes from the
dimensionless toughness G;. Also, we show below that the other
solution in (25), namely Q3I1’ =constant, cannot arise. Or, (ii) the
two terms in Eq. (25) balance. This corresponds to a; <0 where

(25)
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viscosity dictates the leading order behavior of z*3, as in
[17,26,31] and discussed here in Sec. 2.3. Then the leading order
terms in (23) and (24) are ; and II;, and we find that Q,II,
=0. Hence the square root behavior is not leading order, implying
that toughness is not dominant. Our expansion ties this change in
leading order behavior to physical space.

To give the details and higher order terms of expansions (23)
and (24) we substitute these expressions into the lubrication equa-
tion (18) to give

L
I(E )t83k+l/2(00+ 501191 + .“)+)\(1 _ 52)‘98,(—1/2

€L
(dQO dQ, )
X ==+ 06—+ -
dz dz
&Bm’1/2+3ﬁk d
S (@ 50 )
Gy ®
a1t dIT
X(ﬁgk—0+6"1—'+-~->] (26)
dz dz
and into the elasticity equation (19)
12 (2140 dQ
Filly+ 00l + ++ =— . —Lpom—1
2Ty o dr dr
(1-25r)
cee d 27
)r(2— —2-a &

In Secs. 2.2 and 2.3 we use (26) and (27) to determine local
expansions in the different asymptotic limits, «;>(<)0, by bal-
ancing terms according to powers of &, and in Sec. 2.4 we match
to obtain a uniform near-tip expansion. Finally, in Sec. 2.5 we
substitute () from (23) into the global volume balance equation
(21) to determine remaining unknown coefficients.

2.2 The Near-Tip Behavior (a;>0). First we look for an
expansion where a;>0, and determine the conditions under
which this is valid. The leading order terms in (26) and (27) for
6<1 are

5B,”71/2+4Bk d dI1
0=———| 0} (28)

Guy el e

8512 (7240 1-6
Plly=-— | —2 U= 4 (o)
2@y ), dr r(2—6r)—z(2- &)
and the solution is determined as
J’— CO

QQ(Z) = CoVZ(z - 51)7 HO(Z) = 4_7 (30)

where I1; is found by integrating (28) (see [32].) The solution (30)
is the eigenfunction of (29) which, with Il,=constant, is symmet-
ric about £=0. It satisfies the propagation condition (20) to yield

A —

Co=Gi\y/2. Comparison of the two leading terms in (26),
namely the 8% /2 and §Pn=1/2+4Pi terms, shows that we are in the
toughness regime. We assume 8% 2< §Bn=1/2+4Br and then use

(16) to deduce that Qi is large compared with G,,, since the G, are
O(1). From the constant C;, observe that the leading order term in
the expansion for ) (for @; >0) involves the re-scaled toughness
parameter G;; this, together with the square root behavior, also
implies that the toughness is dominant in this region. Note that we
disregard the solution QSH(’)zconstant in (28). Using the propa-
gation condition (20) for (), implies that I1; is O(z~"?) to leading
order, but this contradicts I1y=constant, which arises from (29).
The next order terms in (26) and (27) for §<<1 are
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4O 5—ﬁm+3ﬁk—1/2+0'] d dr1
AP — 03— 31)
dz GV dz dz
il (P40, (1-47)
Mlj=——— — dr (32)
2wy ), dr r(2-6r)-2(2-&)

Equating exponents of & in (31) and (32) defines «; and o, ex-
plicitly

a =12+ B,-3B, 01=6,—2B (33)

The condition ;>0 can be written as gi/gm> 82, using (16),
and violation of this condition means we are no longer in the
toughness dominated regime.

We can now obtain ); and IT;: Solving (31) gives

) - %[ln(l - &%) -1In(&z)] (34)

1-
2-0z) 4w

for z=0(1), and then Q,(z)=C,z follows from (32). Note that the
integration constant in (31) must be zero, otherwise I1; has infi-
nite energy, deduced from integrating (31), also discussed in [32]:
a non-zero constant means that I1; includes a z~/? term, but sub-
stitution into the integral (2) would then yield an infinite stress
intensity factor K;. We can then find C; by substituting (34) into
(31), considering the leading order terms only.
Hence the first two terms in the expansion (23) for () are

O =8G, \/%Vﬁz(Z -87) + 477)/2)\%58"1_3&(52)
k

(35)

which is valid when a;>0 or G;/G,,> 6", i.e., close to the tip
for & near 1. The square root term is dominant, but in the transi-
tion region both terms in (35) become the same order, which is
when toughness and viscosity balance.

2.3 The Intermediate-Tip Behavior (a;<0). The leading
order terms in (26) for <1 are now
dI1
o ‘] (36)

3B,—1/2+3
xc?@k—l/zwl—dﬂl = —gﬁm - alwli[

dz G, },2 dz

which is coupled with the expression for II; in (32). Equating
exponents of §in (32) and (36) gives

'd_z

a,=1/6+B,/3-B. o1=-1/3+B,/3 (37)

The condition ;<0 then becomes G;/G,, < &%, which holds in
the viscosity dominated regime; combining this with the analysis
in Sec. 2.2 shows that the transition region occurs when gi/gm
=0(6"?), and will be discussed in the following section.

Again we look for {); as a power law in z, namely

leélzm+92 (38)

where (), is a small correction term found below. This is equiva-
lent to a perturbation expansion for the solution of (36) for ),
<1, which we confirm in the matching.

The elasticity equation (32) can then be used to obtain

. Cimé' (2 - &)7!
4y

1m m—1

I1, = cot mm +0(8'™) +11,

(39)

where the leading term is the standard result for the integral (32)
of Q, for §—0, as given in [35] and discussed in the Appendix,
and II, is the term corresponding to (),. We integrate (36) and
substitute ), and II; from (38) and (39), respectively; then the
leading order terms are
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)\Clzm — 1Km Z417172 (40)

4grny3
where, for convenience, we have defined u,,:=m(m—1)cot 7m.
Equating exponents of z yields m=2/3 and the remaining expres-

sion determines C;. The equation for Q, is then

NdQ 1 d|3¢ _, .dII
2 _ a 1;“2/3QZ + C?sz_z
4

de "G,y del 4y

(41)

We look for solutions to (41) of the form Q,=A,z"+ 4,27, with
I1, following directly from (32). Substitution of ), and II, into
(41) leads to

. el A hé?./zll h—-1
)\A]Z( = )+)\p_A2ZP= ~ [h(h— I)COt 7Tl’l+3/~l«2/3]z B
L“g"’l’y,i
PE?Az -1
+———[p(p = Dcot mp + 3u,312"
46,7’

(42)

The coefficients Al and Az are unknown as they correspond to
coefficients of homogeneous solutions to the linear Eq. (41).
These are found below, by matching with (35). Setting p=0 gives
one independent solution Qz=.,212. The other independent solution

is found by solving a transcendental equation from matching the
coefficients of z"~! in (42). This reduces to

h(h = 1)cot Th+ 2413 =0 (43)
We find that 4=~ 0.138673, which confirms the result in [26]. The
solution does not satisfy the z!/2 behavior described by the propa-

gation condition (20) for G, >0 (since m# 1/2 and h# 1/2), and
so toughness is not dominant in the region where this solution
holds. The terms ), and Il are, therefore, set to zero in (23) and
(24).

Then the first term in the expansion (23) for () is

. 4 ?)\ 1/3 A 62/3—1'1
0= 58n1/3g’1n/3 { :: } (5Z)2/3+ 1,\ (5Z)h+

m m

(44)

for a; <0 or Gi/G,,<&". This expression is valid only away
from ¢=1, since the propagation condition (20) is not satisfied.

It should be noted that the next term in the expansion for () in
(23), for a; <0, is given by ,=z%3. It can be shown to be higher
order in the construction of the uniform near-tip expansion and so
is not included in (44).

2.4 Transition Region and Matching. We now consider the
local expansions (35) for a; >0 and (44) for a; <0, to determine
the transitions in spatial behavior, find the unknown coefficients
by matching, and construct the uniform near-tip asymptotic ex-
pansion. Motivated by the balance Egs. (33) and (37), we define a
combined parameter Py, involving G; and G,,, namely

7)km = gz/gm (45)

which appears explicitly in both expansions. These expansions
can be written in the ¢ scaling, without &, in terms of Py, as

Q~ GLCN1 =&+ C, Py (1 - 8] (46)

Q~GYPCi(1- P+ A (P (1= &'+ Ay(P,)] - (47)

for a; > (<)0, respectively. The coefficients Cy, C,, and C; have

been re-defined without the Q() terms as these are combined with
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transition at 1 — & = O(PZ,,.)

(1-

( —ﬁ

£

Fig. 2 Diagram of the solution Q versus £ near the fracture tip
with transition region at 1-¢=0(P2,)

8% to give the dimensionless G). Also, the coefficients A;(P,,)
and A»(Py,,) are re-defined, observed by comparing (44) and (47).
These depend on the parameter P, since they are determined by
matching (46) and (47) in a transition region which is related to
Prms as discussed below. Some of the terms in (46) and (47) have
also been found in previous work. The terms in (46) were given in
[16,26,31], and also in [28] in the asymptotic limit of large tough-
ness, with the second given for x— %/, i.e., in limit close to the
tip. The first term in (47) is found in [17], and the first two terms
in (47) are used in local expansions in [26,31], in the asymptotic
limit of small toughness as x— +/. However, the constant term in
(47) is not found in [26]. This new parameter is important in the
matching, as shown below.

The definition of the parameter P, follows naturally from the
two different regimes where either toughness or viscosity domi-
nates the behavior. These two regimes correspond to a; > (<)0, as
seen by re-examining (33) and (37). Recalling that 1—-£=0(6), we
can rewrite the condition on «; in terms of the physical param-
eters G, and the distance from the tip. The solution for a;>0 is

physically significant when toughness is dominant (gi>gm),
which in physical space is close to the tip and translates to Py,
>(1-9"2. As (1-9"? approaches Py,,, the terms in (46) and
(47) are the same order of magnitude; we observe a transition to
an intermediate-tip region (see Fig. 2), which is found by consid-
ering a; <0 in (47). This is valid when the viscosity is dominant
(Qi<gm), which in the physical space is away from the tip and
translates to Py, <(1—£)"2. Thus the expansion (46) holds for
1-£é< P%m and the expansion (47) for 1-¢=0(Py,,), with 0<s
<2, and Py, <1.

The results confirm work carried out in [26] where the expan-
sion is in terms of a parameter Ke<1 with Gi=K for G,=G,=1;
the relationship P2m=0(1 —¢) can be shown to be equivalent to
their scalings with K. Also, our expansion for the toughness domi-
nated solution (46) agrees with that found in [28] where a series
expansion is obtained in terms of a parameter M with G,,= M for
G,=G,=1. However, one difference between the two approaches
is that in both [26,28] the matching is done by numerical calcula-
tion of a series expansion, while below we construct a uniform
near-tip expansion analytically. The other main differences are
that our framework can be extended to consider cases with more
than two physical processes in balance, for example, including
leak-off [32], and extended to cases in which the solution is not
self-similar.

We construct a uniform near-tip asymptotic approximation by
matching in the transition region where g,f/ G,,=0((1-9"?). In
this region the leading order terms in the lubrication equation
satisfy (25), coupled with the propagation condition (20). Note
that both (46) and (47) are solutions of (25) in the two asymptotic
limits. A closed form solution to (25) cannot be given in this
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Fig. 3 Solution profiles of ) versus ¢ in the viscosity domi-
nated regime with G,,=1 and G,=0.45,0.35,0.15 (and so Py,
=0.091,0.043,0.003)

region, but it can be constructed computationally where 1-¢
=0(P,fm) for 0<P,,, <1, providing the basis for numerical
matching in [26].

However, the identification of P, and the correct form of (),
allows us to determine the remaining unknown coefficients
A(Py,,) and Ay(Py,) to give an analytical expression for the
matching. The critical scaling is 1—§=73im{ for {=0(1), and sub-
stitution into (46) and (47) yields, respectively

Q ~ GLCPul N2 = P + C1Pind] (48)
Q~GLICPLER + A(Pu)Pind + APyl (49)
Equating (48) and (49) and their first derivatives gives
1 C 2C
AI(Pkm) = _P;imm TE +C - = (50)
h V2 3

2h-132¢, (h-1)C, (3h—2)51]
_ A3 B
-AZ(Pkm) — T km |: 2h + h 34

(51)

which is equivalent to writing a Taylor series for (46) and (47)
about 1 — sz(P,%m) where () is regular, and matching the first two
terms. The coefficient of the error is proportional to {)"({) which
is bounded for {=0(1) with respect to P, <1, so that terms are
matched up to O(P}?). Figure 3 shows solution profiles of Q
against ¢ for several values of Py,. The location of the match
point within the transition region is identified in the figure by
asterisks enclosed in circles. The majority of the solution in these
cases follows the 2/3 power law characteristic of the viscosity
dominated propagation. To further emphasize this transition we
provide a log-log plot of ) in Fig. 4. The asymptotic 1/2 and 2/3
power law behaviors for the toughness and viscosity dominated
regions can be clearly seen, while in the transition region the
solution does not follow a simple power law.

The elasticity equation (19) determines II, which is used above
in the lubrication equation as part of the solution process. The
corresponding expansions to (46) and (47) are

+1In §}]

(52)

+In

M~ G| - P - i1 - —— 1
L P e L 1-¢
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- - - viscosity dominated solution

wE toughness dominated solution .-~

1-¢

Fig. 4 Plot of log Q versus log(1-¢) in the viscosity domi-
nated regime with G,=1, G,=0.35 (and so P,,,=0.043). The
solid line denotes the leading order power law solutions, as
indicated above.

Al(Pkm)(l _ g)h_l

(53)

for Py, > (<)(1-&)'"2, respectively, and the calculations are out-
lined in the Appendix. In Fig. 5 we graph II for different values of
Prm- Note that IT is a monotonically decreasing function of ¢ in
each case, which is consistent with gradient driven fluid flow and
dynamic, viscosity driven, fracture propagation. However, as G; is
increased II becomes close to a constant in spite of the fact that
the propagation regime is considered viscous owing to the 2/3
power law behavior of () over the majority of the fracture. Indeed,
this pressure profile is surprisingly close to that in the toughness
dominated regime which is characterized by a zero pressure gra-
dient to leading order owing to the quasi-static mode fracture
propagation in a tough material. We also note the presence of the
region close to the fracture tip where the pressure becomes nega-
tive. This “cavitation region” is an artifact of the model which
deviates from the physical situation where the fluid front lags
behind the fracture front. Such fluid lag regions, which can be
significant in fractures propagating in low confinement environ-
ments, are beyond the scope of the model considered in this paper
as the appropriate zero pressure boundary condition and unknown
lag boundary would have to be included. The phenomenon of fluid

C
1~ gﬂf m cot 77m4—l(1 —&" '+ heot wh
Y

Ll '-.;L

o | !
o 3
T Gr =0.45 1
o Gr =0.35 1
12 G, =0.15

£

Fig. 5 Solution profiles of Il versus £ corresponding to Q in
Fig. 3
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lag has been studied analytically in [21,36] and numerically in
[37], both for separate toughness and viscosity regimes, and ana-
lytically and numerically in [19] for the stationary problem with
dominant toughness.

2.5 The Global Volume Balance Condition. We now use the
global volume balance condition (13) to determine the dimension-
less length parameter 7y, defined in (8). The expression incorpo-
rates the dimensionless quantities G, in (9) which involve powers
of . We can thus find the parameter \, the power law exponent for
L=C;t*, with C;, constant, and justify the use of the self-similar
solution. The condition also checks the ordering of the terms in
the expansion. When Py, > 1, clearly P, (1—¢)"? and the so-
lution for ) in (46) holds for all £ Then the global volume bal-
ance condition becomes

G, = y7G,Cy/2 + ¥G,.C, P,

In the limit G,,— 0, the resulting value of y in (54) agrees with the
value obtained numerically in previous studies [31,28], which in-
clude computational results of  for £&~0. We substitute L
=C,;1" into (54) using the definitions of G, and G from (9), and
the expression for C; from (35), to give

Qo LI (7>3/2 K' N2 2CiI“IE’ -
=17 N+ 4qr "
o' 2/ eE'C)? 7 ek

Then, in this toughness dominated regime, we find that A=2/3.

Now we examine the situation Py, <1, away from the tough-
ness dominated regime, where the solution for () in (46) is valid
for 1-¢< ’Pim, and (47) is valid for P, >1-¢> P,Em, for 0<s
< 2. For the remainder of the integral (13), {) must be computed
numerically as in [23,26,31], yielding y=0.61524, which is used
in Figs. 4 and 5. Although a numerical approximation of the so-
lution is required near §=0 to find v, this computation is straight-
forward and the significance of our method is that we can obtain
an analytical result for the solution near the tip, where numerical
computation is more difficult.

For Py,,<<1, the leading contribution to the integral in (13) is
given by the part for & away from 1. For these values of &, the
forms of the lubrication and elasticity equations indicate that ()
and Il must scale with Q,lnﬁ, so that (13) reduces to G,
=const- g” 3 Substituting L=C, " and the definitions of G, and G,,,
from (9) then also yields A=2/3. The time dependence of the
leading order terms are all /3, confirming that the self-similar
solution, with  is constant, is appropriate to leading order. In
practice if leak-off is included, this assumption could break down
and some time dependence in y may have to be considered, as
discussed in [32].

We summarize the main results (46) and (47) in the original
dimensional variables. For P,,:=(K'3t)/(u'E'?LY?) > (<)(1
—x/1)"2, respectively

K’ x\'? 8w X
""_11/2 (1__) 32 71(1__> 56
YR AR R (56)

113 2/3 h
ok ! X 2h+4/3 X
WN(E) tm{zm 3<1_;) +Cy Pt ;

(57)

(54)

(55)

+Cpoy !

Observe that these expansions confirm the well-known results re-
garding the time dependence of the fracture, as discussed in
[17,23]; the fracture half-length I(r) is proportional to > and,
therefore, the dimensional fracture width w is proportional to /3.
Also, the spatial dependence in (56) and (57) agrees with previous
work: the first two terms in both these expansions were obtained
in [26]; the leading order terms in both and the second term in
(57) (in the asymptotic limit x— +[) were obtained in [31]; and
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[28], which considers large toughness, obtained both terms in
(56), again in the asymptotic limit x — =/ for the latter. However,
our analysis shows that the additional terms in (56) and (57) are
needed to construct a uniform asymptotic near-tip solution be-
tween the two expansions.

3 Conclusions and Extensions

In this paper we have presented a new technique to analyze the
system of integro-differential equations that arise when fluid-
driven fractures are generated in an impermeable elastic solid. Our
theoretical approach gives detailed solutions of the crack tip re-
gion and identifies the important processes controlling the fracture
growth, namely viscosity and toughness. The combined parameter
which quantifies these processes can be identified from critical
scaling relationships between the nondimensional distance from
the tip 1—¢ and the key nondimensional quantities G, G,,, and G,,
representing toughness/energy release, viscosity, and injected fluid
volume, respectively. This allows us to construct a uniform near-
tip asymptotic expansion analytically instead of numerically as in
[26]. From the expansion we can highlight the dominant physical
processes through the parameter combination Pkngil G, relate
these processes to the distance from the tip, and locate the transi-
tion region P, =0((1-&)'?).

It is straightforward to extend the method to the permeable case
when leak-off is included. A similar analysis in [32] leads to ex-
pansions which we quote here in the original variables. For
P =K' [(C" ' E"3LV?) > (<) (1-x/1)'2, respectively

K’ x\'"? 8 | X
W~El1/z{<1_;) +[?ys/273];}1+4\277 V,km]< ;)}

(58)
C,LL 1/413/4 ~ _ X 5/8 X 1/8
w~< o ) t1,8y3’4 Co 1-; +B; 1—;

-3\ 1747304 3/4 r
un'y l X X
+BZ<C,3E > E(l—;) +B3<1—;) } (59)

where C’ is the leak-off parameter, and P, is a combination of
Gi, G, and the corresponding dimensionless leak-off parameter.
Observe that the fracture width w is now proportional to '/, as
opposed to 7'/3 for zero leak-off, which is deduced using the result
that the fracture grows as 7! for the permeable case. The results
in (58) and (59) are found from balancing these three parameters
simultaneously with the distance from the tip. The coefficients B,
and B3, analogous to A; and A, in this study, are determined by
matching in the transition region. The expansion (58) gives the
toughness dominated limit, and is analogous to (47) with an extra
leak-off term. The expansion in (59) gives the leak-off dominated
limit, where the leading order 5/8 term was established by [18]
for the stationary solution. The other terms in (59) are new and
again necessary in order to match the expansions in the two limits
analytically.

Our methodology has also been applied to fracture propagation
with a finger-like geometry, known as the PKN fracture [13,14].
The results show a transition between (1-&)'3 and (1-£)%3
power laws which correspond to the leading terms in the far- and
near-tip expansions for zero toughness [33].
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Appendix: Calculation of I

To calculate IT we substitute expansions (46) and (47) into the
elasticity equation (17). A parameter £ is introduced which is in
the transition region 1—§&= O(Pim), for example 1—§*=7)zm. Then
(17) becomes

Gy 1 2xdx
me- L R R e e P (P B
7ore 2xdy
—m_ _\237 _ ) 2AZA
- 4777 . {Cl[(l X) ] +A1(Pkn1)[(1 X) ] }XZ_ §2
=: 11 +12 (Al)

Different asymptotic expansions for /; and /, are found depending
on the position of ¢ relative to the interval of integration. In the
near-tip region &> ¢, the integral I, gives O(1) terms and the
leading order contribution comes from the singularity in /;. Hence
the near-tip expansion for II is

Co _ C1Pi

H~ —_
G 4y Amy

£-¢2

1-&
for Py, 1, which to leading order corresponds to (52) with &
=0 in the correction.

For intermediate values £<¢', the leading order expansion for
IT comes from /1, in (Al). Consider the general integral

g 1- a-1 0 1+ rna-1
]=J &dx_f &d/\/ — ]A+]3
0 X_g

’
£ X — §
where 0<<a<1. Then the result for I, follows by setting a=2/3
and a=h in the integral J, since these exponents correspond to I1;
and II, from Sec. 2.3. Introducing variables 6Z=1-¢ and dR=1
—x means J4 can be written as

* o« 1-£6 -1
S g f _f _j( &) RY
0 /8 0 R-Z

Then the leading order contribution to II in the intermediate-tip
region £<&" is determined by the first integral in (A2) for &
=P,%m< 1, see [35]. Hence JA=(82) " 7 cot wra+O(1) and a simi-
lar calculation gives J. Thus

R (A2)

G | cot mC, _, hcotmhA(Py,)
~—— ) —————0-Y"
4y 4y 4y

for Py, <1, where m=2/3 and h=0.138673, and corresponds to
leading order to (39).

11 (l_gh—]
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