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The goal of this study is to compare and evaluate the accuracy of different approaches to
incorporating the effect of lateral fracture toughness into reduced models for blade-like
and pseudo-3D hydraulic fractures. The following three methods are used for the compar-
ison: (i) a classical model with a plane strain (or local) elasticity assumption and a pressure
boundary condition calculated based on energetic considerations, (ii) a classical model
with local elasticity and pressure boundary condition originating from ‘‘stitching” a radial
fracture tip to the rest of the fracture, and (iii) a novel model with non-local elasticity and a
boundary condition at the tip that is consistent with the linear elastic fracture mechanics
propagation criterion. Predictions of all three approaches are compared to a reference solu-
tion calculated using a fully planar hydraulic fracturing simulator. The results indicate that
the reduced model with non-local elasticity is able to provide an accurate approximation
for a wide range of fracture toughness values. The models that feature the local elasticity
assumption are able to provide reasonably accurate results for moderate values of fracture
toughness, while they become less accurate for blade-like geometries and significantly less
accurate (and in some cases unstable) for the pseudo-3D geometry for large values of the
fracture toughness.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The ability to model a propagating hydraulic fracture is an essential tool for designing a hydraulic fracture treatments.
Multiple approaches can be employed. For instance, the fracture geometry can be straight or curved in plane strain elastic
conditions [1,2], penny-shaped (radial) [3], planar [4,5], or a system of fractures [6,7] can be analyzed. This study focuses
solely on the propagation of planar vertical hydraulic fractures. In particular, two fracture geometries are considered, namely
the Perkins–Kern–Nordgren (PKN) [8,9] (or blade-like) fracture geometry and pseudo-3D (P3D) [10–13] fracture geometry
with symmetric stress barriers. Both PKN and P3Dmodels are reduced models, since they use a series of approximations that
reduce the complexity (and dimensionality) of the problem, making the resulting method computationally efficient. In the
original formulations, however, both the PKN and P3D models lack a toughness propagation criterion in the lateral direction,
which causes significant discrepancies in situations when fracture toughness is dominant. Several improvements have been
made to account for the effect of fracture toughness. This paper aims to summarize and evaluate the accuracy of the available
approaches for both PKN and P3D fracture geometries.
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Nomenclature

x; y; z spatial coordinates
t time
H height of the reservoir layer
hðx; tÞ fracture height
lðtÞ fracture half-length
Dr magnitude of stress barriers
w fracture width
�w effective width
E0 ¼ E=ð1� m2Þ plane strain Young’s modulus
p fluid pressure
KIc fracture toughness
l0 ¼ 12l scaled fluid viscosity
Q0 inlet flux
�qx vertically-averaged fluid flux
Ups elastic energy density in plane strain
Gc fracture energy per unit area
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The PKN model considers a vertical planar hydraulic fracture that propagates laterally, while the fracture height is con-
stant throughout the fracture. This situation occurs when a reservoir layer is surrounded by two impenetrable layers that
arrest the fracture propagation in the vertical direction. Due to the elongated shape of the fracture, plane strain elastic con-
ditions prevail in each vertical cross-section (away from fracture tip), and the fluid flow is predominantly horizontal. The
latter implies that the pressure is constant in each vertical cross-section, which, together with the plane strain (or
so-called local) elasticity assumption, leads to the conclusion that each fracture cross-section has an elliptical shape. The
knowledge of the fracture width profile in the vertical direction permits one to formulate the problem in terms of a
vertically-integrated lubrication equation, which reduces the dimension of the problem and makes the model computation-
ally efficient. Clearly, the model assumptions are violated near the fracture tip, since the plane strain elasticity assumption
does not hold near the fracture tip region. In situations when a PKN fracture propagates in the viscous regime (viscous dis-
sipation dominates), the fracture tip region does not have a significant influence on the solution since viscous dissipation is
distributed throughout the fracture. However, when a PKN fracture propagates in the toughness regime (fracture energy dis-
sipation dominates), the fracture tip region has a substantial impact since the fracture energy is dissipated at the fracture tip.
For this reason, the original formulation of the PKN model is not able to capture effect of fracture toughness accurately. One
correction has been proposed by Nolte [14], in which a pressure boundary condition at the tip is used to capture the effect of
fracture toughness. The value of the latter pressure is taken from the solution for a uniformly pressurized penny-shaped frac-
ture, whose diameter is equal to the fracture height. In this approach half of the radial fracture that resembles the fracture tip
is ‘‘stitched” to the rest of the fracture. Another approach has been recently introduced in [15], in which a different pressure
boundary condition has been proposed. The approach utilizes energy considerations, for which the elastic energy release rate
(calculated assuming plane strain elasticity in each vertical cross-section) is equated to the fracture energy required to break
the rock ahead of the fracture tip. The difference between two proposed values for the pressure boundary condition is
approximately 10%. A qualitatively different approach to capture the effect of fracture toughness has been suggested in
[16], where the local elasticity assumption has been replaced by non-local elasticity (with a suitable propagation criterion
that is consistent with linear elastic fracture mechanics), which remains valid even near the fracture tip. The results in [16]
are presented for a pseudo-3D fracture geometry and demonstrate an excellent agreement with the reference solution even
for large values of fracture toughness. Since the results in [16] do not consider the PKN fracture geometry, this study aims to
describe an analogous formulation with non-local elasticity for the PKN fracture geometry, and to compare its performance
to the existing corrections for the effect of fracture toughness [14,15] and a reference solution. It should be noted here that
the analysis of the non-local elasticity equation for the PKN fracture was first done in [17], while no numerical results for a
PKN model with non-local elasticity and coupled fluid dynamics were presented.

The classical pseudo-3D (P3D) model with symmetric stress barriers [13] is an extension of the PKN model, where a ver-
tical fracture growth is allowed. Similar to the PKN fracture, the P3D model assumes a uniform pressure in each vertical
cross-section and uses plane strain (or local) elasticity to obtain a solution for the vertical fracture width profile. The primary
difference comes from the presence of stress barriers, which introduce an additional compressive stress in the layers above
and below the reservoir layer. Note that the values of the elastic constants are assumed to be identical in all layers. The stress
barriers change the elliptical shape of the fracture width cross-section (for a PKN fracture) to a more complicated shape,
which is given by an analytical function. As for the PKN model, the governing equation for a P3D fracture is a vertically-
averaged lubrication equation, in which case the computations are reduced to solving a one-dimensional problem making
the P3D model extremely computationally efficient. Since the plane strain elasticity assumption becomes invalid near the
fracture tip (as for a PKN fracture), a P3D model is unable to accurately capture the effect of fracture toughness (as the
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original PKN model). One possibility is to use a pressure boundary condition at the fracture tip stemming from ‘‘stitching” of
a half of a penny-shaped fracture, as proposed by [14]. Another option is to calculate the pressure boundary condition based
on the energy considerations [15], but to generalize the developments to a P3D fracture geometry. Finally, one can use the
enhanced pseudo-3D (EP3D) model [16], which uses a non-local elasticity together with a suitable propagation criterion to
capture the effect of fracture toughness. In order to evaluate the performance of all three approaches, this study aims to com-
pare the predictions of different approaches to a reference solution for large values of fracture toughness.

This paper is organized as follows. Section 2 describes and compares various approaches to capture the effect of fracture
toughness for the PKN fracture geometry. Section 3 provides a similar description and comparison for the P3D fracture geom-
etry. Finally, Section 4 summarizes the results. It should be noted that all computations presented in this paper assume no
leak-off.

2. Comparison of toughness propagation criteria for a blade-like (PKN) hydraulic fracture

2.1. PKN model with local elasticity and a pressure boundary condition

This section describes governing equations that describe propagation of a PKN fracture. Schematics of a PKN hydraulic
fracture is shown in Fig. 1, where z denotes the vertical axis, x the horizontal axis, while fracture opening is depicted in
the y direction. Following the assumptions of the PKNmodel, fracture height growth is not permitted, in which case the foot-
print is solely contained in the reservoir layer with height H and the fracture tip is flat. The fracture propagates in the hor-
izontal direction x, its half-length is denoted by l, while the source is located at the origin, i.e. x ¼ 0. Each vertical cross-
section in a PKN fracture is elliptic, and the pressure is determined based on plane strain elastic conditions. This implies that
wðx; zÞ ¼ 4
p
�w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2z

H

� �2
s

; pðxÞ ¼ 2E0 �w
pH

; �wðxÞ ¼ 1
H

Z H=2

H=2
wdz; ð1Þ
where w denotes fracture opening, �w is the effective width, p is the fluid pressure, E0 ¼ E=ð1� m2Þ is the plane strain Young’s
modulus, and H is the height of the reservoir layer. In the absence of leak-off, as considered in this study, the vertically-
integrated lubrication equation is
@ �w
@t

þ @�qx

@x
¼ Q0

H
dðxÞ; �qx ¼ � 1

Hl0
@p
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�H=2
w3 dz ¼ �12 �w3

p2l0
@p
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; ð2Þ
where l0 ¼ 12l is the scaled fluid viscosity. Here the expression for the flux �qx arises from Poiseuille flow for a Newtonian
fluid in a channel. Eqs. (1) and (2) can be combined to yield
@ �w
@t

� 6E0

p3l0H
@2 �w4

@x2
¼ Q0

H
dðxÞ; ð3Þ
which is the governing equation for a PKN model.
In order to solve (3), one needs to specify an appropriate boundary condition at the fracture tip. The classical PKNmodel is

complemented by a zero fracture opening condition at the fracture tip, i.e. �wðlÞ ¼ 0. This boundary condition, however, does
not account for the effect of lateral fracture toughness. Recently, a different boundary condition, which accounts for the effect
of fracture toughness, has been proposed in [15]. This condition is based on energy considerations and can be written as
pEðlÞ ¼
2KIcffiffiffiffiffiffiffi
pH

p ; ð4Þ
Fig. 1. Schematics of a PKN fracture.
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where KIc is the fracture toughness of the reservoir layer. Here the subscript ‘‘E” indicates that the boundary condition is cal-
culated based on energy considerations. There is an alternative to (4) proposed earlier by [14], in which the pressure that
corresponds to a radial fracture with the diameter H is used for the boundary condition, namely
pRðlÞ ¼
ffiffiffiffiffiffiffi
p
2H

r
KIc: ð5Þ
Here the subscript ‘‘R” indicates that the radial (or penny-shaped) fracture is used to determine pressure boundary condition.
Eqs. (4) and (5) can be rewritten using (1) as
�wEðlÞ ¼
ffiffiffiffiffiffiffi
pH

p
KIc

E0 ; �wRðlÞ ¼ p
2

� �3=2
ffiffiffiffi
H

p
KIc

E0 : ð6Þ
In order to obtain a solution for a PKN fracture, the governing Eq. (3) is solved numerically in conjunction with one of the
boundary conditions from (6). The details of the numerical scheme are omitted for brevity.

2.2. PKN model with non-local elasticity

Despite the fact that the PKN model described in Section 2.1 has a correction for the lateral fracture toughness (imple-
mented through one of the boundary conditions in (6)), the local elasticity assumption is not valid near the fracture tip,
in which case the near-tip behavior may not be captured accurately. To overcome this problem, this section describes a
PKN model which accounts for non-local elastic interactions. The PKN model with non-local elastic interactions that is con-
sidered in this section is a reduction of the enhanced pseudo-3D (EP3D) model [16], and for this reason is referred here as the
enhanced PKN model (EPKN).

The underlying idea behind implementing the non-local elastic interactions [17] is to replace the pressure-width relation
in (1) with the two-dimensional elasticity integral that is used for fully planar fractures (see e.g. [5]), and to substitute the
elliptic fracture opening from (1) to obtain
pðxÞ ¼ � E0
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where the kernel Gð�Þ is
GðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
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and EðmÞ ¼ R p=2
0 ð1�m sin2 hÞ1=2 dh is the complete elliptic integral of the second kind. The elasticity Eq. (7) is a replacement

for the local elasticity equation in (1), while the governing lubrication Eq. (2), and the elliptical vertical cross-section
assumption remain the same.

In order to introduce the effect of fracture toughness, one should also specify a proper boundary condition (or propagation
criterion) at there fracture tip. Following [18,19], it is assumed that the fracture width near the fracture tip follows the
asymptotic solution that corresponds to a propagation of a semi-infinite hydraulic fracture (with no leak-off), which can
be written as
wðx; z ¼ 0Þ ¼ 4
p

�wðxÞ ¼ waðl� xÞ; l� � 6 x 6 l; ð9Þ
where wa is the aforementioned asymptotic solution and � determines fracture tip region (one element size in numerical
calculations). In the limiting cases the asymptotic solution corresponds either to the so-called viscous or toughness asymp-
totic solution, namely
waðsÞ ! bm
l0V
E0

� �1=3

s2=3; s ! 1; waðsÞ !
ffiffiffiffiffiffi
32
p

r
KIc

E0 s
1=2; s ! 0:
where bm ¼ 21=335=6; s is the distance to the tip, and V is the velocity of the fracture front. The asymptotic solution wa tran-
sitions from one limiting case to another as the distance from the tip and velocity of propagation change, see [20,21] for more
detailed discussion about the asymptotic solution. To calculatewa, it is possible to use either interpolated numerical solution
[18] or a global approximation [19,21]. A global approximation for wa described in [19] is used in this study.

There are two possible ways for describing the geometry of the tip region. In the first, the fracture tip remains flat (as in
the original PKN model), and the fracture opening for the tip element is calculated based on the asymptotic solution for a
semi-infinite fracture (9). In the second possibility, which is used in this study, a curved fracture tip (together with the
asymptotic solution (9)) is utilized. This procedure is identical for the PKN and P3D geometries, and since it has been
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described in [16] for the P3D fracture geometry, is omitted here. In addition, the numerical algorithm for modeling PKN frac-
tures and P3D fractures is very similar, and is also omitted in this study.

2.3. Comparison with a reference solution: PKN geometry

Sections 2.1 and 2.2 describe three different approaches to model a hydraulic fracture with a PKN geometry. The first,
referred to as PKN-pE, requires us to solve the lubrication Eq. (3) with the boundary condition �wE in (6). The second, referred
to as PKN-pR, consists of solving the lubrication Eq. (3) subject to the boundary condition �wR in (6). Finally, in the third
approach, referred to as the EPKN model, the governing Eq. (2) is solved together with the non-local elasticity integral Eq.
(7), and using the appropriate asymptotic solution for the tip element (9). All three methods require the numerical solution
of a one-dimensional problem, and are therefore computationally efficient. In order to assess the accuracy of all three
approaches, the results are compared to a reference solution. The latter reference solution is calculated using a special
version of an Implicit Level Set Algorithm (ILSA) [5,18], which allows us to model PKN fracture geometry in a fully planar
hydraulic fracturing simulator. The ILSA solution does not rely on the assumptions made in PKN model, such as an elliptical
cross-section or uniform pressure distribution in the vertical direction. At the same time, due to the complexity of the ILSA
algorithm, and the fact that the whole fracture plane needs to be discretized, the ILSA solution is unable to provide compa-
rably rapid results.

In order to compare the different hydraulic fracturing models for the PKN fracture geometry, a set of trial problem param-
eters is considered. This set of parameters corresponds to the laboratory experiment in [22]. The values of the parameters for
the computation are H ¼ 0:05 m, l ¼ 30:2 Pa�s, m ¼ 0:4; E ¼ 3:3 GPa, Q0 ¼ 1:7 mm3/s. The rock is assumed to be imperme-
able in all models (i.e. no leak-off). Different values of the fracture toughness in the range 0:16 6 KIc 6 1:57 MPa�m1/2 are
considered for comparison. Fig. 2 shows the comparison between PKN-pE (dashed red lines), PKN-pR (dashed blue lines),
EPKN (dashed black lines), and the reference ILSA (solid gray lines) solutions. The top picture compares the fracture foot-
prints at time t ¼ 604 s for three different values of fracture toughness KIc ¼ f0:47;0:94;1:57gMPa�m1/2 (squares, circles,
and diamonds are used to distinguish between different values of KIc , respectively). The two pictures in the middle row show
the comparison of the fracture widths and pressures at z ¼ 0 versus x, all for t ¼ 604 s, and the same three different values of
fracture toughness. The bottom left picture shows the fracture length histories for all models for the same three values of KIc .
Finally, the bottom right picture shows the prediction of fracture length at specified times t ¼ f200;604;1048g s for different
values of fracture toughness in the range 0:16 6 KIc 6 1:57 MPa�m1/2. Fig. 2 shows that the EPKN model is able to accurately
capture the reference ILSA solution for all considered values of fracture toughness, including the curvature of the fracture tip.
Both PKN-pE and PKN-pR models work well for moderate values of fracture toughness (KIc ¼ 0:47 MPa�m1/2 case), when the
viscous pressure drop along the fracture is comparable to the pressure boundary condition (i.e. the value of pressure at the
tip). In situations when the viscous pressure drop is much smaller than the pressure at the tip (see the KIc ¼ f0:94;1:57g
MPa�m1/2 cases), PKN-pE and PKN-pR models are less accurate, predict constant fracture width along the length of the frac-
ture, and are unable to capture the near-tip behavior. The comparison between the PKN-pE and PKN-pR models reveals, that
the predictions of the PKN-pE model are closer to the reference solution for all parameters considered. At the same time, the
level of accuracy is substantially less than that of the EPKN model.

The comparison between the three different PKN models indicates that if one needs to obtain fast and accurate predic-
tions for the PKN fracture geometry, then the EPKN model with non-local elasticity is the appropriate choice. At the same
time, as shown in [15], it is possible to utilize the PKN-pE model to obtain asymptotic solutions (which is not simple for
the EPKN model), in which case no numerical calculations are needed. Fig. 2 can also be used to estimate the accuracy of
the PKN-pE model and the corresponding asymptotic solutions. Finally, the PKN-pR model does not offer any advantages over
the PKN-pE or EPKN model.

3. Comparison of toughness propagation criteria for a pseudo-3D (P3D) hydraulic fracture

3.1. Pseudo-3D model with local elasticity and pressure boundary condition

This section describes the classical pseudo-3D (P3D) model with symmetrical stress barriers and no leak-off, which incor-
porates the effect of lateral toughness by the way of a suitable boundary condition at the fracture tip (see [13] for the analysis
of such model, albeit with leak-off and without lateral toughness). The P3D model under consideration assumes that the
reservoir layer with height H is surrounded by two symmetric stress barriers that impose an additional confining stress
Dr, see Fig. 3. As for the PKN fracture, a fracture grows predominantly in the horizontal direction (i.e. along the x axis),
but height growth in the vertical direction is also allowed. The P3D model we consider assumes the following: (i) the vertical
component of the flux is negligible compared to the horizontal component, in which case the pressure is uniform along the z
axis, (ii) plane strain (local) elasticity conditions apply for any vertical ðy; zÞ cross-section, (iii) the lateral fracture tip is ver-
tical and its height is determined from the boundary condition. Note that the last assumption differs from the similar
assumption of the classical P3D model, which states that the fracture height at the tip is equal to the reservoir height H.

The combination of plane-strain elasticity, uniform pressure in each ðy; zÞ plane, and toughness propagation criterion lead
to the following relations analogous to (1) (see e.g. [13]):



Fig. 2. Comparison between the predictions of the ILSA (solid gray lines), EPKN (dashed black lines), PKN-pE (dashed red lines), and PKN-pR (dashed blue lines)
models for a reference set of parameters for a PKN fracture geometry. The top picture shows footprints at t ¼ 604 s for three different values of fracture
toughness KIc ¼ f0:47;0:94;1:57gMPa�m1/2 (squares, circles, and diamonds, respectively). The middle row pictures compare the fracture width and fluid
pressure variations at z ¼ 0 versus x at t ¼ 604 s for the same three values of fracture toughness. The bottom left picture plots the time histories of the fracture
length for the three considered values of KIc . The bottom right picture indicates the variation of fracture length versus KIc , measured at different time instants
t ¼ f200;604;1048g s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Schematics of a P3D fracture. The rectangle at the fracture tip with dashed borders indicates incremental fracture growth. Dark shaded area indicates
area in the rock where additional elastic energy is introduced due to incremental fracture growth (according to plane strain (local) elasticity assumption).

E.V. Dontsov, A.P. Peirce / Engineering Fracture Mechanics 160 (2016) 238–247 243



244 E.V. Dontsov, A.P. Peirce / Engineering Fracture Mechanics 160 (2016) 238–247
wðx; zÞ ¼ 2
E0

ffiffiffiffiffiffi
2
ph

r
KIcvþ 4Dr

pE0 �z ln
Hvþ 2zw
Hv� 2zw

����
����þ H

2
ln

vþ w
v� w

����
����

� 	
; ð10Þ

�wðxÞ ¼ �̂wðh;KIcÞ � 1
H

Z h=2

�h=2
wdz ¼ H

E0

ffiffiffiffiffiffiffi
p
2H

r
KIc

h
H

� �3=2

þ Dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

H2 � 1

s0
@

1
A; ð11Þ

pðxÞ ¼ p̂ðh;KIcÞ ¼
ffiffiffiffiffiffi
2
ph

r
KIc þ Dr 1� 2

p
arcsin

H
h

� �
 �
; ð12Þ
where wðx; zÞ is the fracture width, Dr is the amplitude of the stress barrier, h denotes fracture height (see Fig. 3), p is the

fluid pressure, v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � 4z2

p
;w ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � H2

p
; E0 ¼ E=ð1� m2Þ is the plane strain Young’s modulus, while KIc is the fracture

toughness. Note that �̂w and p̂ are introduced here as functions of h and KIc , in which case other parameters such as E0;Dr,
and H are treated as constants. Also note that the fluid pressure pðxÞ and average fracture width �wðxÞ depend on x through
the spatial variation of the fracture height h.

The lubrication equation for a P3D fracture is very similar to (2) and (3), and reads
@ �w
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þ @�qx
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¼ Q0
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dðxÞ; �qx ¼ � 1

Hl0
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Z h=2

�h=2
w3 dz; ð13Þ
where l0 ¼ 12l is the scaled fluid viscosity, while Q0 is the total fluid volume pumped into the fracture per unit time (the
source is located at x ¼ 0). Note that Eq. (11) can be inverted (numerically) to produce the function hð�wÞ, which can be sub-
stituted into (10) and (12) to find the fracture width and the pressure in terms of the material properties and �w. In this case,
the average flux in Eq. (13) becomes a function only of the effective width �w, and the lubrication equation in (13) can be
solved for �w, once the boundary condition at the tip is specified (which is described below). The details of the numerical
scheme are omitted for brevity.

The classical boundary condition for the P3D model, �wðlÞ ¼ 0, is unable to capture the effect of lateral fracture toughness.
In order to obtain a pressure boundary condition for the P3D fracture geometry that is based on the energy considerations,
this paragraph aims to extend the derivation in [15] from PKN to P3D fractures, and to obtain an analog of (4). The elastic
energy per unit length of a P3D fracture is equal to the work of the fluid pressure required to open a pre-existing fracture
with length h, i.e.
Ups ¼
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Z h
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It is noted here that �̂wðh;KIcÞ and p̂ðh;KIcÞ are given respectively in (11) and (12) and are treated as functions of two variables

h and KIc , in which case @ �̂wðĥ;0Þ=@h denotes the partial derivative with respect to the first argument (i.e. h) that is evaluated

at h ¼ ĥ and KIc ¼ 0. The same applies to the pressure p. The first integral in (14) calculates the work needed to ‘‘grow” the
fracture to the length h with no fracture toughness, and the second integral calculates the work required to further open the
fracture at the fixed length h (until stress intensity factor reaches its critical value, i.e. KI ¼ KIc). Note that the same elastic
energy integral (14) can be calculated assuming that the fracture breaks the rock while growing from H to h, in which case
the corresponding fracture energy needs to be included. If one considers the energy balance associated with the incremental
fracture growth in the x direction by dl, then
pðlÞH �wðlÞdl ¼ UpsðlÞdlþ GchðlÞdl; ð15Þ

where the first term represents the work done by the fluid pressure to open the fracture (at constant pressure), the second
term is the increase in the strain energy in the rock, and the third term accounts for the energy required to fracture the rock,
where Gc is the fracture energy per unit area, see Fig. 3. The combination of (14) and (15) with the use of (11) and (12) allows
us to find
Gc ¼ �UpsðlÞ � pðlÞH �wðlÞ
hðlÞ ¼ H

hðlÞ
Z pðlÞ

0

�wdp ¼ H
hðlÞ

Z hðlÞ

H

�̂wðĥ;0Þ @p̂ðĥ;0Þ
@h

dĥþ H
hðlÞ

Z KIc

0

�̂wðh;KIÞ @p̂ðh;KIÞ
@KIc

dKI

¼ 2Dr2H2

pE0hðlÞ ln
hðlÞ
H

� �
þ K2

Ic

2E0 þ
ffiffiffiffiffiffiffiffiffiffiffi
2

phðlÞ

s
DrKIcH

2

E0hðlÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðlÞ
H

� �2

� 1

s
: ð16Þ
Since the fracture energy per unit area is Gc ¼ K2
Ic=E

0, then the latter equation can be simplified to
kK2
P3D

8
¼ lnðkÞ þ 1

2
KP3D

ffiffiffiffiffiffiffiffiffiffiffiffi
k� 1

k

r
; ð17Þ
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where
KP3D ¼
ffiffiffiffiffiffiffi
2p
H

r
KIc

Dr
; k ¼ hðlÞ

H
: ð18Þ
The numerical inversion of (17) allows us to find hðlÞ, which can be substituted to (11) to obtain the boundary condition in
the form pEðlÞ ¼ pðhðlÞÞ or �wEðlÞ ¼ �wðhðlÞÞ for a P3D fracture. It is interesting to note that for small values of KP3D, the bound-
ary condition reduces to
pEðlÞ
Dr

¼
ffiffiffi
2

p

p
KP3D þ O K3

P3D

� 
; k ¼ 1þ ð

ffiffiffi
2

p
� 1Þ2

23 K2
P3D þ OðK4

P3DÞ; KP3D � 1;
which, in the limit, becomes identical to that for a PKN fracture (4). Also, Eq. (17) has a unique solution only until
KP3D � 3:29, which corresponds to a maximum scaled height growth k � 1:98. There is no solution for larger values of
KP3D, since this corresponds to an unstable height growth regime at the fracture tip. This unstable height growth is reached
when the pressure (12) reaches its maximum value as a function of height [13]. As a result, the P3Dmodel with the boundary
condition stemming from (17) is certainly unable to provide a solution for KP3D > 3:29. For completeness, the pressure
boundary condition calculated based on the pressure of the radial solution is considered as well, namely
pRðlÞ ¼
ffiffiffiffiffiffiffi
p
2H

r
KIc: ð19Þ
which is identical to (5). The combination of (19) and (12) allows us to determine hðlÞ, which consequently leads to
�wRðlÞ ¼ �wðhðlÞÞ. Note that, with the reference to (18), the maximum allowed value of fracture toughness, and the correspond-
ing value of the height at the tip, can be deduced as KP3D � 2:48, and k � 2:94. In other words, the P3D model with the
boundary condition (19) is unable to provide a solution for KP3D > 2:48 since unstable height growth happens at the tip.
It should be noted here that the unstable height growth can even occur in situations when KP3D is below the critical value,
since the prediction of the fracture height at the wellbore is larger than that at the tip.

3.2. Comparison with a reference solution: P3D geometry

This section aims to compare different methods that can be used to include the effect of lateral fracture toughness into the
P3D model. The first method, referred here as P3D-pE, consists of solving the lubrication Eq. (13) together with (10)–(12) and
the boundary condition determined from (17)-(18). In the second approach, called P3D-pR, the lubrication Eq. (13) is solved
in conjunction with (10)–(12) and the boundary condition (19). The P3D model with non-local elasticity used here for com-
parison, named EP3D, has been described in [16]. Note that a version with the asymptotic solution (9), described in [19] is
used. All P3D-pE, P3D-pR, and EP3D models require the numerical solution of a one-dimensional equation, and therefore are
all computationally efficient. The aforementioned models are compared to a reference solution, calculated using an Implicit
Level Set Algorithm (ILSA) [18]. The latter is a fully planar hydraulic fracturing simulator that does not rely on any of the
assumptions of the P3D model.

As for the PKN fracture geometry, a set of reference parameters that corresponds to the laboratory experiment in [22] is
used. The values of the parameters are H ¼ 0:05 m, l ¼ 30:2 Pa�s, m ¼ 0:4; E ¼ 3:3 GPa, Q0 ¼ 1:7 mm3/s, and Dr ¼ 4:3 MPa,
while the rock is assumed impermeable in all models (i.e. no leak-off). Different values of fracture toughness in the range
0:16 6 KIc 6 1:57 MPa�m1/2 are considered for comparison. Fig. 4 is an analog of Fig. 2, but for the P3D geometry, and shows
the comparison between P3D-pE (dashed red lines), P3D-pR (dashed blue lines), EP3D (dashed black lines), and the reference
ILSA (solid gray lines) solutions. The top picture compares the fracture footprints at time t ¼ 604 s for three different values
of fracture toughness KIc ¼ f0:47;0:94;1:57g MPa�m1/2 (squares, circles, and diamonds are used to distinguish between dif-
ferent values of KIc , respectively). The two pictures in the middle row show the comparison of the fracture widths and pres-
sures at z ¼ 0 versus x, all for t ¼ 604 s, and the same three different values of fracture toughness. The bottom left picture
shows the fracture length histories for all models for the same three values of KIc as well. Finally, the bottom right picture
shows prediction of fracture length at specified times t ¼ f200;604;1048g s for different values of fracture toughness in the
range 0:16 6 KIc 6 1:57 MPa�m1/2. Note that the P3D-pE results are plotted only for KIc ¼ f0:47;0:94gMPa�m1/2, while P3D-
pR results are shown only for KIc ¼ 0:47 MPa�m1/2. The reason is that for the missing KIc values the corresponding P3Dmodels
with local elasticity reach unstable height growth regimes (or very close to these regimes, in which case the accuracy is low).
Fig. 4 shows that the EP3Dmodel is able to accurately capture the reference ILSA solution for all considered values of fracture
toughness, and does not exhibit an unstable height growth regime. Both the P3D-pE and P3D-pR models work acceptably well
for moderate values of fracture toughness (i.e. KIc ¼ 0:47 MPa�m1/2 case), when the viscous pressure drop along the fracture
is comparable to the pressure boundary condition (i.e. the value of pressure at the tip). Both the P3D-pE and P3D-pR models
experience a rapid accuracy decay for increasing values of the fracture toughness, and eventually reach an unstable height
growth regime. As was the case for the PKN fracture geometry, the energy-based boundary condition provides better results
than the P3D-pR model. Note that the fracture height growth prediction of the P3D-pE model for KIc ¼ 0:94 MPa�m1/2 is accu-
rate, despite the fracture length is noticeably underestimated. This is related to the fact that the local elasticity assumption
provides a good approximation near the wellbore, whereby the fracture height is determined solely by the fluid pressure at



Fig. 4. Comparison between the predictions of the ILSA (solid gray lines), EP3D (dashed black lines), P3D-pE (dashed red lines), and P3D-pR (dashed blue
lines) models for a reference set of parameters for a P3D fracture geometry. The top picture shows footprints at t ¼ 604 s for three different values of
fracture toughness KIc ¼ f0:47;0:94;1:57g MPa�m1/2 (squares, circles, and diamonds, respectively). The middle row pictures compare fracture width and
fluid pressure variations at z ¼ 0 versus x at t ¼ 604 s for the same three values of fracture toughness. The bottom left picture plots the time histories of the
fracture length for the three considered values of KIc . The bottom right picture indicates the variation of the fracture length versus KIc , measured at different
time instants t ¼ f200;604;1048g s. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)
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the wellbore, which is captured accurately by the P3D-pE model. Despite the fracture height growth is captured accurately at
the wellbore, its variation along the fracture is not accurate, which produces an influence on the length accuracy due to a
fracture volume conservation.

Comparison between the results shown in Figs. 2 and 4 clearly indicates that the reduced models featuring the non-local
elasticity (i.e. EPKN and EP3D) are able to provide consistently accurate results for both the PKN and P3D fracture geometries.
The model with local elasticity and the energy-based boundary condition is capable of providing reasonably accurate results
for the PKN fracture geometry, but quickly becomes inaccurate (and eventually unstable) for the P3D geometry for increasing
values of fracture toughness. The model with the local elasticity and boundary condition originating from matching the
pressure for a radial fracture is consistently less accurate than its counterpart with the energy-based boundary condition.
It should be noted here that one can potentially design a boundary condition for a P3D model with local elasticity, so that
the length versus KIc curves in Fig. 4 match. In this case, however, the fracture height and width will unlikely be matched in
the toughness regime of propagation. In the latter regime, the pressure is nearly constant along the fracture, which implies
that the fracture width and height are constant as well. In this situation, one tries to approximate a fracture with smoothly
varying footprint and width by a model in which the footprint is rectangular and the fracture width is constant. In addition,
the use of local elasticity inevitably leads to an unstable height growth condition for large values of fracture toughness. This
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makes a P3D model with local elasticity and any boundary condition at the tip (that aims to capture the effect of fracture
toughness) less suitable than the EP3D model with non-local elasticity, which is stable, and is able to capture smooth foot-
print and width variations.

4. Summary

This paper compares different methods that can be employed to capture the effect of lateral fracture toughness for PKN
and P3D hydraulic fractures. In the first two methods, the classical PKN and P3D models are augmented by a special pressure
boundary condition, which depends on the fracture toughness. In particular, the value of the pressure at the tip can either be
calculated based on the energetic considerations, or taken from the solution for a radial fracture (which is equivalent to
‘‘stitching” the radial fracture tip to the rest of the fracture). The third method utilizes a qualitatively different approach,
in which a plane strain (or local) elasticity assumption is replaced by a suitable non-local elasticity equation. In the latter
case, the effect of the lateral fracture toughness is captured by using an asymptotic solution for the tip element, which is
consistent with the standard linear elastic fracture mechanics fracture propagation criterion. All the aforementioned reduced
models are compared to a reference solution that is calculated using a fully planar hydraulic fracturing simulator. The results
demonstrate that the reduced models with non-local elasticity are remarkably accurate for a wide range of fracture tough-
ness values for both PKN and P3D fracture geometries. At the same time, the model with local elasticity and an energy-based
tip boundary condition produces reasonably accurate results for a PKN fracture geometry, while it becomes inaccurate, and
eventually unstable, for relatively large values of fracture toughness for the P3D fracture geometry. The model with local
elasticity and the boundary condition originating from ‘‘stitching” a radial fracture to the tip showed the worst performance
among all three considered approaches, while, at the same time, is able to provide relatively accurate results for moderate
values of fracture toughness.
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