Lecture notes on Variational and Approximate Methods in Applied Mathematics - A Peirce UBC 1

Lecture 4: Piecewise Cubic Interpolation

(Compiled 15 September 2012)

In this lecture we consider piecewise cubic interpolation in which a cubic polynomial approximation is assumed over
each subinterval. In order to obtain sufficient information to determine these coefficients, we require continuity of the
interpolating polynomials in neighboring intervals as well as the continuity of a number of derivatives. Depending on
the number of derivatives that we require to be continuous at the ”stitching points” we obtain different approximation
schemes in which additional data about the function f(x) being approximated might have to be furnished in order that
there is sufficient data to determine the coefficients of the cubic polynomials.

Key Concepts: Piecewise cubic interpolation, Cubic Splines, Cubic Hermite Interpolation.

4 Piecewise Cubic Interpolation
4.1 Degree of freedom analysis of piecewise cubic interpolants
Consider the domain [a, b] that is partitioned into N intervals having N + 1 nodes and N — 1 internal nodes. In each
of these subintervals assume that different a cubic polynomial is to be constructed. Let p3 v (z) be the combination
of all these cubic polynomials. We now discuss the alternative approximation schemes that one obtains depending
on the different schemes of constraint.
Schemes of constraint:
(1) Piecewise Cubic Hermite polynomials: ps y(z) and pj () are continuous at interior nodes.
There are four unknown coefficients for each of the N intervals and 2(N — 1) constraints due to the continuity
requirements on p3 n(z) and py y ().
= DOF :4N —-2(N —-1)=2(N+1)

= specify function value and its derivative at all N 4+ 1 nodes

e Have to specify f & f’ at all N + 1 nodes!

(2) Cubic Spline: p3 n(7), p3 x(z), and p5 y(x) are all continuous at interior points.
= DOF :4N —3(N—1)=N+3 = N +1+2
——
= specify f at all N 4+ 1 nodes
and impose 2 EXTRA CONDITIONS

The extra conditions are up to the user to prescribe depending on the application, e.g. p§(zo) = 0 = p§(xn)

which is called the natural spline.



4.2 Piecewise Cubic Hermite polynomials

|
o1
a =T

o
DOF: 4N — 2(N — 1) = 2(N + 1) = prescribe f(z;) and f'(x;) at i =0,...,N

Representation of f in terms of Hermite basis functions hl(.o)(a:) and hgl)(x):

N N
fl@)mh(@) =Y fla)hi” (@) + D f(z)h (@)
1=0 1=0

where
hgo)(l‘j) = (Sij and az v 1
L () =0 WY (a) =
Constructing basis functions on the canonical interval [—1,1]
h(o) h(0>
We use the linear Lagrange basis func- ! 2
tions
1
N; (6) = 5(1+§a£) : N;(&,) = (Sabv ga,b ==1 hgl)
Let -1 0 1
(0) 112, 7 (0) 1/e\i2 hgl)
hy7(§) = (1€ + B1)[N1 (€)% hy ' (§) = (€ + B)[N3 (€]
BE(€) = (€ + 8) [N ©)1% 187 (€) = (126 + 62) N3 (€)]?
To find «y, B, v; and J; we impose the conditions (1)
l 2 -1
1= W)= -a 0=h" (-1) =l + (B —a)5(1- <—1>>% =205
a;=1and 3 =2
= |[rY©=1e+901-¢?
Similarly [ S (&) = 1(2 — €)(1 + ¢)?
For the derivative basis functions
BP(€) = 11+ €)1 - ¢)?

0= hgl)(—l) = (01 —m) o
L=Vl m2g —ay) [T
WY€) = L~ 1)1 +¢)?

Similarly
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Expressions for basis functions on an arbitrary interval [z;,2;1].

Use the linear transformation x(§) = xiNl(l)(f) + mi+1N2(1)(§)

= aig(1-8) 7 (1+8)

_ (Tt T (it1 — @)
- () e
20 — (v + @ 20 — (x; + o
The inverse transformation is: {(x) = 2= (@i 4 Ti) == (s + @iv1)
(xi+l — .’£1) Al‘l
Tip1 — X + 20 — x5 — X5 2(x — x4 Ax; +2(x — x;
146 Bt w1 _ ) L oye- Ait2Ar—w)
Tip1 — (i1 — ;) Az;
Tit1 — Ty Az;

. 1 (0) AT+ 2 (2 — )] (i1 — x)?
Soh(x) = (B
Az + 2 (@iy1 — —z;)?
B (z) = A2 (x&i)?] (2 — @)
Wy _ (@ =z (@i — 2)?
) = (Az;)?
€Z; — T)T — T4 2
h£21(33) = _( = (A;EV )
Here Ax; = x;41 — x; and observe that
dhi - dhl dx
I (£(2)) - 2

Error involved:
For function values the error is given by:

(@) = h@)] < 1FDlloe 57
while for derivatives the error is :

/(@) = B (@)] < 117 D]|oo B



4.3 Piecewise Cubic Spline interpolation

NDOF: 4N —3(N — 1) = N + 1+ 2 = specify f(z;) at zg,...,ZnN.

+ 2 extra conditions

4.3.1 Derivation using Cubic Hermie interpolation

Since we have similar piecewise cubic polynomials to the Piecewise Cubic Hermite polynomials on each subinterval
but with additional continuity required at the N — 1 interior nodes, our starting point is the Hermite cubic basis
expansion. We then impose additional conditions to make up for the derivatives f’(x;) which are not known (or

required) in the case of splines.

On [z, Zpy1] Th—1 Tk Tpi1

[Azy, + 2 (z — 2)] (Tp41 — @) [Azy, + 2 (w311 — 2)] (@ — ax)?

s(z) = f B + fr+1 (Bor)?
;@ —wp) (T — ), (= apg) (@ — @)
5k (Axk)+2 * Sk (ka)Q

where the f; and f}, 41 from the Hermite expansion have been replaced by the unknown quantities s, and s, which
are to be determined by a system of equations which ensure that s”(z) is continuous at internal nodes.

The first and second derivatives of s(x) must be continuous at the intericor points z;, j =1... N — 1. Continuity
of the first derivative is already obtained by our choice of basis functions. So we apply continuity of s”(z) to get
equations for the coefficients s;.. That is, we calculate s”(x) on the two intervals [zx_1, zx] and [zk, x+1] and require

continuity at xp. After some algebra.

Azpsy_y + 2(Azy + Azp_1)s), + Azp_18, 1 = 3(flon, Ter1]Azp—1 + flrp—1, vi]Axy)

We have N — 1 equations and (N + 1) unknowns s, s, . .., sy so we need 2 more conditions. Say we specify

(I.) fo = s; and s’y = fj then on a uniform mesh Az, = Az:

4 1 0 07 s 1 i flzy, 2] + flxo, 1] )
1 41 0 0 sh floa, x3] + flr1, 2]
01 4 1
0 -3
0
1
| 0 0 1 4] [ sh_y | | flev—1,2n] + flanv—2, 28 —1] ] L sh

A tridiagonal system of equations — easy to solve!
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4.3.2 Alternative cubic spline derivation for derivative primary variables

——T Y%
Yi+1

Yi(z)
T; Tit1
Let Y;(z) = ai(x — x;)® + bj(z — 2:)* + ci(v — x;) + d;
Y/ (%) = 3ai(x — x;)% + 2bi(x — x;) + ¢
Y/ () = 6a;(x — x;) + 2b;

yi = Yi(w;) = d; Yir1 = Yi(@iy1) = aihd + bih? + cih; + y; where b = ;41 — ;.

Let s, = Y/(z;) = ¢ iy =Y (xiy1) = 3a;h? + 2bih; + s
Y/ (i) = 2b; = Y} (2:) = 6a;_1hi—1 + 2bi 4

h} b a; | | yis1 —yi — sih
ai = 2hi(yir1 =~ yi — S;hZ)/(_hf) = (8i1 — Si)h?/(_h?)
be = {1206t = ) = 300is = s = st} /(-

Yit1 — Vi Sip1t+ 8
Soag= =2
: ( 7 >+ 2

Yit1 — Yi Sip1 + 28]
b= (YL V) (2 T
3( 2 ) ( »

6 Ay; 2, / —12 Ay; 4 s+ s 6 Ay (i +2s7_4)
- ) 25"} = -2
T by S ) = A6 (2 hiy i hiy
Ay; Ay,
- 6( hy hi_1+#hi) = 2hi 15,y + dhi_15, + Ah;s] + 2h;s)
7 i—1

hi718§+1 +2(hi—1 + hi)s; + hisi_y = 3(flwim1, xi)hi + floi, i ]hiz1).
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4.3.3 Another spline derivation with s as primary variables

Yi—1 Yit+1
Yi
Y; Y;
1(z) (z) Yii1(z)
h; —
Ti—1 T; LTi+1

Let Yi(z) = a;(x — x;)% + bi(x — 2)® + ci(x — x3) + d;
Y (x)

K3

Y/ (x) = 6a;(x — xz) + 2b;

3a;(x — x4)% 4 2bs(x — ) + ¢

at z; : =Yi(z;) = «— interpolates the function at z;

Yit1 = (x1+1) = a;h? + b;h? + c;h; +y; «— enforce continuity

Introduce primary variable : s} =Y/ (x;) = 2b; =

" !
" " " Sit17 5
Build in continuity of Y = s}, | =Y/ (2;41) = 6a;h; + ] = |a; = o

" "

st — st
i) = () (o + S e = e — )+

sl —st st
(2) = yir1= (Héhz) B + Ezh? +cihi +y;
i

Yit1 — Yi 5§I+1 — s/ i’
= —/— | - —- ) h; — 2hi
o () - (5

_ Ay (s A2
h; 6 !

Impose continuity of first derivatives:
Y (2:) = 3ai(zi — 23)* + 2bi(xi — 23) + ¢ = ¢
Y;'I,I(.’Ei) = 30,1‘,1]1? 1 + 2bi,1hi71 +ci1

Ay 5’,/+1 + 23’./ 5/./ 3” 2 Ay‘fl 5/-/ + 28//,1
o= (LT gy =3 L) B2 " h =2 ! hi—
. C hi < 6 3 6hZ L —1 + Si—1 1+ hi—l 6 1

hi 18! (=346 — 2) + (2h; + 2h; 1)) + hisll —6 (ATy _ Ahzj:l)
or
hio1s" y + (2hi + 2hi_y)s) + has!, =6 (e - Su=r)
i=1,...N-1 N -1EQ

2 EXTRA CONDITIONS
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4.3.4 Extra Conditions

Yo Y1 Yn—1()
ahe iy o
0 Z1 TN-1 XN
(1)  Natural Spline: s§ =0 = s}, two extra condtions
I (2/7,0 + 2h1) h1 11 Slll 1 r yzh—yl y1h—yo 7
"
h1 (2h1 + 2h2) h2 S2 yaflyz _ y2£y1
ha h1
=6
Iy —2 YN—YN-1 _ YN-1—YN-2
L hn_o (QhN_Q + QhN_l) ] Sl](f—l L hn—1 hn—2 i

(2) Clamped Spline: Specified first derivatives

Given f'(z9) = A and f'(x,) = B.

_ 2h 17 h "
A= Yo'(ﬂfo) — ¢y = Y1 —Yo  2losg + hosy
ho 6

B= Y](lfl(xn) = 3an71h72171 +2bp—1hn—1 + cn-1

— Sp_ — Yp— 2hp_18" |+ hp_18)
3<Sn 5n 1)hi—1+5n—1hn—l+yn Yn—1 < nelnol nt n)

= A = 2hos{ + host = 6 (L5220 — A)

6hn—l hn—l 6

6 (B - y"h_y"‘l) = 318" — 3hp_15" 1 +6hn_18"_ | — 2hp 18" 1 — hy_15,
n—1

6 (B — Vo=t ) = 2h 1y + 2]

But hosg + (2ho + 2h1)sY + hish = 6 {[f [z1,22] — f [®0, 1]}

~ 2h0 hO 17 86/ 7 r (yl _ yo)/ho _A
ho (2h0 + th) hl 3/1/ (y2 _ yl)/hl _ ylh—oyo
=6
P2 (2hp—2+2hn 1) hpy s, Wn — Yn1) /et — (Yn—1 — Yn2) /B2
' Pt 2 J LSk L B Laplass
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3. Quadratic boundary interval representation

S// _S//
— 1 0 —
aO o ( 6ho ) -

", a quadratic

h1 0
ha 0

(3ho + 2h1)
hy (2hy + 2hs)

(2hn—3+ 2hn_2)hN—2
hn_2(2hn—2 4+ 3hn_1) sy

4. Linear extrapolation

S/I(x)

Slll

SIIO

1 1 1 "
51 =S8y _ S2 — 1 "_
= 80 =
h1

ho

sy —

(p—1 =

8/1/ flar, xa] — flzo, 2]
0 S2
) _6
flen—1,2n) — flan—2, 2N—1]
ho (h1 + ho) ho
n_ o gn0 _ AL
(52 Sl)hl 51 hl 82 hl

hosg + (2ho + 2hy)sT + hist = 6(f[x1, z2] — flzo, 21])

ho + h h2 h
ho(ohi—’;l)s/l’—sgh—? T2(ho -+ hy)s{ + s = RHS
ho + h h2 — b3
. ot h) 1)(h0+2h1)5’1’+ L0 = RHS
hy hy
7(h0;_1h1) (ho + 2h1) 7(hgh_1hg) 0o ... sili
(2hy +2hy) hy O

hy
0
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5. Not-a-knot condition
YQ(Z‘) = Yl(a:) YN,Q(J)) = YN71($)

Unknowns = 4(N — 2)
Constraints = 3(N — 3)

4N—-2)-3(N-3)=N+1 unknowns «— the values at zo,...,Tn.

S qhicy + 2(hio1 4+ hi)si + hesi'y = 6(f[z1, x2] — flzo, z1])
Yi(z) =a1(x —x1)2 +bi(z — 1)’ +cr(z—21) +dy
Y/(x) = 3a1(x — 21)* + bi(z — 1) + 1
YY’($) =6a1(x—x1)+2b1, 1 — X9 = ho

"o_ 5/1/

s =¥/ e0) =6 (L) g — ) 4 205 2)

= (s = 2+ o
o8y = sﬁ'i(hlhiho) - 5’2/2—?
But hosg + 2(ho + h1)sy + hisy = 6(f[x1, 2] — flzo, 21])
(252 ot st 4 (152 (ho + ) = 6(7lor,2a] = Slao.a1)

1

hn_ hn_
Also (2 + hN 1> (hn—o + hn_1)sh_1 + (1 - N 1> (hn—2 +hn_1)sN_o =6(flzn—1,2N] — flzn—2,2N-1])

N-2 hn—2
[ 2+ ) (ho+hn) (1= 32)(ha + ho) 0 L
hy 2(h1 + h2) ho 0 ... 0 s
0 2
hN,Q SX/'—Q
"
I (1= By (hy o + hyo1) (24 122 (hy—o + hv—1) | L s

6. A periodic spline:
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(III) Smoothness property of a natural spline s”(zp) =0 = s"(zn)

In order to impose this condition it is convenient to consider the s} as unknowns in which case the equations become:

Azypsy_y + 2(Azg + Azpir)sy + Azpyrsiyy = 6(f[zr, opt1] = flop—1,20])  k=1...,N-L

Important identity: (y// . 8//)[(1// . S//) + 28”] _ (y// _ S//)(y// + 8//) _ (y//)z _ (8//)2
NOTE:

(1) Let y(x) be any other interpolant of f(z) at (zo,...,xy) then

b b b b
/(yl/)de _ /(8”2)d$ — /(y/l _ S//)2d$ + Q/S/l(y// _ S”)dﬂ?.
a a a a
b b N Tk
Novv/s”(y” —§Ndx =s"(y —§')| — Z s"(y' —s'Ydr s = const on each subinterval
a ¢k=lgl,
b N Tk
=s"(y -5 - Z ce(y — s) both interpolants
@ p=1 Tho1
b
=5y — )
a

b
If we choose s : s”(a) = 0 = s”(b) for example or if y and s both interpolate f’ at a and b then [ s”(y" —s")dz =
0.
b b b b

" /yﬂde = /(y" - s”)zdx+/(s")2da: > /s//2dm.

a a a a

Thus s is the interpolant with the MINIMUM CURVATURE (i.e. smoothest)

(2) Error involved in spline interpolation:

A74
|f(z) = s(x)] < Hf(4)|‘oo5387x4 AZ = max Az : for nonuniform points and all € [z, 2 x]
! / (4) Az s .
|/ (z) = $'(z)| < ||f Hmﬂ for nonuniform points and all x € [z, 2]
’ ’ (5) Azt . .
[f'(zi) — s ()| < ||f HOOW for uniform sample points x;

.. cubic spline provides an excellent technique for NUMERICAL DIFFERENTIATION.



Interpolation

How do we solve for the {s}}?

Similarly

Back Substitution

[ di I T
ag dg Co 0 zl !
0 as d3 2

0 dnfl Cp—1
i an d, | " T ] L bn ]

d; #0 dizy + 170 = by

axx1 + dao + cox3 = by

a2 as as
2)— 2(1) = dy — =2 =by— 2
(2) dy (1) < 2 4 01) Tg + Cox3 = bo a; b1
7 Y / a2
d2x2 + Ccox3 = b2 d2 = d2 — d—cl
1

a
v, —bg—d—jbl

/ /
A 1Zh41 + Chp1Zht2 = Dy gy

/ ak+1 / Ak+1 5y
where dk+1 = dk+1 — TCk bk+1 = bk+1 — Tbk
k k
di o z1 1
/ /
2 2 : 2
/
dn—l Cn—1
! /
dn Tn bn
/g
x, =b,/d,

Zn1 = (U1 = en1)/dy,

x, =0, /d,

.%‘kZ(b;C—Ckl‘k+1)/d;€ k=n-—1,...

11
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Note, if we let my = 7~ then
k—1

1 0 di C1
A=| "™
0 0

my1

Cpn—1

d/

n

=LU

Forward
Back
Substitution

LU
Ly=b y=L"'b
Ur=y



