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_I\/Iodel EQ 1: Conservation of mass
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Model EQ 2: The elasticity equation
A
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1-2D model and physical processes
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¥ | 2-3D HF Equations o«
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e Lubrication (non-linearity)
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e Boundary conditions at moving front (free boundary)
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Scaling

e Rescale the physical quantities as follows:
x = Ly, y = Lx(, t =TT
w= Wi, pr=~FMy  Q=Qo¥(r), o =o00¢(x,()

e Dimensionless groups:
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| Reduced eq near a smooth front

a > 2
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Tip asymptotic behaviour €2 = A&

e Elasticity:
Ge [o0dQ2 d¢ GeA [© s 1ds G.A 1
= —— = — — t
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K vertex : Q ~ Y2 = N ~ logé
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HF experiment
(Bunger & Jeffrey CSIRO)
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Discretizing the Elasticity Equation

e Pilecewise constant DD:

Q(x, ) ~ T;n QmunHmn(x, (), Hm,n(Xa C) = ]-Jj

Ay AQ
e Discrete Elasticity Equation:
1 H /7 /
A (R O (GO k.

8T m,n o (X — xm)(¢ — ¢n)

e Operator form:

1 o r(xX — xm,¢ — Cn)

[1 = X2
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Discretizing the Fluid Flow Equation

- The fluid flow equation: %2 = v e (23 M) + %(1)s

oIl
e Integrate over cell: /st = / §23 dC+w(T)5e
OSe

e Approximate the integrals:
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e Operator form:

82 = A(Q)N + ws
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How do we find the fracture front?

e VOF method e |Level set method
s ox -move contours of a surface
1 8\ .06 ¢(CU7 y? t) — O
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e Move front till SIF = Ky,
= Find the SIF numerically
= if K7 > Kj. move forward
= if Kj < Kj. move back
= if K= Kj, stay

e Problems
» Accurate calculation of K
» How far do you move?

N\
N\

\

» What about viscous and leak-off dominated

propagation regimes

Why not use stress intensity factor?
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Divide elements into tip & channel

ﬂ tip elt
‘ channel elt

At survey points

Q = ¢1/2

§=Q°
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Eikonal solution surfaces

The signed distance function
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Solving the Eikonal BVP

e The Eikonal Equation |V7 (x,{)| =1
e First order discretization

2 2
Tii—Ti—1j Tij—Ti41; Tii—Tij—1 Tij—Tij41 _
[max( A A ,0]| 4+ |max AC Tl , 0 = 1

e Reduction to a quadratic
Let 73 = min (Ti—lj,TiJrlj) and 7 = min (77;3'—1,77@]'+1)

max (T5,0)]" + [max (T52,0)]" =1

e Solution to the quadratic equation
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Geometric interpretation

PP, = 5X/(1+ ?)

© = \JAx2(1+ 62 - B2AT?
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Initializing 7(x,¢) from tip asymptotes

- General asymptote: 2 ~ W(E:v)
T(x,¢) = =€~ —WH(2;v)
e K-vertex: §£2 ~ g%
T(x,¢) = =€~ —Q7

e M-vertex: €2 ~ (B0 v1/3§2/3

T(X,C)=—€~—( 2 )

ﬁmO’Ul/3

v = T&Zb = 73—7072+b20

b:AT(%)3>o

NIW

23



Sample sighed distance function

T(x,¢)
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Calculating the tip volume

¢ AN = n1Ax + naA¢
D| 0(&) =mé&o O

n1 = cos(a)
no> = sin(«)
_ 1

nino
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B X

5(€) = mé Ax
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Tip volume & width as a function of £

e Width 5(5) of the tip element:
mf, O < 5 < 50

6(&) = ¢ mép, o <E<A—&

e Volume of the tip element:

/
V(0) = cAa(f) = c /O (£ — €)*5(¢)de

@FnF 0<f<&
Aal0) = ritaTsy [0T2 - (- &)t o <l <X—Eo
T TtaTey 0T = (=€) T2 — (L =X+ )2, A—bo< <A
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Qt
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Tip widths and Pressures

/
V() =c /O (£ — €)*5()de




The coupled equations

e Channel lubrication equation
AQC = Q° — Qf = Ar (ACNC + ANY) + AT

e Tip lubrication equation
AQL = Q — Q) = Ar (A*N° 4 AN + ArT?
e Elasticity Equation (eliminate channel pressure)
M¢ = Cccqe + C’CtQt
e Coupled system

[— ArAcce —pract ][ AQe] _ ATAC (CEQE + CUQ) + ArTe
—ATA*CC  —ATAY NY |7 | —AQ! - ATAk (CEQE 4 CUQY) + AT
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Time stepping and front evolution

Time step loop: 7T «+— T + AT
Front iteration loop:

Coupled Solution

I — ATACCCee —ATACt] [AQC] _ [rC]

—ATAtCCce  _ATAW nk rt

end

set T(x,¢) =—&~-WHQ;v)in
use FMM to solve |V7T (x,¢)| =1
Locate front £,a,Qt =Vi()/AA

next front iteration

next time step 29



I M-vertex radial sol’n — footprints

Fracture Footprint
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M-Vertex radial solution — front speed
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M-vertex radial solution - ’7(7')
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ILSA
M-Vertex Footprint evolution ——EXACT
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M-vertex radial soln:width & pressure
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M-vertex pressure

0.08

0.07

0.06

0.05

)

o
1,0.04-

TI(y

0.03

0.02r

0.01

— Numerical |

® [Exact

10 15 20 25 30

35

40

45 50

55

(6))



| K-vertex radial sol’n — footprints
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K-Vertex radial solution — front speed
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| K-vertex radial solution - ¥(7)
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K-vertex — convergence rate for 7

1 I T T
Convergence rate 1.311
e Numerical Error
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< | K-vertex width
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ILSA Linear —— Uniform field
Linear In-situ stress field - movie
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Breakthrough: Low to High Stress
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Stress contrast high-=low
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o—e |LSA
Lab Test (Bunger et al 2008) — '€t
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Conclusions

e Governing equations, scaling, asymptotic
solutions 1-2D and 2-3D

e Solving the free boundary problem
» Existing methods: VOF, Level Set and K, matching
» Tip asymptote and Eikonal boundary value problem
» Setting the tip volumes using the tip asymptotes
» Coupled equations

e Numerical examples
» M-vertex and K-vertex
» Viscous crack propagating in a variable in situ stress
» Stress jump solutions
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