Math 257/316 PDE  Assignment 4

[Separation of variables]

. Determine whether the method of separation of variables can be used to replace the
following PDE’s by a pair of ODE’s. If so, find the equations.

(a) zugy + tug = 0. (b) Uga + Uyy = . (¢) ugp + ugt +up = 0.
(a) Suppose u = X (z)T(t). The equation gives xX"T + tXT’ = 0 which can be
rewritten as ””?, = —ﬂTw. This separates into Iggl =k and k = —ﬂTw.

(b) Suppose v = X (z)T(t). The equation gives X”"T + XT"” = x. Division by XT
fails to separate the variables and in fact the variables cannot be separated.

(¢) Suppose u = X (z)T'(t). The equation gives X'T + X'T" +T'X = 0. Division by
XT gives /% + %TT/ —|—,TT/ 1: (/) which is the same as Xyll(l + TT/) + TT, =0 W%lich W(/&E
write as Xy = —(1 + TT)_ TT and this separates to XY =k and —k:(l + TT) = TT
which we can write as —k(T + T") =T".

. Find all eigenvalues and corresponding eigenfunctions for the following problem

—y"=Xxy (0<z<1), y0)=0, ¢'(1)=0.

Case 1, A < 0. We may write A\ = —p? with ¢ > 0 and hence y” = p?y. The general
solution is y(z) = Aet* + Be ™ #* and y' = pAe** — pBe "*. The BC 0 = y(0) gives
0= A+B, thus B=—A. The BC 0 =9/(1) gives 0 = u(Aet — Be ) = pA(et e H).
Thus A = 0 and there is no nonzero solution.

Case 2, A = 0. The general solution is y(xz) = A+ Bz. The BC 0 = y(0) gives A = 0.
The BC 0 = ¢/(1) gives B = 0. There is no nonzero solution.

Case 3, A > 0. We may write A = p? with x> 0 and hence y” = —pu?y. The general
solution is y(z) = Acospuxr + Bsinpz and vy = —pAsinpz + pB cos pz. The BC
0 = y(0) gives 0 = A+ 0. Thus A = 0. The BC 0 = /(1) gives 0 = uB cos u, thus

_ (@n—Dm

>, n=1,2,3,.... We have eigenfunctions

(2n — D)7z

5 (n=123..)

¢n(x) = sin

2n — 1)7)?
with corresponding eigenvalues \,, = u? = w



3. For each (real) constant k find all the non-zero solutions of the following boundary
value problem
X" = kX, forz € (0,1),  X(0) = —X(1).

Case k > 0: Let i = v/k. The general solution is any linear combination of e#* and
e " with = vk > 0. In particular, cosh pua and sinh px are solutions and when one
end of the interval is at « = 0 it can be more convenient to write the general solution
as acosh px + bsinh uz. The boundary condition implies a = —acosh y — bsinh p.
Since p > 0, sinh u > 0, so that we can solve for b in terms of a. After expressing b in
terms of a we find that all the solutions are

1 h
X = a(cosh,ua; + csinh pz), with ¢ = —% and 1= Vk
sinh p

By the way, this can be simplified to X oc sinh(uax) + sinh(pu(x — 1)).

Case k = 0: The general solution is ax+b. The boundary condition requires b = —a—b,

so b = —5 and therefore the solution is any constant times x — %

Case k < 0. Let p = v/ —k. The general solution is a cos pz + bsin pz. The boundary
condition requires a = —a cos . — bsin pu.

If sin v # 0 this can be solved for b in terms of a and we find that all solutions are

1
a(cos,ux + csin px), with ¢ = —w and up=+v—k
sin p

which can be simplified to (any multiple of) sin(u(x — 1)) + sin(uz).

If sinpu = 0, then p = nm with n = 1,2,3,.... Then a = —acos u — bsin pu simplifies
to a(l+cos ) = 0. There are two ways to satisfy this: case (i) 1+ cosp = 0 and case
(ii) a = 0.

Case (i): n =1,3,5,... because the two equations 1 + cos x = 0 and sin p = 0 imply
pw=mnm withn=1,3,5,.... The solution is a cosnmx + bsin nwz with a, b arbitrary.

Case (ii) n = 2,4,6,.... The solution is bsin px
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5. Which of the following functions are periodic? For those that are, find the fundamental
period.

(a) sinzcosz (b) secz + tanv2z (c) sin(z?)

Solution:
1

a) sinx cosx = — sin 2z is periodic with fundamental period 7.
2

(b) The fundamental period of secz is 27 and that of tan+/2x is 7/v/2. If secx +
tan 2z were periodic with fundamental period p then there would exist positive
integers m, n such that 2mm = nmw/v/2. But this is not possible as v/2 is irrational.

(c) sin(2?) is not periodic, for if it were the values of x where sin(z?) = 0 would be
periodic, but these values are © = +y/nm,n = 0,1,2,... (not a periodic sequence).
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7. (a) Show that cosz = - Z (2n)+—1 sin(2nz), 0 <z < 7.

n=1
(b) The series in (a) converges for all z. What function does it converge to?
n ™
c) Show that —1)2 =
© > (-1) -

in? —1
n=135,..

Solution:

(a) This is the Fourier sine series F'(x) for the function f(z) = cosz,0 < z < 7 :

o0 2 T
F(z)= Z by, sin nx, where b, = TF/O f(z) sinnxdx

n=1
Therefore
2 [ 2 7 in(nz —
b, = / cosrsinnzdr = / sin(na + ) + sin(nz :U)dx
™ Jo ™ Jo 2
~ lcos(n+1)z |7 1lcos(n— 1)z |7
- ™ n—+1 o ™ mn-—1 0
1 1
- - _1n+1_1_7 _1n—1_1
ﬂn+U« ) ) ﬂn—D« ) )
0 if n is odd
= 4n o
——— if nis even
m(n?—1)
= 8n 8 & n
SO we haVe F(ﬂf) = nz::l m Sin2n$ = ; nz::l m Sin2nﬂf.

(b) The Fourier series F'(z) converges to the 27 periodic function defined by

CcosS T O<zx<m
g(x) =<0 r=0,+7

—cosx —m<x<0
(c¢) To derive this identity we put « = 7/4 in the Fourier series in (a):
oo

1 8 n , 8
— = —ZTsm(nﬂﬂ) =—
\/i T n=1 4n 1 g n=1,3,5,

00
n

_pyn-n2_
(=1) IPEREE

which is equivalent to the identity in (c).
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