
Math 257/316 PDE Assignment 4

[Separation of variables]

1. Determine whether the method of separation of variables can be used to replace the
following PDE’s by a pair of ODE’s. If so, find the equations.

(a) xuxx + tut = 0. (b) uxx + uyy = x. (c) ux + uxt + ut = 0.

(a) Suppose u = X(x)T (t). The equation gives xX ′′T + tXT ′ = 0 which can be
rewritten as xX′′

X = − tT ′′
T . This separates into xX′′

X = k and k = − tT ′′
T .

(b) Suppose u = X(x)T (t). The equation gives X ′′T + XT ′′ = x. Division by XT
fails to separate the variables and in fact the variables cannot be separated.

(c) Suppose u = X(x)T (t). The equation gives X ′T + X ′T ′ + T ′X = 0. Division by
XT gives X′

X + X′
X

T ′
T + T ′

T = 0 which is the same as X′
X

(
1+ T ′

T

)
+ T ′

T = 0 which we
write as X′

X = −(
1 + T ′

T

)−1 T ′
T and this separates to X′

X = k and −k
(
1 + T ′

T

)
= T ′

T
which we can write as −k

(
T + T ′) = T ′.

2. Find all eigenvalues and corresponding eigenfunctions for the following problem

−y′′ = λy (0 < x < 1), y(0) = 0, y′(1) = 0.

Case 1, λ < 0. We may write λ = −μ2 with μ > 0 and hence y′′ = μ2y. The general
solution is y(x) = Aeμx + Be−μx and y′ = μAeμx − μBe−μx. The BC 0 = y(0) gives
0 = A+B, thus B = −A. The BC 0 = y′(1) gives 0 = μ(Aeμ−Be−μ) = μA(eμ+e−μ).
Thus A = 0 and there is no nonzero solution.

Case 2, λ = 0. The general solution is y(x) = A + Bx. The BC 0 = y(0) gives A = 0.
The BC 0 = y′(1) gives B = 0. There is no nonzero solution.

Case 3, λ > 0. We may write λ = μ2 with μ > 0 and hence y′′ = −μ2y. The general
solution is y(x) = A cos μx + B sinμx and y′ = −μA sinμx + μB cos μx. The BC
0 = y(0) gives 0 = A + 0. Thus A = 0. The BC 0 = y′(1) gives 0 = μB cos μ, thus
μ = (2n−1)π

2 , n = 1, 2, 3, . . .. We have eigenfunctions

φn(x) = sin
(2n − 1)πx

2
, (n = 1, 2, 3, . . .)

with corresponding eigenvalues λn = μ2 =
[(2n − 1)π]2

4
.

1



3. For each (real) constant k find all the non-zero solutions of the following boundary
value problem

X ′′ = kX, for x ∈ (0, 1), X(0) = −X(1).

Case k > 0: Let μ =
√

k. The general solution is any linear combination of eμx and
e−μx with μ =

√
k > 0. In particular, coshμx and sinhμx are solutions and when one

end of the interval is at x = 0 it can be more convenient to write the general solution
as a cosh μx + b sinhμx. The boundary condition implies a = −a cosh μ − b sinhμ.
Since μ > 0, sinhμ > 0, so that we can solve for b in terms of a. After expressing b in
terms of a we find that all the solutions are

X = a
(
coshμx + c sinhμx), with c = −1 + coshμ

sinhμ
and μ =

√
k

By the way, this can be simplified to X ∝ sinh(μx) + sinh(μ(x − 1)).

Case k = 0: The general solution is ax+b. The boundary condition requires b = −a−b,
so b = −a

2 and therefore the solution is any constant times x − 1
2 .

Case k < 0. Let μ =
√−k. The general solution is a cos μx + b sinμx. The boundary

condition requires a = −a cos μ − b sinμ.

If sinμ �= 0 this can be solved for b in terms of a and we find that all solutions are

a
(
cos μx + c sinμx), with c = −1 + cos μ

sinμ
and μ =

√−k

which can be simplified to (any multiple of) sin(μ(x − 1)) + sin(μx).

If sinμ = 0, then μ = nπ with n = 1, 2, 3, . . . . Then a = −a cos μ − b sinμ simplifies
to a(1+ cos μ) = 0. There are two ways to satisfy this: case (i) 1+ cosμ = 0 and case
(ii) a = 0.

Case (i): n = 1, 3, 5, . . . because the two equations 1 + cosμ = 0 and sinμ = 0 imply
μ = nπ with n = 1, 3, 5, . . . . The solution is a cos nπx + b sinnπx with a, b arbitrary.

Case (ii) n = 2, 4, 6, . . . . The solution is b sinμx
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5. Which of the following functions are periodic? For those that are, find the fundamental
period.

(a) sinx cos x (b) sec x + tan
√

2x (c) sin(x2)

Solution:

(a) sinx cos x =
1
2

sin 2x is periodic with fundamental period π.

(b) The fundamental period of secx is 2π and that of tan
√

2x is π/
√

2. If sec x +
tan

√
2x were periodic with fundamental period p then there would exist positive

integers m,n such that 2mπ = nπ/
√

2. But this is not possible as
√

2 is irrational.

(c) sin(x2) is not periodic, for if it were the values of x where sin(x2) = 0 would be
periodic, but these values are x = ±√

nπ, n = 0, 1, 2, . . . (not a periodic sequence).
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7. (a) Show that cosx =
8
π

∞∑

n=1

n

(2n)2 − 1
sin(2nx), 0 < x < π.

(b) The series in (a) converges for all x. What function does it converge to?

(c) Show that
∑

n=1,3,5,...

n

4n2 − 1
(−1)(n−1)/2 =

π

8
√

2
.

Solution:

(a) This is the Fourier sine series F (x) for the function f(x) = cos x, 0 < x < π :

F (x) =
∞∑

n=1

bn sinnx, where bn =
2
π

∫ π

0
f(x) sin nxdx

Therefore

bn =
2
π

∫ π

0
cos x sinnxdx =

2
π

∫ π

0

sin(nx + x) + sin(nx − x)
2

dx

= − 1
π

cos(n + 1)x
n + 1

∣∣
∣
π

0
− 1

π

cos(n − 1)x
n − 1

∣∣
∣
π

0

= − 1
π(n + 1)

((−1)n+1 − 1) − 1
π(n − 1)

((−1)n−1 − 1)

=

⎧
⎨

⎩

0 if n is odd
4n

π(n2 − 1)
if n is even

So we have F (x) =
∞∑

n=1

8n

π(4n2 − 1)
sin 2nx =

8
π

∞∑

n=1

n

4n2 − 1
sin 2nx.

(b) The Fourier series F (x) converges to the 2π periodic function defined by

g(x) =

⎧
⎪⎨

⎪⎩

cos x 0 < x < π

0 x = 0,±π

− cos x −π < x < 0

(c) To derive this identity we put x = π/4 in the Fourier series in (a):

1√
2

=
8
π

∞∑

n=1

n

4n2 − 1
sin(nπ/2) =

8
π

∞∑

n=1,3,5,...

(−1)(n−1)/2 n

4n2 − 1
,

which is equivalent to the identity in (c).
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