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(kw 1. Consider the differential equation

LJ 6z%y" —ay' +2(1 +z)y =10 )
(a) Classify the points 0 < z < oo as ordmary points, regular singular points, or irregular singular points.

(b) Find two values of r such that there are solutions of the form y(z) = 2 anz™t".
n=0

(c) Use the series expansion in (b) to determine two independent solutions of (1). You only need to calculate

the first three non-zero terms in each case.
[20 marks]
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2. Consider the following initial boundary value problem for the heat equation:

> w = sz—u, 0<z<l, ¢>0
u(0,t) = 0, u(1,8) =1 (2)
u(z,0) = 1
(@) Determine a steady state solution to the boundary value problem. [4 marks)

(b) Use this steady state solution to determine the solution to the boundary value problem (2) by separation of
variables.

HINT: The following integral may be useful:
1

/ sinh(z) sin(fz)dz =

0

ﬁ21+1 (sin Bcosh 1 — Bcos Bsinh 1)
(8 marks]

(c) Briefly describe how you would use the method of finite differences to obtain an approxxmate solution
this boundary value problem that is accrurate to O(Az?2, At) terms. Use the notation uk ~ u(zp, ) to
represent the nodal values on the finite difference mesh. Explain how you propose to approximate the
boundary condition u(1,t) = 1 with O(Az?) accuracy.

(8 marks]
(total 20 marks]
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(Question 2 Continued)

(C) DIvid & THE SPHT/AZ s 2RAVAZ [0}/:7 T (VFI) rESK Foomn 3

Saucy THT Xpy= NAX  AND ConS - DE&R Tims SZPS L,=KLE

A GHOST 1783 Do 7S
Wl
u
tkﬁ@“’u# 1Vl
kK K K
Un- kK1l Kk
ty= P Un Une W lug s
j — - a =t

lxosoxl Xn-1 Xn Xn P )KM:‘(NJ-l

USE Tor Fis7 OLMX DIFfFLRENCE  AJHoxMI770Y /A Frerg

“ U (X, tyrat) = Uix,be) + %Mg@)mqu’,%ilgc«lfﬁ)mz
o é“[’ﬁm,‘k) -’- é[nk’i L/”k + 0 Mﬁ)
5% o 2

USE Canvirhiz DIFFELIVEES N SAHTE

6‘
Ax? >% + {?&34/.[ +A/(4@/4((3‘ -y
UlX#aK, ) = Ux$) iAX%%[)gi)—f_il 2L 1 e %) = P )?&¥)

z ’
Ol(x 4)= uk -zukeuf, + 0(Ax?)
2 —

on AxZ
k k, 6 k
.. Ut = ﬂ)(x —-_ U =U lln/‘/”ié/,,k: L/nn’zufl 'f“rl// —_ ahk
k k k kAXZ A¥
OL Uy Ho S lps, — (8647 )ty + Yiy, ¥'= A2
7O 0874w 4 28D OADEX ADHox/niasipyy (K) /77265
ux K k ¢
NEI T U = O Uy = Uy, + 24K
LAX

TG—,&oS‘f ATLESH oIS,



3. Consider the following initial-boundary value problem:

L&w U + 27y = czuu, O0<z<l
u(0,t) = u(,t) =0
u(z,0) = f(z), u(z,0) = 0.
(a) Assuming that 0 < 7y < wc, use separation of variables to determine the solution to this boundary value
problem. ) [12 marks]
(b) Ify=0,c=1,andif the initial displacement f(x) = sin(4wx), sketch the shape of the string at time
t=1/4. [8 marks]
[total 20 marks]
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(&W 4. (a) Consider the cigenvalue problem
r?R'+rR+MR = 0
R(1) = 0=R(2)
Reduce this problem to the form of a Sturm-Liouville eigenvalue problem. Determine the eigenvalues
and corresponding eigenfunctions. [8 marks]

(b) Usc the cigenfunctions in (a) to solve the following mixed boundary value problem for the annular region:
1
urr+%u.—+r—2ugg = 0, 1<r<2 0<f<n~x é‘*‘)

u(r,0) = 0 and %(r,w): f(r)

u(1,8) = 0 and u(2,6)=0
[12 marks]
[total 20 marks]
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5. Solve the inhomogeneous heat conduction problem: /
(My U Uz +et(1-2), 0<z <2 t>0
2(0,¢) 1, and u(1,t) = e~*
u(zx, 0) 1.

[20 marks]
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4. (a) Consider the eigenvalue problem
" R'+rR+MR = 0
R(1) = 0=R(2)
Reduce this problem to the form of a Sturm-Liouville eigenvlaue problem. Determine the eigenvalues

and corresponding eigenfunctions. (8 marks]
(b) Use the eigenfunctions in (a) to solve the following mixed boundary value problem for the annular region:
‘u,-.-+lur+l2ueo =0 1<r<2 0<fl<w
T T
u(0) = 0 and %(r, m)=1
u(1,0) = 0 and u(2,8)=0
[12 marks])
[total 20 marks]
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(Question 4 Continued)
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