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S.1. Proof of Proposition 5.1 . For |xi| ≥ ε0, i = 1, 2, and ε ∈ (0, ε0),
if |x1 − x2| ≤ 5ε, then use xe−x ≤ e−1,∀x ≥ 0 to get
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xi
ε
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ε2
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− λ

XG
xi
ε

(1)

ε2
))
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))
.

Recall the definition of F = Fε,x1 in (4.17). For all λ > 0, an integration by
parts gives
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≤c4.92p−2εp−2 +

∫ ∞
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ye−yc4.9(
y

λ
)p−2εp−2dy = C(ε0, λ)εp−2,

the last line by Proposition 4.9. Therefore
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≤ e−15p−2C(ε0, λ)|x1 − x2|2−pε2(p−2),
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2 HONG, MYTNIK, AND PERKINS

provided |x1 − x2| ≤ 5ε. As a result,

throughout the rest of this Section we may fix ε0 > 0, |xi| ≥ ε0 and
ε ∈ (0, ε0) with |x1−x2| > 5ε. In this case, we have B(x1, 2ε)∩B(x2, 2ε) = ∅.

Let ~x = (x1, x2), G = Gx1ε ∩Gx2ε , and ~λ = (λ1, λ2) ∈ [0,∞)2\{(0, 0)}. For
X0 ∈MF (Rd) such that d(Supp(X0), G

c) > 0, the decomposition (2.4) with
G = Gxiε , i = 1, 2, gives

EX0

(
exp

(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))

= exp
(
−
∫
U
~λ,~x,ε(x)X0(dx)

)
,(S.1)

where U
~λ,~x,ε ≥ 0 is defined as

U
~λ,~x,ε(x) ≡ Nx

(
1− exp

(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))
, ∀x ∈ G.(S.2)

We use results from Chapter V of [17] to get the following lemma.

Lemma S.1.1. U
~λ,~x,ε is a C2 function on G and solves

∆U
~λ,~x,ε = (U

~λ,~x,ε)2 on G.(S.3)

Moreover,

U
~λ,~x,ε(x) ≤ (λ1 + λ2)ε

−2, ∀x ∈ G.

Proof. Let

u(x) ≡ U~λ,~x,ε(x) = Nx
(

1− exp
(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))
.

Then use 1− e−x ≤ x to get

u(x) ≤ Nx
( 2∑
i=1

λi
XG

xi
ε

(1)

ε2

)
=

2∑
i=1

λiε
−2Px(τi <∞) ≤ (λ1 + λ2)ε

−2,(S.4)

the equality by Proposition V.3 of [17], where (Bt) is d-dimensional Brown-
ian motion starting from x under Px and τi = inf{t ≥ 0 : Bt /∈ Gxiε }.
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SUPPLEMENTARY MATERIAL 3

Next, for any x′ ∈ G, let D be an open ball that contains x′, whose closure
is in G. Use (S.1) with X0 = δx and then Proposition 2.3(b)(i) to see that
for x ∈ D,

e−u(x) = Eδx
(

exp
(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))

= Eδx
(
EXD

(
exp

(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
)))

=Eδx
(

exp
(
−
∫
u(x)XD(dx)

))
= exp

(
− Nx

(
1− exp

(
−
∫
u(y)XD(dy)

)))
,

the third equality by (S.1) with X0 = XD, and the last by the decomposition
(2.4). Therefore

u(x) = Nx
(
1− exp

(
−
∫
u(y)XD(dy)

))
∀x ∈ D.

Note u is bounded in G by (S.4), and hence on ∂D. Use Theorem V.6 of
[17] to conclude

∆u(x) = (u(x))2, ∀x ∈ D, and, in particular, for x = x′.

Since x′ is arbitrary, it holds for all x ∈ G. �

Let X0 = δx in (S.1) for x ∈ G to get

Eδx
(

exp
(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))

= exp(−U~λ,~x,ε(x)).(S.5)

Monotone convergence and the convexity of e−ax for a, x > 0 allow us to
differentiate the left-hand side of (S.5) with respect to λi > 0 through the

expectation and so conclude that for i = 1, 2, U
~λ,~x,ε
i (x) = ∂

∂λi
U
~λ,~x,ε(x) exists

and

Eδx
(XG

xi
ε

(1)

ε2
exp

(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))

= e−U
~λ,~x,ε(x)U

~λ,~x,ε
i (x) for λi > 0, λ3−i ≥ 0.

Repeat the above to see that U
~λ,~x,ε(x) is C2 in λ1, λ2 > 0 and if

U
~λ,~x,ε
1,2 (x) = ∂2

∂λ1∂λ2
U
~λ,~x,ε(x), then

Eδx
(XG

x1
ε

(1)

ε2
XG

x2
ε

(1)

ε2
exp

(
−

2∑
i=1

λi
XG

xi
ε

(1)

ε2
))

(S.6)

= e−U
~λ,~x,ε(x)

[
U
~λ,~x,ε
1 (x)U

~λ,~x,ε
2 (x)− U~λ,~x,ε1,2 (x)

]
, for λ1, λ2 > 0.

The next monotonicity result follows just as in the proof of Lemma 9.2
of [20].
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4 HONG, MYTNIK, AND PERKINS

Lemma S.1.2.

(a) U
~λ,~x,ε
i (x) > 0 is strictly decreasing in ~λ ∈ {(λ1, λ2) : λi > 0, λ3−i ≥ 0},

for i = 1, 2.

(b) −U~λ,~x,ε1,2 (x) > 0 is strictly decreasing in ~λ ∈ (0,∞)2.

Note that

U
~λ,~x,ε(x) = Uλiε

−2,ε(x− xi), for λi > 0 and λ3−i = 0.(S.7)

The above monotonicity results easily give the following, just as for Lemma 9.3
of [20].

Lemma S.1.3. (a) For all λi > 12 and λ3−i ≥ 0,

U
~λ,~x,ε
i (x) ≤ 2

λi
(Uλiε

−2,ε(xi − x)− U (λi/2)ε
−2,ε(xi − x))

≤ 2

λi

2p

|xi − x|p
Dλi/2(2)εp−2, ∀|xi − x| ≥ 2ε.

(b) For all λ1, λ2 > 12,

−U~λ,~x,ε1,2 (x) ≤ 4

λ1λ2
min
i=1,2

(Uλiε
−2,ε(xi − x)− U (λi/2)ε

−2,ε(xi − x))

≤ 4

λ1λ2
2p([Dλ1/2(2)|x1 − x|−p] ∧ [Dλ2/2(2)|x2 − x|−p])εp−2,

∀|xi − x| ≥ 2ε, i = 1, 2.

Let rε = 2ε and assume 0 < rε < min{|xi − x| : i = 1, 2}. Set
T irε = inf{t ≥ 0 : |Bt − xi| ≤ rε} and Trε = T 1

rε ∧ T
2
rε , and let (Ft) de-

note the right-continuous filtration generated by the Brownian motion B,
which starts at x under Px.

Lemma S.1.4. Let λ1, λ2 > 12.

(a) U
~λ,~x,ε
1 (B(t∧Trε))−

∫ t∧Trε
0 U

~λ,~x,ε(B(s))U
~λ,~x,ε
1 (B(s))ds is an (Ft)-martingale.

(b) For any t > 0,

U
~λ,~x,ε
1 (x) = Ex

(
U
~λ,~x,ε
1 (B(t ∧ Trε) exp

(
−
∫ t∧Trε

0
U
~λ,~x,ε(B(s))ds

))
.

This result follows from Lemmas S.1.1, S.1.3 and Itô’s Lemma, exactly
as for Lemma 9.4 in [20], and so the proof is omitted.
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Lemma S.1.5. For all λ1, λ2 > 12,

−U~λ,~x,ε1,2 (x) =Ex

(∫ Trε

0

2∏
i=1

U
~λ,~x,ε
i (B(t)) exp

(
−
∫ t

0
U
~λ,~x,ε(B(s))ds

)
dt
)

+ Ex

(
exp

(
−
∫ Trε

0
U
~λ,~x,ε(B(s))ds

)
1(Trε <∞)(−U~λ,~x,ε1,2 (B(Trε))

)
.

This follows from Lemmas S.1.3 and S.1.4, as in the proof of Lemma 9.5
of [20].

Proof of Proposition 5.1. Recall rε = 2ε. For the case ε ∈ [ε0/2, ε0),

the result follows immediately by letting c5.1 ≥ e−222(p−2)ε
−2(p−2)
0 and by

using xe−x ≤ e−1, for x ≥ 0, so we assume

rε = 2ε < ε0.(S.8)

Recall that T irε = inf{t ≥ 0 : |Bt − xi| ≤ rε} and Trε = T 1
rε ∧ T

2
rε . Since

|xi| ≥ ε0, we have Trε > 0, P0-a.s.. We set ~λ = (λ, λ), ~x = (x1, x2), and
∆ = |x1 − x2|, where the constant λ > 0 will be chosen large below.

Apply (S.6) and Lemma S.1.3(a) to see that for λ > 12,

Eδ0
(
λ2
XG

x1
ε

(1)

ε2
XG

x2
ε

(1)

ε2
exp

(
− λ

2∑
i=1

XG
xi
ε

(1)

ε2
))

= λ2e−U
~λ,~x,ε(x)

[
U
~λ,~x,ε
1 (0)U

~λ,~x,ε
2 (0)− U~λ,~x,ε1,2 (0)

]
≤ 22p+2(Dλ/2(2))2|x1|−p|x2|−pε2(p−2) − λ2U

~λ,~x,ε
1,2 (0)

≤ cε−2p0 ε2(p−2) + λ2(−U~λ,~x,ε1,2 (0)).(S.9)

To bound the last term, use Lemma S.1.5 to get

λ2(−U~λ,~x,ε1,2 (0))(S.10)

=λ2E0

(∫ Trε

0

2∏
i=1

U
~λ,~x,ε
i (B(t)) exp

(
−
∫ t

0
U
~λ,~x,ε(B(s))ds

)
dt
)

+λ2E0

(
exp

(
−
∫ Trε

0
U
~λ,~x,ε(B(s))ds

)
1(Trε <∞)(−U~λ,~x,ε1,2 (B(Trε))

)
≡K1 +K2.

We first consider K2. On {Trε < ∞} we may set xε(ω) = B(Trε) and
choose i(ω) so that |xi−xε| ≥ ∆/2. By the definition of Trε , |xi − xε| ≥ rε = 2ε,

imsart-aop ver. 2014/10/16 file: supppl_May17.tex date: May 17, 2019



6 HONG, MYTNIK, AND PERKINS

and so |xi − xε| ≥ 1
2(∆ ∨ rε). Lemma S.1.3(b) and the above imply

λ2(−U~λ,~x,ε1,2 (B(Trε))) ≤ 4 · 2p(Dλ/2(2)(∆ ∨ rε)−p2p)εp−2 ≤ c(∆ ∨ rε)−pεp−2.

This shows that

K2 ≤ c(∆ ∨ rε)−pεp−2
2∑
i=1

E0

(
1(T irε <∞) exp

(
−
∫ T irε

0
U
~λ,~x,ε(B(s))ds

))
.

(S.11)

Use (S.7) and Corollary 4.7(a) with |B(s)− xi| ≥ rε = 2ε and R = 2 to see
that

U
~λ,~x,ε(B(s)) ≥ Uλε−2,ε(B(s)− xi) ≥U∞,ε(B(s)− xi)− 2p|B(s)− xi|−pDλ(2)εp−2

≥V∞(B(s)− xi)− 2p|B(s)− xi|−pDλ(2)εp−2,(S.12)

where the last follows by using (4.1) and scaling to see that
U∞,ε(x) = ε−2U∞,1(x/ε) ≥ ε−2V∞(x/ε) = V∞(x) for all |x|/ε > 1. Let
τrε = inf{t : |Bt| ≤ rε} and let µ, ν be as in (4.9). Use the above in (S.11)
and then use Brownian scaling to see that for i = 1, 2,

E0

(
1(T irε <∞) exp

(
−
∫ T irε

0
U
~λ,~x,ε(B(s))ds

))(S.13)

≤E−xi
(

1(τrε <∞) exp
(∫ τrε

0

2pDλ(2)εp−2

|B(s)|p
ds
)

exp
(
−
∫ τrε

0

2(4− d)

|B(s)|2
ds
))

≤E−xi/rε
(

1(τ1 <∞) exp
(∫ τ1

0

2pDλ(2)εp−2r2−pε

|B(s)|p
ds
)

exp
(
−
∫ τ1

0

2(4− d)

|B(s)|2
ds
))

=E
(2+2ν)
|xi|/rε

(
exp

(∫ τ1

0

4Dλ(2)

ρps
ds
)∣∣∣τ1 <∞)(|xi|/rε)−p,

where we have used Lemma 4.5 in the last line, and recalled that p = ν+µ.
Choose λ > 12 large such that

2γ ≡ 2 · 4Dλ(2) ≤ 2(4− d) < ν2,

and then apply Lemma 4.4 to conclude that (S.13) is bounded by

c4.4(p, ν)(|xi|/rε)−p ≤ c4.4(p, ν)ε−p0 rpε .

So (S.11) becomes

K2 ≤ c(∆ ∨ rε)−pεp−22c4.4(p, ν)ε−p0 rpε ≤c(ε0)∆2−pεp−2rp−2ε

=2p−2c(ε0)∆
2−pε2(p−2).(S.14)
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In view of (S.9), (S.10) and (S.14), it remains to prove

K1 ≤ C(ε0)∆
2−pε2(p−2).(S.15)

Apply Lemma S.1.3(a) to K1 defined in (S.10) to get

K1 ≤λ2
1

λ2
(2p+1εp−2Dλ/2(2))2

× E0

(∫ Trε

0

2∏
i=1

|Bt − xi|−p exp
(
−
∫ t

0
U
~λ,~x,ε(B(s))ds

)
dt
)
.(S.16)

Let ∆i = x3−i − xi, so that |∆i| = ∆. Let T
′,i
rε = inf{t : |Bt| ≤ rε or

|Bt −∆i| ≤ rε}. Apply (S.12) to see that (S.16) becomes

K1 ≤cε2(p−2)
2∑
i=1

E−xi

(∫ T
′,i
rε

0
|Bt|−p|Bt −∆i|−p1(|Bt| ≤ |Bt −∆i|)

× exp
(∫ t

0

2pDλ(2)εp−2

|B(s)|p
ds
)

exp
(
−
∫ t

0

2(4− d)

|B(s)|2
ds
)
dt
)
.(S.17)

On {|Bt| ≤ |Bt −∆i|}, we have

∆ = |∆i| ≤ |Bt −∆i|+ |Bt| ≤ 2|Bt −∆i|,

and hence

|Bt −∆i|−p ≤
(1

2
∆ ∨ |Bt|

)−p
≤ 2p(∆−p ∧ |Bt|−p).

Use T
′,i
rε ≤ τrε and Brownian scaling to see that

K1 ≤ cε2(p−2)
2∑
i=1

E−xi

(∫ τrε

0
|Bt|−p(|Bt|−p ∧∆−p)

× exp
(∫ t

0

2pDλ(2)εp−2

|B(s)|p
ds
)

exp
(
−
∫ t

0

2(4− d)

|B(s)|2
ds
)
dt
)

≤ cε2(p−2)
2∑
i=1

E−xi/rε

(∫ τ1

0
r2−2pε |Bt|−p(|Bt|−p ∧ (∆/rε)

−p)

× exp
(∫ t

0

2pDλ(2)εp−2r2−pε

|B(s)|p
ds
)

exp
(
−
∫ t

0

2(4− d)

|B(s)|2
ds
)
dt
)

= cε−2
2∑
i=1

∫ ∞
0

E−xi/rε

(
1(t < τ1)|B(t ∧ τ1)|−p(|B(t ∧ τ1)|−p ∧ (∆/rε)

−p)

× exp
(∫ t∧τ1

0

4Dλ(2)

|B(s)|p
ds
)

exp
(
−
∫ t∧τ1

0

2(4− d)

|B(s)|2
ds
))
dt.(S.18)
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Now let δ = 4Dλ(2), µ, ν be as in (4.9), and use Lemma A.1 to get

K1 ≤ cε−2
2∑
i=1

∫ ∞
0

(|xi|/rε)ν−µE(2+2ν)
|xi|/rε

(
1(t < τ1)ρ(t ∧ τ1)−p

(S.19)

× (ρ(t ∧ τ1)−p ∧ (∆/rε)
−p) exp

( ∫ t∧τ1

0
δρ−ps ds

)
ρ(t ∧ τ1)−ν+µ

)
dt

= cεµ−ν−2
2∑
i=1

|xi|ν−µE(2+2ν)
|xi|/rε

(∫ τ1

0
ρt
−p−ν+µ(ρ−pt ∧ (∆/rε)

−p) exp
( ∫ t

0
δρ−ps ds

)
dt
)
.

We interrupt the proof of the proposition for another auxiliary result from
[20].

Lemma S.1.6. There is some universal constant cS.1.6 > 0 such that for
any r > 0 with r < (|xi| ∧∆) and 0 < δ < (p− 2)(2− µ), we have

E
(2+2ν)
|xi|/r

(∫ τ1

0
ρt
−p−ν+µ(ρ−pt ∧ (∆/r)−p) exp

( ∫ t

0
δρ−ps ds

)
dt
)

≤ cS.1.6r−2+2p+ν−µ|xi|−2ν∆2−p.

Proof. This is included in the proof of Proposition 6.1 of [20] with
r = rλ. In particular, the above expectation appears in (9.23) of [20] and
is bounded by eJi in (9.27) of that paper. Following the inequalities in
that work, noting we only need consider Case 1 or Case 3 (the latter with
r ≤ |xi| ≤ ∆) at the end of the proof, we arrive at the above bound. �

Returning now to the proof of Proposition 5.1. Pick λ > 12 large such
that δ < (p − 2)(2 − µ). Note we assumed |xi| ≥ ε0 > rε by (S.8) and
∆ = |x1−x2| > 5ε > rε at the very beginning of this section. So use Lemma
S.1.6 applied with r = rε to see that

K1 ≤cεµ−ν−2
2∑
i=1

|xi|ν−µcS.1.6r−2+2p+ν−µ
ε |xi|−2ν∆2−p

=Cε2p−4∆2−p
2∑
i=1

|xi|−p.(S.20)

Use |xi| ≥ ε0 to conclude

K1 ≤ 2Cε−p0 ∆2−pε2p−4.

This gives (S.15), and so the proof is complete. �
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S.2. Proof of Lemma 7.3. We work under Qx0 where |x0| ≥ 2r0.
Recall the definitions of ηGs and EG from Section 2. For 0 ≤ r < r0, introduce

Art =

∫ t

0
1(ζu ≤ SGr0−r(Wu)) du,

so that
ηrs := η

Gr0−r
s = inf{t : Art > s}.

Lemma S.2.1. (a) Qx0-a.s. for all t ≥ 0 we have

Art =

∫ t

0
1( inf
v≤ζu
|Wu(v)| > r0 − r) du ∀r ∈ [0, r0),

and
r 7→ Art is left-continuous on [0, r0).

(b) limr′↑r η
r′
s = ηrs for all r ∈ (0, r0), s ≥ 0 Qx0-a.s.

(c) If T is an (E+r )-stopping time, then WηTs
is E+T -measurable.

Proof. The proof is a straightforward modification of that of Lemma 7.4
in [20], where shrinking half spaces have now been replaced with shrinking
balls. �

Proof of Lemma 7.3. By (7.23) (with a different radii) and Lemma 2.1(a)
there are Borel maps ψ̃ on K and ψ on C(R+,W) such that

1Dr0 = ψ̃(R) = lim
N→∞

ψ̃({Ŵ (s) : s ≤ N}) = ψ(W ),

where we have used (2.2) in the second equality. In the last equality we have
also called on the continuity of W 7→ {Ŵ (s) : s ≤ N} from C([0,∞),W) to
K. Therefore a monotone class argument shows it suffices to fix s ≥ 0 and
show that if φ :W → R is bounded Borel then

(S.21) φ(Ws) is E+T0− −measurable.

Lemma S.2.1(b) implies that W
η
T0
s

= limn→∞W
η
T
n−1
s

Qx0-as. and so by

Lemma S.2.1(c) and (7.20), W
η
T0
s

is E+T0−-measurable. So to prove (S.21) it

suffices to show
Ws = W

η
T0
s

Qx0 − a.s..

This, in turn, would follow from AT0t = t for all t ≥ 0 Qx0-a.s., or equivalently
by Lemma S.2.1(a),

(S.22)

∫ σ

0
1( inf
v≤ζu
|Wu(v)| ≤ r0 − T0) du = 0 Qx0 − a.s..
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Here we have truncated the integral at σ since ζu = 0 and |Wu(0)| = |x0| ≥
2r0 for u ≥ σ. If 0 ≤ u < ζs and s′ < s is the last time before s that ζs′ = u,
then inft∈[s′,s] ζt = ζs′ = u and so (e.g., see p. 66 of [17]) Ws(u) = Ŵ (s′)
Qx0-a.s. This and Lemma 7.1 (recall also (7.1)) imply

(S.23) inf
u≤σ

inf
v≤ζu
|Wu(v)| = T̂0 = inf{|x| : x ∈ R} = r0 − T0 Qx0 − a.s..

Therefore (S.22) is equivalent to

(S.24)

∫ σ

0
1( inf
v≤ζu
|Wu(v)| = T̂0) du = 0 Qx0 − a.s..

The historical process, (Ht, t ≥ 0) is an inhomogeneous Markov process
under Nx0 taking values in MF (C(R+,Rd))–see [4] or p. 64 of [17] to see
how it is easily defined from the snake W . The latter readily implies

(S.25)

∫ ∞
0

Ht(φ)dt =

∫ σ

0
φ(Wu) du for all non-negative Borel φ,

where we have extended Wu to R+ in the obvious manner. Recalling (7.1)
and letting X be the SBM under Nx0 as usual, we have

Nx0
(∫ ∞

0
1( inf
v≤ζu
|Wu(v)| = T̂0)du

)(S.26)

≤ Nx0
(∫ ∞

0

∫
1(inf

t′
|yt′ | = T̂0)Ht(dy)dt

)
(by (S.25))

≤
∫ ∞
0

Nx0
(∫

1
(∫ ∞

0
Xs({x : |x| < inf

t′≤t
|y(t′)|})ds = 0

)
Ht(dy)

)
dt,(S.27)

where in the last line we use (S.23) and y(·) = y(·∧t) Ht−a.a. y ∀t ≥ 0 Nx0-
a.e. Below we will let B denote a d-dimensional Brownian motion starting
at x0 under PBx0 , mt = inft′≤t |Bt′ | = |Bτt | (for some τt < t), and Lx be the
local time of the SBM X (at time infinity). Fix t > 0 and use the Palm
measure formula for Ht (e.g. Proposition 4.1.5 of [4]) to see that (cf. (7.22)
in [20])

Nx0
(∫

1
(∫ ∞

0
Xs({x : |x| < inf

t′≤t
|y(t′)|})ds = 0

)
Ht(dy)

)
= EBx0

(
exp
(
−
∫ t

0

∫
1
(∫ ∞

0
Xs({x : |x| < mt})ds > 0

)
dNBudu

))
≤ EBx0

(
exp
(
−
∫ t

0
NBu(LBτt > 0)du

))
.(S.28)
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It follows from (1.13), (1.14) and Pδx(Ly = 0) = exp(−Nx(Ly > 0)) (see,
e.g., (2.12) in [20]) that

Nx(Ly > 0) = 2(4− d)|x− y|−2.

Use this to bound (S.28) by

EBx0

(
exp
(
−
∫ t

0

2(4− d)

|Bs −Bτt |2
ds
))
.

A simple application of Lévy’s modulus for B shows the above integral is
infinite a.s. and so proves that (S.26) equals zero. This implies (S.24), as
required.
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