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Abstract
We establish existence and uniqueness for the martingale problem associated with
a system of degenerate SDE’s representing a catalytic branching network. For example, in
the hypercyclic case:

axX? = bi(X)dt + 20 (X)X XDaBl, XO 20, i=1,..,d,

where X (1) = X existence and uniqueness is proved when v and b are continuous
on the positive orthant, v is strictly positive, and b; > 0 on {z; = 0}. The special case
d=2,b; =0; —x; is required in work of [DGHSS] on mean fields limits of block averages
for 2-type branching models on a hierarchical group. The proofs make use of some new
methods, including Cotlar’s lemma to establish asymptotic orthogonality of the derivatives
of an associated semigroup at different times, and a refined integration by parts technique
from [DP1]. As a by-product of the proof we obtain the strong Feller property of the
associated resolvent.
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1. Introduction. In this paper we establish well-posedness of the martingale problem
for certain degenerate second order elliptic operators. The class of operators we consider
arises from models of catalytic branching networks including catalytic branching, mutually
catalytic branching and hypercyclic catalytic branching systems (see [DF] for a survey of
these systems). For example, the hypercyclic catalytic branching model is a diffusion on
Rﬁlr, d > 2, solving the following system of stochastic differential equations:

dx = 6, — XMat + \/2%(Xt)X§i“)X§“dB§, i=1,...,d (1.1)

Here X (t) = (Xt(l),...,Xt(d)), addition of the superscripts is done cyclically so that
Xt(dH) = Xt(l), 6; > 0, and y; > 0.

Uniqueness results of this type are proved in [DP1] under Hoélder continuity hy-
potheses on the coefficients. Our main result here is to show the uniqueness continues to
hold if this is weakened to continuity. One motivation for this problem is that for d = 2,
(1.1) arises in [DGHSS] as the mean field limit of the block averages of a system of SDE’s
on a hierarchical group. The system of SDEs models two types of individuals interacting
through migration between sites and at each site through interactive branching, depend-
ing on the masses of the types at that particular site. The branching coefficients ~; of
the resulting equation for the block averages arise from averaging the original branching
coefficients at a large time (reflecting the slower time scale of the block averages) and so
are given in terms of the equilibrium distribution of the original equation. The authors
of [DGHSS] introduce a renormalization map which gives the branching coefficients ~; of
the block averages in terms of the previous SDE. They wish to iterate this map to study
higher order block averages. Continuity is preserved by this map on the interior of ]Ri,
and is conjectured to be preserved at the boundary (see Conjecture 2.7 of [DGHSS)). It is
not known whether Holder continuity is preserved (in the interior and on the boundary),
which is why the results of [DP1] are not strong enough to carry out this program. The
weakened hypothesis also leads to some new methods.

The proofs in this paper are substantially simpler in the two-dimensional setting
required for [DGHSS] (see Section 8 below) but as higher dimensional analogues of their
results are among the “future challenges” stated there, we thought the higher-dimensional
results worth pursuing.

Further motivation for the study of such branching catalytic networks comes from
[ES] where a corresponding system of ODEs was proposed as a macromolecular precursor
to early forms of life. There also have been a number of mathematical works on mutually
catalytic branching ((1.1) with d = 2 and ~; constant) in spatial settings where a special
duality argument ([M], [DP2]) allows a more detailed analysis, and even in spatial analogues
of (1.1) for general d, but now with much more restricted results due in part to the lack of
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any uniqueness result ([DFX], [FX]). See the introduction of [DP1] for more background
material on the model.

Earlier work in [ABBP] and [BP] show uniqueness in the martingale problem for
the operator A®7) on C2?(R%) defined by

d
AT f(z) = Z (bi(x) o1 +’7i($)1’i%) . TERL

i=1 O i

Here b;,7v; i = 1,...,d are continuous functions on Ri, with b;(x) > 0 if z; = 0, and also
satisfy some additional regularity or non-degeneracy condition. If b;(z) = > ;T35 for
some d x d QQ-matrix (g;;), then such diffusions arise as limit points of rescaled systems
of critical branching Markov chains in which (gj;) governs the spatial motions of particles
and ~y;(x) is the branching rate at site ¢ in population x = (z1,...,24). In both [ABBP]
and [BP] a Stroock-Varadhan perturbation approach was used in which one views the
generator in question as a perturbation of an independent collection of squared Bessel
processes. The perturbation argument, however, is carried out on different Banach spaces;
in [ABBP] it was an appropriate L? space, while in [BP] it was a weighted Holder space. In
this work we again proceed by such a perturbation argument on an appropriate L? space
(as in [ABBP]) but the methods of [ABBP] or [BP] will not apply to systems such as (1.1)
because now the branching rates ; may be zero and so the process from which we are
perturbing will be more involved. In fact the appropriate class of processes was introduced
in [DP1]. So it would appear that a combination of the ideas of [ABBP] and [DP1] is
needed, but we will see that we will in fact have to significantly extend the integration by
parts formulae of [DP1] and an invoke a new analytic ingredient, Cotlar’s Lemma, to carry
out the proof. Admittedly the choice of operator from which one perturbs and Banach
space in which to carry out the perturbation is a bit of an art at present, but we feel the
set of methods introduced to date may also handle a number of other degenerate diffusions
including higher order multiplicative catalysts.

We will formulate our results in terms of catalytic branching networks in which the
catalytic reactions are given by a finite directed graph (V, £) with vertex set V' ={1,...,d}
and edge set £ = {e1,...,er}. This will include (1.1) and all of the two-dimensional
systems arising in [DGHSS]. As in [DP1] we assume throughout:

Hypothesis 1.1. (i,i) ¢ £ for all i € V and each vertex is the second element of at most
one edge. 0

The restrictive second part of this hypothesis has been removed by Kliem [K] in
the Holder continuous setting of [DP1]. It is of course no restriction if |V| = 2 (as in
[DGHSS]), and holds in the cyclic setting of (1.1).
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Vertices denote types and an edge (i, j) € £ indicates that type i catalyzes the type
j branching. Let C' denote the set of vertices (catalysts) which appear as the first element
of an edge and R denote the set of vertices that appear as the second element (reactants).
Let ¢ : R — C be such that for j € R, ¢; denotes the unique ¢ € C such that (¢,5) € &,
and for i € C, let R, ={j : (i,7) € £}.

Here are the hypotheses on the coefficients:

Hypothesis 1.2. Fori e V,

i :Rﬁlr — (0,00), b; :Ri — R,
are continuous such that |b;(z)| < ¢(1+ |z|) on R%, and b;(z) > 0 if z; = 0. 0
The positivity condition on b;|;,—¢ is needed to ensure the solutions remain in the first

orthant.

If D C RY CZ(D) denotes the space of twice continuously differentiable bounded
functions on D whose first and second order partial derivatives are also bounded. For
f € CZ(R%), and with the above interpretations, the generators we study are

Af(@) = APV f(z) = i (@)we,w; f5(x) + > vi(@)a; fi;(@) + D by() f(x).
JER Jj€R JEV
(Here and elsewhere we use f; and f;; for the first and second partial derivatives of f.)

Definition. Let Q = C(R;,R%), the continuous functions from Ry to R%. Let X (w) =
w(t) for w € €, and let (F%) be the canonical right continuous filtration generated by X.

If v is a probability on ]Ri, a probability P on € solves the martingale problem M P(A, v)
if under PP, the law of Xy is v and for all f € CZ(R%),

My (1) = F(X2) — F(Xo) - / Af(X,) ds

is a local martingale under P.
A natural state space for our martingale problem is

S:{xERi: H (xi+xj)>0}.
(i,7)€&

The following result is Lemma 5 of [DP1] — the Holder continuity assumed there plays no
role in the proof.

Lemma 1.3. IfP is a solution of M P(A,v), where v is a probability on Ri, then X; € S
for all t > 0 P-a.s.

Here is our main result.



Theorem 1.4. Assume Hypotheses 1.1 and 1.2 hold. Then for any probability v on S,
there is exactly one solution to MP(A,v).

The cases required in Theorem 2.2 of [DGHSS] are the three possible directed graphs
for V = {1,2}:
(i) £€=0;
(i) &= {2 1)} or £ = {(1,2)};
(iii) € ={(1,2),(2,1)}.

The state space here is S = R?—{(0,0)}. In addition, [DGHSS] takes b;(x) = 6; —x;
for §; > 0. As discussed in Remark 1 of [DGHSS], weak uniqueness is trivial if either 6;
is 0, as that coordinate becomes absorbed at 0, so we may assume 6; > 0. In this case
Hypotheses 1.1 and 1.2 hold, and Theorem 2.2, stated in [DGHSS] (the present paper is
cited for a proof), is immediate from Theorem 1.4 above. See Section 8 below for further
discussion about our proof and how it simplifies in this two-dimensional setting. In fact, in
Case (i) the result holds for any v on all of R? (as again noted in Theorem 2.2 of [DGHSS])
by Theorem A of [BP].

Our proof of Theorem 1.4 actually proves a stronger result. We do not require that
the ~; be continuous, but only that their oscillation not be too large. More precisely, we
prove that there exists g > 0 such that if (1.2) below holds, then there is exactly one
solution of M P(A,v). The condition needed is

For each i =1,...,d and each x € Rﬁlr there exists a neighborhood N, such that
Osc N.Yi < €o, (1.2)

where Osc 4 f =supy f —inf4 f.

As was mentioned above, the new analytic tool we use is Cotlar’s lemma, Lemma
2.13, which is also at the heart of the famous T1 theorem of harmonic analysis. For a
simple application of how Cotlar’s lemma can be used, see [Fe|, pp. 103-104.

We consider certain operators T; (defined below in (2.18)) and show that

[Tz < c/t. (1.3)

We require L? bounds on fooo e MTy dt, and (1.3) is not sufficient to give these. This is
where Cotlar’s lemma comes in: we prove L? bounds on T; T and T} T}, and these together
with Cotlar’s lemma yield the desired bounds on fg e T, dt. The use of Cotlar’s lemma
to operators arising from a decomposition of the time axis is perhaps noteworthy. In all
other applications of Cotlar’s lemma that we are aware of, the corresponding operators
arise from a decomposition of the space variable. The L? bounds on T;T7 and T, T are the
hardest and lengthiest parts of the paper. At the heart of these bounds is an integration by
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parts formula which refines a result used in [DP1] (see the proof of Proposition 17 there)
and is discussed in the next section.

Theorem 1.4 leaves open the question of uniqueness in law starting at points in the
complement of S, that is at points where the reactant and catalyst are both zero. For
such starting points the generator from which we are perturbing will be too degenerate to
have a resolvent with the required smoothing properties. In the simple two-dimensional
case, the question amounts to showing uniqueness in law starting from the origin for the
martingale problem associated with

2

Af(x) = yj(@)arwa fi; (@) + b () f(x),

j=1

or
2

A f(x) = 71 (@)1 fir (@) + y2(x) 132 far(2) + Y bj(@) f(2).
j=1

If v; and b; (as in Hypothesis 1.2) are Lipschitz we can use different methods to prove
pathwise uniqueness until the process hits the axes, necessarily at a strictly positive time.
Hence uniqueness in law now follows from Theorem 1.4. The question of uniqueness
starting in the complement of S, assuming only continuity of the coefficients or in higher
dimensions, remains open.

In Section 3 we give a proof of Theorem 1.4. The proofs of all the hard steps, are,
however, deferred to later sections. A brief outline of the rest of the paper is given at the
end of Section 2.

Acknowledgment. We would like to thank Frank den Hollander and Rongfeng Sun
for helpful conversations on their related work. We also thank Sandra Kliem and an
anonymous referee for a careful reading of the paper.

2. Structure of the proof.
We first reduce Theorem 1.4 to a local uniqueness result (Theorem 2.1 below).

Many details are suppressed as this argument is a minor modification of the proof of
Theorem 4 in [DP1]. By the localization argument in Section 6.6 of [SV] it suffices to fix
2% € S and show that for some ry = ro(z") > 0, there are coefficients which agree with
i, bi on B(z 1), the open ball of radius 7y centered at z°, and for which the associated
martingale problem has a unique solution for all initial distributions. Following [DP1], let
Z={ieV:2) =0}, Ny =UjezncRi, N = NyU(ZNC), and Ny =V — N;. Note that
N1 N Z = () because z° € S. Define

zjyi(z) if j € N
Yi(x) = § ze;v5(w) ifj€(ZNC)U (NN R);

v, () if j € NaN R°,
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and note that 'y;-) = 7;(z%) > 0 for all j because 2" € S. We may now write

Ab ’yf Z [Z 73 xlf]j ] +’~72(x)x1f11(x>

1€ZNC jER;
T Z Vi (@)@ fi5(x) + Z bj(x)f(x)
JEN? jev

Let § = 6(2°) = min;cz b;(z°) > 0 (set it equal to 1 if Z is empty), and define

(.’13): bj<.’13) 1fj€N1,
7 bj(x) Vv § ifj ¢ N,

and let b? = l;j(aso), so that bg > 0 for j ¢ N;. Although b;(2°) < 0 is possible for
Jj € NaN Z¢ (and so b; may differ from b; here), a simple Girsanov argument will allow
us to assume that b;(z°) > 6 for j € No N Z¢ (see the proof below) and so b; = b, near
20, With this reduction we see that by Hypothesis 1.2 and the choice of &, b;(x) = b;()

0

for x near z”. By changing b and 4 outside a small ball centered at 2 we may assume

v; > 0 for all j, I~)j > 0 for j ¢ Ny, 7, Bj are all bounded continuous and constant outside
a compact set, and

d
0= Z 19 =5 lloo + [1b; — blloo) (2.1)

is small. For these modified coefficients introduce

Z [Z Yj (@)@ fi(z :|+,72(x)x2fu<x)

i€ZNC jER;
+ Y @) + > bi() fi(=), (2.2)
JEN, jev

and also define a constant coefficient operator

Af@)= 3 [ D0 Awifya) + 55| + A fule) + 4 fila)

i€ZNC jER;

+ Y Wafii() + b0 f() (2.3)

JEN>

= ) A+ DY A

i€ZnNC JEN,

As b? <0 and b~j|mj:0 < 0 is possible for j € Ny (recall we have modified l;j), the natural
state space for the above generators is the larger

SO=82") ={reR%:2; >0forallj¢ N}



When modifying 7; and l;j it is easy to extend them to this larger space, still ensuring all of
the above properties of I~)j and ;. If 1 is a probability on S0, a solution to the martingale
problem M P(A, 1) is a probability P on C(R., S°) satisfying the obvious analogue of the
definition given for M P(A,v). As we have Af(z) = Af(z) for  near 2°, the localization
in [SV] shows that Theorem 1.4 follows from:

Theorem 2.1. Assume 7; : S(z°) — (0,00), b; : S(z) — R are bounded continuous and
constant outside a compact set with lN)j > 0 for j ¢ Ny. For j < d, let ’yjo > 0, b? € R,
b) > 0if j ¢ N1, and
= 0 (49)~1 19 0y—1
Mo = max(y;, ()™ b)) v ;{é?gf(bj) : (2.4)
There is an £1(Mg) > 0 so that if g < e1(My), then for any probability v on S(x°), there
is a unique solution to MP(.[l, v).

Proof of reduction of Theorem 1.4 to Theorem 2.1. This proceeds as in the proof
of Theorem 4 in [DP1]. The only change is that in Theorem 2.1 we are now assuming
l;j>Oandb?>Oforallj¢N1,n0tjustl~7jzOon{azj:O}forjgéNl andb?>0
for j € Z N (RUC) with b} > 0 for other values of j ¢ Ny. If b;(z°) > 0 for all
J € N3, then the proof of Theorem 4 in [DP1] in Case 1 applies without change. The strict
positivity is needed (unlike [DP1]) to utilize Theorem 2.1. We therefore need only modify
the argument in Case 2 of the proof of Theorem 4 in [DP1] so that it applies if b;(z%) <0
for some j € Ny. This means x? > 0 by our (stronger) Hypothesis 1.2 and the Girsanov
argument given there now allows us to locally modify b; so that b;(z°) > 0. The rest of
the argument now goes through as before. O

Turning to the proof of Theorem 2.1, existence is proved as in Theorem 1.1 of
[ABBP]-instead of the comparison argument given there, one can use Tanaka’s formula
and (2.4) to see that solutions must remain in S(z°).

We focus on uniqueness from here on.

The operator .A? is the generator of a Feller branching diffusion with immigration.
We denote its semigroup by Q7. It will be easy to give an explicit representation for the
semigroup P} associated with A} (see (3.2) below). An elementary argument shows that
the martingale problem associated with A° is well-posed and the associated diffusion has

Py = H Pti H ng (25)

i€ZNC  JEN,

semigroup

and resolvent Ry = [ e * P, dt. Define a reference measure 1 on S° by

p(dz) = H [H dxj] xf?/’y?_ldxi X H ng/vg_ldajj = H L4 H -

i€ZNC jER; FEN, i€ZNC  JEN,



The norm on L? = L?(S, ) is denoted by || - [|2.
The key analytic bound we will need to carry out the Stroock-Varadhan perturba-
tion analysis is the following:

Proposition 2.2. There is a dense subspace Dy C L? and a K(My) > 0 such that
Ry : Dy — CE(SO) for all A > 0 and

3 Y e Baf)lle] + lwaBapalla) + [ 3 s (Bafisllz] + | D IR l2]

i€ZNC jER; JEN JeEV
< K| fll2 forall f € Dy and A > 1. (2.6)

Here are the other two ingredients needed to complete the proof of Theorem 2.1.

Proposition 2.3. Let P be a solution ofMP(./I v) where dv = pdu for some p € L? with
compact support and set Syf =E <f0 e MF(Xy) dt) If

g0 < (2K (Mp)) ™t A (48d M) 1, (2.7)

then for all A > 1,

2
1Sx]] == sup{|Sxnf|: l|fll2 <1} < HiHZ <

Proposition 2.4. Assume {P? : x € S°} is a collection of probabilities on C(R, S°) such
that:

(i) For each z € S°, P* is a solution of MP(A, d,).

(ii) (P*, X) is a Borel strong Markov process.

Then for any bounded measurable function f on S° and any A > 0,

Syf(x) = EI(/OOO e ME(X,) dt)

is a continuous function in x € S°.

Remark 2.5. Our proof of Proposition 2.4 will also show the strong Feller property of
the resolvent for solutions to the original MP (A, v) in Theorem 1.4-see Remark 6.2.

Assuming Propositions 2.2-2.4 the proof of Theorem 2.1 is then standard and quite
similar to the proof of Proposition 2.1 in Section 7 of [ABBP]. Unlike [ABBP] the state
space here is not compact, so we present the proof for completeness.

Proof of Theorem 2.1. Let Qg,k = 1,2, be solutions to MP(,Zl, v) where v is as in
Proposition 2.3 and define S’jf = Ek<f e M f(Xy) dt), where E; denotes expectation
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with respect to Q. Let f € C2(SY). The martingale problem shows that there is a local
martingale M7 satisfying

(X)) = f(Xo) + MY (2) / Af(X (2.8)

Note that for ¢ > 0,

E j,(sup | M7 (s)|) §2||f||oo+/O E (|Af(X5)]) ds

s<t

<ol te [ Ba(( 3D X+ 1)ds < o

0 J¢ N

where the finiteness follows by considering the associated SDE for X7 and using the bound-
edness of l;j. This shows that M/ is a martingale under Q. Let g € Dy. Multiply (2.8) by
Ae~* integrate over ¢, take expectations (just as in (7.3) of [ABBP]), and set f = Ryg € C?
to derive

Sto = [ Ragdv + S5(A~ A) Rag),
Taking the difference of this equation when k = 1, 2, we obtain
(S5 = SR)gl < 157 = SR I(A =A%) Ragll2 < (IS} — S3lleo K (Mo)l|g]l2,

where we have used the definition of gy (in (2.1)) and Proposition 2.2. Set e1(My) =
(2K (Mp))~* to conclude ||S} — S3|| < 1S3 — S3||. Proposition 2.3 implies the above
terms are finite for A > 1 and so we have

1S3 — S3|| = 0 for all A > 1. (2.9)

To prove uniqueness we first use Krylov selection (Theorem 12.2.4 of [SV]) to see
that it suffices to consider Borel strong Markov processes ((Q})zeso0, Xt), k = 1,2, where
Q7 solves M P(.[l, d.), and to show that Q¥ = Q% for all x € S° (see the argument in the
proof of Proposition 2.1 of [ABBP], but the situation here is a bit simpler as there is no
killing). If S¥ are the resolvent operators associated with (Q%,z € S°), then (2.9) implies
that

[ Si@p@nta) = [ $7)p@)dntz)
for all f € L?, compactly supported p € L?, and X > 1.

For f and A as above this implies S; f(z) = S%f(z) for Lebesgue a.e. = and so for all x
by Proposition 2.4. From this one deduces Qf = Q3 for all x (e.g., see Theorem VI.3.2 of
[B98]). 0
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It remains to prove Propositions 2.2-2.4. Propositions 2.3 and 2.4 follow along the
lines of Propositions 2.3 and 2.4, respectively, of [ABBP], and are proved in Sections 5 and
6, respectively. There are some additional complications in the present setting. Most of
the work, however, will go into the proof of Proposition 2.2 where a different approach than
those in [ABBP] or [DP1] is followed. In [DP1] a canonical measure formula (Proposition 14
of that work) is used to represent and bound derivatives of the semigroups P} f(z) in (2.5)
(see Lemma 3.8 below). This approach will be refined (see, e.g., Lemmas 3.11 and 7.1
below) to give good estimates on the derivatives of the the actual transition densities
using an integration by parts formula. The formula will convert spatial derivatives on the
semigroup or density into differences involving Poisson random variables which can be used
to represent the process with semigroup P; from which we are perturbing. The construction
is described in Lemma 3.4 below. The integration by parts formula underlies the proof
of Lemma 7.1 and is explicitly stated in the simpler setting of first order derivatives in
Proposition 8.1.

In [ABBP] we differentiate an explicit eigenfunction expansion for the resolvent
of a killed squared Bessel process to get an asymptotically orthogonal expansion. We
have less explicit information about the semigroup P, of A° and so instead use Cotlar’s
Lemma (Lemma 2.13 below), to get a different asymptotically orthogonal expansion for
the derivatives of the resolvent Ry—see the proof of Proposition 2.2 later in this section.

Notation 2.6. Set d = |Z N C|+ |N2| = |Nf| < d. Here | - | denotes cardinality.

Convention 2.7. All constants appearing in statements of results concerning the semi-
group P; and its associated process may depend on d and the constants {b?,v? :j < d},
but, if My is as in (2.4), these constants will be uniformly bounded for My < M for any
M > 0.

We state an easy result on transition densities which will be proved in Section 3.

Proposition 2.8. The semigroup (P;,t > 0), has a jointly continuous transition density
pe : SY x 8% — [0,00), t > 0. This density, p;(z,y) is C* on S° in each variable (z or y)
separately, and satisfies the following:
(a) pt(y,z) = pe(x,y), where p; is the transition density associated with A® with parame-
ters 4° = +Y and
BQ:{—bg ifj € Ny
J b? otherwise.

In particular

/ P, y)u(dy) = / pu(e, y)(de) = 1. (2.10)
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(b) If D" is any nth order partial differential operator in x € S and 0 < n < 3, then

—n—(d—d)— 0 /~9
sup [Dpe(2, )| < cogt " DT en, B [T+ /0% forallyes® (211)
’ JEN2

and

o (d—d)— 0/.0
sup | D2pi(2, )] < epst " T 2w W T (14 (201 forallwe S0 (2.12)
y JEN,

(c) If0 <n <3,
Sup/lDZpt(x,yﬂdﬂ(y) <ot (2.13)

(d) For all bounded Borel f : S° — R, P,f € CZ(S°), and for n <2 and D as in (b),

DrPf(x) = / D po(, 9) £ (9)dpu(y) (2.14)

and
Dz P flloo < c2.st™" || floo- (2.15)

Notation 2.9. Throughout D, will denote one of the following first or second order

differential operators:
Dy, j<d, x;D}, ,i€ZNC,jeR;, ora;D2 ., j¢ Ni.

CL’jIj)

A deeper result is the following bound which sharpens Proposition 2.8.

Proposition 2.10. For D, as above and all t > 0,

SUP/ | Dape(, ) p(dy) < ca10t™ " (2.16)

sup / |Dape () [p1(da) < carot ™ (2.17)
Yy

This is proved in Section 4 below. The case D, = ijfcjmj for j € Z N C will be the most
delicate.

For D as in Notation 2.9 and ¢ > 0, define an integral operator T} = Tt([)) by
Tif(z) = /[)xpt(aj, y)f(y)u(dy), for f:S° — R for which the integral exists. (2.18)

By (d) above T} is a bounded operator on L*°, but we will study these operators on
L*(S°, ).
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Lemma 2.11. Assume K : S° x S° — R is a measurable kernel on S°.

(a) If
H/IK(-,y)|u(dy>Hoo < ¢ and H/|K(33,-)|u(da:)Hoo <o,

then K f(z) = [ K(z,y)f(y)p(dy) is a bounded operator on L? with norm | K| < \/¢cicz.
(b) Tt
KE = [ [ 1Kol 1K ol utdo)]| < oo,

then Kf(-) = [ K(-,y)f(y)u(dy) is bounded on L?(x) and its norm satisfies || K| < |K]|.

Proof. (a) is well known; see [B95], Theorem IV.5.1, for example, for a proof.
(b) Let K*K(-,-) denote the integral kernel associated with the operator K*K. The
hypothesis implies that

H/|K*K(yw)lu(dy)Hoo < K|

By (a) and the fact that K*K is symmetric, we have ||K||? = ||[K*K|| < |K|?. 0

Corollary 2.12. (a) For f € L*(p) and t,\ > 0, | Pifll2 < ||f]l2 and ||Rafll2 < X7 f]|2-
(b) If g € C3(S°) N L?(p) and A%g € L?(u), then t — P,g is continuous in L?(u).

Proof. (a) This is immediate from Lemma 2.11(a) and (2.10).
(b) By (MP(A°%v)),if 0 < s < t, then

t
1Py~ Pl = | [ 4°Prgar],

t
< / |2, A |adr

< (t— )] A%z
We have used (a) in the last line. O
Proposition 2.10 allows us to apply Lemma 2.11 to T} and conclude
T, is a bounded operator on L? with norm ||T}|| < ¢p.10t ™" (2.19)
Unfortunately this is not integrable near ¢ = 0 and so we can not integrate this bound to

prove Proposition 2.2. We must take advantage of some cancellation in the integral over ¢
and this is where we use Cotlar’s Lemma:
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Lemma 2.13 (Cotlar’s Lemma). Assume {U; : j € Z,} are bounded operators on
L?(u) and {a(j) : j € Z} are non-negative real numbers such that

[OUIV U0 < aG — )2 all j, k. (2.20)
Then
N 0o
HZU]- <A:= Z a(j) for all N.
j=0 j=—00
Proof. See, e.g., Lemma XI.4.1 in [T]. O

The subspace Dy in Proposition 2.2 will be
Do ={Py,ig:j €N, ge CZ(S°)NL*(n), A% € L*(p)}. (2.21)

As we can take g € C? with compact support, denseness of Dy in L? follows from Corol-
lary 2.12(b). To see that Dy is a subspace, let Py—j, g; € Dy for i = 1,2 with jo > j;. If
g1 = Py-i1 _9-3 g1, then gy is in L? by Corollary 2.12 (a) and also in CZ(S?) by Proposition
2.8(d). In addition,

[ A% |2 = || Po—ir —9-32A%g1 |2 < | A%g1 |2 < o0,

where we have used Corollary 2.12(a) again. Hence Py-j, g1 = Py-j,§1 where §; satisfies
the same conditions as g;. Therefore

Py—5191 + Po-i2 g2 = Po-io (§1 + 92) € Dy.

We show below how Cotlar’s Lemma easily reduces Proposition 2.2 to the following result.

Proposition 2.14. There is an n > 0 and c.14 so that if Dm is any of the operators in
Notation 2.9, then

ITsTifll2 < coaas™ 72714172 f|ly and
TSI fll2 < conas™ 27502 i
for any 0 < t < s < 2, and any bounded Borel f € L*(p). 2.22
Ly = = &y Yy 12

Assuming this result, we can now give the
Proof of Proposition 2.2. Fix a choice of D, (recall Notation 2.9), let A > 1, and for
k € Z, define

g—k+1

U, = Uk([)x) = / e_ASTS ds.

2—k

14



By (2.19), Uy, is bounded operator on L?. Moreover if k£ > j then

9—i+1 g—k+1
U US| = H/ [/ e MEOTIT, fat] ds|
2-7 2-k 2

9—i+1 g—k+1

< / [/ 2 a5~ 2.t ds 7
2—3J 2—k

< 91427 VDE=D | £,

If kK = j a similar calculation where the contributions to the integral from {s > t} and
{t > s} are evaluated separately shows

|U;U; fll2 < caaall f1|2-

Cotlar’s Lemma therefore shows that
N
H 3 UjH < Vaaa2(1 — 2711 .= O(p) for all N. (2.23)
§=0
Now let f = P,-~g € Dy where g is as in the definition of Dy, and for M € N set

h = hM = PQ—N(l_Q—M)g. Then

DmR,\f:Dm/ e MP, o m-nhdt
0

= exp(A\27M~—N) [[?m [/2

2—N—-M

e NP du} +D, [/OO e NP duH
2

M+N o) k+2
= exp(A2~M—N) [ > Uh+) e / e MU=RIT, 1 (Pph) du} .
§=0 k=1 k+1

In the last line the bound (2.15) allows us to differentiate through the ¢ integral and (2.14)
allows us to differentiate through the p(dy) integral and conclude D,P,h =T,h. A change
of variables in the above now gives

M+N o
DuRyf = exp(A2~M—N) [ S U+ Y e‘AkUO(th)] .

=0 k=1
So (2.23) shows that
|DaRafllz < expM2~M=X)C )| harllz + D e ™| Pehal
k=1

< exp(A27M"M)C() (1 — e7) " lhar 2. (2.24)
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Corollary 2.12(b) shows that ||hps||2 = ||Po-~n_o-n-mg|l2 — [|f|l2 as M — oo. Now let
M — oo in (2.24) to conclude

ID2Rxfll2 < Cn)(1—e )7 fll2,
and the result follows. O

For Proposition 2.14, an easy calculation shows that for 0 < s < ¢,

ﬁﬂﬂw:/KﬁwMﬂwwwmmnﬁﬂw:/ngwﬂwww, (2.25)

where
&m%w:/mﬂmwmﬁwawu» (2.26)

and
K(z)(aj Y) /Dxps T z)Dypt(y, 2)du(z). (2.27)

Lemma 2.11(b) shows that (2.22) follows from

“?//mﬂxy (K (2, 9)| dp(y) dp() < cp1q8™ 21724

forall0<t<s<2andi=1,2. (2.28)

This calculation will reduce fairly easily to the case Ny empty and Z N C' a singleton (see
the proof of Proposition 2.14 at the end of Section 4 below). Here there are essentially 4
distinct choices of D,, making our task one of bounding 8 different 4-fold integrals involving
first and second derivatives of the transition density p(z,y). Fairly explicit formulae (see
(4.7)—(4.9)) are available for all the derivatives except those involving the unique index j
in ZNC, and as a result Proposition 2.14 is easy to prove for all derivatives but those with
respect to j (Proposition 4.3). Even here the first order derivatives are easily handled,
leaving Dm = 2;jDy,r,. This is the reason for most of the rather long calculations in
Section 7. In the special case d = 2, of paramount importance to [DGHSS], one can avoid
this case using the identity A°Ryf = AR, f — f, as is discussed in Section 8.

We give a brief outline of the rest of the paper. Section 3 studies the transition
density associated with the resolvent in Proposition 2.2 for the key special case when
Z N C is a singleton and Ny = (). This includes the canonical measure formulae for
these densities (Lemmas 3.4 and 3.11) and the proof of Proposition 2.8. In addition some
important formulae for Feller branching processes with immigration, conditional on their
value at time ¢, are proved (see Lemmas 3.2, 3.14 and Corollary 3.15). In Section 4, the
proofs of Propositions 2.14 and 2.10 are reduced to a series of technical bounds on the
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derivatives of the transition densities (Lemmas 4.5, 4.6 and 4.7). Most of the work here
is in the setting of the key special case considered in Section 3, and then at the end of
Section 4 we show how the general case of Proposition 2.14 follows fairly easily thanks to
the product structure in (2.5). Propositions 2.3 and 2.4 are proved in Sections 5 and 6,
respectively. Lemmas 4.5-4.7 are finally proved in Section 7, thus completing the proof of
Theorem 2.1 (and 1.4). The key inequality in Section 7 is Lemma 7.1 which comes from
the integration by parts identity for the dominant term (see Proposition 8.1 for a simple
special case). In Section 8 we describe how all of this becomes considerably simpler in the
2-dimensional setting required in [DGHSS].

3. The basic semigroups. Unless otherwise indicated, in this section we work with the
generator in (2.3) where Z N C = {d} and Ny = (). Taking d = m + 1 to help distinguish
this special setting, this means we work with the generator

[ E b —|— Oz o + 00 9 +70 Lz 4
m+1l145 o m - m m+145 "9 >
J (93:? Oz, + ox2, 4

with semigroup P on the state space S, = R™ x Ry (m € N). Here we write b = b0, ,,
v =041 and assume

7?>O,b?€R for j < m, and v >0,b>0.

Our Convention 2.7 on constants therefore means:
Convention 3.1. Constants appearing in statements of results may depend on m and
(09,79 : j<m+1}. If

Mo = Mo(7",0%) := max (v (77) 7 V(B V (Bya) ™ < 00,
then these constants will be uniformly bounded for My < M for any fixed M > 0.

Note that My > 1.

It is easy to see that the martingale problem M P(A!, v) is well-posed for any initial
law v on S,,. In fact, we now give an explicit formula for P;. Let X; = (Xt(l), ey Xt(mﬂ))
be a solution to this martingale problem. By considering the associated SDE, we see that

X (m+1) is a Feller branching diffusion (with immigration) with generator

2

d
Ay = b— -l-’ya:d 5

— (3.1)

and is independent of the driving Brownian motions of the first m coordinates. Let P, _,

be the law of X("+1) starting at 2,,41 on C(Ry,R,). By conditioning on X™*+! we see
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that the first m coordinates are then a time-inhomogeneous Brownian motion. Therefore
if I = fg X ds and py(2) = (20t)~1/2e7**/2t then (see (20) in [DP1))

Ptf(xb .. -;xm—l—l) = Emerl [/ f(y17 .. 'aym7Xt(m+1)) HpQV?It(yj . b?t) dyj] ) (32)
j=1

If £ = (x1,...,%me1) = (@), 2 1) € Sy, let
b

b1
plde) =z de = dx(m)ﬂm-i-l(dxm—l—l)'

Recall (see, e.g., (2.2) of [BP]) that X (™*1) has a symmetric density ¢, = qf’”(w, y) (z,y >

0) with respect to fim+1(dy), given by

qf’”(a:, y) = (’m_b/v eXp{ _xvt— ?J} [Z m!F(ml-l— b/7) (%>m (%yﬂ} ’ (3.3)

m=0

and associated semigroup Q; = ?’7. Let

t
'Ft(xm—l—l,ym-l-l: dw) = Pmmﬂ (/ X§m+1) ds € dw|Xt(m+1) = ym—l—l):
0

or more precisely a version of this collection of probability laws which is symmetric in
(Tm+1,Ym+1) and such that (41, Ym+1) — 7t(Tma1, Ym+1, dw) is a jointly continuous
map with respect to the weak topology on the space of probability measures. The existence
of such a version follows from Section XI.3 of [RY]. Indeed, Corollary 3.3 of the above states
that if v = 2, then

—)\2
L()\,x,y) ::/exp{Tw}rl(l‘,y,dw)

Sinﬁ‘j)\ exp{ (%) (1 — Acoth A)}L,(:l\n/lf_g)/ly(\/@) if zy > 0;

(Sin%)b/zexp{@ﬂ)(l ~Acoth\)} if 2y = 0.

(3.4)

m=0 ml TimTo7 1) \ 2 is the modified Bessel function

of the first kind of index ¥ > —1. The continuity and symmetry of L in (z,y) gives the

2m—+v
Here v =% — 1 and I,(z) = Y oo -2 é(z)

required continuous and symmetric version of 71 (%41, Ym+1). A scaling argument (see
the proof of Lemma 3.2 below) gives the required version of 7; for general v > 0.
b _
Now define 7¢(Zm11, Ym+1, dw) = ¢ (T 1, Yms1)Te(Tmy1, Yma1, dw), so that

(Trma1, Yma1) — Te(Tma1, Yms1, dw) is symmetric and weakly continuous (3.5)
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and

/ / (Yma1, W) (T 1, Y15 W) gt (AYmig1)
—E.,., (X 1)) for all 2,,41 > 0 and Borel ¢ : R2 = R,.  (3.6)
(Weakly continuous means continuity with respect to the weak topology on the space of

probability measures.) Combine (3.6) and (3.2) to conclude that X has a transition density
with respect to u(dy) given by

0o m
pt(x7 y) = / H pQV?w(yj — X5 — b?t>rt(xm+lv Ym+1, dw)
0 =
7j=1

(m) (m)

:pt(l'(m)yl'm-i—l,y 7ym+1) :pt(x(m) ) 7xm-|—1707ym+1)

= pg('x(m) - y(m)7 LTm+1, ym-i—l); (37)

here we write z = (:z:(m),xm+1) and similarly for y, we write 0 for 0", and we use
translation invariance to get the third equality. In particular we see that conditional on
the last component at time ¢, the first m components are translation invariant. Moreover
if we set b° = (b7,...,b% ) € R™ and write p?o (z,y) for pi(x,y), then (3.5) implies

o (w.y) = p; ¥ (y,2) for all 2,y € S, (3.8)

The next result is a refinement of Lemma 7(b) of [DP1].

Lemma 3.2. For any p > 0 there is a c3.2(p) such that for all x,y > 0 and t > 0,

Ex<(/0t Xs(m+1)ds) _p|Xt(m+1) = y) = /w_prt(x,y,dw)

<cgolzx+y+t)PtP.

Proof. Assume first v =2, ¢ = 1 so that we may use (3.4) to conclude (recall v = & — 1)
—v 1, <+m>
L\ z,y) (Shﬁv) IV(}:/A@) exp{§(1 — Acoth\)} if 2 > 0;
L(\,z,0)
exp{g(1 — Acoth \)} if x =0.

A bit of calculus shows

A
sinh A

Acoth A > 1, a(N) := € [0,1] for all A > 0, (3.9)
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with the first inequality being strict if A > 0. The above series expansion shows that
I(az) < a’l,(z) for all z> 0, a € [0,1], and so using (3.9) in the above ratio bound, we
get

L\ x,y) < L(A\, z,0) for all \,z,y > 0. (3.10)

We have

/w_prl(as,y,dw) = 2p/ 1 (z,y, [0,v*])u"?"1du
0
< 2p\/5/ Lu™t z,y)u?P"tdu
0
< 2p\/5/ L(u™t,z,0u"?"" du (by (3.10))
0

/Oo( ) exp (L1~ u cothu ) pur 1
pr— —_— X —_ J—
Cp ) Sinhu_l exp B u CO u u u

B cp/o <sinlf1w> eXp{Tx(fw cothw — 1)}w2p—1dw

1
<c¢p [/ exp{—czw? }w*~dw
0
—|—/ exp{ —czw — wb/2}2%/ 2w/ 2+2P =y |,
1

where in the last line ¢ > 0 and we have used (3.9), info<w<1 % =c >0, and

= ¢y > 0. For x <1 we may bound the above by (recall Convention 3.1)

il’lwal w cothw—1

1 00
cp[/o w1 dw—i—/l (e 2uw)b/ 2?1 dw} < c1(p),

and for x > 1 we may, using (2we‘w)b/2 <1 for w > 1, bound it by

oo

1
Cp [/ exp{—cwwz}wzp_ldw-i-/ e_cmwwzp_ldw} < co(p)x~P.
0 1

These bounds show that [ w™P7(z,y,dw) < ¢(p)(1 + x)P and so by symmetry in = and
y we get

/w‘pm(w,y, dw) < c(p)(1 +z +y)~F for all z,y > 0.

For general v and t, X, = %th is as above with 4 = 2 and b = 2717. We have

f(f Xqds = (%) fol X du, and so, using the above case,
t2y\ P bo(2T 2
/w_pr?’v(x,y,dw) = (—7) /w_][’rll”2 (—x, —y,dw>
2 ty ty
o (ty\ P 20 2y\ P
<o () 1+ 5+ 7))
< ¢(p) 5 + i + iy
< e+ y)

20



We observe that there exist ¢1, o (recall Convention 3.1 is in force) such that
em® 7 Iml < T(m+b/v) < cam® 7"t for all m e N. (3.11)

To see this, suppose first b/y = r > 1 and use Jensen’s inequality to obtain

I‘(m-i-?“) _ /.C(Jr.’ljm_le_x dm)m—l Z (/ZC _xm—le—x de )Tm—l — mr—l.

m! I'(m

Next suppose 7 € [1, 2] and again use Jensen’s inequality to see that

F(m + T) / r—1,m_—x dx
—_— = €T xr e -
m! Fim+1)

dx r—1
< L am = — 1 r—1 <9 r—l‘
_</x z™e 71“(771—1—1)) (m+1)""" <2m

These two inequalities imply (3.11) by using the identity I'(m +r+1) = (m+r)['(m +r)
a finite number of times.

Lemma 3.3. There is a c3 3 so that for allt > 0, 41, Ym+1 > 0:
() 40 (Tt Ymr1) < €3.3[t7 + 1)y <1/2) (@mpt A Ymir) /270 7871/2),

(b) For all t > 0, (x,y) — p¢(z,y) is continuous on S2, and

sup pi(z,y) < ezt ™Y
z,Y€Sm

(¢) Eg,y (exp(=AX"TV)) = (14 Ayt) =2/7 exp(—2m 1A/ (1 4 Ayt)) for all A > —(yt) L.
(d) If 0 < p < b/~ then

(X)) o 7

B /)~

(&) By (X)) < ca(@mn + )2
m -P — —
(f) Forany p > 0,E,, ., ((f(f x () ds) ) < c32(P)t7P(t + xpmy1) 7P

(2) supyzo‘fooo(aj — y)z¥/ 7 D2 g (x, y)da:‘ < cs3.

Proof. (a) If g(z,y) = eV X0 moitatyy then ai(x,y) = (v) ™ Tq(x/vt,y/71)
and it suffices to show

q(z,y) < c2(1+ L yar oy (@ Ay)2707) for all z,y > 0. (3.12)
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By (3.11) and Stirling’s formula we have

ey N M) o 1-b/ (2y/zy)>™ -~ ~1
q(z,y) <cp e "7 mZ:1 g2 m VW +e TV(b/7)
< o[t emravam Y /2t BVIDT oo ]
- — m!

< c[l + e~ VEVD® (2 /ay + 1)1/2—1)/7],

where in the last line we used an elementary Poisson expectation calculation (for b/v > 1/2
see Lemma 3.3 of [BP] ). If b/y > 1/2, the above is bounded and (3.12) is immediate.
Assume now that p=1/2 —b/v > 0 and z > y. Then the above is at most

(14 e VEVIVE)?) < e+ Vi (VI + (V= Vi)P)e VYD)
<c(l+y”+y"?) <e(l+yP).
This proves (3.12) and hence (a).
(b) The continuity follows easily from (3.7), the continuity of ¢(-,), the weak continuity

of 7¢(+, -, dw), Lemma 3.2 and dominated convergence. Using Lemma 3.2 and (a) in (3.7),
we obtain (recall Convention 3.1)

pe(2,y) < et + Tmer + Ymr1) ™20 Tty Y )t
< c[t—m/Qt—b/'yt—m/2 + 1(b/fy<1/2)(37m+1 +ym_H)b/7—1/2t—m/2+1/2—b/7

> (xm+1 A ym+1)1/2—b/7t—1/2t—m/2]

< et—mb/,

(c) This is well-known, and is easily derived from (3.3).

(d) The expectation we need to bound equals
p/ vTITPP, (Xt(mH) <w)dv
0

.’E7n+1Vt 1 _X(m+1)/v o0 1
<p v PeE,,  (e7 )dv+p v Pdu
0 T

m+1Vt

Tm41VE
= ep/ U—l—P'i‘b/’Y(v + ,yt)_b/’Ye_l’m-i—l/(U‘i"Yt) dv+ (g1 V)P
0

We have used (c) in the last line. Set ¢, = sup,~q2"e™* and M; = ME. If x41 > t, use

(v +,yt>—b/ve—mm+1/(v+’yt) < Cb/yx;gg < (ear, + 1)1.;13{;7
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to bound the above expression for E . ., (X (m+1))=P) by

Tm41
(ens + Depa, 7 [ 0 v,

< ((ch + 1)ep

br—p 1) T

On the other hand if ,,41 < t, the above expression for E (X (m+1)=P)is trivially at

Tm41
most

t —b/y
ep/ U—l—p+b/’77—b/’vt—b/’v dv+t7P = (epv + 1)t—p.
0 b/v—p

The result follows from these two bounds.

(e) This is standard (e.g., see Lemma 7(a) of [DP1]).

(f) Multiply the bound in Lemma 3.2 by ¢, (x,y)y*7~" and integrate over y.

(g) Let b’ = ~/b. Since q;(x,y) =t~ 7q1(x/t,y/t), a simple change of variables shows the
quantity we need to bound is

sup‘ / (z — yy)z¥ D2qi (z, w)dw)
y>0'Jo

AL ‘2 m
:sup‘Ze ym/o (z — y)z® D2 (e~ %z™) dx/T(m +b')|.
m=0

Carrying out the differentiation and resulting Gamma integrals, we see the absolute value
of the above summation equals

’Z y—'[m—i—l—i—b’)(m—i—b’)—2m(m—|—b)—l—m(m—1)

b/

—y(m+b")+2my — ym(1 — i

>1<m21)]

<Y e —y?n V(L 0) + b = 14 Lnsnym(m + ¥ = 1)7]

m:
oy Y m+ 1

_p Yy < )
(m+1)!| 1T W s

<SHA+)+b Z
m=1

|

Now let {P% : > 0} denote the laws of the Feller branching process with generator
LOf(x) =yzf'(x). fwe C(Ry,Ry) let ((w) = inf{t > 0: w(t) = 0}. There is a unique
o-finite measure Ny on

Cow = {w € C(RLRL) : w(0) =0, ((w) >0, w(t) =0Vt > C(w)}
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such that for each h > 0, if 2 is a Poisson point process on C,, with intensity ANy, then
X = / v 2" (dv) has law PY; (3.13)
Cem

see, e.g., Theorem I1.7.3 of [P] which can be projected down to the above situation by
considering the total mass function. Moreover for each ¢t > 0 we have (Theorems I1.7.2(iii)
and I1.7.3(b) of [P])

No({v: vy > 0}) = (4t) 71 (3.14)
and so we may define a probability on C,, by

~ No({r € A: v > 0})

Py (A) = No((v < 21 > 0} (3.15)
The above references in [P] also give the well-known
P (v > ) = e 2/, (3.16)
and so this together with (3.14) implies
/C v dNo(v) = 1. (3.17)

The representation (3.13) leads to the following decomposition of X ™+ from
Lemma 10 of [DP1]. As it is consistent with the above notation, we will use X (™1 to
denote a Feller branching diffusion (with immigration) starting at x,,+; and with generator
given by (3.1), under the law P

Tm41"

Lemma 3.4. Let 0 < p < 1.
(a) We may assume
X+ — X! 4+ X, (3.18)

where X, is a diffusion with generator A{, as in (3.1), starting at px,,+1, X1 is a diffusion
with generator yx f(z) starting at (1 — p)xm,m+1 > 0, and X{, X1 are independent. In
addition, we may assume

Np(t)

Xi(t) = /C v E(dv) = ) e;(t), (3.19)

J=1

where Z is independent of X, and is a Poisson point process on C., with intensity
(1 - p)xm+1No, {e;,j € N} is an i.i.d. sequence with common law Py, and N,(t) = E({v :
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(1=p)Tm+1

t’yO

vy > 0}) is a Poisson random variable (independent of the {e;}) with mean
m—+1

(b) We also have

t t t
/ X1(s)ds = / / Vs ds 1, 20)2E(dv) + / / Vs ds 1g,—0)2(dv)
0 Cew J0O Cex JO

Np(t)

= Z ri(t) + Ii(1), (3.20)

t
/ XM+ ds =
0

where 7 (t fo e;(s)ds and I»(t) = I, (t) + fg X{(s)ds.

)+ Iy(t (3.21)

ByE

Remark 3.5. A double application of the decomposition in Lemma 3.4(a), first with
general p and then p = 0 shows we may write

Ny (#) N, (1)

XM =X+ Y e+ Y el), (3.22)
j=1 j=1

where X} is as in Lemma 3.4(a) with p = 0, {ej(t), ep(t), 4, k} are independent exponential
variables with mean (1/vt), Ny(t), N,(t) are independent Poisson random variables with
means px,41/vt and (1 — )z, 1/, respectively, and (X}(t), {ej(t),ex(t)}, Noy(t), Ny(t))
are jointly independent. The group of two sums of exponentials in (3.22) may correspond to
X1(t) in (3.18) and (3.19), and so we may use this as the decomposition in Lemma 3.4(a)
with p = 0. Therefore we may take Ny to be Ny + N,, and hence may couple these
decompositions so that

N, < No. (3.23)

The decomposition in Lemma 3.4 also gives a finer interpretation of the series expan-
sion (3.3) for ¢”7(x, ), as we now show. Note that the decomposition (from (3.18),(3.19)),

Ny (t)
XD () = )+ ) et
J=1

where X, N,(t) and {e;(t)} satisfy the distributional assumptions in (a), uniquely deter-
mines the joint law of (Xt(erl ,N,(t)). This can be seen by conditioning on N,(t) = n.
Both this result and method are used in the following.
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Lemma 3.6. Assume ¢ : Ry xZ, — R is Borel measurable. If N, (t) is as in Lemma 3.4,
then

(a)
E ,(¢(X ™™, Nof / Zgb (y,n)(nIT(n+ b/y))~"

S () 5 - H o

(b)
(m+1) * o T S
E (X N, () / Zkz( )z "y, K)(nIT (0 + b))
< (5)(5) {5 - Lo duna ().

vt vt vt

Proof. (a) Set x =0 in (3.3) to see that X{(¢) has Lebesgue density
—y ~ ~ ~
eXp{%}(y/Vt)bM Hyt) T/

that is, has a gamma distribution with parameters (b/v,~t). It follows from Lemma 3.4(a
(3.16) and the joint independence of ({e;(t)}, X((t), No(t)) that, conditional on Ny(t) =
Xt(mﬂ) has a gamma distribution with parameter (n + b/~,~t). This gives (a).

(b) Apply (3.22) with p = 1/2 to see that the decomposition in (3.18) for p = 1/2 is given
by (3.22) with X}(t) = X}(t) + Z;ﬁf” e5(t) and e;(t) = €j(t). As in (a), conditional
on (Ng(t), N1/2(t)) = (4, k), Xt(mﬂ) has a gamma distribution with parameters (j + k +
b/v,~t). A short calculation (with n = j + k) now gives (b). 0

)

Notation 3.7 Let D" denote any nth order partial differential operator on S,, and let
D7 denote the nth partial derivative with respect to z;.
If X € O(Ry,R,), vi € C.p, G: Ri — Rand t >0, let

t t
AG(X, 1Y) = AlG(X, v = G(/ X, +vlds, X, + 1/t1> . G(/ X, ds,Xt),
0 0

t
A2G(X, vt V2 /X + vl v2ds, Xy + v 4+ 17 —G(/ Xs-i-yids,Xt-i—th)
0
¢
_G /Xs-i—y?ds,Xt-l—yf +G /Xsds,Xt)
0 0
:AtG(X + Vl, V2) - AtG<X7 V2)7
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t
AG(X, v V2 03) :G(/ Xo4+vi+v2403ds, Xp + v} +072 -l-l/f’>
0

3 t
_ZG(/ Xs-l—ysl+1/82+1/§’—V;ds,Xt+V§+Vf+V§’—V§>
i=1 0

+gG</()tXS—|—I/§,Xt+VZ) —G(/OtXSds,Xt>.

Lemma 3.8. If f : S,, — R is a bounded Borel function and t > 0, then P,f € C3(S,,)
and for n < 3
D" Py flloo < cs.sllflloct™" (3.24)

Moreover if f € Cy(Sy,), then for n < 3,

D;Lm+1ptf<x) = El‘m+1 |:/ A?<Gt,x(m)f)<X7 V17 R Vn) H dN0(<Vj)):|7 (325)
=1
where for (™) € R™
Graom fULX)= [ flz1,.- o zm, X) ] payor(zj — aj — Wjt)dz;. (3.26)
RYVL j:l

Proof. Proposition 14 and Remark 15 of [DP1] show that P;f € CZ(S,,) and give (3.24)
and (3.25) for n < 2. The proof there shows how to derive the n = 2 case from the n =1
case and similar reasoning, albeit with more terms to check, allows one to derive the n = 3
case from the n = 2 case. 0

Recall that Q; is the semigroup of X ™tV the squared Bessel diffusion with tran-
sition density given by (3.3).

Corollary 3.9. Ifg: R, — R is a bounded Borel function and t > 0, then Qg € C(R.)
and for n < 3,

ID"Qtglloe < c3.58]lglloct ™™ (3.27)

Proof. Apply Lemma 3.8 to f(y) = g(ym+1)- m

Notation 3.10. For ¢,§ > 0, z(™ e R™, y € S,,, 1 < j <m, I,X >0, define
b’
G o (I, X) = Hp5+2731(1‘¢ — i + b7)057 (Y1, X).
i=1

Note that in the above notations, G = G; ,(m) f and G = Gfx(m) , are real-valued

functions on Ri and so, according to the notation above, for such a G, A?G will be a
ral-valued function of (X,v1,...,v") € C(Ry,R,) x C™,, n=1,2,3.

ex’
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Lemma 3.11. (a) For eacht > 0 and y € S,,, the functions © — p¢(x,y) and x — p(y, )
are in C3(Sy,), and if DT denotes any nth order partial differential operator in the x
variable, then

|Dype(z,y)| + | Dype(x, y)| < c3 11t for all 2,y € S, and 0 <n < 3. (3.28)

(b) sup, [ |D2pi(z,y)|p(dy) < csst™" for allt > 0 and 0 < n < 3.

(c) Forn <3 andt >0,y — Dypi(z,y) and x — Dypi(z,y) are in Cp(Spm).
(d) Forn=1,2,3,

n . Yal
Dl’m+1pt(x7y> :%%E m-41 /A G x(m) y( ? HdNO >

Proof. (a) By the Chapman-Kolmogorov equations, p;(z,y) = E »(p:/2(X¢/2,7)). Both
the required regularity and (3.28) now follow for x — p.(x,y) from Lemma 3.3(b) and
Lemma 3.8 with f(z) = p;/2(x,y). By (3.8) it follows for y — p¢(z,y).

(b) Forn=1,2,3, N € Nand z € Sp,, let f(y) = sgn (D} ps(x,y))1(jyj<n)- Then

/|Dmpt z,9) |1y <nydp(y) ‘/Dmpt z,y)f(y)duy)
= |Dy Py f(x)],

where the last line follows by dominated convergence, the uniform bound in (3.28) and the
fact that f has compact support. An application of (3.24) implies

/\Dﬁpt(af,y)\lqmgmdu(y) < czst™",

and the result follows upon letting N — oc.

(c)
Dipi(z,y) = DZZ/pt/z(w,z)pt/z(z,y)du(Z)

_ / D"y o (@, 2)pe 2z y)du(2) (3.29)

by dominated convergence and the uniform bounds in (a). The integrability of

D7 pyjo(x, z) with respect to pu(dz) (from (b)) and the fact that py/o(z,-) € Cy(Sim) allow us
to deduce the continuity of (3.29) in y from dominated convergence. Now use symmetry,
i.e., (3.8), to complete the proof.
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(d) If y,z € Sy, 6 >0, let

fy 5 Hp5 yz qs ym+17 Zm-l—l)

f is bounded and continuous in z by Lemma 3.3(a) (with a bound depending on y, §). Let
n < 3. The uniform bounds in (a) and integrability of f¥° allow us to apply dominated
convergence to differentiate through the integral and conclude

DL, Bef0a) = [ [ D2, i) ) due)
— DImet(aj, y)asd | 0. (3.30)

In the last line we have used (c¢). Now note that if I, X > 0, then from (3.26) and
Chapman-Kolmogorov,

Gy fV°(1,X) = / 20z, X) szv?f(zj —j — bjt)dz;

=q5(Ym+1, X HP5+2701 Y bo t) = G? z(m) y(Ia X). (3.31)
Use this in (3.25) to conclude that

D Pif'(z) =E,,,, / / APGY i (X0 ) [T aNe()). (3.32)
i=1
Combine (3.32) and (3.30) to derive (d). O
Lemma 3.12. (a) For eacht > 0 and y € Ry, the functions x — q:(z,y) and x — ¢;(y, x)
are in C3(R.), and
|D;th(x, y)| < 03‘12t_”_b/7[1 + M] for all x,y > 0 and 0 < n < 3. (3.33)
(b) sup,>q [ |D2ae(z, y) | pm+1(dy) < c3.10t™" for allt > 0 and 0 < n < 3.

Proof. This is a minor modification of the proofs of Lemma 3.11 (a),(b). Use the bound
(from Lemma 3.3(a))

/2o y) < cas(t™7 + Ly pparjoyyt /270147 1/2)

< 55t (2 4+ /y/t)

in place of Lemma 3.3(b), and (3.27) in place of (3.24), in the above argument. Of course
this is much easier and can also be derived by direct calculation from our series expansion
for q;. O

Expectation under P; is denoted by E; and we let e(s), s > 0, denote the canonical
excursion process under this probability.
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Lemma 3.13. If0 < s <'t, then

Ei(e(s)le(t)) = (s/t)((s/t)e(t) + 2v(t — s)) < e(t) +2ys, Py — as.

Proof. Let P denote the law of the diffusion with generator 'yxj—; starting at h. If
f € Cy(Ry) has compact support, then Proposition 9 of [DP1] and (3.14) show that

Ei(e(s)f(e(t))) = tim R E R (X f (X)L (x 001

0,y
it [P 00 sy aydn (33
Here we extend the notation in (3.3) by letting ¢%7 denote the absolutely continuous
part of the transition kernel for E° (it also has an atom at 0). We have also extended
the convergence in [DP1] slightly as the functional e(s)f(e(t)) is not bounded but this
extension is justified by a uniform integrability argument-the approximating functionals
are L? bounded. By (2.4) of [BP]

) —e{ ) L (7

— exp(—y/w)(w)— !

as h | 0,

and also 32¢27(h,y) < (ys)~'. Dominated convergence allows us to take the limit in
(3.34) through the integral and deduce that

B e(s)(elt) =+ [ [ exp(=/29)(rs) (0. 2) dyf (o)

By (3.16) we conclude that

E; (e(s)]e(t) = x) = (t/s)%/ / e~/ 13yg0 (y, 2) dy.

2l

By inserting the above series expansion for q?’_s(y, x) and calculating the resulting gamma

integrals, the result follows. O

Recall the modified Bessel function, I,,, introduced prior to Lemma 3.2.

Lemma 3.14. Let v = b/y — 1, and k,(z) = %(z)z + 1 for z > 0, where k,(0) =

lim, o k,(2) = v+ 1. Then

t m 2\/Zm 19\ 2 m /
I P I (e LB
0

< e314[t? + t(Zma1 + 1))
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Proof. Write X for X(™+1) and z for Zm+1- The scaling argument used in the proof of
Lemma 3.2 allows us to assume ¢t = 1, ¥ = 2 and b= 2b/~. Dominated convergence implies
that
1 d 1
Ez</ X ds}Xl =y) = hm e ) (exp((—)\2/2)/ X ds) ‘Xl = y).

The right side can be calculated explicitly from the two formulae in (3.4) and after

some calculus we arrive at

EZQAngm+X1:y>::”A§@§)+(Z;y%

where v = b/2 — 1 = b/~ — 1. This gives the required equality.
To obtain the bound (recall Convention 3.1) it suffices to show

ku(2) <cle)(1+2) forall z>0and v+ 1€ [g,e ]

Set o« = v + 1 and recall that

oo

L(2) = (2/2)" S MWM,
n=0

and
2T (2) = 2(2/2) Z ‘;<n+a)

(2/2)*" 4 vI, ().

Taking ratios of the above and setting w = (2/2)?, we see that it suffices to show

. wnht1l/2
< | forallw > 0,e <a<et 3.35
Z ”‘“F”'i‘a)_60(5)[;7%!1“@4—04)} orafwzbezaze (3.35)

We claim in fact that

n n—1/2 wn—|—1/2

w
(n—1DIT(n—1+«) * n!(n + a)]
for all n > 1,w >0, € [g,e7'].  (3.36)

w L, 19
DT ta) = 2@ v

Assuming this, (3.35) will follow with cy(e) = e~'/? by summing (3.36) over n > 1. The

proof of (3.36) is an elementary application of the quadratic formula once factors of w12

are canceled. O

Corollary 3.15. If Ny(t) is as in Lemma 3.4 then

(] 00 | 10, (1) < sl Moo + #(XE 7D+ 2]

Zm+1
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Proof. We write X for X(™*1) and z for z,,,1. Recall the decomposition (3.21):

No(t)

/X ds—/ X{(s ds—l—// vsdsl(,,—0)Z(dv) + z:/eZ

where the second integral is independent of ({e;(t),7 € N}, No(t) = [ 1,50 E(dv), X{)
by elementary properties of Poisson point processes and the independence of X and E.
Therefore

B ([ X[ X500, Mot (50,5 € )

=FE, /Xo ds’Xo -i—IE // Vsdsl(y,—o)2 (dl/))

No(t)

3R [ esras| x40, M) s 0. € )

~E. (/Ot Xé(s)ds‘Xé(t)) LE, //t vedsl (v, = O)E(du))

No(t)

+ZE</ ds|e())

In the last line we have used the independence of X and =, of Ny(t) and {e;,j € N}, and
the joint independence of the {e;} (see Lemma 3.4). Now use Lemmas 3.13 and 3.14 to
bound the last and first terms, respectively, and note the second term is bounded by the
mean of fg X1(s) ds, where X7 is as in (3.19). This bounds the above by

No(t)

C3. 14[t +t2+tX0( )]+E / Xl dS) + Z 61 t+’)/t2>
=1
< c[t? + tX, + 2t] + yNo(t)?
Condition the above on o(Ny(t), X¢) to complete the proof. O

We now return to the general setting of Propositions 2.2 and 2.8.
Proof of Proposition 2.8. From (2.5) we may write

I pi@eve) T 4@ v),

i€ ZNC JEN2

where p! are the transition densities from Lemma 3.11 and qg are the transition densities
from Lemma 3.12. The joint continuity and smoothness in each variable is immediate from

32



these properties for each factor (from Lemma 3.11 and (3.3)). (a) is also immediate from
(3.8). The first part of (b) is also clear from the above factorization and the upper bounds
in Lemmas 3.11(a) and 3.12(a). The second part of (b) is then immediate from (a). (c)
also follows from Lemmas 3.11(b) and 3.12(b) and a short calculation.

(d) is an exercise in differentiating through the integral, but, as we will be doing
a lot of this in the future, we outline the proof here and refer to this argument for such
manipulations hereafter. Let f be a bounded Borel function on S° and 0 < n. If I(x)
denotes the right-hand side of (2.14), then I(x), is finite by (c¢) and also continuous in z.
To see the latter, choose a unit vector e;, set z = z; if ¢ # j and x; variable, and note
that for h > 0,

r;+h
I(x + hey) — I(x)] < / / D, Do )l £ ()l dy)

< || fllooc2.8t ™" L.

We have used (c) in the above.
Let fn(y) = f(¥)1(y<n). By the integrability in (c), the left-hand side of (2.14)
equals

i / Dypi(w,y) fn(y)duly) = lim Dy / pe(x,y) fn(y)du(y),

where the differentiation through the integral over a compact set is justified by the bounds
in (b) and dominated convergence. The bound in (c) shows this convergence is uniformly
bounded (in z). For definiteness assume n = 2 and D? = Dgimj for ¢ # j. By the above

convergence and dominated convergence we get

/ / / D2p(2,9) ] (y)dpa(y)did; = lim /0 /0 D2 [ o) () du(v)dede;

— [l ) 255 25 0w

Now differentiate both sides with respect x’; and then x; and use the Fundamental Theorem
of Calculus and the continuity of fDmpt x,y)f(y)du(y), noted above, to obtain (2.14).
This shows P,f € C? as continuity in x was established above. Finally (2.15) is now
immediate from (2.13) and (2.14). 0

4. Proofs of Propositions 2.14 and 2.10.
By Lemma 2.11(b), Proposition 2.14 will follow from (2.28). We restate this latter
inequality explicitly. Recall that D, is one of the first or second order partial differential
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operators listed in Notation 2.9. (2.28) then becomes

wp [ [ [| [ Deratea) Do a2t | Dope.) Do)t )

<egqas M forall 0 <t < s <2, (4.1)

and

swp [ [ [| [ Devste 2)Bymity'. @) )| [ Devster Dyt () )

<epaas M forall0 <t < s < 2, (4.2)

We have stated these conditions with s < 2 for other potential uses; in our case we will
verify (2.28) for all 0 < t < s. Recall also our Convention 3.1 for constants applies to cs.14
and 7.

Until otherwise indicated, we continue to work in the setting of the last section and
use the notation introduced there. In particular, Convention 3.1 will be in force and the
differential operators in Notation 2.9 are

D, =D, i<m+1, or szmeDz 1 <m+1. (4.3)

xT;?

In [DP1] a number of bounds were obtained on the derivatives of the semigroup
P, f; (3.24) in the last section was one such bound. Propositions 16 and 17 of [DP1] state
there exists a ¢4 1 such that for all Dm as in Notation 2.9, ¢ > 0 and bounded Borel function

f
sup Dy Pof ()] < cant™ | floo- (4.4)

TES,

Although these results are stated for m = 1 in [DP1], the same argument works in m + 1
dimensions (see, for example, Proposition 20 of [DP1]). As a simple consequence of this
result we get:

Lemma 4.1. For allt > 0, and all D, as in (4.3)

Sup /\Dxpt(w,y)lu(dy) < gt (4.5)
TESM

and

Sup>0/[zvm+1\Dim+1qt(xm+1,y)| + [Da iy @t (@t Y)| ] g1 (dy) < cant™.  (4.6)
Tm+1=2

Proof. Apply (4.4) and (2.14) to f(y) = sgn (D,p:(z,y)) to obtain (4.5), and to f(y) =

sgn (D, qi(Tm+1, Ym+1)) to obtain (4.6). O
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One of the ingredients we will need is a bound like (4.5) but with the integral on
the left with respect to x instead of y. For derivatives with respect to x;,7 < m, this is
straightforward as we now show.

By differentiating through the integral in (3.7) we find for i < m,

m

* (y; — x; — b0t
Dmipt (ZL’, y) = / ( ) p27;.’w(yj —Tj — b?t)rt(xm—|—17ym+1, dw), (47)
0 .
J=1

2799w

©r(y; — i — blt)? _
D3 pi(z,y) = /0 [ 2T — 1] (277 w)

X H pQV?w(yj — L5 — b9t>7°t (xm-l—lv Ym+1, dw>7 (48)
j=1

and

3 _ - (yi_l'i_b?t)g_ .30 i, \—2
D) = [ Mt~ s = o 10 @)

X H p2’y§.’w(yj — Xy - b2t>rt (xm—l—lv Ym+1; dw) (49)
j=1

Integration through the integral is justified by the bounds in Lemma 3.2 and dominated

convergence.

Lemma 4.2. For allt > 0, and i < m,

(a) [ 1Dzpe(2,9)1d2t™ < cant™ 2t + 2mi1 + Y1) 20 (Ymes1, Zmr)-
(b) For all 0 < p <2, [ 20,1 |De,pelzy)|(dz) < cant™ V2t + yia)? V2
(¢) For D, = zpm41 D2 or D.,,

sup / 1Dz, 9)lldz) < cant™, (4.10)
Yy

and
Sup/Iszt(z,y)lu(dy) < caat™ (4.11)

Proof. (a) By (4.7) the integral in (a) is

> Yi — 24 — b?t - m
/‘/ [( 50 >] | | P2youw(Yj — 2j — D)7 (2t 15 Yoy 1, dw) | d2(™)
0 i i
j=1

S C/ w_l/zrt<ym+17 Zm41, dw)
0
< Ct—1/2(t + Zm41 + ym+1)_1/2Qt(ym+17 Zm+41)-

35



where in the first inequality we used the symmetry of r; (recall (3.5)) and in the last
inequality we have used Lemma 3.2.
(b) Integrate the inequality in (a) to bound the integral in (b) by

et~/ / i (4 Zmgr + Ym1) 20 Ymts Zmeg 1) g1 (A2 1)

<AVt 4 yir) VPR, (X))

Ym+1

In the last line we used Lemma 3.3(e).

(c) For D, = D, (4.10) follows from (b) upon taking p = 0. The other cases are similarly
proved, now using (4.8) for the second order derivatives. ((4.11) is also immediate from
Lemma 4.1.) 0

Consider first (2.28) for D, = = D,, or xm+1D for some 7 < m.

Proposition 4.3. If D, = D, or xm+1Dmi for some i < m, then (2.28) holds with
n=1/2.

Proof. Consider (4.1) for D, = 2,41 D2 . We may as well take i = 1. Assume 0 <t < s
and let

:/’/[)Zps(z,Jf)szt<Z7y/)/vb(dz)‘:u<dy/)‘
Then

J < /‘/Zm—l—lDips(y/l, 29y ey Bmal, x)zm-i-lDzlpt(Z, y/)u(dZ)’u(dy’)
+ /}/ Zm—i—l[D;ips(yi, 29y vy Zmal, T) — Dglps(z, x>]zm+1D§1pt(Z’, Y u(dz) | p(dy)
EJI + JQ.
To evaluate J; do the dz; integral first and use (4.8) to see

and so J; = 0. (Lemma 3.2 handles integrability issues.)
Let J5 and J4§ denote the contribution to the integral defining Jo from {z; < yi}
and {z1 > y1}, respectively. Then by (4.8),

Jz // m+1‘//1(z1<z’<y )D /PS(Z 2y ey Bm41, L )

(S22 e Tt - 0)

re(Zmt 1 Y1 dw)dzt"™ d2’ ‘Mm+1(d2‘m+1)l~b(dy')'
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a7 ’ (]
Do the z; integral first in the above and if X = %(fblt, note the absolute value of this
Y w

integral is

’

Ty =2 = RY)?
’/ [( 1 2’;010 1 _1}1727?11;(?/1—21 — bit) dz
- 1

_ ’/_1[02_1]191(@)@‘

< c\X|e‘X2/2

< clyy — 2" = BtIpayo., (1 — 2 — bi), (4.12)

where the first inequality follows by an elementary calculation—consider | X| > 1 and | X| <
1 separately, note that fooo (v?2 — 1)p1(v) dv = 0, and in the last case use

’/X p1(v)[v? — 1]dv’ = /O|X|p1(v)[1 — ?]dw.

— o0

Take the absolute value inside the remaining integrals, then integrate over dyj...dy,,, and
use (4.9) to express the third order derivative. This and (4.12) lead to

00 _ /_b08‘3
J < 2 {//121/[/ [‘371 z 1 — o — 91| (270w 2
2 _//Zm+1 (2'<y1) 0 (27?10,) + |21 — 2 18] | (27v7w")

m
X p2'y§)w’($1 -7 - b(l)s) H p27?w’(xj — & b(l)S)deTS(Zm+1, Tm+1, dw,)]
j=2

00 ) / bot
></ Jmpt 4 b |pzygw(y’1 —2' —b?t)rt(zmﬂ,yin+1,dw)dyid2’}
0

299w

X 41 (d2m+1) tom+1 (@Y 41)-

Do the trivial integral over dzs . . . dz,, and then consider the dy] dz’ integral of the resulting
integrand. If 2"/ = 2/ — z1 + b{s and y{ =y} — z1 — bY(t — s), this integral equals

|Z//|3

B |y// o Z”|
//1(2"§y1’+b9t) (Q%T/) + |Z"|] (27??0/) 2p2’y§)w’(2//)7;7?w
% pQV?w(ygf _ Z”>dy1, dZ”

< c(2w’) ¥ (297w) T2,

Use this in the above bound on Jj} and the symmetry of 75(2m41, Tm+1, ) 0 (Zm+1, Tmr1)
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(recall (3.5)), and conclude

J2 < C//// m—l—l 3/2 /2rs(xm+17Zm—|—17dw,>rt(zm+17y1/71+l7dw)

X 11 (Y1) 1 (dZmg1)
- c// 22 ()™ 21[~«2;ZT,L+1 / X(m+1>d7«) 1/2>r5(xm+1,zm+1,dw/)um+1(dzm+1)
<c// —3/2,2 t_1/2(t+z D) Y20 (Tt Zmg 1 dW') fmm g (dzm 1)
(by Lemma 3.3(f))

—3/2
<ct7V2E me( X(m‘H) / X(m+1)dr ) (recall (3.6))

<172 (Emm+1 (X§m+1)) )3/4(IEng+1 (/ XT(m+1)dT)—6)1/4'
0

Another application of Lemma 3.3(e,f) now shows
Th < et V2 (@in + 8)3 2 (@mr + 8) "0/ A50/4 = 4 =1/2573/2,

Symmetry (switching z; and y) in the integral defining J} amounts to switching the sign
of bY) gives the same bound on JY and hence for J. This implies that the left-hand side
of (4.1) is at most

ct—1/2573 sup// m+1\Dzlps z CU)HDzlpt(Z y)|p(dz)pu(dz)

< t7H2sm0/2 sup/zmﬂ\Dzlpt(z, y)|n(dz) (by Lemma 4.1)
y
< ct=3/2575/2,

where (4.10) is used in the last line.

This completes the proof of (4.1) with n = 1/2 for D, = Tm41D2 . The proof for
D,, is similar and a bit easier. Finally, very similar arguments (the powers change a bit
in the last part of the bound on J3) will verify (4.2) for these operators. 0

Recall the notation p; from Proposition 2.8.

Lemma 4.4. If D' and D’; are nth and kth order partial differential operators in x and
y, respectively, then for allt > 0, k,n < 2, DkD”pt(aj y) exists, is bounded, is continuous
in each variable separately, and equals

/ D 5y (4, 2)Dpe o, 2) p(d2).
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For k<1, D’;Dgpt(x, y) is jointly continuous.

Proof. From (3.29) we have

D;;Lpt(xay) :/Dgpt/Q(:E?Z)ﬁt/Q(y: z),u(dz)

Apply (2.14), with f(z) = D} p;/2(7, z) and p, /5 in place of p;, to differentiate with respect
to y through the integral and derive the above identity. Uniform boundedness in (z,y),
and continuity in each variable separately follows from the boundedness in Lemma 3.11(a),
the L'-boundedness in Lemma 3.11(b) and dominated convergence. If k =< 1 the uniform
boundedness of the above derivatives implies continuity in y uniformly in x and hence joint
continuity. 0l

We now turn to the verification of (2.28) and Proposition 2.10 for D, = D
$m+1D2

Tm+1"
case) and so we will reduce its proof to three technical bounds whose proofs are deferred

Zmi1 OT

The argument here seems to be much harder (at least in the second order

to Section 7. Not surprisingly these proofs will rely on the representations in Lemmas 3.4
and 3.11 as well as the other explicit expressions obtained in Section 3 such as Lemmas
3.6 and 3.14.

Lemma 4.5. There is a ¢4 5 such that for all t > 0:
(a) If —(2M3)~! < p < 1/2 then for all y € S,,,

/ ng—i—l |D2m+1pt<z7 y)|,u(dz) < C4~5t_1/2<t + ym+1)p_1/27 (413)

and for all z € S,,,

/yﬁIHIDzmﬂpt(Z,y)W(dy) < cast 2t + zmar )PV (4.14)

(b) If 0 < ¢ < 2 and —(2MZ)~! < p < 2, then for all j < m and all y € S,,

/ij — 2720 (D2 pe(z, )| (dz) < east?PTH(E A+ Yy )PP (4.15)

(c) If 0 < g <2, then for all j <m and z € S,,,

1= 2zl D2, i) < easlir™ + 22 (46)
(@)
sup [ 21D, il ln(de) < cast (4.17)
Y
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(e) If 0 < p < 1/2, then for all (y(m),zm+1) € S,

/Zm+1y£1+1|Dym+1Dzm+1pt(zay)‘dz(m),um-H(dym-H) < ey 5777, (4.18)

and for all j < m,

/ cm 1 Doy D2 91 (o = g (A 1) < 45872 (4.19)

(f) If 0 < p < 3/2, then for all j < m,

b [ 2D, D2, o)) < ot (420)
Y

Lemma 4.6. There is a c4.6 such that for all 0 < t < s,

~yt
tb/V/ [/|Dzm+1p5(z,y)\dz(m)}dzmﬂ < cy4t/s, (4.21)
0
and
vt
tb/W/ [/ |D§m+1ps(z,y)\dz(m)}dzmﬂ < cagts S < cyps? (4.22)
0
Lemma 4.7. There is a c47 such that if 1 < p < 2, then for all t > 0, w > 0 and

//(1(ym+1§w§2m+1) + 1(Z7n+1§w§ym+l))zfn—|—l|D§,n+1pt<z7 y)|/’l/<dz)ll’l/m+1(dym+1)

< 64.7[1(wgme)tp_2+b/’y + 1(w>vt)t_1/2wp_3/2+b/7]. (4.23)

Assuming these results we now verify (2.28) and Proposition 2.10 for D, = D, o

or meD%m .- The analogue of Proposition 2.10 is immediate.

+

Proposition 4.8. For D, as in (4.3), and all t > 0,

sup / | Dapi(, y)|i(dy) < cast™. (4.24)

sup / | Dape (a0, ) [a(d) < cast™. (4.25)
Yy

Proof. This is immediate from Lemma 4.1, Lemma 4.2(c), Lemma 4.5(a) (with p = 0)
and Lemma 4.5(b) (with ¢ =0 and p = 1). O
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Proposition 4.9. (2.28) holds for D, = D and n = (2Mg)~!

Tm41

Proof. Define n as above and fix 0 < t < s < 2. We will verify (4.1) even with the
absolute values taken inside all the integrals. By (4.14) with p = 0,

/ D, a0 (2, )| a(dy’) < cast™ Pt + 2gyn) P <cast™ 2

In the last inequality we used n < 1/2 (recall My > 1). Therefore the left side of (4.1)
(even with absolute values inside all the integrals) is at most

sup 64.5/[/|D2m+1ps(z,x)\z;ﬁlu(dz)t_lﬂ
)
<[ [ 102, pe ) Dy il )l | (o)
< &os e sup [[ 1D ol o)lu@)]1Ds, pil )l (426
Y

where we have used (4.13) with p = —n in the last line. Now apply (4.14) to the above
integral in x and then (4.13) to the integral in 2/, both with p = 0, and conclude that
(4.26) is at most

csT2TmgT 2N

as required. The derivation of (4.2) (with absolute values inside the integral) is almost the
same. One starts with (4.13) with p = 0 to bound the integral in y’ as above, and then
uses (4.14) with p = —n to bound the resulting integral in z. O

It remains to verify (2.28) for D, = = Ty41 D2 i1+ This is the hard part of the proof

and we will not be able to take the absolute values inside the integrals in (2.28).

Lemma 4.10. For j = 1,2, f|D§m+1pt(z,y)|dz(m) < oo for all zypy1 > 0 and y € Sy,
an

/Dzm+1 z y dz(m) = D‘,Zjnl+1 /pt<z7 y)dz(m) = Dg7n+1 (Zm+17ym+1)

for all zy,+1 >0 and y € S,y,. (4.27)

Proof. We give a proof as this differentiation is a bit delicate, and the result is used on
a number of occasions. Set j = 2 as j = 1 is slightly easier. Fix y € S,,, and ¢t > 0. By
Lemma 4.5(b,d),

/IDinﬂpt(z,y)l + 1o |D2, pe(2,y)|p(dz) < oo for all e > 0. (4.28)
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We claim

Zma1 — /Dimﬂpt(z,y)dz(m) = F(zm+1) is continuous on {z,,+1 > 0}. (4.29)

Note that F(z,,+1) < oo for almost all 2,11 > 0 by (4.28). The Fundamental Theorem of
Calculus and Lemma 3.11(a) imply that if 2, ; > 2p41 > 0, then

/|D§m+1pt(z(m)7 Z;n—l—l’ y) - D§m+1pt(z(m)7 Zm+17 y)‘ dz(m)

Z'/rn+1
3 / !
< // |D3 py (2w, y)|dw dz™ — 0 as Zmt1 — Zm+1 OF Zmgl = Zpi1s
Zm-+1

where dominated convergence and (4.28) are used to show the convergence to 0. This
allows us to first conclude that

/|D§m+1pt(2, y)|dz"™ < oo for all 2,41 >0, (4.30)
and in particular, F'(z,,+1) is finite for all z,,11 > 0, and also that F' is continuous.

The differentiation through the integral now proceeds as in the proof of Proposi-
tion 2.8(d) given in Section 3 (using the Fundamental Theorem of Calculus). The last

equality follows from (3.7) and the definition of r;. 0
Lemma 4.11. There is a c4.11 So that for DZ = Dzm+1 =D, or zm+1D§m+1, allt > 0
and all y' € Sy,

[ Deent) )] < canst + i) (431)
Proof. Use (4.27) to see that

/f?zpt(z,y')u(dZ) = /Ez,n+1Qt(zm+1:y;n+1)ﬂm+1(dzm+l>-

Changing variables, we must show

‘/ﬁzqt(z,y)zbm_ldz‘ <ecsio(t+y) (4.32)

The arguments are the same for either choice of [?Z so let us take DZ = D, for which the
algebra is slightly easier. Let w = y/vt and x = z/~t. By differentiating the power series
(3.3) the left side of (4.32) is then

o S w™
)y lemw e Elma™ Tt — 2™ :cb/v_lda:‘
‘/O (1) mZ:Om!r(mﬂa/w | ]

m

=007 (3 e cpon 7y M =1 +b/7) =l + b)) = (1) e~

m=1

S P

< (v THE (N (w) ™ L nw)=1) + €7,

42



where N (w) is a Poisson random variable with mean w, ¢; satisfies Convention 3.1, and we
have used (n+b/y—1)"! < cn~! for all n € N. An elementary calculation (e.g. Lemma 3.3
of [BP]) bounds the above by

et T AAwT Hem) <20t AW <es(t+y) T
(4.32) follows. .

Proposition 4.12. (2.28) holds for D, = 41 D? andn=1/2.

m—+1

Proof. Consider general 0 < n < 1 for now. (4.1) and (4.2) (and hence (2.28)) will follow
from

S“P/‘/szs(zax)bzpt(z,y’)u(dZ)‘ﬂ(dy’) <eans UM for 0<t < s <2, (4.33)
and
SHP/’/DxPs(w,z)Dyfpt(y’, Z)u(dZ)’u(dy’) <cgns T for 0 <t < s <2, (4.34)
To see (4.1), multiply both sides of (4.33) by

[ [15pute 011D )ttt

After taking a supremum over y, the resulting left-hand side is an upper bound for the left-
hand side of (4.1). For the resulting right-hand side, use (4.24) to first bound the integral
in x, uniformly in z, by c4.857! and (4.25) to then bound the integral in z, uniformly in y
by c4.5t™!. This gives (4.1) and similar reasoning derives (4.2) from (4.34).

Next use Lemma 4.11 to see that

[ Bovets.0)Dopitey )|ty
< [1Dypv/ )ean(t + viun) ity (4.35)
< [103, ol o)) < 57 < esm oo

In the next to last inequality we have used Lemma 4.5(b) with ¢ = p = 0. Therefore the
triangle inequality shows that (4.33) (with perhaps a different constant) will follow from

/‘/(f?zps(z,w) — Dyps(v', ) Dapi(2,y ) ul(dz) | u(dy’) < caqps™ 1

for0<t<s<2. (4.36)
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The analogous reduction for (4.34) is easier as (2.14) with f = 1 implies

/f?mps(:v, Y )Dypi(y', 2)p(dz) = 0.

Use this in place of (4.35) and again apply the triangle inequality to see that (4.34) will
follow from

[ Bapaw.2) = Dapaoa ) Dyl o) |uta') < caras™ 0

for0<t<s<2. (4.37)

Having reduced our problem to (4.36) and (4.37), we consider (4.36) first and take
1n = 1/2 for the rest of the proof. The left-hand side of (4.36) is bounded by

J] [ 02 ) = Dy e i) s D, o) ) )
+ /’/(zm+1D§fn+1pS(z(m)vy;n—|—17x> - y;n—l—lD;nHPS(y,:x))

X zm1 D2 pi(z, 9 ) p(dz) | p(dy')
= Ta71 + Ta72. (438)

Use the Fundamental Theorem of Calculus (recall Proposition 2.8 for the required regu-

larity) to see that

Ta,l S ///(1(z7n+1<w<y7/n+1) + 1(y7/n+1 <w<z'm+1))zm+1|D’?Up5<z(m)7 w7 x)‘

X Zm1| D2 pe(2,y)] dw p(dz)p(dy').)

Now recall from (3.7) that p.(z,y) = p2(2"™ — y"™) 21, Yms1). First do the
1(dy’) pmg1(dzmo1) integrals and change variables to y” = 2(™) — /(") in this integral to
see that

Taal S /////(1(2m+1<w<y,/m+1) + 1(y'/m+1<w<zm+1))

Xz 1| D2, LW 2t Y )14 1 (A2 ) p(dYim 1)
X | D3 pe (2™ w, ) |dz™) dw

< C4.7/ /t_1/2w3/2\D§’Jp5(z(m),w,m)|dz(m) w7 dw
vt

~yt
—l—c4,7/ /tb/V|Df’Up5(z(m),w,a:)\dz(m)dw. (4.39)
0
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In the last line we have used Lemma 4.7 with p = 2. Now use Lemma 4.5(d) to bound the
first term by ¢t ~1/2573/2 and use (4.22) to bound the second term by cs=2 < ct~1/2573/2,

We have proved
Ta,l S Clt_1/28_3/2. (440)

Note that
Ta,2 S /‘/(Zm—l-l(D;;nJrlps(Z(m)? y;n+1,«73) - Dz'/l’rL+lpS(y/, .’13))
X zm1 D2 oz, ) p(dz) | p(dy')

][ G = D, 0z D2, e ()|
=143 + Ta’4. (441)

By Lemma 4.10,
/Dz +1pt ZY )d’z(m) = Dz +1Qt(zm+17ym+1>

and so using Lemma 3.3(g) we have
b
Taa= / | / (Fmt1 = Yo ) Zmn D2, @ (g1, Y1) d2m 1 1Dy, ps(y'2))l(dy’)
<33 / |D§;ﬂ+1ps(y',x))|u(dy') <eysT? < egt™H2673/2, (4.42)

where we have used Lemma 4.5(b) in the last line with p = ¢ = 0.
For T, 3 use the Fundamental Theorem of Calculus to write

Tas = /)/ / —y)D; Dy Ay = (20 =y )yl ) dr

x 251 D2 +1Pt( 2 — ) 1 Y1) A2 ™ 1 (21 | Y™ pn1 (Y1)

Now take the absolute values inside the integrals and summation, do the integral in r last,
and for each r carry out the linear change of variables for the other (2m-dimensional)
Lebesgue integrals: (u,w) = (2™ — ¢/(m) ¢/(m) _ g(m) 4 p(2(m) — /(M) (noting that
|dz(™) dy'(™)| < 2™|du dw| for all 0 < r < 1. This shows

Tas <CZ// //|U9\2m+1\Dzm+1PO(U,Zm+17y;n+1)|duum+1(d2’m+1)

X |DwJ D2’ ps (wvym—|—17x>| dw Ium-l—l(dy;n—l—l) (443)

<Czt 1/2// t3/2 (ym 1)3/2)|DwgD2 ps(w ym+17xm+1)|dwum+1<dym+l)
7j=1
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For the last inequality we have used Lemma 4.5(b) with ¢ = 1 and p = 2. Now use Lemma
4.5(f) with p = 0 (for the /2 term) and then with p = 3/2 (for the (y/,,;)*/? term) to
conclude that

Tos < cts 3 +171/2573/2) < et 1/2573/2 (4.44)

Combining (4.40), (4.42) and (4.44) now gives (4.36) (with n = 1/2).
The left side of (4.37) is at most
S| amer D2, paa2) = D22 i D ha D, el i) ()
+ /’/l'erl(Dimes(l" Z(m)7y1/n+1> - Dimﬂps(l‘,y'))y,’nHDiant(y’,z),u(dz)’u(dy')

= Tb71 + Tb’g. (445)

The Fundamental Theorem of Calculus gives (Lemma 4.4 gives the required regularity)

Tb,lS/////(1(zm+1<w<y,’ﬂ+1)+1(y7’n+1<w<zm+1))xm+1

x |DyD2 . ps(z, 2" )|?Jm+1|D/ ey )|
dw dz'™ dy' ™ 1 (A2 1) 1 (@Yo 41)-

1(m)

Re-express p; in terms of p? and set y” =y — 2(M) to conclude

Tbal S ///(1(z7n+l<w<y'/,n+1) + 1(y;n+1<w<zm+1))

X Y| Dy 2L Y1 Zman ) Ay b (A1) Him1 (d2m41)

X Tpi1| Dy D? man Ps (T, 2™ w)|dw dz™
§c4.7/ /t‘l/le/zw”/’V Ymi1|DwD2, |, ps(@, 2™ w)|dz™ duw
vyt
+C47/ /th "Zpi1|Duw D2 i Ds(T, M) w)|dz"™ dw. (4.46)

In the last line we used Lemma 4.7 with p = 1. Now use (4.18) with p = 1/2 to bound the
first term by CanCyqt™1/2573/2, By Lemma 4.4, the second term in (4.46) is at most

vt
ct! / [/ / 17 Dupya (), w, 2)dz " dw| w2 | DY, psya( )| ld2)
0

< ct_l(t/s)s_1 <esT?< Ct_1/28_3/2,
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where we have used (4.21) then (4.5). (We are applying (4.21) to ps/.) We have shown
Ty < ct—1/2573/2, (4.47)

For Ty 2, an argument similar to that leading to (4.43) bounds Ty 2 above by

S 1 [ rslvinalBl, szl (@)
j=1

X Tm+1 |ij DimHPS(W, Tm41, y';n—l-l) |dw fim+1 (dy;n—l—l)

< / / oL+ Y2 )Y 2 s Day D2, 5010, T, Y )0 s (A1),

In the last line we have used the identity p?(u, yl, .1, Zm+1) = Pe(0, Y1, —Us Zmt1) and
then Lemma 4.5(c) with ¢ = 1. Finally use (4.19) with p = 0 and p = 1/2 to bound the
above by ¢(s724t"1/2573/2) < ¢t=1/2573/2, Use this and (4.47) in (4.45) to complete the
proof of (4.37). O

Having obtained (2.28) and Proposition 2.10 for the special case N null and ZNC =
{d}, we now turn to the general case. In the rest of this section we work in the general
setting of Propositions 2.2 and 2.14.

Proof of Proposition 2.14. We need to establish (2.28) (thanks to Lemma 2.11(b)),
and first do this for the special case when our transition density is ¢; = qf 7 thatis ZNC
empty and Ny a singleton. (See the beginning of Section 2 for the definition of Ny.) Let
pt be the transition density considered above with m = 1. Recall from (3.7) that

/pt(a:,z)dzl = /pt(a:,z)dxl = g4 (22, 22). (4.48)

Let Dy2 = Dy, or y2D,,,,. We claim that we can differentiate through the above integrals
and so
/[)mpt(a:, 2)dz, = Dy, q; (2, 20) for almost all zy > 0 and all z, (4.49)

and
/f)mpt(a:, 2)dxzy = Dy, q; (2, 20) for all z5 > 0 and z. (4.50)

Lemma 4.10 implies (4.50). The proof of (4.49) uses [ |Dy,p:(x, 2)|dz1 < oo for a.a. zp > 0
by Lemma 3.11(b), and then proceeds using the Fundamental Theorem of Calculus as in
the proof of Proposition 2.8(d) in Section 3. (The stronger version of (4.49) also holds but
this result will suffice.)
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Consider first (4.2) for ¢;. Let 0 <t < s < 2. By (4.49) and (4.50), we have for all
T2,Y2 > 07

[ Drateloz,22) Dy, 22 pa ()

= ’/[/ Do, ps(z, z)dxl] [/ [?yzpt(y,Z)le]Mz(de)‘

< /‘/Dmps(x,z)[?mpt(y, z)u(dz)’da:l. (4.51)

Similarly, for all x5 > 0,

/‘/[)mqu(l’Z:Z2>Dyg%(yé722)#2(dz2>)ﬂ2(dyé)

—int [|[[ [ Duapelar2)da][ [ Dypuls/ 21t ma(aze) na(ay)
< iazgllf/‘/ﬁmps(aj, z)[)yépt(y’,z)u(dz)‘u(dy’). (4.52)

Integrability issues are handled by Lemma 4.10 and Proposition 4.8. The infimum in the
second line can be omitted as the expression following does not depend on z;. Multiply
(4.52) and (4.51) and integrate with respect to ps(dzs) to see that for any yo > 0,

/}/DmQQS(x27ZZ)EyQQt(yé722>M2(dZ2)‘
<] [ Dest2 20Dy, z2)alde)| ol na(doa)

< [|] Deawiw. 2Dy(s' (a2 [ Dl 2Dy, 2)ldo) ()

< esT2TMgTN

the last by Proposition 4.12. This gives (4.2) for ¢;. A similar argument works for (4.1).
Next we consider (2.28) in the general case. Write x = ((2(;))icznc, (%5) en,) SO
that (from (2.5))

pi(zy)= [ plava) [ @) (4.53)

jezncC JEN2
For j € (ZNC)UNa, let x5 denote z but with x(;) (if j € ZNC) or z; (if j € N2) omitted,

wy = IL 2 i, and let pz (1‘3, yj) denote the above product of transition densities but with
the jth factor (which may be a p] or a ¢/) omitted. Consider (4.2) and let D, = Dy, be
one of the differential operators in Notation 2.9 acting on the variable j' € {j} U R; for
some j € ZNC. (The case j/ = j € Ny is considered below.) In this case (4.53) shows
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that the left-hand side of (4.2) equals

sup [ [[| [ Drcpil 260D oty 20y 500 5.

15 (dz ) )y (dzs) | g (dy g ) s (dy’)

X )/ﬁm(j)pg(x(j):Z(j)>Dy(j)pz(y(j):Z(j)>pg($§'vZj>pg(yj7zj‘)
Mj(dz(j))ﬁb;(dzj)Hﬂj(dﬁu))ﬂj(d@')

Take the absolute values inside the two p:(dz;) integrals (giving an upper bound) and pull
the pj terms out of the p;(dz(;)) integrals. Now we can integrate the p3 integrals using
(3.8) by first integrating over yé,, then the first z; integral, then the x; integral, and finally
the second z; integral. This shows that the left-hand side of (4.2) is at most

sup / / | / Dy iy, PA(2 (s () Dy (yéjpZ(j>>ﬂj(d2<j>>)#j(dyﬁj>)
x| / Dagy P2 (w031 2) Dy P (0030 2003 (025 |5 ()

<csTZTmgT2Hm,

In the last line we used (4.2) for p’ (i.e., Proposition 4.12). For j' = j € Ny we would use
(4.2) for q;, which was established above. This completes the proof of (4.2) and the proof
for (4.1) is similar. 0

Proof of Proposition 2.10. By Proposition 4.8 the required result holds for each p{
factor and then using (4.49) and (4.50), one easily verifies it for ¢; (as was done implicitly
in the previous proof). The general case now follows easily from the product structure
(4.53) and a short calculation which is much simpler than that given above. O

5. Proof of Proposition 2.3.

Assume P is a solution of M(A,v) where A is as in (2.2) and dv = pdy is as in
Proposition 2.3, and assume (2.7) throughout this section. Without loss of generality we
may work on a probability space carrying a d-dimensional Brownian motion B and realize
P as the law of a solution X of

t t
X;’:X3+/ \/Qﬁi(Xs)ngB§+/ bi(Xs)ds, i¢ Ny,
0 0
t t
Xj:XjJr/ ./2&-(XS)X§dB;Z+/ b;(Xs)ds, j€RiicZNC.
t 0 0 J 0 J
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Set [s], = (([ns] —1)/n) V0, define 4;(X,) = fy;-), bi(Xs) = b? if s < 0, and consider the
unique solution X" to

X =X6+/ \/Q%(X[s]n)X?” dB§+/ bi(X(s],) ds, i ¢ N, (5.1)
0 0

t t
X =X} —|—/ \/2%()([3]”))(?’2 dB;Z —|—/ bj(X[s]n)ds, jEeE R ieZNC.
0 0
Note that

for k > 0, on [%, k1] and conditional on Fi/n, X™ has generator A but with 7°, 8°

n

replaced with the (random) v* = 3(X(_1y/n), b* = B(X(k_l)/n). (5.2)

We see in particular that pathwise uniqueness of X" follows from the classical Yamada-
Watanabe theorem. An easy stochastic calculus argument, using Burkholder’s inequalities
and the boundedness of 7, b and X, shows that

E((X7")P) < ¢,(1+tP) for all t >0 and p € N. (5.3)

Here ¢, may depend on the aforementioned bounds and is independent of n (although we
will not need the latter).
By making only minor modifications in the proof of Lemma 5.1 in [ABBP] we have:

Lemma 5.1. For any T' > 0, sup,<7 || X{* — X¢|| — 0 in probability as n — oo.

For k € Z,, let

pr(dx) = H (H d@)az?wﬁ_ldm‘i X H x??/ﬁ_ldm‘j,

1i€ZNC jER; JEN2

and let p¥(z,y) denote the (random) transition density with respect to py, of the diffusion
described in (5.2) operating on the interval [k/n, (k+1)/n]. Proposition 2.8(b) with n =0
implies that

ph(,y) < csat™ 0 T (072 + 9% < esater T (1 +4273), for ey e 8°0 <t <1,

JEN2 JEN2
(5.4)

where as usual ¢5; may depend on My, d but not on k. We are also using (2.7) here to
bound b¥ /~k.
Let Sf=E <f000 e MF(X]) dt) and define [|SY| = sup{|S¥f]|: || f]l2 < 1}, where

as usual the L? norm refers to the fixed measure p.
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Lemma 5.2. If (2.7) holds, then ||SY|| < oo for all A > 0, n € N.

Proof. It suffices to consider |S} f| for non-negative f € L?(u). Let

b’ b
d = sup ~(x) - =5 (5.5)
i%Nl,I 72(3:) ’)/Z
A bit of algebra using (2.7) shows that
2
5 < M‘g_()# < 2¢0M3. (5.6)
o —¢o

Let Ei denote expectation starting at x with respect to the law of the diffusion with
(random) transition density p*, and let R5 and 7% (z, y) denote the corresponding resolvent
and resolvent density with respect to ux. Then (5.2) shows that

/n
ST f = Ze—”ﬂ/”E@km(/ol e‘”f(Xth))
< [ Rt +Ze I (E (R F (X))t 1y/m))
< || R fll2 ||/?||2+Z€_Ak/”ﬂ“3 /Rlif( )Y (X om 1) o @) i1 (diz))

< A_1||p||2||f||2Jrz:e_”“/”ﬂﬂ(f;?), (5.7)
1

where
i = [ [ e (G ol 1) T 06 + vty
i¢ Ny

and we have used Corollary 2.12(a) to see |RS fll2 < A7 f|l2-
As usual we suppress dependence on d and M in our constants (which may change
from line to line) but will record dependence on n. Use (5.4) and (5.5) to see that

[ iy 2 () (5.8)

< e / g [0+ va) [ @2 + 22 )unde)

j€N2 i¢N1

<o [ o) [T @™ + 2/ (o).

ig N1
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K
Let E, denote expectation with respect to the diffusion with transition kernel p¥(z,y) =
Pk (y, ) (as in Proposition 2.8(a)).Then (5.8) is bounded by

o [ ey (TL () + ()24 ) as

0 ig Ny

=, /ooe—As E ((X) 25+(X;)1/2+25)) ds (by (2.5))
0 ig Ny

< cn / T 1T (3—25+ [ES(Xﬁ)]1/2+25) ds.
0

i¢ N,

In the next to last line we have used the conditional independence of {X®:i & N} (recall
(2.5)). In the last line we have used (5.6) and (2.7) to see that 1/2+ 26 < 1, and also used
Lemma 3.3(d). We can apply this last result because for all i ¢ Ny and all k € Z,

M — &0
WY/l —26 > -9 —

> (AM§) ™! —4eo M > (8MF) 1,

Y (5.9)

thanks to (5.6) and (2.7). For i ¢ Ny we have E’;(X;) < y; + Mps, and by (2.7) and (5.6)
we have 2d§ < 1/12. Therefore if f(s) = s72° + (Mys)/?*29 (clearly f > 1) we may now
bound (5.8) by

cn / e T (f(s) + 9% ds

i¢ Ny

<cn /Ooo e f(s)MI T (1 + (w27 £(5))) ds

i¢ Ny

< Cn/ e_Asf(3>|Nlc| ds H (1+ yil/2+25) < cp,a H (1+ yi1/2+25).
0

ig N, ig N,

In the definition of I}} use Holder’s inequality and then this bound on (5.8) on one of the
resulting squared factors to see that

/
i < elfla[ [ [ [ i owh Oaye odca(an)] T2+ v )]

i¢ Ny

Com 5
< Cn,AHfHQ[//Tlf\(l’,y)p’f/nl(X(k_l)/n,x> I (14 /272

ig N1

< T @2 + v w(dy) i1 (do)
i1¢ N1

]1/2
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[ P Xy [ i) [T+ 0>)

i@ Ny

1/2
< TT @ + ) (dy) s 1(dw)]
ZéNl

[/pl/” (X(k 1)/n ¥ ) Jex(7) -1 (dx)

}1/2. (5.10)

Here

OE / hy) TT w27 + 57 (dy)

i€ N,

_ ooe—,\s k i\1/2455 iy=38Y) (s
/ b T (= () 9) g
—)\s ) — s

/ lglﬂz E(Xi+ (X)) d

< c/ e N H [z; + Mys + s~%] ds.
0

i¢ Ny

In the next to last line we have again used the independence of X* i ¢ N; under EQIZ, and
the bound 1/2 4 5§ < 1 which follows from (5.6) and (2.7). In the last line we have again
used Lemma 3.3(d) whose applicability can again be checked as in (5.9). An elementary
calculation on the above bound, again using (5.6) and (2.7) to see that 3dd < 1/8, now
shows that
Jia(T) < e H (14 2),
i Ny

and therefore by (5.10),

1/2
I < cnnlflla] [ 97 (XGay o) [T 1+ (o)
ZéNl
n,i Moy
< el fll2 H <1+X(k 1/n T n )

i€ Ny
Take expectations in the above and use some elementary inequalities to conclude that

E (1) < cuplfll2(0+ Mo/m) B ( TT (14 X3, 0)
i€ N,

SCnA||f||2 ZE 1+X(k 1)/n )d)
1¢ N1

< ol fl2(1 + (k/n)?),
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the last by (5.3). Put this bound into (5.7) to complete the proof. O

Remark 5.3. The above argument is considerably longer than its counterpart (Lemma
5.3) in [ABBP]. This is in part due to the non-compact state space in the above leading
to the unboundedness of the densities on this state space (recall the bound (5.4)). More
significantly, it is also because the argument in [ABBP] is incomplete. In (5.4) of [ABBP]
the norm on f actually depends on k and is not the norm on the canonical L? space. The
argument above, however, will also give a correct proof of Lemma 5.3 of [ABBP]-in fact
the compact state space there leads to considerable simplification.

Proof of Proposition 2.3. This now proceeds by making only minor changes in the
proof of Proposition 2.3 in Section 5 of [ABBP]. One uses the above Lemmas 5.1, 5.2 and
Proposition 2.2. We only point out the (trivial) changes required. For f € CZ(S°) one uses
It6’s Lemma and (5.1) to obtain the semimartingale decomposition of f(X}*). The local
martingale part is a martingale as in the proof of Theorem 2.1 in Section 2 (use (5.3)).
Corollary 2.12(a) is used, instead of the eigenfunction expansion in [ABBP], to conclude
that the constant coefficient resolvent Ry has bound A~! as an operator on L?. The rest
of the proof proceeds as in [ABBP] where the bound g < (2K (M;))~ ! is used to get the
final bound, first on S (|f]), and then on Sy(|f|) by Fatou’s lemma. O

6. Proof of Proposition 2.4. Let (P?, X;) (z € S°) be as in the statement of Proposi-
tion 2.4. Throughout this section, for any Borel set A we let Ty = T4 (X) = inf{t : X; € A}
and 74 = T4(X) = inf{t : X; ¢ A}, be the first entrance and exit times, respectively,
and let |A| denote the Lebesgue measure of A. We say a function h is harmonic in
D = B(xz,r) N S% if h is bounded on D and h(Xa-,) is a right continuous martingale
with respect to P, for each y.

The key step in the proof of Proposition 2.4 is the following.

Proposition 6.1. Let z € S°. There exist positive constants r, cg.1 and «, depending on
z, such that if h is harmonic in B(z,7) N S°, then

h(x) — h(2)| < c6,1(|‘” . Z')Q(B(ZSE%SO |h|), z€B(zr/2)nS°.  (6.1)

Proof. By relabeling the axes we may assume that S° = {x € R? : z; > 0 for i > Jp}.
If z is in the interior of S, the result is easy, because the generator is locally uniformly
elliptic, and (6.1) follows by the first paragraph of the proof of Theorem 6.4 of [ABBP].
So suppose z € 0SY. Then Jy < d and we may assume, again by reordering the axes, that
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there is a K € {Jy,...,d — 1} so that z; =0 for all i > K and 2z; > 0if Jy < i < K.
Assume (set min() = 1)
Zi
0<r< JOIEZIEK 3 (6.2)

Since our result only depends on the values of h in B(z,7)NS%, we may change the diffusion

and drift coefficients of the generator of X outside B(z,7)NSY as we please. By changing
the coefficients in this way and again relabeling the axes if necessary, we may suppose that
our generator is

Af(x) - Zgz(l')f”([[;) + Z ( )xa(z)fu( )
1=1 i=J+1
d d
+ Y oil@ziful@) + Y bi@)fila), (6.3)
i=K+1 i=1

where J < K, a(i) € {K+1,...,d}fori=J+1,..., K, each o; is continuous and bounded
above and below by positive constants, each b; is continuous and bounded, and each b;
for ¢ > K is bounded below by a positive constant. We have extended our coefficients to
the possibly larger space S! = {x € R?: x; > 0 for all i > K} as this is the natural state
space for A. As B(z,7) N S° = B(z,7)N S* (by (6.2)) this will not affect the harmonic
functions we are dealing with. For 0 < < 1 let

J K d
Qn(d) =[]z =272 zi+ 272 x [ -2 " z+2"x [] 627277

=1 i=J+1 i=K+1

J K

= H[Zz — 2272 427 H 20— 327" 2+ 527"
i=1 i=J+1
X H (627,277,
i=K+1

Take n > 1 large enough so that Q,(0) C B(z,r/2)N S*.
We will first show there exist ¢y, > 0 independent of n such that

Po(Tr, .. (5) < TQn(0)) = C2, x € Qny1(0). (6.4)
We may assume there exist independent one-dimensional Brownian motions B} such that
X = X+ M, + A},
where dA¢ = b;(X;) dt and
M} = (204(X))Y%dB:, i< J,
AM} = (20(X)XCN24Bi,  J+1<i<K,
dM} = (204(X)X)Y?dBi, K+1<i<d.
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Since the b; and o; are bounded, there exists tg small such that for all z € @Q,,11(0)

P,( sup |[Mi|>1-27"*)<gh i<l
s<tp2—"m
P,( sup |Mi|>1-27") <&, J4+1<i<d,
S§t027n
and
sup |Ai\§i-2_”, 1< <d.
s<tp2—™

The first and last bounds are trivial, and the second inequality is easily proved by first
noting

d to2™"
sup Em<2/ X ds) <272,
i=170

ern-‘rl(O)

and then using the Dubins-Schwarz Theorem and Markov’s inequality. Hence

sup PI<TRn+1(O) <tg27") < %. (6.5)
l’eQn-!-l(O)

By Lemma 6.2 of [ABBP] there exists ¢ such that if U is uniformly distributed on
[t0/27 tO]? then
sup P(X}, < 6) < 1/4d, K+1<i<d.
zeS!t

Scaling shows that

sup Py (X{g—n <6277) < 1/4d, K+1<i<d.
€S
Therefore by (6.5), for any x € Q,,+1(0) with P*-probability at least 1/2, X;9-» € Rp41(9).
Since R,11(0) C Q,(0) and U2™™ < ¢(,27", this and (6.5) proves (6.4).

Take & even smaller if necessary so that |Q,(0) — Q,(6)| < 1|Qn(0)] and § < 0; <
671 |b;| <671 for all 4. Next we show that if G C Q,,(0) and |G| > |Q,,(0)|/3, then there
is a c3(d) > 0, independent of n, so that

P. (T < TQn(5/2)) > c3, x € Ryy1(0). (6.6)
Let :
Vi PALD, CI 1> J,
P2, i< J.

It is straightforward (cf. [ABBP], Proof of Theorem 6.4) to see that for ¢t < 7¢,(5/2),
Yo € Qo(6/2), Y; solves
dY; =5,(Y;) dB} +b;(Y;) dt,
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where the B! are independent one-dimensional Brownian motions, the 31 are bounded
above, and the o; are bounded above and below by positive constants depending on § but
not n. (6.6) now follows by Proposition 6.1 of [ABBP| (with a minor change to account
for the fact that |G N Qn(6/2)|/|Qn(6/2)| is greater than % rather than 3).
Combining (6.4) and (6.6) and using the strong Markov property, we see that if
c4 = coc3, then
P.(Te <7q,0) > ca>0, =€ Qn1(0).

Suppose h is harmonic on ),, for some ng. Our conclusion will follow by setting a
= log(1/p)/log2 if we show there exists p < 1 such that

Oscq, 1007 < pOscq, () h n = no, (6.7)

where Osc 4 h = supy h—inf 4 h. Take n > ng and by looking at csh 4 c¢, we may suppose
supg, oy h = 1 and infg (0)h = 0. By looking at 1 — h if necessary, we may suppose
|G| > 3|Qn(0)], where G = {z € Q,(0) : h(z) > 1/2}. By Doob’s optional stopping
theorem

h(l‘) > Em[h(XTG>;TG < TQn(O)] > %Pm(TG < TQn(O)> > C4/2, x € Qn+1(0).

Hence Osc g, ,,0)h <1 —c4/2, and (6.7) follows with p =1 — c4/2. 0

Proof of Proposition 2.4. We can now proceed as in the proof of Theorem 6.4 of
[ABBP]. To obtain the analogue of (6.14) in [ABBP], we note from (2.2) that if = € 9.5°,
at least one coordinate can be bounded below by a squared Bessel process with positive
drift starting at zero.

Remark 6.2. Essentially the same argument shows that if for each x € S, P” is a solution
of MP(A,0,) as in Theorem 1.4 (it will be Borel strong Markov by Theorem 1.4), then
the resolvent Sy maps bounded Borel measurable functions to continuous functions. After
localizing the problem, one is left with a generator in the same form as (6.3) and so the
proof proceeds as above. O

7. Proofs of Lemmas 4.5, 4.6 and 4.7.
We work in the setting and with the notation from Sections 3 and 4. Recall, in
particular, the Poisson random variables N,(¢) from Lemma 3.4.

Lemma 7.1. There is a ¢z, such that for all 0 < ¢<2,1<j<m,y €S, 0<t, and
2= zZmy1 /7yt > 0:

(a) If for x > 0 and n € Z,

- B 2
P1(2,n) = (2 + l)q/2_1 [1(n§1) + 1(n:1)2/ s 1(?%22)2/ 2(” + (n B %) ﬂ’

o7



and
a2, 2,m) Slneay(1+ 2 7)1+ 2" 4 2972)

+ 1(n23)z’_3(\n — 2P +3nn - 2| + n)(z’q/2

+ nQ/Q + xQ/2)7
then
J1s = 511102, )=t (7.1)
q— (m—+1) ’ / (m+1)

< crat 11gl_}(iglezm+1(qa(ym+1,Xt (2", Nija(t)) + (2, Xy 7 /t, No(t))]).

(b) If for z,n as in (a),
QZ)(Z,,ZL',TL) = 1(n§1)(1 + xQ/Z + (Z/>q/2) + l(nzl)('z/)_l(l + (Z,>q/2 + xQ/2>
+ 1(n22) (Z/)_2<n + (n - Z/)2)<(Z/)q/2 + nq/2 + xq/Q),

then
/ij — 2|1 D2, pu(z,y)|dzt™)
<eratt P hminfE -, (05 (men, X0 XN (1)) (72)
(©)

/‘Dzm.upt('z? y)‘d’z(m)

m No — 2
< epqtt li:gn i(:glfIE‘,ZmJrl (qg(ymﬂ, Xt( +1)) ((1 + )7+ M)) (7.3)

In addition for all z € S,,,

/|Dzm+1pt(za y)|dy(m)

m Nyg— 72
< epqtt lign iglfIEZmJrl (q(g(ymﬂ, Xt( +1)) ((1 +2)7 4 |027,|)> (7.4)

Proof. The proof of (a) is lengthy and the reader may want to first take a look at the

Simpler proof of (c) given in Section 8.
a) By Lemma 3.11(d), Fatou’s lemma and symmetry we have

/ 1y — 191D2._ pi(29)|dz™

< hmmf/ ly; — 2| ‘Ezmﬂ <A3Gt 2(m) y(X’ v V3)[1(u;':0 for i=1,2,3)

+3-1uiso0p2=u3=0) + 3 Luiso2>008=0) + 1(ug‘>0 for i:17273)]

3
X H No(dyi)> ‘ dz™
41
= lim inf E? +3ES + 3ES + EJ. (7.5)
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Consider EY first. An explicit differentiation shows
|DFpu(w)| < epou(w)u™ for k=1,2,3, (7.6)

which implies

DEGS iy (1, X)] < 205 (s X)T 7 T Do anor (20 — i + 000), for k=1,2,3. (7.7)
i+1

Use this (with & = 3) with the Fundamental Theorem of Calculus to see that on {v; >
0 for i =1,2,3},

[ = 511826 L, 067,02,
— m+1
=0 // ij a Zj|q1(u;c<ft vkds k=1,2 3)It 3Q5(ym+17Xt( ))
—_ O s ? K Kl

m 3
0
X H[p26+4’}’?(-{t+22_1 uk)(zz — Y + bz t)de] H dUk-
i=1 -

k=1
3.t /2y £ [t
< cIt—3q5(ym+1,Xt(m+1)) (tq + (5 + I + Z/ Vfds> ) H / vFds.  (7.8)
k=170 k=170

(3.14) and (3.16) imply

/ VP No(dv) = (v8)P'T(p + 1) for p > 0, (7.9)

and so by Jensen

¢ /2+1 d
/(/ V5d8>q No(dv) < tQ/2+1//Vg/2+1N0(dV)TS
0

t
=T(2+ q/2)tq/2/ (vs)%ds < ct9T. (7.10)
0

This bound, (7.9) with p = 1, and (7.8), together with the expression for Ef, shows that
B} < By (173 (Ymn, X{ D) (9 4+ 0972 4 112)15)
< By (a5, XD 4§, (17 XHY)
+ B, (X))

Sz (% (Ym+1, Xt(m“))) (94 692) (21 + )72 + 192t + 20n11) >

< At E -, (45(mrn, X)) (L4 (62001 + )2, (7.11)
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where Lemma 3.2 is used in the next to last inequality.

Let us jump ahead to EJ which will be the dominant (and most interesting) term.
We use the decomposition and notation from Lemma 3.4 with p = 0. Let S,, = >, e;(¢),
Ry =S mi(t), pe(#) = =% G5 = P(Ny(t) = k), and N® = N(N—1)... (N —k+1).
What follows is an integration by parts formula on function space. Recalling that Ng(v; >

0) = (yt)~! from (3.14), we have from Lemma 3.4 and the exponential law of y; under P}
(recall (3.16)) that

3
‘Ezm-q—l (/A?’Gt o) y X V V I/ H 1(1/ >0)N0 dl/ )))‘
=1

= () B s (G sy (Rovrts + Ta(8), Sgvs + X6 (1)

— 3G} m  (BNpya + Io(t), Snpra + Xp(t))

+ 3G om) o, (BNgt1 + Ta(1), Snpt1 + X5(1))

= G o (B + I (1), Sy + Xp(1)))|

’}/t ’Z Pn— 3 —3pn 2( )+3pn 1( ) pn( ))
X E oy (G y (R To(8), S+ X5(0))|
= (vt)~ ‘Zp n(g) 3n®2 + 3n(2")? — ()]

X E 21 (G2 o (B Ta(8), S + X3(1))

= 2 B s (NS = N2 4+ 3N0(2)2 = ()]G o (1, X)) | (7.12)

In the last line we have again used Lemma 3.4 to reconstruct (I, Xt(mﬂ)).
We also have

m+41 m
/‘yj - Zj‘quZm) y(It7Xt( * ))dz( )
= Q6(ym+1,X(m+1) /|yj — zj| p5+2volt( —y; + b 9t)dz;

< cqs(Ymrr, X, T+ 692 + 1777, (7.13)
Combine (7.12) and (7.13) to derive

B < 2B, (1N - 3N@ +3No(2)? - ()]
X g5 (Y1, X[ 4 6972 + 13/2]). (7.14)

60



Apply Jensen’s inequality (as ¢/2 < 1) in Corollary 3.15 to see that

E.,. (I No, XY < cftd 4+ 4 NG? 4 00/2(x [ H)ar2 /2,002 ) (7.15)

Zm+1

and so
Eg S th—3zl—3E S <|N(§3) o 3N(§2)Z/ + 3NO(Z/)2 _ (Z’)3|Q5(ym+1Xt(m+1))
X [+ (612/8)1 4+ (XD )9/ 4 ()02 4 NE)) - (7.16)

Next consider EJ. Not surprisingly the argument is a combination of the ideas used
to bound E? and E{. Define

t t
HY oy (1, X, 0% 17) Gtz(m)y(l-i—/ V2 + 03 ds X) Gtz(m)y(1+/0 yfds,X)

t
~ G y([ v /0 Ve ds,X) + Gy (1, X).

Now apply the decomposition in Lemma 3.4 with p = 1/2 so that NNy /5(t) is Poisson
with mean 2’/2. Arguing as in the derivation of (7.12), but now with a simpler first order
summation by parts (which we leave for the reader), we obtain

3
‘E Zm41 (/ Ath ~(m) y<X7 Vla V27 Vg)l(l/g>0,ut2:uf’:0) H N()(dyk)) ‘
k=1

t
= (yt)7! K. // b 2m) Ly / X§m+1) -i-yslds,Xt(m-l-l) +Vt1,V2,V3>
—H m) / X(m+1)d X(m+1) V2 v )P*(dy )l(l,zﬂ,a 0 HNO (dv >)‘
k=2

= ( N Zm+1 // t,z(m) y + RN1/2+17X0( ) + SN1/2+17 V27 V3)

3
B Hf,z(m),y(‘[2<t) + RNl/z? X{)(t) + SN1/27 V27 V3) H N()(dyk)) ‘

Zm+1

3
2 m
- —| / By (Mg = 2/ /20 H] oy, (10, X™0,02,0%) ) T No(ah)|. (7.17)
k=2

Now use (7.7) (with k = 2) and argue as in (7.8) to see that

3
/ / 95— 1 H oy (1, X, 7,09)]d=0 T] No(dv*)
k=2
3

< eI 2g5(ymsr X) /(tq +(0+T+ i /Ot vEds)”?) T [/Ot yfdsNo(d,/k)]

k=2
< eI 2qs (Y1, X[t + 6972 4 197242, 7.18
_|_
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where the last line uses (7.10).
Take the absolute values inside the inside the integral in (7.17), multiply by |y; —z;|,
integrate with respect to z("™), and use the above bound to conclude that

ES <z 4R, (‘Nl/z — 2" /215 (Ymr1, XT)

X [(tq U2 + I(t>q/2—2} ) (7.19)

If r > 0, the independence of X{ from (Ny,9, {e;}) and Lemma 3.2, applied to X;, imply
that

B, (1) 71X Ny o)
t -7
<B (B (( [ Xplonds) X0 Napo fes}) | X0 1)
0

_E (E ((/Ot X(’)(s)ds)_r‘X(’)(tD ’Xt(m“), Nl/g)
<c(t+ zme1/2) . (7.20)

The last line is where it is convenient that p = 1/2 > 0.
Use (7.20) in (7.19) with » = 2 and 2 — ¢/2. After a bit of algebra this leads to

Bf <ctt3 () B (1N 2 — 2 /205 (Ymer, X))

X [(@)qﬂ +2) 72+ (L4 )2 (7.21)

The argument for E§ is similar to the above. One works with
t
H} oy, (I, X, V) = ng(m),y(l + /0 u;‘f’ds,X) — Gy o (I, X).

The required third order difference of G° on {v{ > 0,v? > 0,v7 = 0} is now a second

~ t,z2(m)y
order difference of Hfz(m) ,~ Minor modifications of the derivation of (7.21) lead to

ES < ' ?(¢)E.,,,( Nl(% — Ny o2’ + (2725 (Y1, X))
< [(VE/1)1(1+2") 7+ (1+ 292, (7.22)

The above bounds in E? i = 1,...4 may be used in (7.5) and after the terms
involving /4 /t are neglected (for ¢ = 0 these terms are bounded by their neighbours, and
for ¢ > 0, if they do not approach 0, the right side below must be infinite) we find

[lws = 51112, et
< th_?) hgn_}éle Zm+1 <Qz5(ym+17 Xt(m+1)> [(1 + Z/>q/2_1 (723)
(L 2)72 4 [Nujp = 221 (14 2) 1) T+ NG = Nigod! + (2/2)%(2)72)

NG = BN 4 8No(2)2 = (2)*1() [0+ (X )22 4 ()02 4+ g ) ).
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The required bound follows from the above by a bit of algebra but as the reader
may be fatigued at this point we point out the way. Trivial considerations show it suffices
to show the following inequalities for ng,ni/, € Z4 and 2’ > 0:

Ing” —3ng”2" = 3no (') — ()°/(z))

< [Ling<) (1 + (2)77) 4 Lng3) (2) 2 (Ino — 2> + 3nolno — 2’| +no), (7.24)
and

[(1+2) 72 Inaje — 2//2|(1+ 2) 1) T+ 0 — majod’ + (2//2)%(2) 72
/

1 —2
< C[l(nl/zﬁl) + 1("1/2:1)2, + 1(”1/222)2/ (n1/2 + (n1/2 - 5)2)] (725)

(7.24) is easy. (7.25) reduces fairly directly to showing that for n,, > 2,
(14 2)7! <elnyyg+ (nyye —2'/2)%)(2) 2.

If 2’ < 1 this is trivial and for 2 > 1 consider n;/, < 2'/4 and ny/5 > 2'/4 separately.
This completes the proof of (a).

(b) The proof of this second order version of (a) is very similar to, but simpler than
that of (a). One now only has a second order difference and three EY terms to consider.
In fact we will not actually need ¢ > 0 in (a) but included it so that the reader will not
complain about the missing details in the proof of (b) (where ¢ > 0 has been used in
Proposition 4.12). We do comment on the lack of N/, in this bound.

An argument similar to that leading to (7.23) shows that
[z — yj|q\D§m+lpt(z, y)|dz("™) is bounded by

2 i B,y (a5, XET0) [ (1 2) T2 (L4 2) 7 [Ny - /217
NG = 202 + (2)21(2) 721 + (X /)12 4 ()22 4 N2 )
= ct?™ lign_)igle Zm41 (Q5(ym+1, Xt(m+1))[T1/2 + T0]>'
It is easy to check that
TO < C¢(Z,7 Xzf(m+1)/tv NO):

and, using Ny /2 < No from (3.23), that
Tyjp <214 2) 7921+ No(2) ™ +1) = Ty o
Hence to prove (b), it remains to verify
Tyjy < ep(z, XD/t N).
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Trivial considerations reduce this to showing that (1 + 2/)~1+4/2 < cqb(z’,Xt(mH)/t, Np)
for Ny > 2. This is easily verified by considering Ny < z’/2 and Ny > 2’/2 separately.

(c) Note that (7.3) is the first order version of (a) and (b) with ¢ = 0. The proof
is substantially simpler, but, as it plays the pivotal role in the proof for the important
2-dimensional case, we give the proof in Section 8. (7.4) then follows immediately since
the spatial homogeneity in the first m variables, (3.7), implies

_y(™)

pe(2,9) = pe(—=y™), Zmi 1, =2 Y1) (7.26)

O
Proof of Lemma 4.5(b). Let J denote the integral to be bounded in the statement of

(b), and p,(w) = e~™w™/n! be the Poisson probabilities. Let I',, be a Gamma random

variable with density
gn () = 2"/ 7T (n + b /y) 7L, (7.27)

and recall 2z’ = z,,41/7t. By integrating the bound from Lemma 7.1(b) in z,,4; (using
Fatou’s Lemma) we see that

J < C7.1tq_2 lll(;ﬂ inf / ng—l—lE Zm1 <q(§(ym+1, X£m+1))¢(zf, Xt(m-l-l)/t, N())) Z%]_Ildzm—i-l‘

—0

Our formula for the joint distribution of (X t(m_H), Np) (Lemma 3.6(a)) allows us to evaluate
the above and after changing variables and the order of integration we see that if y' = y/~t,
then

J < erat? 27 lim inf / (45 (Ym+1,9) Zopn(y’)
n=

<[ a0t + 1am () + 672 4 (2

+ 1) (2) 20— 2)2 + 0] [(y) V2 + (2)V2 + n/?](2)Pd |y dy

— t972%P lim inf ’
cr1 im in / % WYmi1,9) Y pu(y)

n=0

X L E ((1+ ()2 + T4)0) + 1an B (1 + ()72 + TH/2)T,47)

+ 1B (((n = Tn)® + )02 P((y)2 + T4/ + nq/z))]yb/”_ldy- (7.28)
There is a constant ¢y (as in Convention 3.1) so that

E[7) <co(nVv 1) forall |r| <4 and n € Zy satisfying r +n >

. 2
=V (7.29)
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Indeed the above expectation is I'(n 4+ b/~ + r) /T'(n + b/7), where

—3 —2 —2
r+n+b/y> m-ﬁ-Mo = (2My)~=.

The result now follows by an elementary, and easily proved, property of the Gamma
function.
Assume now the slightly stronger condition

<3 7 d >
|r| <3,n€Zs an r—l—n_2Mg

(7.30)

Then I'), = 'y + S,,, where S,, is a sum of n i.i.d. mean one exponential random variables.
If s and s’ are Holder dual exponents, where s is taken close enough to 1 so that the
conditions of (7.29) remain valid with rs in place of r, then

E ((Pn - H)QF;) <E ((Fn — n)zs/)l/S/E (ny,r)l/s
<ecn(nVvi1), (7.31)

where we have used an elementary martingale estimate for |S,, — n| and (7.29). Here ¢
again is as in Convention 3.1.

We now use (7.31) and (7.29) to bound the Gamma expectations in (7.28). It is
easy to check that our bounds on p and ¢ imply the powers we will be bounding satisfy
(7.30). This leads to

J < ctd2tp liigniélf/q&(ym—l-hy) an(y’)
- n+0

X Lty (1 (0)72) + Lzayn ™ F2(() 2 4 09/%) |y 7~ dy
< ctdE hgn_%lf/QzS(ym—i—l? Y) [e_y'(l + ) (1 + (y/)q/2>
+E (Livgnza ()N @ + Ny 2 |y tdy. (7.32)

In the last line N(y’) is a Poisson random variable with mean gy’. Well-known properties
of the Poisson distribution show that for a universal constant cs

E (N ) L(nwH>2) < he(y) = c2(1+y)" forall y’ >0, |r| < 2. (7.33)

For negative values of r see Lemma 4.3(a) of [BP] where the constant depends on r but
the argument there easily shows for » bounded one gets a uniform constant. If

hy') = e (L4+ )1+ ©)) + hyjo1p(y) + 5" Phpr (),
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then clearly
h(y') < es(1+y") 7271,

As all of the powers appearing in (7.32) satisfy the bounds in (7.33), we may use (7.33) to
bound the left-hand side of (7.32) and arrive at

J < ct? 2P liminf E

6—0

< PP M, (14 (7 )27 )

(X 1))

Ym+1

= ctT™2P(1 4 )0/ 2P (Dominated Convergence)

= ctq/2—1(t 4+ ym+1)q/2—1+p'

Proof of Lemma 4.5(c). The spatial homogeneity (7.26) shows the integral to be
bounded equals

/|yj - (—Zj>|qzm+1|D§m+1pt(y(m),Zm+1, —Z(m),ym+1)|dy(m)ﬂm+1(dym+1)-

This shows we can again use the upper bound in Lemma 7.1(b) to bound the integral over
y(m) in the above. One then must integrate the resulting bound in y,,+; instead of z,, 1.
This actually greatly simplifies the calculation just given as one can integrate y,,+1 at the
beginning and hence the ¢s term conveniently disappears (see the proof of (4.14) below).
For example, if we neglect the insignificant n < 1 contribution to ¢ in Lemma 7.1, the
resulting integral is bounded by

et () 'E (L) (No + (No = 2)2) ()92 + N2 4+ (XD j1)1/2)).

This can be bounded using elementary estimates of the Poisson and Hoélder’s inequality,
the latter being much simpler than invoking Lemma 3.6. We omit the details. ad

Proof of Lemma 4.5(a). (4.13) is the first order version of Lemma 4.5 (b) and we omit
the proof which is much simpler. (4.14) is a bit different from (c). Integrate (7.4) over
Ym+1 to see that

/yrpém—l—l |D2m+1pt(z7 y) ‘/J’(dy)
S et lim it / YorerE s (05 Wsns XA+ 2) 7+ [No = /1/2] ) timt (dm 1)
= crat  minfE ., (1(1+2) 71+ [N = 2/1/Z]E yoen (XS F0)9)).
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Now use the moment bounds in Lemma 3.3(d,e) to bound the above by
B, (14 2)70 4N = 2/)/2)(X ™ D)r). (7.34)

The first term is trivially bounded by the required expression using Lemma 3.3 again. Using
the joint density formula (Lemma 3.6), the Gamma power bounds (7.29), and arguing as
in the proof of (b) above, the term in (7.34) involving Ny is at most

P M) TR (IN = Z/|(N vV 1)P), (7.35)
where N = N(Z’) is a Poisson random variable with mean z’. We have
E (N — 2/ NP1 nsoy) < co(2 A (Z)*P) forall 2/ >0and —1<p<1/2.  (7.36)

For p < 0 Lemma 3.3 of [BP] shows this (the uniformity for bounded p is again clear). For
1/2 > p > 0 use Cauchy-Schwarz to prove (7.36). Separating out the contribution from
N =0, we see from (7.36) that (7.35) is at most

Ctp—l(zl>—1[e_z’z/ + (Z//\ (Z/>1/2—|—p)] < Ctp—l(e_z’ TIA (Zl)p—1/2> < Ctp_l(Z/-l- 1)p—1/2.

The result follows. O

Proof of Lemma 4.5(f). By the spatial homogeneity in the first m variables (7.26) we
may use Lemma 4.4 to conclude

|Dsz§m+1pt(Z7y>| = ‘/Dszt/z(fl},—Z(m),ym+1>D§m+1pt/2(—y(m),Zm+1,l')ﬂ(d$> :

Therefore

/ 2 DL D2 py(z, ) pldz)

S//[/|Dszt/2($7_Z(m)7ym+1>|d'z(m)

(m)

XZ:;I+1|D§m+1Pt/2(—y s ZmA1, )| (AT ) o1 (d2m41).

Use Lemma 4.2(a) to bound the first integral in square brackets and so bound the above
by

Ct_l/Q/Z%+1|D§m+1pt/2(—y(m),Zm+17$)\d$(m) fim+1(dzm+1)
X (t+ Tmtt + Ymr1) 202 (Tt 1, Y im1 (AT mp1).
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The spatial homogeneity (7.26) implies

(m) (—z(™)

pt/2(_y ,Zm_|_1,ll'f) :pt/2 7Zm+17y(m)7xm+l>7

and so we conclude from the above that
[l D2, i ln(az)
<tV / [/ 2| D2, e (—2 ™, 2, y(m),$m+1)|d93(m)ﬂm+1(dzm+1)]
X (t+ Tt + Ymr1) 2@ 2 (Tt Y1) im+1(dTm41)

<t /(75 + L 1)P T Tt + Y1) @2 (Tt Ymd) g1 (A1)

< ct™?E Ym+1 <<t + th(m+1))p_3/2> <t

We have used Lemma 4.5(b) with ¢ = 0 in the next to last inequality and p < 3/2 in the
last line. O

Proof of Lemma 4.5(e). For (4.18), use Lemma 4.4 and the spatial homogeneity (7.26)
to bound the left-hand side of (4.18) by

//|:/y117)1+1|Dym+11§t/2(_x(m)7ym+17_y(m)7xm+l>|

X zm11| D2 p12(0, Zmy1, 2™ — 2 ) [(d) | d2™ pon g (Y1)

Use the substitution (for (™)) w = z(™) — 2™ and do the dz™) i, 11 (dym+1) integral
first, using (4.13) to bound this integral by c4 5tP~! (as p < 1/2). Now use (4.5) to bound
the remaining dwt,, +1(dz, 1) integral by ¢4 5t~ 1.

The derivation of (4.19) is almost the same as above. One uses Lemma 4.2(b) now
to bound the first integral.

Proof of Lemma 4.5(d). The approach is similar to that in (b) as we integrate the
bound in Lemma 7.1(a). There is some simplification now even with the higher derivative
as ¢ = 0. We use the notation from that proof, so that g, is the Gamma density in (7.27),
pn(w) are the Poisson probabilities with mean w, and T',, is a random variable with density
gn- Also let B, be a Binomial (n,1/2) random variable independent of I',,. To ease the
transition to Lemma 4.6 we replace ¢t with s in this calculation. We also keep the notation

Z = Zm+1/737 y, = y/'ys. If
01 (Z,, k‘) = (Z’ + 1)_1[1(k§1)(1 + (Z’)_k) + l(kzg)(zl>_2[k + (k — Z//2>2]],
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and
¢2(Z/, k?) = 1(k§2)(1 + (Z/)_k) + 1(k23)(2/)_3[|k — Z/|3 + 3]{7|]€ — Z/| + k],

then by Lemma 7.1(a) and Fatou’s lemma, the integral we need to bound is at most

§—0

lim inf ¢s (/Ezm+1 (Q5(ym+17X§m+1))¢1(2/7N1/2)>Z?n/-|2-1/~l/m+1(dzm+l)

* /Ezm+1 (qé(ymﬂ, X ga(2 NO))Zg’L/ilﬂm—H(dzm-i-l))
:= liminf es™3[J1 (0) + J2(8)]. (7.37)

—0

By Lemma 3.6(b),

J1(5)§683/2/ 5 (Ym+1,Y an / Z( )2 ()b (2 ) ()32 by
0
= cs”/? / 05 (Ym+1,Y an E (¢1(Tn, Ba)T3/ )y dy. (7.38)
0

The moment bounds (7.29) (the conditions there will be trivially satisfied now) give
us

E (¢1(Fn7 Bn)ri/2) < C<P(Bn = O)E (FE’/Q) + P(Bn = 1)E (F}/Q + I‘i/2)
+E(1(8,2)Ba)E(T,%?) + E (15, 52)(Bn — T/2)°T;,%/ 2>)
c<2—n(1 +n)(n1/2 +n3/2) + 1(n22)n—1/2

+ 1(no2)E (E (B — T, /2)2\rn)r;3/2)). (7.39)

The conditional expectation in the last term is [(I',, — n)? + I',,]/4. Therefore we may
now use (7.31) and also (7.29) (as n > 2 and r = —1/2 or —3/2 the conditions there are
satisfied) to see that for n > 2

E(E((Bn — Tn/2)*|0a)0 %) < (B((Dn —n)°T,%%) + E(L,V2)) /4 < en™ /2,
Insert this bound into (7.39) and conclude that
E (¢1(Tn, B)TY?) < c(27" (14 n°?) + 1iuzgyn™ V%) < ¢
Therefore we can sum over n and integrate over y in (7.38) and obtain
J1(6) < ¢15%/2, (7.40)
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where as always c; satisfies Convention 3.1.
Lemma 3.6(a) and the argument leading to (7.38) shows that

Jo(8) < es/? / 45 (Ym+1, Y an E (¢2(Tn, n)T/2)y" 1~ dy. (7.41)
0

We have

E (¢2(Ty, n)T3/?)
= 1B (1 +T,")03/2) + 11,53 E (%2 (Jn = Ty + 3njn — | + n)).

Some simple Gamma distribution calculations like those in the proof of (b), and which the
reader can easily provide (recall Convention 3.1), show that the above is bounded by a
constant depending only on Mj. As before by using this bound in (7.41) and integrating

out n and y we arrive at
Jo(8) < 953/, (7.42)

Insert the above bounds on J;(§) into (7.37) to complete the proof. O

Proof of Lemma 4.6. Consider (4.22). The functions ¢; and ¢ are as in the previous
argument. Argue just as in the derivation of (7.37) to bound the left-hand side of (4.22)
by

vt
hgn %lf CS_S |:tb/ry / E Zm41 <Q5 (ym—l—lv X§m+1)>¢1 (Z/7 N1/2>)dzm+1
- 0

vt
* s / E Zm+1 <q5(ym+17 X§m+1))¢2(zl7 N0)>d2m+1]
0

= liminf cs 2 [K (8) + Ko(0)]. (7.43)

§—0

Note we are integrating with respect to z,,+1 and not pi,,+1(dzmn+1) as in the previous
calculation. Lemma 3.6(b) implies that

Ki(6) <cs /OOO 95 Ymi1,9) > Pa(y)

t/s ) “n
X (t/s)b/’v/o E (¢1(2', By))e * %d%ybm_ldy

00 0 t/s 5
<cs /0 0som 1159 3l /0 E(cz»l(z',Bn))%dz'yb“ dy.(7.44)

We have bounded I'(n + b/~)~! in a rather crude manner in the last line.
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For 0 < 2/ < t/s < 1 we have
E (¢1(2', Bn))(2)"(n+ 1)~
< ¢|[P(By = 0) + P(B, = 1)(1+ () 7")
1) (2 + 1)) B (B + (B — #/2))] ()" (n + 1)
< |27+ 0+ ()" + Ly ()" + (- 2) )+ )7 e
This, together with (7.44), shows that
K1(8) < ct.

Next use Lemma 3.6(a) to see that
K»(9) < cs/ % Ymt1,9) D pn(y)
0 n=0

« (t/S)b/’y e ¢2(Z/ n>e—z' (Z/)n dzlyb/’y—ldy
0 ’ I'(n ‘f‘b/V)

0

As above, an elementary argument shows that for 0 < 2’ < 1, ¢o(2',n)(2')*(n +1)~3
uniformly bounded in n, 2’ and also (b,7) as in Convention 3.1. Hence, we may infer

K2(6> S ct.

Put the bounds on K;(6) into (7.43) to complete the proof of (4.22).
We omit the proof of (4.21) which is the first order analogue of (4.22) and is con-
siderably easier. 0

We need a probability estimate for Lemma 4.7. As usual X+ is the Feller
branching diffusion with generator (3.1).

Lemma 7.2. (a) P,(X™™) > w) < (w/2)¥/? exp{ (ﬁv_tﬁ)z} for all w > z > 0.
(b) IP’Z(Xt(mH) <w) < (w/z)¥?*7 exp{#p/—w)z} forall 0 <w < z.

Proof. This is a simple estimate using the Laplace transform in Lemma 3.3(c). Write X;
for Xt(mH). If —(vt)~1 < A <0, then

—zA
P.(X; > w) < ME (e M) = (1 + Aty) 07 exp{ T )\”yt}'
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If A >0, then

—2ZA
]P)Z(Xt S w) S e)\sz(e—AXt) — e)\’w(l + )\t")/)_b/’y exp{ 1 +Z)\"yt}

Now set A = ¥ Z,/y;v_l in both cases. This is in (—(y¢)7%,0) if 0 < 2 < w and in [0, c0) if

0 < z>w. A bit of algebra gives the bounds. ad

Proof of Lemma 4.7. We will again integrate the bound in Lemma 7.2(b) over 2,41
but as ¢ = 0 we will use the function

¢<Z/7 n) = 1(n§1) + 1(n:1)<zl)_1 + 1(n22) (Z/)_2[<n - Z/)2 + n]
We then have from Lemma 7.2(b), that for each 2’ > 0,
J(zm+1)

= //(1(ym+1§w§2m+1) + 1(Zm+1§w§y7n+1))z1€1+1

X |D§m+1pt(27y>|dz(m)ﬂm+1(dym+1>
_ .. m—+1
S Ct 22:51—’_1 h?l—}(l)le Fm+1 <w(2/’ NO) /qé(ym—i_l, Xt( ! ))<1(ym+1§w§zm+l)

+ 1(zm+1 Swﬁym+1)>ﬂm+l (dym+1)

— Ct_QZ,'I;L_i_lE Zm41 <¢(Z/, NO)[l(wSZm+1)1(Xt(m+1)Sw)

+ 1<wzzm+1>1(xgm+l>zw>1>
<ct22P R L ((2, No))Y?[1 P, (XD < p)l/2
= m4+1" Zm+1 » V0 (w<zm+1)t Zm41 t Sw

m+41
+ 1(w22m+1)]P)2m+1 (Xt( ) > w)1/2]. (7.45)

In the third line we have used the a.s. and, hence weak, convergence of X(gmﬂ) to XémH)
as 0 — 0 and the fact that Xt(mH) # w a.s.
We have

E (2, No)?) < e(1+2)e™ + () e
+ () E (Lwoz) (No = 2)*) + B (1<N022>N§)])'

An elementary calculation (consider small 2’ and large 2’ separately) shows that the term
in square brackets is at most ¢(z’)2. Therefore we deduce that

E ((2', No)*)V? < e(2) 7. (7.46)
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If we set w’ = w/~t, then this, together with (7.45) and Lemma 7.2 allows us to conclude
that

I Gminpr(dzni)

(e 2

<ect? /,:/:ﬁ';;rlfrb/”(z’)_l(w/:<7m+1)b/47 exp( (VZmi1 = Vo) )dzm+1
2t
\2
— o D—24b/y(, 1\b/4y N\p—2+3b/4~y _(\/? — \/E ) /
ct (w") /(z ) exp( 5 )dz

= Ctp_2+b/7 (w/)b/4va_2+3b/47(w/). (747)

A simple calculation using the obvious substitution = = (v2' — \/E’)Q shows that for any
e > 0 there is a ¢y(e) such that

Ky (w") < co[liwr<1) + (w')r+1/21(w/>1)] forallw’ >0and —1+e<r<e !l

Our bounds on p and Convention 3.1 imply that 7 = p—2+3b/4y € [-1+3(4M3)~t, MZ].
Therefore the left-hand side of (7.47) is at most

Ctp_2+b/7(w/)b/ﬁ(l(w'gl) + 1(w'>1)(w/)p_3/2+3b/47)

< C(l(wg’yt)tp_2+b/’y + 1(w>7t)t—1/2wp—3/2+b/7).

8. A Remark on the Two-dimensional Case.

As has already been noted, the proof of Proposition 2.2 (by far the most challenging
step) simplifies substantially if d = 2. As this is the case required in [DGHSS]|, we now
describe this simplification in a bit more detail.

Recall the three cases (i)—(iii) for d = 2 listed following Theorem 1.4. Asnoted there,
the case & = () is covered by Theorem A of [BP] (with d = 2) without removing (0, 0) from
the state space, so we will focus mainly on the other two cases here (but see the last
paragraph below). In these cases the localization in Theorem 2.1 reduces the problem to
the study of the martingale problem for a perturbation of the constant coefficient operator

2
AO = Zb?Dl‘z + VzonDaZci? (81)
=1

with resolvent Ry and semigroup F;. Our job is to establish Proposition 2.2 for this

resolvent.
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For f € Dy (Dy as in (2.21)), we have

IA°Rafll2 = [IARAS = fll2 < 2] fll2, (8.2)

the latter by Corollary 2.12. We may therefore remove the term xo(Rjyf)22 from the
summation in (2.6) because L?-boundedness of this term will follow from the other three
and (8.2). Recall the required boundedness of any of the terms was reduced to (2.28) by
Cotlar’s Lemma. (Proposition 2.10 was only used to ensure the operator T; was bounded
on L? so that Cotlar’s Lemma may be employed in the proof of Proposition 2.2. This
boundedness, as well as the bound of c¢t~!, is also implied by (2.28) with s = t and
the elementary Lemma 2.11(b). So we only need consider (2.28).) For the two derivatives
involving 1, (2.28) was fairly easily checked in Lemma 4.3 thanks to the “explicit” formulae
(4.7) and (4.8), and the bound in Lemma 3.3(f).

It remains only to check (2.28) for D,,. This was done in Proposition 4.9, using
only Lemma 4.5(a) and in fact only used (4.14) for p = 0 and (4.13) for p < 0. These proofs
in turn were fairly simple consequences of part (c) of the key Lemma 7.1. (Admittedly the
proof of (4.13) was omitted, being much simpler than that of (4.15).) As (7.4) was a trivial
consequence of (7.3) (recall (7.26)), we have essentially reduced the two-dimensional case
to the proof of (7.3). To justify our earlier statements, that this really is much simpler
than that of (7.1), we give the proof. At the risk of slightly lengthening the argument we
will take this opportunity to explicitly write an integration by parts formula which was
implicit (and hidden) in the more complicated setting of Lemma 7.1. Recall that m =1
(the proofs below are the same for general m), I} = fg x® ds, v =19, and (see (3.26))

Groes (LX) = [ a1, Xopaypa(an = 22— 1) d,

No = Ny(t) is the Poisson variable in Lemma 3.4.

Proposition 8.1 (Integration by Parts Formula). If f : Ry xR — R is bounded and
Borel, then

No — (22/7t))
zo [t

DS = (1) B, (¢ Croif I X)) + B2, ), (83)

where F is given by (8.6) below and satisfies
|Er(t, 2, f)| <E., (///|f(:v1,Xt(z))|4It_1p47?(u+It)(x1 )
X 1(“§f0t usds)dxl du dNo(V)> (84)
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Proof. By (3.25)
D)o G X0 X2) <Gt [ 65 )
+ Ezz (/[Gt,z1f</ X5(2) + l/st,Xt(Q) + Vt)

- Gt,21f</ X§2)d8,Xt(z))]l(utw)NO(dV))

EE1<t,Z,f)+E2<t,Z,f). (85)
Now use 9
() = (=10 ),
and (by some calculus)
0
Do) < toaa)

together with the Fundamental Theorem of Calculus, to obtain

(2) — 21— bot)2 _1
1(¢, z, E., 1, X —1{(2(u+ I,
([ [ [ x[Fp it -]
X Paou ) (@1 — 21 — t)l( [ b1 AT 0 =) AN (v )) (8.6)

and

|Ey(t, 2, f)| <E., (/ / /|f(g;1,X§2>>|4(u + 1) " a0y 1 (w1 — 21— 08)
1(u§f0t usds)dxl du dN()(V)
The latter inequality gives (8.4).
For E5 we use the decomposition in Lemma 3.4 with p = 0. §,, and R,, are the sum

of the first n of the e; and r;, respectively, and we continue to write p,(w) = e~ *w"/n!
and 2z’ = z9/~t. Then Lemma 3.4 allows us to write

E2(t7 Z, f) = NO(Vt > O)Ezz (Gt,21f<I2(t) + RNO‘H?‘X(/)(t) + SNo-l-l)

= Gz, [ (12(t) + Ry, X4() + Swy) )

= ()7 Y (Pa-1() = pu()E 2 (Grpzy fU2(8) + Ry Xg(t) + Sn))

n=0

an (n— 2 ) (= ,)_IEZ2 (Gizy f(I2(t) + R, X(,)(t) +5n))

= (vt>—1EZ2<<No — V) G [ (L, X)). (8.7)
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In the last line we have again used Lemma 3.4 to reconstruct X (?). (8.7) and (8.5) complete
the proof. 0

Remark 8.2. Since |Gy, f| < ||f|loo, the above implies the sup norm bound
Dz, Pof(2)]

< (1) B (P21l + a1 71B 1) [ [ dsariat)

< ()20 flloo + 47 £l oo

We have used Lemma 3.3(f) and (3.17) in the last. This gives a derivation of (4.4). More
importantly we can use the above to derive an L' bound which will allow us to take f = §,.
Recall that g,(x,y) is the transition density of X (® with respect to 3*/7~'dy.

Corollary 8.3. If f: Ry x R — R is bounded and Borel, then
[1DPs @)l

< csat 'E ., /\fz X{)\dz [er(V +1) 1D

Proof. Note first that [ |G; ., f(I, X)|dz1 < [|f(z1,X)|dz1, and then integrate over z;
in Proposition 8.1 to see that the above integral is at most (2/ = z2/~t as usual)

) B (P E 101, X))

+E., //If (w1, X, ) |da1 4177 // v ds dNo (v (8.8)

Use Lemma 3.3(f) and (3.17) again to bound the last term by

ez a(t+ 22) 'E o, (/ | f (1, X7:(2))|d1‘1)-
Use this in (8.8) to derive the required bound. O

Proof of (7.3). Let f¥°(21,2) = ps(21 — y1)qs(y2, 22) (bounded in z by Lemma 3.3(a)).
Then (3.30) shows that lims_o D, P;f¥°(2) = D.,p:(z,y). Apply Fatou’s Lemma and
Corollary 8.3 to conclude

/ |Dzzpt(zv y)|dz1

N, ~1
<hm111f073t E., /|fy 21 X(Q))|d [%—f—(%—l—l) ])
2

S No — 22/71] o
3 5. ( e[l (2 )7,
< h:f;n_}élf crat” E.,(qs(ye, X;77) 2z /7t * vt 1
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The required result follows. O

If we wanted to include the case £ = () to make the above “short proof” self-
contained, then we need to consider Proposition 2.2 and hence (4.1) and (4.2) for the
case

2
0
A° — Zb?Dmi + ’yloxiDgi.

=1

The associated semigroup P; = H?Zl Q‘z is a product of one-dimensional Feller branching
(with immigration) semigroups with transition densities given by (3.3). As in the the last
part of the proof of Proposition 2.14 at the end of Section 4, (4.1) and (4.2) reduce easily
to checking (4.1) and (4.2) for each one dimensional Q¢. In the first part of the proof
of Proposition 2.14 (in Section 4) we saw that these easily followed for each differential
operator by projecting down the corresponding result for A° (as in (8.1)) to the second
coordinate. This was checked in the “short” proof above for the the first order operators. It
therefore only remains to check (4.1) and (4.2) for D, = xD? and ¢ in place of p;. Asin the
proof of Proposition 4.12, we must verify (4.33), (4.34), (4.24), and (4.25) for this operator
and one-dimensional density. These, however, can be done by direct calculation using the
series expansion (3.3)-the arguments are much simpler and involve direct summation by
parts with Poisson probabilities and elementary Poisson bounds.
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