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Abstract

Super-tree random measure’s (STRM’s) were introduced by Allouba, Durrett,
Hawkes and Perkins as a simple stochastic model which emulates a superprocess at
a fixed time. A STRM v arises as the a.s. limit of a sequence of empirical measures for
a discrete time particle system which undergoes independent supercritical branch-
ing and independent random displacement (spatial motion) of children from their
parents. We study the connectedness properties of the closed support of a STRM
(supp(v)) for a particular choice of random displacement. Our main results are dis-
tinct sufficient conditions for the a.s. total disconnectedness (TD) of supp(v), and
for percolation on supp(r) which will imply a.s. existence of a non-trivial connected
component in supp(rv). We illustrate a close connection between a subclass of these
STRM’s and super-Brownian motion (SBM). For these particular STRM’s the above
results give a.s. TD of the support in three and higher dimensions and the existence
of a non-trivial connected component in two dimensions, with the three-dimensional
case being critical. The latter two-dimensional result assumes that p.(Z?), the crit-
ical probability for site percolation on Z2, is less than 1 — e~!. (There is strong
numerical evidence supporting this condition although the known rigorous bounds
fall just short.) This gives evidence that the same connectedness properties should
hold for SBM. The latter remains an interesting open problem in dimensions 2 and
3 ever since it was first posed by Don Dawson over 30 years ago.

1 Introduction and Description of the Main Results

Let Mp(FE) denote the space of finite measures on a metric space E equipped with the
topology of weak convergence. Super-Brownian motion (SBM), (X;, ¢ > 0), is a continuous
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Mp(R%)-valued random process arising as the scaling limit of critical branching random
walk. It also is the scaling limit of a number of other models in population genetics and
statistical physics, the latter for d above the critical dimension (see, e.g. [38,28]). Even for
the case d = 2 or 3 which will motivate this work, it arises as the limit of the rescaled voter
model [§], rescaled Lotka-Volterra models [10], or spatial Lambda-Fleming-Viot processes
([7,@9]). Recall that A C R? is totally disconnected (TD) iff it contains no connected subset
with more than one element. We let supp(M) denote the closed support of a measure,
M, defined on a metric space with its Borel o-field. For d = 1, the measure X; has a
continuous density (e.g., Theorem I11.4.2 of [36]) and so supp(X;) will contain intervals of
positive length if X; # 0. An elementary cluster decomposition will show supp(X}) is a.s.
totally disconnected if d > 4 (see Section I11.6 of [36]). Whether or not supp(X;) is a.s. TD
in 2 or 3 dimensions has been an interesting open problem for over 30 years ago (see, e.g.,
Sec. 4 of [35]). (The answer will be the same for supp(X;) for any ¢ > 0 and any initial
condition Xy by general absolute continuity results (e.g. Theorem II1.2.2 in [36]).) One
suspects that there is a critical dimension and so the problem cannot be “difficult” in both
unresolved dimensions. We partially resolve this disconnectedness problem in dimensions
2 and 3 for a closely related class of models from [I] called super-tree random measures.
We believe this clarifies the state of affairs for SBM itself, as conjectured below.

To describe the models from [I] we start with an offspring law on Z, given by p =
(pk, k € Z,.), where

= Zk‘pk >1 and Zkzpk < 0. (1.1)
k=0 k=0

Introduce an R%valued random vector X with finite mean, a parameter 3 > 0, and set
p=pu"P?e€(0,1). Weset Z, ={0,1,...} (unlike [1]). Define an Mp(R%)-valued discrete
time process (v, n € Zy) as follows:

(a) At n =0, we set vy = g (i.e., a single particle starts at the origin).

(b) In generation n € N = {1,2,...} each particle splits into k particles with probability
pr and each “child” is displaced from its parent by an amount equal in law to p"X.
The displacements and the numbers of children are independent for each particle
and each generation, and are also independent from each other.

(¢) The random measure v, assigns mass p~" to the location of each individual in
generation n.

Clearly pu"v,(R%) is a supercritical Galton-Watson (GW) process with offspring law p
and so v,(R?) — W as. as n — oo, where P(W = 0) is the probability that the GW
process becomes extinct in finite time. In fact Theorem 11 of [I] (or see Theorem [2.6[d)
below) implies that v, converges a.s. in Mp(R?Y) as n — oo to a limit v which we call a
classical super-tree random measure (CSTRM). In this work we will also assume a mild
polynomial decay on the tail probability of X (see (2.12)) which will ensure that supp(v)
is a.s. compact (Theorem [2.6[b)). Unlike [I] we will allow py > 0, which affects little aside
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from the fact that now v = 0 may occur with positive probability. We reserve the term
super-tree random measure (STRM), used in [I], for a slightly larger class discussed below
and constructed in Section 2

If B € N22 a B-ary CSTRM associated with p is the CSTRM with £(X), the law
of X, uniform on {0,1,...,B — 1} and § = %, or equivalently, p = B~!. Intuitively
a typical point in supp(v) is given by S = > B™™X,, € [0,1]% where {X,,} are i.i.d.
copies of X. The individual offspring displacements correspond to the B-ary expansion
of each coordinate of S. In particular, supp(v) C [0,1]¢. See Section [4| below for a more
careful discussion.

The class of CSTRM’s was introduced in [I] as a toy model for the study of SBM. We

now give an intuitive comparison of B-ary CSTRM v and X;. First note that

given v, the displacements being added to the particles in generation n to con- (1.2)
struct v are now scaled by B~".

So conditional on o (v, k < n), v is a sum of a Binomial (", (R%), P(W > 0)) number of
independent clusters which are scaled copies of v conditioned to be non-zero and relocated
at the parent and where the spatial scaling factor is B~" = p~?"/? as in (1.2).

For the time being we allow our SBM (X}) to have (1 + )-stable branching , for some
B € (0,1], and a branching scale factor of 4 > 0 so that the non-linear equation associated
with (X;) has non-linearity ¢(X) = XA (see p. 49 of [14]). Here our v differs from that
in [I4] by a factor of 1/2 so that if we consider the usual SBM (when g = 1), y corresponds
to the variance of the critical offspring law in the branching random walk approximation
(see, e.g. Theorem I1.5.1(c) of [36]). Consider the cluster decomposition of X; correspond-
ing to the ancestors at time 1 — B~2". By Brownian scaling this time lag will result in the
Brownian displacements agreeing with those in (1.2)). By Proposition 3.5 of [14], condi-
tional on o(X;,t <1 — B7?"), the measure X; is a sum of a Poisson number of indepen-
dent clusters, where the Poisson has mean X;_g-2.(R?)((2/7)B*)Y# = cu” X, _g-2n(R?).
Proposition 3.5(b) of [14] also identifies the laws of the individual clusters making up Xj,
which again are scaled relocated copies of the “cluster law” associated with SBM described
in Section (3| below (it is the canonical measure of X; conditioned to be non-zero).

The above cluster descriptions of X; and v are very similar and in fact underlie a num-
ber of common properties of the two processes. For example, recall that dim(supp(X;)) =
(2/8) Ad a.s. on {X; # 0} where dim(A) denotes the Hausdorff measure of a set A C R,
and that for d < %, X, a.s. has a density. See Theorems 9.3.3.1 and 9.3.3.5 of [11] for
the former, and [22] and Theorem 8.3.1 of [L1] for the latter. For B-ary CSTRM the a.s.
existence of a density for d < % follows from Theorem 3 of [I] and the reference given
there. This implies that supp(v) has positive Lebesgue measure a.s. on {v # 0}. The fact
that dim(supp(v)) = (2/8) Ad a.s. on {v # 0} follows from Theorem below which
gives this result for our class of STRM’s, extending a result for CSTRM’s in [I]. We refer
to the setting where % =d (i.e. p = BY) as the critical case.

Although we believe the connection between SBM and B-ary CSTRM'’s is quite close
for = 1, this connection for § # 1 is a bit more tenuous. For example, B-ary CSTRM’s
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will have finite second moments while SBM for § < 1 will not. Henceforth SBM will refer
to the standard § = 1 case.

If h:[0,0) — [0,00) is a continuous strictly increasing function for some 6 > 0 with
h(0) = 0, we let h-m(A) denote the h-Hausdorff measure of a set A C R?. In Section {4| we
refine the above dimension results and prove the following for a B-ary CSTRM:

Proposition 1.1. (a) In the critical case % = d we have x%1og(1/z)-m(supp(v)) < oo
a.s., and in fact is an integrable r.v. In particular, supp(v) is a compact Lebesgue
null set of full dimension a.s. on {v > 0}.

(b) If% < d, then x%-m(supp(u)) < 00 a.s., and in fact is an integrable r.v.

Both of these results are well-known for SBM (so now § = 1) where exact Hausdorff
measure functions are even known (see Theorem I11.3.8 of [30]).

In Section 4| we derive the following hitting estimates for B(y, r), the Euclidean ball in
R?, centered at y and of radius r. Again we are in the setting of a B-ary CSTRM, v.

Proposition 1.2. There are constants 0 < qrg < (rz, depending on (d, B, L(Z)) such
that:

(a) If 3 =d, then for ally € [0,1]" and r € (0, 3], ety < P(v(B(y,r)) > 0) < fg&%—).

(b) ]f% < d, then for all y € [0,1]¢ and r € (0,1],

a7 <Pu(B(y,r)) > 0) < Gy 5.
Remark 1.3. If we set 3 =1 in the above we get for all y € [0,1]% and r € [0,1/2],

ford=2, —T2_ < p(y(B(y,r) > 0) < — 2

log(1/r) — ~ log(1/r)’

and
ford>2, aqr®? <P(B(y,r)) >0) < G

These are the same asymptotics that hold for SBM, X, at time 1 say, under its cluster
measure. For d = 2 this is Theorem 2 of [29] and for d > 2 see Theorem 3.1 of [12]. (The
latter reference works with the law of SBM, not the canonical measure, but the same PDE
arguments apply in the latter setting.)

In Section [3| below we will show in fact that SBM (recall now § = 1) satisfies a
construction very similar to that of v above except that the law of the sibling locations
born in each generation are given by a symmetric (in the k vectors) law @Qp on (R%)*
depending on the number of offspring k. The sibling locations may be dependent for
a given k but, as before, the displacements and offspring laws remain independent for
distinct generations and distinct parents. In addition, all of the (), marginals have the



same law L£(X). We call such a random measure a super-tree random measure (STRM).
In Section [2l we show the main properties derived for CSTRM’s in [I] remain valid for this
more general class. For example, if S = >~ p"X,, where {X,,} are i.i.d. copies of X,
then v has mean measure E(v(A)) = P(S € A) for all Borel A C R? (Theorem [2.6(c)).
Then in Section (see Theorem D we show that for any u > 1, %X 1 under its cluster
law is in fact a STRM with 8 = 1, with £(Z) geometric with mean p, and with £(X) a
centered d-dimensional Gaussian with covariance (@ — 1)1, thus making the connection
between SBM and STRM’s even closer. The factor of 2 is only needed for normalization
because as noted above the mean measure of any STRM is a probability.

Our main results (Theorems and below) concern connectedness properties of
supp(v). Let comp(x) denote the connected component in supp(r) containing a point
x € supp(v) and use the same notation for X; in place of v. For X, Tribe [39] proved
that if d > 2 then w.p.1 for Xj-a.a. z, comp(x) = {z}. His proof just fails if d = 2. In
Section [6] we adapt Tribe’s argument to prove the analogue for B-ary CSTRM’s, which
again agrees with SBM when = 1.

Theorem 1.4. If v is a B-ary CSTRM with d > % then w.p.1 for v-a.a. x, comp(x) =

Note that the conclusion above does not exclude the existence of a non-trivial r-null
connected component of supp(v). In fact a natural example of this behaviour will follow
from one of our main results below (see Remark [L.7)).

To describe our result on the existence of a non-trivial connected component in supp(v)
we need some notation and terminology. Let Z¢ denote the standard cubic lattice (each
site has 2d neighbours) and let p.(Z¢) denote the critical probability for site percolation
on Z%. (Later we will use the same notation for other graphs.)

Definition. Following [20], we say a subset S of [0, 1]¢ percolates iff S contains a connected
set which intersects both {0} x [0,1]* and {1} x [0, 1]¢~.

Theorem 1.5. Assume v is a B-ary CSTRM associated with the Poisson distribution.

(a) Let d > 3. There is a By = By(d) € N=2 and for any B > By there is an ¢ =
e(d, B) > 0 such that if 0 < f < §+ e, then

P(supp(v) percolates) >0  and P(supp(v) not TD|v #0) = 1. (1.3)

In particular, (1.3) holds for the critical case = 5 and any B > By.

(b) Let d =2 and assume
p(Z*) <1 —e . (1.4)

Then the conclusion of holds. In particular, (1.3) holds for the critical case f =1
and any B > By.



Remark 1.6. There is a large literature on approzimating p.(Z*) by simulations and by
using exact computations for crossing large finite squares. For example, Table 1 of [31)]
gives a chronology of progressively more precise approximations culminating in the (non-
rigorous) value p.(Z*) = 59274605 . ... This gives strong evidence that p.(Z*) < 1—e ' =
632 ... isin fact true. The best rigorous bounds we know of are .556 < p.(Z?*) < .679492,
where the lower bound is from [3] and the more relevant (for our purposes) upper bound
is proved by Wierman in [{1|]. So although is undoubtedly true, a proof remains just
out of reach.

Remark 1.7. Under the hypotheses of Theorem we see from that result and Theo-
rem that for B > By, d > 2 and some ¢ = ¢(d, B) > 0, z’f% <pB< %—l—é?, then w.p.1
comp(x) = {zx} for v-a.a. = € supp(v), but supp(v) is not TD whenever v # 0. Here we
assume if d = 2. Another STRM for which the same conclusion holds (without any
additional condition for d = 2) arises in fractal percolation (see Remark @

Remark 1.8. The question of whether a B-ary CSTRM with B = 2 and reproduction
distribution identically 4 in dimension d = 2 (hence with 5 = 1) percolates with positive
probability was raised by Nicolas Curien in 2017 in an open problem session at a workshop
held at Bellairs institute in Barbados. This question was motivated by the potential link be-
tween this model and the trace of Brownian motion in 2D, inspired by [37]. Unfortunately,

Theorem |1.4(b) does not cover this case, as the result only holds for B large enough.

The proof of Theorem uses a comparison with fractal percolation (see Section [7| for
more on these random Cantor sets) and an asymptotic result in B for p, for percolation
on the resulting random Cantor set due to Falconer and Grimmett [20]. The latter leads
to the condition (1.4) on p.(Z?*) when d = 2. (Our proof uses the same bound on
pe(Z4) for d > 3 but here it is a known bound.) We believe this condition for d = 2 is
spurious and the hypotheses in Theorem are not sharp as the comparison with fractal
percolation leaves a gap. The Poisson offspring condition is used to couple the CSTRM
with a Cantor set obtained through fractal percolation but should also not be needed for
the result to hold.

In Section [5| we establish the following simple sufficient condition for total disconnect-
edness of the support of a B-ary CSTRM which complements Theorem

Theorem 1.9. Let v be a B-ary CSTRM in RY associated with p. If d > % — 1, then
supp(v) is TD in RY a.s. In particular for 3 =1 this holds for d > 3.

Remark 1.10. (a) A natural way to disconnect supp(v) into disjoint closed sets of small
diameter is to take cubes of edge B~™ with “lower left-hand” corners given by the points in
supp(vy,). This follows the proof of TD for SBM for d > 4 and would only lead to TD for
d> % (to ensure asymptotic disjointness of the cubes). In the proof of Theorem a more
involved decomposition is used and the proof proceeds using a fairly tight supermartingale
convergence arqument. We believe that the condition d > % — 1 may be sharp for a.s. TD

of supp(v). If 8 =1 this suggests that d = 3 is critical for TD to hold for supp(v).



(b) Assume the hypotheses of Theorem . In the critical case 2/ = d we know
from Proposition [1.1)(a) that supp(v) has finite x%1og(1/x)-Hausdorff measure and so is a
compact Lebesque-null set which may percolate by Theorem (with the caveat of assuming
ifd=2). In fact by Theorem percolation can still occur for 2/ slightly smaller
than d in which case supp(v) is even more singular as it has finite x*/°-Hausdor{f measure
by Proposition . Hence g = % is not critical for being TD. If we set B = 1 we
conclude that the argument for proving TD for d = 2 is “not critical”. See Remark [7.10
for a more precise definition of “critical”.

Remark 1.11. In view of the close connections between B-ary CSTRM’s for B =1 and
super-Brownian motion, X, described above, we believe that one can make the following
analogous conclusions (to those in Remark for SBM, X:

(a) d = 3 is critical for TD of supp(X1), and in this case we guess that supp(Xy) is TD.
(b) We conjecture that in two dimensions supp(Xi) is not TD a.s. on {X; # 0} and in
this case “the result is not even critical”.

We give a brief recap of the contents of the paper. In Section [2| we introduce our larger
class of STRM’s and establish most of their main properties, originally proven in [I] for
the more restrictive CSTRM’s. In Section 3] we prove that SBM is a STRM and identify
the associated offspring law and sibling displacement law. In Section |4 we introduce the
B-ary CSTRM’s and derive a number of additional properties including Propositions [1.1
and [[.2] The weak disconnectedness result, Theorem [I.4] is proved in Section [0 Finally
the main results, Theorems [I.5 and [I.9] are proved in Sections [7] and [5] respectively.

2 Super-Tree Random Measures

We start with some notation from [25] and [I].

Notation. For n € N, F, = Nt [ = {0}, and F = U2 F,. We write |f| = n
if f € F,. Set I = NN, equipped with the product topology (N is given the discrete
topology) and its Borel o-field B(I). If f € F,, and 1 < m < n we let f|m € F,, denote
the first m coordinates of f and similarly define i|n € F,, for i € I. We set i|0 = f|0 =0
for f,i as above. We use |A| to denote the cardinality of a finite set A. For i,j € I let
k(i,7) = sup{m : ilm = jlm} € Z, U {oc}, where sup® = 0, and define d(i, j) = 27%).
Then d is a metric on 7, in fact an ultrametric, inducing the product topology on I.

We think of F}, as the set of potential individuals in generation n and ¢ € I as a possible
infinite line of descent. The offspring law on Z, is given by p = (px, k € Z), satisfying
. We use Z to denote a generic r.v. with law p. Let {Z/ : f € F'} be a collection of
i.i.d. random variables with law p. Here Z/ will be the number of children of individual f.
If f € F,, for some m € Z, and n > m, introduce the set of descendants of f in generation
n given by

K ={g€F,:glm=fand g;,; < Z% for all m < j < n}. (2.1)



Note that n +— \K£ +nl, n € Zy, is a Galton-Watson branching process starting at 1 with
offspring law £(Z). For f as above we therefore have (e.g. see Theorem 8.1 and Remark 1
in Section 8.1 of [24])

Wi = nh_)ngo p | K| exists a.s. and in L2, B(WY) =p™™,
and (W' >0) if and only if (|K!|> 0 for all n >m), as. (2.2)
We define the set of possible finite and infinite ancestral lines of descent of f € F,,, by
D(f)={g€ Figlm=f} and D(f)={iel:ilm=f}, (2.3

respectively. Clearly for i € I, D(i|m) is B(i,27™) := {j € I : d(i,7) < 27™). We can,
and shall, assume that Z/(w) < oo for all f € F and all w, which implies |K°| < oo for
all n and w. The set of finite lines of descent is given by K2 := U K? while the infinite
lines of descent in our population is given by the random set

K={icl:ij, <ZVforalljcZ,}. (2.4)
If M,, =max{Z/: f € K° |} (finite for all m € N, w € Q) then

K! cC H{l, ...y My} for all n € N, and K is a closed subset of H{l, ooy M} (2.5)
m=1 m=1
Therefore K is a (random) compact subset of I by Tychonoft’s theorem.

To define a random finite measure on the possible infinite lines of descent, fix w outside
a null set, ', so that the almost sure conclusions in (2.2)) hold for all f € F', and set

— W (w if f € K for somem € Z,,
YD) =14 | - (26)
0 otherwise.
In particular if f =0 we see that
Y(I)=W" (2.7)

The following result is essentially taken from [25].

Proposition 2.1. For w € T, Y(w,-) extends uniquely to a finite random measure on

B(I) such that supp(Y) = K and Y # 0 iff |K2| > 0 for alln € N.

Proof. The existence of Y is in [25]. The above discussion shows that gives Y on the
set of closed balls in I. This is a class of sets that contains I (recall D(0) = I) and is closed
under finite intersections in our ultrametric setting if one adds the empty set. It follows
that Y is uniquely determined on B([), which is generated by the closed balls. Fix w € T'.
Ifi € K, then foralln >m € Zy, iln € K™ and so by with f = i|m and the above
definition, we have Y (B(i,27™)) = Y(D(ilm)) = W™ > 0. Letting m — oo we see that
i € supp(Y). Assume next that i ¢ K. Then i,,,; > Z/™ for some m € N which means
that i|(m + 1) ¢ K2 _,. This implies that Y/(B(i,2=™1)) = Y/(D(i|(m + 1))) = 0 and so
i ¢ supp(Y’). We have proved that supp(Y) = K. The final conclusion is immediate from
Y(I)=W°> 0iff |[K?| > 0 for all n which follows from and our choice of w. |
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We set Y = 0 on the null set I'“.

Recall that p = u=#/2 € (0,1) for a given parameter 3 > 0. To describe the spatial
dynamics let T = {(m,k) € N x N : m < k} and let Q° (the superscript s stands for
spatial) denote a law on (R?)” so that the coordinate vectors {X,,x : (m, k) € T} are
identically distributed under Q*. We will let X denote a generic random vector in R? with
this common distribution and assume X has a finite mean. For each k£ € N we let Qg
denote the symmetrised law of (X, ..., Xgx) on (RY)* under Q°, that is,

Qu(-) = Y ()" Q (Xrt o -+ Xe) € ). (2.8)

TESk

For all £ € N the marginals of Q) are equal to £(X), and (Qy, k € N) can be any family of
symmetric laws on (R%)* &k € N, (symmetric in the k variables) with a common marginal
law on R? over all k. We call {Q} the symmetric displacement laws associated with Q°.

Let {X f.feF } denote a collection of i.i.d. random vectors with common law
which is independent from the collection {Z/, f € F}. Here plf |+1Xf;7k will be the
displacement of the mth child of individual f from the location of its parent, f, given that
f has k children. At times it will be convenient to assume the branching variables, {Z/},
are defined on (2, F, Py), the displacement variables, {X/}, are defined on (Qq4, Fy4, Py),
and we work on product space under P = P, x P;. Sometimes we will write X ﬂf’Lk even for

m > k, which we define to be X lf,k’ although the choice of extension will not affect the
processes of interest.

In [I] it was assumed that X, = X,, where {X,,} is i.i.d., that is, the sibling locations
are independent of each other and of the total offspring number. Now we allow the locations
of the siblings to be dependent and also allow this law to depend on the total number of
siblings. There still is complete independence of the dynamics for distinct parents, and as
a result the required changes in the proofs of the relevant results in [I] will be fairly easy
to handle, as we show below.

The position in R? of particle f € F is given by

| f]
m m 1
§f = Zp X (2.9)

where the empty sum S° is 0, and we are primarily interested in the above for f € K2.
Let {X,,, m € N} denote a generic i.i.d. sequence with X, equal in law to X and set

S, = i p"X,, and S = i P X (2.10)
m= m=1

The latter sum converges a.s. since X has a finite mean, and the same holds for

>

m=n-+1
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If f € F, it is easy to condition on the values of Zm=1) fo5r 1 < m < n to see that S7 is
equal in law to S,. For ¢ € [ fixed, let

m vi|(m—1)
ZP X, |(Zl\(m 1) (2.11)

and note by the above reasoning it is equal in law to S and the sum converges a.s. for our
fixed line of descent i. To extend this to all values of ¢ in K simultaneously we proceed as
in [I] and introduce a tail condition on X depending on a positive parameter (:

there is a C; > 0 such that P(|X| > r) < Cer™ for all 7 > 0, (TC),

where for any x € R, we write |z| for the Euclidean norm of z. Clearly [(T'C)¢| holds for
¢ <1 by Markov’s inequality because X has finite mean.

Lemma 2.2. Assumemfor some ( > 2 IfA, =sup{|S9— 859" : g € KO |g| > n},
then

lim sup — 1ogA <log(p,u1/4) a.s.

n—oo TN

For independent offspring locations and py = 0 this is Equation (4.4) appearing in Lemma 4
of [I]. That simple proof goes through unchanged in the present dependent setting since

it is based on simple union bounds. We omit the argument.
Proposition 2.3. Assume (TC) | for some ¢ > 2. The following hold with probability

B
one:
(a) For alli € K, the series defining S* converges.

(b) Let ¢ > 0 satisfy (p+¢)u'/¢ < 1 (it exists by hypotheses). Then there is an N € N
so that for n > N, sup,c | ST — S| < ((p+&)p)™. In particular S'™ converges to
St uniformly on K.

(c) The map i+ S is continuous on K and the set {S*:i € K} is compact in R%.

Proof. Choose € > 0 as in @ Next choose w outside a null set so that the conclusion of
Lemma [2.2 holds. Then there is a N € N so that for m >n > N,

sup [ — S < A, < ((p+ )t
ieK

This implies S*" converges uniformly on K as n — oo to S?, and letting m — oo in the
above gives the bound in@ The other conclusions now follow easily from this, the trivial
continuity of i — S on I, and the compactness of K. [ |
Remark 2.4. Recall the metric d(i,j) = 273 on I. It follows easily fmm@ that w.p.

1, the map i — S* is r-Holder continuous on K for any r < (g — %) %.
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2
Henceforth we will assume that |(7C)| holds for some ( > 5 (2.12)

Definition. The super-tree random measure (STRM) v € Mp(R?) associated with (p, Q%, 3)
is defined by

V(A):/K1(SZ'6A)dY(@'). (2.13)

This is the definition used in [I] where @Q* is given by setting X, = X; for a single
i.i.d. sequence (X;). We slightly change the terminology introduced there and refer to v
in that particular setting as a classical super-tree random measure (CSTRM).

Recalling the laws ) from , we see that @ is the (symmetric) distribution of
the unscaled displacements of the offspring from their parent conditioned on there being k
offspring. We shall see below that the law of v depends on ()° only through the collection

{Q«} (Remark and so we also call v the STRM associated with (p, {Qx}, ).

Introduce the discrete time filtration G, = o(Z/, X7 : | f| < n) for n € Z,U{c}, and a
(Gn)-adapted Mp(RY) process, v, = Zfng w "ogr for n € Z,. Clearly v, is the suitably
normalized empirical distribution of the population in generation n. We also introduce a
non-adapted process, 7, = Zfng W/égs.

Lemma 2.5. v, > v a.s. as n — 0.
Proof. Note that by (2.6 for bounded measurable ¢ on R,
n(9) = 3 DU = [ oAy 219
fexy

Write ¢ € Lip; iff ¢ : RY — R satisfies |¢(x) — ¢(y)| < |x —y| A 1. Then (2.14) shows that

sup |v(¢) — Un(¢)] = sup
¢€Lipy ¢€Lip;y

g/ 157 — ST A1 dY (i)
K

— 0 a.s. as n — 00,

/ S(S7) — H(SM) dY(z‘)(

where the last two lines hold by Proposition [2.1) and Proposition [2.3(b)|, respectively. The
left-hand side of the above defines the Vasherstein metric on Mp(R?) which metrizes the
topology of weak convergence (see e.g. p. 150 of [19]) and so the result follows. [ |

The next result is the analogue of Theorem 1 from [I] in our dependent setting. Note
also that now P(v = 0) may be positive because we allow py = 0.

Theorem 2.6. The following holds:

11



(a) With probability 1: (v(R?) > 0) iff (K #0 for alln) iff (v #0 for all n).
(

)
b) supp (v) = {S*:i € K} and, in particular, supp (v) is compact a.s.
(c) For any A € B(R?), we have E(v(A)) =P(S € A).

)

(d) v, — v a.s. asn — oo.

Proof. @ is immediate from Proposition and the definition of v.

@ If F' is a continuous map from a compact metric space K to a metric space X then
the push forward of a finite measure M with supp(M) = K by F (i.e., the finite measure
M(F~Y(-)) on X) has compact support F(K). This is an easy exercise. To prove [(b)| use
Proposition the a.s. continuity of i = S® on K (from Proposition , and apply
the above with M =Y, F = S and X = R

Let ¢ € Cy(R?) be non-negative. Then (2.14) and (2.7)) imply | [ ¢ di,| < |4l Y (1) =
|6]]ooW? € L?. So Lemma [2.5| and Dominated Convergence give

E(/¢du) :JLH(}OIE</¢dﬁn) = lim (Z (b(Sf)Wf). (2.15)

fEK

Note that for f € F,, the random variables S/ and 1(f € K?) are G,-measurable, W/ is
o(Zf1, i > n)-measurable, and that these o-fields are independent. Therefore (2.15)) gives

E( / ddv) = lim " E(1(f € K2)o(s)EW)
- Jim B B(o(L il ) 7m0 < m <) i

The above conditional expectation equals E(¢(S,,)) because if Z/I™ = z,, for 0 < m < n,
then {X}lff:l), k=1,...n} are i.i.d. and equal in law to X. Therefore

B( [ odv) = lim B(K)uE9(5) = E@(S))

The above equality extends to any bounded Borel ¢ and is proved.
[(D)] Let ¢ € Cy(R?). Then

o((foan— [ o)) =2(( o0 )

FEKD
E(YY, L A8 G — i)W — ) 6,)
+E( Y ol E(W = 1) 16,)), (2.16)

FEKD
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For f # g in F,, W/ — u= and W9 — u~" are independent mean zero r.v.’s which are
jointly independent of G,,. Therefore the first term on the right-hand side of is zero.
The second term is bounded by ||¢||AE(|K2|)u=?"Var(W?) < ||¢||% Var(W?)u~" which
is summable in n. Therefore the left-hand side of (2.16)) is also summable and by Borel-
Cantelli, lim,,_,o f o duv, — f ¢dv, =0 a.s. Lemma vv implies that lim,, f odv, =
| ¢ dv. The required result now follows by choosing a countable convergence determining
set of bounded continuous functions ¢. [ |

We next turn to questions on the Hausdorff dimension of supp(r). We let dim A denote
the Hausdorff dimension of a set A C RZ. The proof of the upper bound on dim(supp(v))
proceeds just as in Theorem 5 of [I] for CSTRM’s, using Lemma to carry through the
direct covering argument, and so we omit the proof of the following result.

Proposition 2.7. Assume|(T'C)| for all ¢ > 0. Then dim(supp(v)) < %/\ d a.s.

The lower bound on the dimension in our dependent setting does require a bit more
effort. In particular, the second moment formulae in our dependent setting seems to be a
bit more involved because at a branch point the dependence of the sibling locations enters.
We will use the product setting (2, F,P) = (Qp, Fp, Py) X (Qq, Fa, Py), mentioned earlier
in this section. We start with an elementary Fubini lemma.

Lemma 2.8. If ¢ : [ x I x Q — [0, 00] is product measurable, then

B( [ [oli.swnwaav()av ()
:Eb[ /1 /1 ( o6 j,wb,wd)d]P’d(wd)> dY (4, wp) dY(j,wb)].

Proof. If ¢(i, j,ws, wa) = ¢1(1, J)p2(ws)d3(wq) for measurable non-negative ¢y, the result
holds by Fubini’s theorem because [ [ ¢s(wp)1(7,7) dY (¢) dY (j) is a measurable function
of wy. By a Monotone Class Theorem (e.g. Corollary 4.4 of the Appendix in [19]) the
result follows for any bounded measurable ¢ as above. By monotone convergence it follows
for non-negative ¢ as in the Lemma. |

Recall (S, {5, : n € N}) are as in (2.10). In addition,
S" denotes a r.v. independent of (S, {S,, : n € N}) and with the same law as S. (2.17)
Lemma 2.9. If ¢ : RY x R? — [0, 00] is Borel, and

®,, = sup E(¢(S, + p" T (x1 + S5), S, + p" "z + 5))), (2.18)

T1,T2
then

5[ [ ot @) ) < (1 ROV Y i
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Proof. We slightly abuse our notation and set S*(w) = oo if i ¢ K(w,) and also set
®(s1,82) = 0 if either s; or sg is co. For n € Z,, let

Un(i, j,w) = ¢(S"(w), S7(w))1(k(i, j) = n).

Joint measurability of 1, follows easily from the continuity of i + S® on K (Proposi-
tion [2.3(c)). It is easy to check (e.g. see (2.5) of [1]) that

k(i,j) < oo for Y xY —a.a. (i,7) a.s
If Di(f) = D(f) N K we may use the above and Lemma [2.8[to obtain

— iEb(//[/ Y (4, 3, wp, Wa) de(wd)} dY (i) dY(j))
SSm( [ [ o . 5 ) Pt

n=0 feK?

X Uins1 # jus))AY ()Y (7). (2.19)

In the last line we sum over the common value f = iln = j|n on {k(i,j) = n}. Now
fix wp outside a Py-null set so that the conclusion of Proposition holds for (wp,wy) for
Pga.a. wg, let f € K%(wy), and let 4,5 € D (f)(wp) with 4,1 # jny1. Define

oo

z m—1
Tn+1 wb,wd Z ,0 Z1|(V)n D(w )(wd)a

m=n+2

and similarly define 77 +1- Then
[ oS ), 8 ) AP
_ / O (@hrwa) + P XL (@a) + T (i), (2.20)

S (wy, wa) + o [X] (wa) + T41 (wp, wa)]) dPa(wa).

n+1,27 (wp)
i|(m—1)
Z1|(m 1)( 4
distributed like our generic X under Py and so 1! +1(wb, ) and T3, (ws, ) are both dis-
tributed like S under P;. Similarly under Py, SY(wy, ) is distributed as S,. The fact

For our fixed wp, the random variables X, for m=n+1,n-+2,..., are i.i.d.

14



that 4,,1 # jni1 implies that S7(wy,-), (Xz'{m,Zf(wb)(')van+1,Zf(wb)<‘))>

T’ +1(wp, -) are independent random vectors under Py (the coordinates of the second vector
need not be independent) because they depend on disjoint collections of X9's (¢ € F)
which are independent under P;. So in calculating the integral on the right-hand side of

(2.20]), we can integrate out (XZ.J;+1 Zf(wb)(‘), X]f B Zf(wb)(~)) last, and conclude that

7! 1 (wp, ), and

/ gzﬁ(Si(wb, wd), Sj(wb, (,dd)) de(wd) S q)n.

Insert the above into the right-hand side of (2.19) and reassemble our decomposition of
the event {k(i,7) = n} to see that the far left side of (2.19) is at most

S 0.5 [ [10660.5) =) v (@) av()
S (- T E(VOR) (by (25) of )

= (1= B Y i,

The result is proved. [ |
We need the following density condition (recall S’ is as in (2.17)):

S — S" has a bounded density. (DC)

Notation. If m is a measure on R% and a > 0 let

Sa(m)://|x—y|adm(x)dm(y) € [0, o).

Proposition 2.10. Assume (DC)). Then dim(supp(v)) > %/\ d a.s. on {v # 0}.

Proof. By the energy method (see, e.g. Theorem 4.27 and Remark 4.28 in [32]) it suffices
to let0<a<%/\dandshow

E(Ea(y)> < . (2.21)

Let h denote the bounded density of S—S’. We will use Lemmal[2.9with ¢(z, y) = [z—y| .
Then

O, = p "D sup B(|z; — 2y + S — §'|7%) = p "+ gup / 12| *h(z + 22 — x1) dz

x1,T2 x1,22

1
< pa(nJrl)[HhHoocd/ Tfaerfl dr + 1]
0

— 1
S Cd,a,HhHoop alnt )7

15



where o < d is used in the last line. Use this in Lemma to conclude that
V) <CY (pp) " Z B < oo,
n=0

% is used in the last inequality. This gives (2.21)) and we are done. W

The above result and Proposition give the following extension of Theorem 2(d) in
[1] which was established there for CSTRM’s. ([1] also assumed that py = 0 which meant
there was no need to restrict to {v > 0}.)

The fact that a <

Theorem 2.11. Assume|(T'C)| for all { > 0 and (DC|). Then dim(supp(v)) = %/\ d a.s.
on {v # 0}.

We close this section with a simple Markovian characterization of (v,, n > 0) which
will be useful in the next section when showing how SBM fits into this framework.

For a metric space E let Np(FE) be the subspace of Mp(FE) consisting of Z,-valued

finite measures. Recall (e.g. Ch. 3 of [I3]) the probability generating function (p.g.f.) of
a random measure in Np(R%), 7, is

G¢ = Blexp(r(og ) = (exp ([ (toze)ar) ),

where ¢ : E — (0,1] is Borel. A simple monotone class theorem (e.g. Corollary 4.4
in Appendix 4 of [19]) shows that the p.g.f. even restricted to continuous & uniquely
determines the law of ».

We let

Un = p"vn =) dsr € Ne(RY),

feKyY

and note that the p.g.f. of 7, is (the empty product is 1)

Gl = E( I1 5(sf)>. (2.22)

feK

Recall that by hypothesis, for every k& € N the marginals of Q) are all equal to £(X). Let
¢ :R% — (0,1] be a Borel map and let (Z, (X5, m < k,k,m € N)) have law £(Z) x Q°.
For n € N, define the function H,¢ : RY — (0, 1] by

H,é(x (Hfa:—l—pXmZ) ZIP’Z k/ Hfa:+pxm)d@k(a:1,...,k).

Rk
(2.23)
Finally for 7 € Np(R?) we introduce

Gnn1§(V) = exp(v(log(Hy118))), n € Zy.

16



Notation. If f € F), for some n € Nlet nf = (f1,..., fu1) € Fr_1 (if n = 1 this is 0)
and call 7 f the parent of f.

Proposition 2.12. The conditional p.g.f.’s of (,) are given by

E(exp{Zn1(108€)} Gn) = Grns1&(@n) = [ Hu26(S7)

feK?
for all n € Z and Borel € : R* — (0, 1].
(2.24)

The Np(R%)-valued process (v,,n € Z,) is the unique in law time-inhomogeneous (G,,)-
Markov chain starting at vy = o, and satisfying (2.24)).

Proof. Let £ be as in (2.24]) and for k,n € Z, define

k
Hk n+1€( (H g T+ pn—HXm k))

m=1

so that
Hn+1£(x) = E(HZ,n+1£(x))' (225)
Recall that for f € F,,1,

feK), iff nfeKand f,41 <2, (2.26)
and
Sf = g7 anX;er ot
Define G, = G, Vo (Z/ : f € F,,). Then by (2.22)) and the last two displays,
7f
E(exp{7ei(log )} 16,) =E(E( [T T &’ +p'x] ,)|6.)|6n)
FEKD frnp1=1

“x(Ts( [T s+ rx, 0[0)] o)

fGKPL fn+1:1

_ E( I Hzrmir(5) ‘ gn). (2.28)

JEKY

(2.27)

For the last two equalities we use the independence of {X/ : f € F,}, the independence
of this collection from G,, and the fact that K° and {Z/, S/ : f € F,} are G,-measurable.
In fact S/ and K? are G,-measurable, while each Z7 is independent of G,. Therefore the
right-hand side of equals

[T Hos16(87) = exp{a(log Hoia€)}.

feKy
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Inserting this into (2.28)) gives (2.24). By the aforementioned monotone class theorem this
establishes the G,-Markov property of 7, and uniquely identifies its time-inhomogeneous
transition kernel. The result follows. |

Remark 2.13. Recall that v = lim, o p~ "0, a.s. (by Proposition . The above
results shows that the joint law of (v, (Un)nen) depends only on the parameter 3, the repro-

duction law L(Z) and the family of symmetric laws (Qg, k € N), all with common marginals
L(X), as we claimed earlier after defining a STRM.

3 Super-Brownian motion as a super-tree random mea-
sure

Our goal is to show (Theorem that if X; is d-dimensional super-Brownian motion
with branching rate v > 0, then %Xl is a STRM v with f = 1 and the other parameters
described in Theorem below. Here, X; is considered under its canonical measure
starting at dp, conditioned to be non-zero, that is, a super-Brownian cluster starting with
a single individual at the origin. Details are recalled below.

Notation. C' = C([0, 1], RY) is the space of continuous R%valued paths on the unit interval
with the topology of uniform convergence. For t € [0,1], m(y) = y(¢t) for y € C are the
projection maps. We write y* for the stopped path s — y(sAt) in C and C* = {3,y € C}
for the set of paths stopped at t. The space C° will be identified with R For ¢ € [0, 1],
Ci = o(y(s),s < t) defines the canonical filtration on C. If s € [0,1] and y,w € C' satisfy
w(0) = y(s), define y/s/w € C' by

(y/s/w)(t) = {y(t), i el0.s). (3.1)

w(t—s), ifte]s1].

If E is a metric space and I C [0, 00) is a left-closed interval, D(I, E) is the space of cadlag
paths with the Skorohod topology (see Ch. 3 of [19] and the references there).

If (B;, t > 0) is a standard Brownian motion in R¢ starting at 2 € R? under P,, we will
consider the time-inhomogeneous C-valued Markov process ¢ — B, taking values in C*
at time t for t € [0,1]. If ¢ : C' — R is bounded Borel, the time inhomogeneous semigroup
associated with the above process is (see Ch. 2 of [14])

Ts19(y) = Eys)(d(y/s/B"%)) foryeCand0<s<t<1. (3.2)

Therefore T, : C' — C°.

Historical Brownian motion (Hy, ¢t € [0, 1]) (the restriction to [0, 1] is just to suit our
purposes) is an enrichment of super-Brownian motion in which the past history of a particle
alive at time t is also recorded. It is simply the superprocess whose underlying spatial
motion is t — B*, rather than ¢t — B(t), as is the case for SBM. H is a time-inhomogeneous

18



Mp(C)-valued Markov processes such that H? is supported by C? for all t. If m € Mp(R?)
we will assume that under the probability Q,,, (H; ¢t € [0,1]) is a historical Brownian
motion starting at Hy = m with branching rate v > 0. Again v > 0 arises as the
branching variance in a branching particle approximation to H (see Section 7 of [14]).
The Mp(R%)-valued process X,;(-) = Hy(m; *(+)) is a SBM on [0, 1], starting at m with
branching rate v (see (I1.8.4) in [36]). See [14] or Section II.8 of [36] for more information
on historical Brownian motion and historical processes in general.

We describe a construction of H; using a branching particle system taken from Chap-
ter 3 of [14]. Assume Hy = ¢y for now. The canonical measure associated with H; (an
infinitely divisible random measure) will be denoted by R; (see Sections I1.7 and II.8 of
[36]). Recall from (I1.8.6) of [36] that R; is a finite measure on Mp(C) \ {0} with total
mass 2/v such that H; = [ nZ(dn), where = is a Poisson point process on Mp(C') \ {0}
with intensity R;. If P* = R;/(2/7) is the “cluster law”, this means that

N
H, = ZH{ where {H! : 7 € N} are i.i.d. random measures with law P* and N (3.3)
i=1
is an independent Poisson r.v. with mean 2/~.
This decomposes H; into a Poisson number of i.i.d. clusters corresponding to the distinct
ancestors at time 0 with descendants alive at £ = 1. In many respects P* is a more
fundamental law than Qs,(H; € -), but it is usually easy to transfer properties from one to
the other. We often will abuse notation slightly and use H; to denote a historical cluster
when working under P*, while working with clusters denoted by H! under Qs,. As noted
above, under Qs,, X;(-) = H,(7;*(+)) is SBM starting at d, with branching rate v, and
by (I1.8.7) of [36],
X, has cluster law P*(Hyom " € -). (3.4)

(Recall from the Introduction that the cluster law of X; is its canonical measure condi-
tioned on X; # 0.)

Let A :[0,1) — [0,00) be continuous. Consider a particle system starting at positions
T1,...,TN() Where the x;’s need not be distinct and N(0) € N. Each particle has an
associated independent inhomogeneous Poisson process with intensity A(s) ds, and follows
an independent standard d-dimensional Brownian motion until the first jump of its Poisson
process. At that time the “parent” particle is replaced by two particles at the same location
as the parent. After the first binary split, the N(0) 4+ 1 particles follow independent
Brownian motions with their independent Poisson processes, and the alternating pattern
of Brownian migration and binary branching continues for ¢ € [0,1). If ¢ < 1, the number of
particles at time ¢, N(t), can be dominated by a pure birth process at time ¢ with constant
birth rate sup,, A(s), and so is finite on [0,1). If (y1(s),s < t),..., (ynw(s),s < t) are
the past Brownian trajectories of the N(t) particles alive at time ¢ € [0, 1), extend each y;
to [0, 1] by making it constant on [¢,1] and define

N(t)

H; =>4, € Np(C"). (3.5)

=1
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Then (H;,0 <t < 1) is an inhomogeneous Np(C)-valued Markov process with sample
paths in D([0,1), Np(C)) and law @, on this space. We call H* a historical branching
Brownian motion with rate function A. More information can be found on pp. 44-46 in
[14] where a more general class of branching particle systems is studied. As discussed
there, we may of course start H* at time s € [0,1) in state m € Np(C®) and let QF,,
denote the law of H* on D([s, 1), Np(C)).

The probability generating function of H; is

Gi0(m) = Q% (exp(H; (log §)) for Borel 6 : C' — (0,1}, m € Np(C*®), 0<s <t < 1.
(3.6)
Clearly @S,fﬂ is finite and for each s, as above, @s’t uniquely determines the tra_nsition
probabilities Q% ,,(H; € -) for m € Np(C?®), e.g. by Lemma I1.5.9 of [36]. We write G :0(y)
for G40(8,) for y € C*. The independent evolution of the particle system from each path

in the support of the initial measure implies that if m = )" , d,, for some v, ..., y, € C*,
then .
Goab(m) = [[ Gotb(yi) = exp(m(log G..0)). (3.7)
i=1

This is often called the multiplicative property of the historical BBM (e.g. see Section 3 of
[13]), and shows that the mappings (s,y) — G.:0(y) on W, = {(s,y) : y € C*,s € [0,]},
for t € [0,1) and 6 as above, uniquely determine the laws Q7 ,, of H*. Theorem 3.6(a) of
[14] implies that (s,y) — G,0(y) on W; is the unique solution of

asﬁ(y) = exp(— /: A(v) dv) Ts.0(y) + /St Tsvu((aw@)Q)(y) exp(— /su A(v) dv))\(u) du,
Giib(y) = 0(y). (3.8)

Intuitively, the first term on the right side of is the contribution from the event where
there is no branching in [s, t], and the second term calculates the contribution where there
is a first branch time u € [s,t] by conditioning on u and integrating it out. The usual
fixed point proofs also show local uniqueness, that is, uniqueness still holds in (3.8)) if s is
restricted to [r, t] for any r € [0,¢).

Let (P,t > 0) be the standard d-dimensional Brownian semigroup. The ordinary
branching Brownian motion (BBM) (X/,¢ < 1) with branching rate A associated with H*
is the Np(R%)-valued time-inhomogeneous Markov process given by

N()

X7 () =Hf (w7 () =Y 8, (), where H is as in (3.5). (3.9)
=1

Formally, and independently of the above representation in terms of H*, X* has laws
P;, for s € [0,1) and n € N r(R?), which by the multiplicative property are uniquely
determined by its p.g.f.,

Gyié(x) = Prs (exp(X; (log€))) for Borel £ : R? — [0,1) and 0 < s <t < 1.  (3.10)
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The map (s, z) — Gs&(x) is in turn the unique (and locally unique) solution of (c.f. (3.8))

Goié(r) = exp(— /: A(v) dv) P,_&(z) + /St Py ((Gui)?)(z) exp(— /Su A(v) dv))\(u) du,
Grag(z) = &(x) (3.11)

(see, e.g., Section 4 of [I3] for the constant A case). If we set 8(y) = &(y(t)) for y € C,
and £ as above, then T ,0(y) = P,_s£(y(s)) for y € C°, and s < t. It is easy to check that

CAJS’t(x) satisfies (3.11)) iff 6s,t(y) = @s,t(y(s)) satisfies (3.8). Therefore

Gaib(y) = Gsa&(y(s)), (3.12)

which also gives independent confirmation that if H* starts at (s, m) for m € Np(C*®), then

defines BBM starting at (s, m o m; '), as should be clear. (It also gives independent

verification of existence, uniqueness, and local uniqueness in from that of )
Henceforth we will set

1
A(s) = ] for s € [0,1),

— S

and write Q* for Qf 5 . In this case (3.8) becomes

Cotblt) = 12T + [ Tl @)1~ 5) (3.13)

and (3.11)) becomes

Gs1é(z) = i :iPtsf(x) + / P ((Gui)?)(z)(1 — 8) "t du for (s,z) € [0,¢] x RY,
Gié(z) = &(w) for all v € R% (3.14)

Notation. If s € [0, 1], define the restriction map r, : Mp(C) — Mp(C) by
rem(A) =m({y : y* € A}).

Proposition 3.1. Consider Hy under its cluster law P* and with branching rate v > 0.

One can define a historical branching Brownian motion H*, with law Q*, as a functional
of Hy so that for any e, | 0,e, € (0,1),

5"77}[;1% S H, P —as. (3.15)

Let X,(-) = Hy(n;'(-)) denote the associated SBM under its cluster law (by (3.4))) and let
X/ (1) = H}(m;*(+), t < 1 be the BBM associated with the historical BBM H*. Then

EnY ye

1—en

- X; P*—as (3.16)
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Proof. This follows readily from Theorem 3.9(b) and Theorem 3.10 of [I4] in the setting
there with g(e) = gy(e) = (¢7/2) and t = 1. So we are setting the parameter f = 1 in
that reference and warn the reader that the v in that reference corresponds to our /2.
The first theorem cited above constructs H} from H;, and the second (Theorem 3.10)
establishes the a.s. convergence to H;. Theorem 3.10 of the above reference works under
the law of historical Brownian motion, Qs,, not P*. It is not hard to use the cluster
decomposition and consider the convergence under Qs, on the set {IV = 1} to obtain
the result under P*. A second minor issue is that to make the approximating sequence
in Theorem 3.10 correspond to the historical branching particle system constructed in
Theorem 3.9 one must apply the restriction mapping r;_., to the approximating measures
in the a.s. convergence in Theorem 3.10 and show that one still has a.s. convergence. As
r1—e, approaches the identity this turns out to be trivial and we obtain . The final
assertion is then immediate because the map m — m o m; ' from My(C) to Mg(R?) is
continuous. A more detailed proof can be found in Section of the Appendix. [ |

Remark 3.2. To see what HY__ actually is, recall that ry_., Hy has a finite number of
atoms in C'=n (see Theorem III.1.1 of [36] and note the same reasoning applies under
the canonical measure) corresponding to the histories of particles at t = 1 — &, which have
descendants alive at time 1. Hy__ records the evolution of these particles: it has atoms
at the same positions as r1_., Hy does and they all have mass 1.

Notation. N; = H;(C) = X;(R?) is the number of points in the branching Brownian
motion at time ¢. We often write N, for N, if we are starting at time s € [0, ¢].

Proposition 3.3. If0<s<t<1andyec C*, Q;éy(Ns,t € ) is a geometric distribution
with mean ﬁ In particular, Qifﬂ_nvéy(Nl,u_n,l,uf(nﬂ) € ) is a geometric distribution

with mean p, for any p>1 andn € Z,.

Proof. This follows from Theorem 3.11(a) and Theorem 3.9(b) of [14]. Alternatively it is
casy to prove directly. If T} > s is the first branch time after time s, then for Q7 = Q7 ;5

(the probabilities are independent of the choice of y by the Markov property of X* and
translation invariance) and t > s,

Q:(T1St):Q:(NS,t>1):1—Q:(N5,t=1)=1—exp{—/t 1 du}:t_s,

1—u 1—s

So in particular 7} is uniform on [s, 1]. By conditioning on this uniform time we get for
k> 2,

k—1 t
QN =) = Y [ QuVus = DQUNs = k= (1~ )"
=17

The obvious induction on k (prove the result for all times s < ¢t < 1) gives the result. W

Proposition 3.4. Ift € (0,1), then for k € N and bounded Borel ¢ : C([0,1],R?) — R,
Q"(H{(¢) | H; (1) = k) = kEo(¢(B")), (3.17)
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where B is a standard d-dimensional Brownian motion under Py. In particular, for any
bounded Borel 1 : R* — R,

Q (X, (W) [ Xi (1) = k) = kEo(¢(By)). (3.18)

Proof. (Sketch). This can be proved using the construction of H* through a tree-indexed
sequence of i.i.d. Poisson processes with rate ds/(1 — s) (giving the branch times and
“tree shape” of H}) and an independent tree-indexed i.i.d. collection of standard Brow-
nian motions which fill in the spatial motions between the branch times (e.g., see [2] or
[40]). If we condition on all the Poisson processes, H; is then a sum of point masses at
(correlated) Brownian paths stopped at time ¢. The conditional mean of H;(¢) is then
just Eo(¢(B'))H}(1). Integrating this conditional expectation over the event { H; (1) = k}
(which is in the sigma-field generated by the Poisson processes) gives , and is
then immediate. A detailed proof can be found in Section of the Appendix. [

Notation. If z,y € R* and ¢ > 0, let S,(y) = /ey and 7,(y) = 2 + 5. Often d’ will be d.
Here is an elementary scaling result for G ;.
Lemma 3.5. Ifr € (0,1), then for any Borel £ : R — (0, 1],

V(s, ) € [r,t] x RY, Gszr = (E0 S )(x/V1 —71) = G, &(x). (3.19)

1—r’1—7r

=

Proof. Let Gs,t(x) denote the left-hand side of (3.19). By the local uniqueness of solutions
to (3.14)) it suffices to check that G solves (3.14)) for (s, z) € [r,t] x R First we have

Gra(w) = o0 Sy (x/VI—7) = &(x).

The definition of G and (3.14)) imply that for s € [r, ],

. 1— &t T
Gsp(z) = = o= Pi=s (60 S1) <ﬁ) (3.20)
1—r

+ / TP (G o s (=) (1-12) e

Brownian scaling implies that for any u > 0,

x
v1i—r
Use this to see the first term on the right-hand side of (3.20) is

P (&0 ( ) = Put(@). (3.21)

1—t
1—s

P_s&(). (3.22)
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First do a change of variable (v = (u — 7)/(1 — r)) and then use (3.21)) to see that the
second term on the right-hand side of (3.20)) is

/stPH <G%’%(€ ’ Sl_T)Q) ( - >((1 —r)—(s—r)) 'du

1—7r
,

]

X

J1—
- / Puy((Gu))(@)(1 = 5)du. (3.23)

Insert (3.22) and (3.23]) into the right-hand side of (3.20]) and conclude

— /St p%((éw o SI_T)Q)( )(1 —5) tdu

R 1—¢ ¢ R
Vs € [r,t],Vz € RY, Gsi(z) = = SPt_sf(x) + / P ((Gut)®)()(1 — s) " du.
Therefore ésﬂg satisfies (3.14) for s € [r, t], as required. [ |

We need a simple result about random point processes.

Proposition 3.6. Let v be a random measure in Np(R?) such that P(z(1) = k) > 0 for all
k € N. For each k € N there is a unique symmetric probability, Qy, on (RY)* (symmetry
in the k R%-valued components) such that for all Borel & : R — (0,1],

T €@)a@utan.. z0) = Blexp{llog)} | #(1) = b)

Moreover for all i < k,

1

/1(@- € )dQx(z1, ..., 21) = SE@() | 7(1) = k). (3.24)

The proof can be found in Section of the Appendix.
Definition. We call {Qk} the conditional support measures associated with .

Recall from that P*(X; € -) is the cluster law of a SBM, X;, with branching rate
v > 0. Recall also the historical BBM, (H}, t < 1), and BBM, (X[ (), t < 1), constructed
from H; in Proposition [3.I] under P*. See Figure [I] for a pictorial representation of the
following result.

Theorem 3.7. Let > 1 and work under P*. Let {Qk} be the conditional support mea-
sures of the BBM X[ . and define Qy on the Borel sets in (RH* by Qr = Q0 S;l. Then

%Xl is a STRM with B = 1, offspring law, L(Z), geometric with mean p, and symmetric
displacement laws {Qy}. The common marginal distribution of the Qy’s, L(X), is the

d-dimensional Gaussian law with mean 0 and covariance (u — 1)Iy. The approximating
sequence (v,) corresponding to v = %Xl s given by v, = u‘”X{‘_M_n.
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Proof. Fix y > 1 and let £ : R? — (0, 1] be Borel. Let (F;);<1 be the right-continuous
filtration generated by H*. The Markov and multiplicative properties of H* (see (3.7)))
imply that if 0(y) = £(y(1)), then

]P*<exp{Xik—,u*"*1 (lOg 5)} | ‘/T-ikﬁu—") = eXp(Hikﬁu_" (log él—u*",l—u’”’le))
= eXp(Xik_lrn (10g Gl,u—nJ,M—n—lf))’ (325)

where (3.12)) is used in the last equality. Use translation invariance and then the scaling
property (Lemma withr=s=1—p™and t =1— ") to see that

Gl—,u*",l—,ufnflé(x) = Gl—u*”,l—u*"*l (§ © T$)<O)
= GO,lfu—l(f 0T, O S,u—n)(O)

= P*(exp(X* 1(log(§ 070 ,-n))))

- ZIP’* X G RY =k) (3.26)
x P (exp(X7_, 1 (log(§ 0 7y 0 Syun))) | Xi_, 1 (RY) = k).

By Proposition
P*<Xik_u—1(Rd> = k) =P(Z = k), where Z has a geometric distribution with mean .

- (3.27)
Recall that {Q} are the conditional support measures of X 1_,—1- Proposition implies

P*(exp(X;_,-1(log(§ 0 7o 0 S,-n))) | X7, 1 (RY = k)

/H€ v+ ) dQx(x, ). (3.28)

Substitute (3.27)) and (3.28)) into (3.26]) and conclude

[e'S) k
Gropna—pn—&(x :Z k)/Hf(fCJrM”/in)d@k(fﬂh---,xk)

=> P(Z= k/Hfl”ru("“ 2)dQr(w1, ..., Tk).
k=1

Use this representation in the expression @D for the conditional p.g.f. and compare with
that in Proposition m (using also (2.23))) to see that the Np(R?)-valued Markov Chain,
X7 _,-n, has the same law as the chain {7, } defined from a STRM, v, with g = 1, offspring
law L£(Z) geometric with mean p, and symmetric displacement measures {Qx} as in the
Theorem. Here note that by (3.18) and (3.24) each marginal of @y, is Py(u/?B;_,—1 € -),
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Figure 1: Under the cluster law P* the past trajectories of all the particles “present at
time 1 in H;” can be described as that of a system of particles that follow independent
Brownian motions and split into two at time any ¢ with rate \(¢) = ﬁ Note that at any
time ¢ < 1, this system only contains a finite number of particles. Proposition |3.1| ensures
that we can recover the random measure H;, historical Brownian motion at time 1, from
the trajectories of this particle system on [0,1). We then take snapshots of the positions
of the particles in this process at times 1 — u=" for n > 1. Theorem ensures that the
evolution of this process along this discrete sequence of times indeed fits into the STRM
framework.

i.e., is mean zero Gaussian on R? with covariance (u — 1)I;. Therefore [(TC)| holds for
all ( > 0and so 8 =1, L(Z) and {Qx} do determine a unique in law STRM, v, with its
associated {v,}. Proposition 3.1 with &, = =" implies that

2
Up = "0y = M_”Xi:#_n — ;Xl P* —a.s. as n — oo.

Hence %Xl is the STRM v associated with the sequence v,, = D G and the proof
is complete. [ |

Remark 3.8. One easily sees from the above that the random sum S in (2.10]) giving the
mean measure for 2X, has a standard normal distribution on R?, and so the hypothesis

(IDC) of Theorem holds. Therefore a special case of that result and the above theorem
give dim(supp(X1)) = 2 A d P*-a.s., as is well known ([15] and [5])]).

Remark 3.9. To describe Qy, in the above it suffices to do so for Q. Recall that Qy in
the above is the symmetric law of the k points { X1, ..., Xy} in the support of XT 1 under

m
P*(-| X7 1 (RY) = k). We sketch a simple construction of these points. If k = 1 we clearly

N
have a single d-dimensional Brownian motion B starting at 0 and X, is B(1 — %) For
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k>2 let Vi,...,Vi_y be i.i.d. random times with density f(v) = (1 —v)™2/(u — 1) for
vef0,1— i], andlet0 < U; < --- < U1 <1 —}% be the associated order statistics. Then
Ui,...,Up_1 will be the k — 1 branch times of X* on [0,1 — ]. To see this let ug = 0,

u
up = 1 — %u and let 0 < Ty} < -+ < Ty < 1— ;% be the ordered branch times. Then
{T; € duj,i =1,... k=1 and X7_,(R?) = k} holds iff there are no branching events on

m
(ui—1,u;) fori=1...k and branching occurs in du; fori =1,...,k—1. A short calculation
then shows this probability is P((Uy,...,Ukx_1) € duy...dug_1). The construction should
now be clear. Condition on the branch times occurring at u; < --- < up_1. Run a d-

dimensional Brownian path starting from 0 on [0,u1]. Then run two independent Brownian
paths on [uy,us| from the end location. Randomly pick one of the two new end locations
at time ug and run two independent Brownian paths from this point and a third from the
other end location, all on [us,us]. Now randomly pick one of the three end locations at
time ug and have this location split into two. Continue in this way until we arrive at time
up_1 with k — 1 end locations. Pick one at random to split into two particles and run an
independent Brownian path from each of these k particles, each ending at time 1 — i The
resulting k end locations give {X1,...,X}. The symmetrised joint law of the resulting
collection of k correlated Brownian paths on [0,1 — %] leading up to these endpoints, gives

the kth conditional support measure of H] .
n

4 B-ary Classical Super-Tree Random Measures

Recall the definition of a B-ary CSTRM in R¢, associated with p = (p, k € Z,.) from the
Introduction. In this case we have p = p~#/2 = B~! and in the definition of the spatial
displacement law Q® we may take X, = X, for an i.i.d. sequence {X,,} of uniform r.v.’s
on {0,..., B—1}% We also may assume that X/(w) € {0,...,B—1}%for all f € F and all
w. We will alter the notation in Section [2|slightly and, as in [1], assume {X7 : f € F\ Fy}
are i.i.d. uniform r.v.’s on {0,..., B — 1}¢ and, instead of and (2.11]), write

SI=>"B X" feF,; $=) B"X'™" el (4.1)
m=1

m=1

This new notation amounts to replacing X J]: =1 5n (2.9) (recall in our simple setting

m

there is no branching dependence) with X/I™ for 1 < m < |f|, and so clearly does not
affect any of the processes defined in Section [2 Therefore in this setting we have

Go=0(Z':0<|f|<n)Va(XT:1<|f|<n) forneZ,. (4.2)
Note that S* € [0,1]? for all i € I and so
supp(v) C [0, 1]%

In this setting S = Y ° | B~™X,, corresponds to the construction of Lebesgue measure
by a random base B expansion in each coordinate (see, e.g., the discussion in Section V.3a
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Figure 2: For some site x € G,, on the grid, the cube C,,(z) is the cube of edge-length
B~ whose point with lowest coordinates is x.

in [21]) and we have

P(S € A) = / La(z) de. (4.3)
[0,1)¢
Therefore Theorem [2.6[c) shows the mean measure of v is Lebesgue measure and we have,
E(/ o(z) dl/(J;)) = (z)dz for all bounded measurable ¢ on [0, 1]%. (4.4)
[0,1)¢

The boundedness of X,,, and (4.3) show that the hypotheses of Theorem hold and so
(as noted in the Introduction) for our B-ary CSTRM,
2 log 1

dim(supp(v)) = 3 ANd = o B

ANd as. (4.5)

Notation. If z,y € R? let [z,y) = {z € R : 2y < 2z, < yofor £ = 1,...,d} and let
T=1,1,....0)eR. IfmeZ,, ke{0,1,...,B"—1}and z = Bk € [0,1 — B~™],
let

C(z) = [x,2 + B~™1) c [0,1).
That is, C,,(z) is the d-dimensional cube of edge length B~ with “lower left corner”
z € Gy, = [0,1)2 N B™™Z%, see Figure 2]

The following simple random Cantor set description of supp(v), illustrated in Figure ,
will be used frequently.

Lemma 4.1. With probability one, supp(v) = Noe_; Ugego Cp(S7).
Proof. By (4.1)) we have for all m € N,

S €[S 00) for all i € T and sup ||S* — S™|., < B™™.
i€l
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Figure 3: Black cubes correspond to positions x on the grid with at least one particle
whereas white cubes corresponds to positions with no particles. The union of the black
cubes decreases to supp v as m — 0o, see Lemma [4.1}

Therefore for all m € N and ¢ € K we have S* € C,,,(S1™) and ijm € K?. This proves
that '

and so by Theorem [2.6(b)]
supp(v) = {S":i € K} C NY_ Usero Cr(S7)  as. (4.6)

Now let # € N%_; Usexo Cn,(ST) and for m € N choose f,, € K9, so that x € C,,,(S/m).
Define f,, € I by extending f,, to N by making the additional coordinates all 1’s. By .
fm € [12,{1,..., M,V 1} for all m and so by Tychonoff’s theorem there is a subsequence
(fm,) converging to i in I. For each m € N there is a natural number L,, > m so that
for n > Ly, ilm = fm,|m € K}, (since f,,, € K7, ). This proves i € K. If m € N and
n > L,,, we have

7= Sl < ll2 = S5 oo + |7 = ST o |77 — STl
< B~ 1 2B™™

the last by the choice of f,,, and (4.1). Let n — oo and then m — oo on the right-hand
side to see that x = S%. This gives the converse inclusion to (4.6), and we are done. W

Notation. If zU) denotes the jth coordinate of x € R?, m € Z,, and = € G,,, we write
r=.T]. :zzm, Where x € {0,..., B—1}% are the unique vectors such that for j = 1,...,d,

Ee 2B IfgeF, andfeNlet
gVl e F, 1 be the index obtained by adding ¢ to g as the last digit. (4.7)
Proposition 4.2. There is a qzz > 0 and sequences Op,m — 0, depending only on

(B4, L(Z)), such that:
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(a) [f% =d, then

¥m €N V2 € G, B((Cn(@)) > 0) = P0(Cn(a)) > 0) = = .

(b) [f% < d, then

)-

[

Vm € Zy Vo € Gy, P((Crn(x)) > 0) = P((Ch(2)) > 0) = arg(1+em)(B~™) 4

Proof. By (4.4) v(0C,,(z)) = 0 a.s. and so we only need prove the above without the
closures. Let m € Zy and x = .xy...2, € Gy, If n > m and f € F,, then by (4.1),
St e Cp(z) iff SF™ = 2. Therefore

vn(Cn()) = p"[{f € K2 ST =2} = Y 1S = o) " K.

gEKD,

Use the above with the facts that v, — v a.s. (Theorem 2.6(d)) and v(9C,,(z)) = 0 a.s.
to see that

L L g —n| g
/(o) = syl Con(e)) = Jin 3 148 = ™K
gEKD,

=) 1S =a)W. (4.8)

P
If z € G, set J§ = KJ = {0} if m = 0 (and hence x = 0), and for m > 1 define
Jt ={g€ K : 59 =z}
—{fVgm:feK® |, S =2,  apy, 1< gn <2/ XIVim—g}
- UfeJ;,fi'l'“m*Uiiﬂ{f V G o XTIV =g ) (4.9)

Here U denotes union of disjoint sets and the empty B-ary expansion denotes zero. There-

fore (4.9) shows that

zf
al= Y Y =w,) m>1, 2 €Gn (4.10)
JeslyTmt =1

Note that JZ is G,,-measurable, while for m > 1, {Z/ : f € F,,_1} and {X*' : f' € [}
are independent i.i.d. collections, jointly independent of G,,,_;. This shows that for m € N
and © € G, k— [J;7"|, k= 0,...m is a Galton-Watson branching process starting at
1 and with offspring law, that of R = 25:1 eg, where Z is our branching variable for v,

30



and {e,} are i.i.d. Bernoulli r.v.’s with parameter p = B¢, independent of Z. Note that
this law depends on (B9, £(Z)) and not on the choice of x € G,, or m, and satisfies

E(R) = % =B5  Var(R) = 0% =

From (4.8) we have for m € Z, and x € G,,,

e _
ﬁ(l—B 4.

v(C(x)) = Z W9, where {W9: g € F,,,} are i.i.d. r.v.’s with common law £(W°)
geJs,

and are independent of G,,, and hence of .J),. (4.11)
Note that g := P(W° = 0) < 1 (recall E(W?) = 1). By (4.11)),

P(v(Cy(z)) > 0) =P(3g € J7, such that W9 > 0)
P(|J5] > 0)P(3g € J7 such that W7 >0 ||J7]| > 0)
P(|J;,| > 0)(1 — E(g"!] | J5] > 0)). (4.12)

The right-hand side is clearly independent of the choice of z € GG, by the above branching
process description of |JZ |.

Assume now % = d, so that B = p, and let m € N. Then E(R) = 1 and we have a
critical branching process in the above. By a theorem of Kolmogorov (see (10.8) in [24])
there is a sequence 54 — 0 such that

L 20140%)  2u(1+ 6%

Vo € Gy (7] > 0) = 2 TENTR (4.13)
R

By Yaglom’s theorem (see Theorem 10.1 in [24])

2

Jr |2
P (’ ml €- ‘ || > 0) converges weakly to an Exponential(1) r.v. (4.14)
This implies that E(gl=!|[J2| > 0) = 6% — 0 as m — oo (and is independent of the
choice of z € G,,). Use this and ([£.13)) in (4.12) to complete the proof of [(a)] Note that
the final sequence (d,,) depends only on £(R), and hence only on £(Z) (recall B¢ = E(Z)
in this case), and not on the choice of z € G,,.
Assume % < d so that E(R) < 1 and the above branching process is subcritical.
Let m € Z,. By (9.5) in Chapter I of [24] there is a ¢; > 0 and a sequence e = 0so
that

P(|JZ] > 0) = c1 (1 + eME(R)™ = (1 +eD)(B—m)=5), (4.15)

m

By Theorem 9.1 in Chapter I of [24] there is a random variable J., € N (whose law depends
only on £(R)) so that

lim E (¢! 12| > 0) = E(¢"™) := ¢y € (0,4].
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Therefore for some £ — 0, we may write

E(1—g"m[]J2] > 0) = (1 —c)(1+e?).

Use this and ([£.15) in (4.12) to complete the proof of [b)} where qrm and {e,,} depend
only on £(R), and hence only on (B4, L(Z)). |

Notation. Let A, = A, (d) = {Cy(z) : x € G, }.

It is easy to use Proposition [£.2] to prove Proposition [I.1]

Proof of Proposition Write diam(C') for the Euclidean diameter for a set in
R?. We have supp(r) C Ucen,,(c)>0 C, and so it follows easily from the definition of
Hausdorff measure, Fubini’s theorem and the fact that v(9C') = 0 for all C' € A,, a.s. that

E(2log(1/x)-m(supp(v))
< ]E(lim inf diam(Cm(x))dlog(l /diam(C’m(q:))> 1(v(C(2)) > 0))

m—r0o0
Z‘GGm

< liminf Y (dB~>")"*log(B™)P(1(Cin()) > 0)

m—00
z€Gm

< B™(dB~*)¥*mlog(B)C(B?, L(Z))m™*
<C(d,B,L(Z)) < .
We have used Proposition [1.9(a)| in fourth line. This proves [(a)]
@ Virtually the same argument using Proposition [4.2(b)| gives @ [ |

Proposition [.2] also readily gives Proposition [I.2

Proof of Proposition One simply approximates B(y,r) for y € [0,1]¢ and r small
from above and below by sets in A,,, where B~™ approximates r in an appropriate manner,
and then apply Proposition 4.2l The details are standard. [ |

5 Total Disconnectedness of B-ary Classical Super-
Tree Random Measures

In this section we prove Theorem giving sufficient conditions for total disconnectedness
of the support of B-ary CSTRM.

Notation. If m € N and z € G,,, for n > m we define a closed subset of [0, 1]¢ by

Om,n(l') = UfGKPn,Sf=$ Uf/GK,,J; Cn(Sf’)

The key step in the proof will be the following disjointness lemma which ensures that
if two particles are at positive distance at some point in the process, then the distance
between their respective descendants will remain bounded away from 0 for all times.
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Lemma 5.1. Let d > % —1. If m € N and f,g € F,,, then w.p. 1 there is an N =
N(m, f,g) € N=™ so that

ST £ 89 and C,,(ST) N C,n(S9) # 0
imply that ¥n > N, V(f',¢) € K! x K9, C,(S/)NC,(S9) = 0.

We will prove this result below. The core of the proof, contained in Lemma below,
relies on a supermartingale convergence argument requiring d > % — 1. For now we will
show how it easily gives Theorem [1.9

Proof of Theorem [1.9. We may fix w, outside a null set, so that the above Lemma
holds for all m € N and all f,g € F,,, the conclusion of Lemma holds, and |K?| < co
for all m € N. If N, (w) = maxygexo N(m, f,g) € N2, then

Vm e N, ¥(f,g) € (K°)?, (Sf £ 59 and Cpy(ST) N Cp(59) # @) implies
Vn > N, V(f,¢d) € K x K¢, C,(S/)NC,(S9) =0. (5.1)

Note also that if f,g € K2, and C,,,(S7) N C,,(S9) = 0, then the conclusion in (5.1)) holds
easily for all n > m. This follows from (4.1)) because that result implies for all f,g € K2,

Up et Cnl(ST) C Cin(S7), and so, Ugcgg Cp(S9') C Cp(59). (5.2)
Therefore we have from (/5.1]) that

vm €N, Y(f,g) € (K2)?,
ST 489 implies Vn > N, V(f,¢) € Kl x K¢, C,(ST)NC,(S9)=0. (5.3)

It follows easily from (5.2) and the definition of C,, ,(z) that for n > m,

Conn(2) C Cp(x), and so diam(Ch, () < B™™. (5.4)

Here the diameter is taken with respect to the L> norm on R?. We also have for n > m,

UseG Cmn (%) = Usea, User,, 85— Upeps On(S7) = Urery, Upeges Cn(S7)

D UpegoCn(ST") D supp(v).  (5.5)

We have used Lemma in the last inclusion, and in the next to last inclusion note that
£ € K° implies that f'|m € K° and f' € Ki ™.
If x,y are distinct points in G,,, then we have for n > N,,,

Cm,n@) A Cm,n(y) = Ureky, 5/=2 Ugeky, 59—y U(fr,gf)ngxKng(Sf/) NCn(59) = 0,

where the final equality holds by because ST = x # y = S9. So this and allows
us to write supp(v) (for n > N,,) as a finite disjoint union of closed sets, supp(v) ﬂémm(:v)
x € G,,, each of L*>*-diameter at most B~ by . As m € N is arbitrary, this proves
supp(v) is a.s. totally disconnected. |
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Turning to the proof of Lemma [5.1, we introduce some terminology.

Definition. If C,C" € A, for m € N, we say C' and C” are neighbours iff C' # (¢’ and
C' N C" is non-empty.

Notation. If z,y € G,,, let L = L(z,y) = L(C\u(x),Cp(y)) = {1 < k < d: 2 = y*}, so
that |L| € {0,...,d — 1} for neighbouring cubes in A,,. L¢ denotes the complement of L
in {1,...,d}.

Lemma 5.2. Letx = (zt,... 2%,y = (y',...,y%) € G, form € N. If L = L(x,y), then
C(z) and Cy,(y) are neighbours <= x #y and for any k € L, |2¥ —o*| = B™.
In this case
Con(2)NC(y) = {2 : 2" € [2%, 2"+ B™™] for k € L, and 2* = 2"V y* for k € L°}. (5.6)

Proof. (=) Note that if [z¥ — y*| > B™™, then |2* — y*| > 2B™™ and so C,,,(z) N C,,(y)
is empty, implying that C,,(z) and C,,(y) are not neighbours.
(<) Assume z # y and |2* — y*| = B™™ for k € L¢. Then
2€Cn(z)NCu(y) iff VE<d, 2Fea* s +B ™ Ny +B™
iff VkelL, 2"ea" 2" +B™] and Vke L¢ & =aF vk

In particular, we see that C,,(z) and C,,(y) are neighbours because this last set of z is
non-empty. This also proves ([5.6)). [ |

Definition. For neighbouring C,C" € Ay, and ¢ € {0,...,d — 1}, we say C' and C" are
C-neighbours iff |L(C, C")| = . (Geometrically this means C'NC" is an ¢-dimensional face,
see Figure {| for an illustration.) We say f and ¢ in F,, are {-neighbours iff C,,(S/) and
Cn(59) are.

Notation. For f € F and i < d we let S/ denote the ith coordinate of S/, and similarly
for X /4.
Lemma 5.3. Let ny <ng be in N, f,g€ F,,, and £ € {0,...,d — 1}.
(a) L(S?,89) c L(S¥™, 89 and so in particular, ST™ # S9™ implies ST # 9.
(b) If C,,(ST) and C,,(S9) are L-neighbours and Sfm £ S9™  then C,, (S™) and
Cy, (S9™) are '-neighbours for some €' > /.
Proof. Let f,g,n1,ny be as above. If k € {1,...,d}, then by (4.1))

n2
|Sf,k _ Sg,k’ > |Sf|m,k _ Sg\n1,k| _ Z B—m|Xf|m7k _ Xglm,k‘

m=ni+1
no—mi—1

> |Sf|n1,k o Sg\n17k| o B—n1—1(B _ 1) Z B—™
m=0

_ |Sf|n1,k o Sglm,k‘ _ B 4 B2, (57)

34



Figure 4: From left to right, examples of /-neighbour cubes, for £ = 2,1, 0. The intersection
of their boundary is shown in red.

If k € L(Sfm g9y then |Sflmk — S9lmik| > B=m and so implies that
|S/* — §9k| > B2 > 0. This shows that k € L(S/, $9)¢, proving [(a)

For @, assume that C,,(S) and C,,(S9) are f-neighbours, and Sf" £ S9Im et
k€ L(Sfm S9me Then k € L(SY,S9)¢ by , and so the left-hand side of is B~
by Lemma . Therefore implies that

‘Sf\nhk . Sg|n1,k’ S B~

Recalling that Sf"* £ S9"1F by the choice of k, we deduce that | Sk — g9lmk| — p=n1,
In addition we have SfI" = 891" and so Lemma implies that C,, (Sf") and C,, (S9™)
are neighbours. By they are ¢’ neighbours for some ¢ > (. [ |

Notation. If Ris a Z -valued r.v., f,g € Fg, £ €{0,...,d—1} and n € N, let

Ten(f9)={(f.d) € K/, o x K9 o Coyr(ST) and Cpyp(SY) are £ — neighbours}.

n

Corollary 5.4. If R is a Z,-valued r.v., f,g € Fg, and ¢ € {0,...,d — 1}, then on
{ST £ 59}, for alln € N,

(Ve €{t.,d=1}, Th(f.9) =0) = (¥ =0 € {(,...,d = 1},T5,,(f.9) =0).

In particular (€ =0, n = R), if f,g € Fr are not neighbours, then (f',q¢') € Kf:, x K9, are
not neighbours for all n' > R.

Proof. Assume S/ # S9 and I'y (f,g) =0 for all ¢/ > (. Let ' € {¢,...,d— 1}, n' > n
and, proceeding by contradiction, let (f',¢') € ' ..(f,g). Then (f'|(nV R),¢'|(nV R)) €
K/, x K7, and, by Lemma [5.3{(a), S/'1"VE £ §9'I"VE hecause S/'1R = SF £ 99 = S9'IR,
By Lemma if Crryr(SY) and Cn/vR(SQ/) are ¢-neighbours, then C’an(Sf/“”VR))
and C,yz(S91"VH) are ¢"-neighbours for some ¢/ € {¢',...,d —1}. We have shown that
(fl(nV R),d'|(nV R)) € T4, (f,g) which is empty by assumption. This contradiction
proves that F%n,( f,g) is empty, and the proof is complete. [ |
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Lemma 5.5. Assume d > % —1,0€{0,...,d—1}, and R € NU{oo} be a random time.

With probability 1, if R < oo and f,g € Fr are such that Cr(SY) and Cr(S9) are not
¢'-neighbours for any 0 € {{+1,...,d — 1}, then

R%(f,g) :=inf{n >R : Ff%’n(f, g) =0} < oc. (5.8)

If Cr(S’) and Cg(S7) are not ¢-neighbours, then the above conclusion is trivial because
R%(f,g9) = R in that case. We will prove Lemma below. The route to establishing
Lemmalp.I|from Corollary[5.4and Lemmal5.5]is now clear. If f, g are as in Lemmal5.1] then
for some ¢ < d—1 they are f-neighbours but not #-neighbours for any ¢ > ¢. Corollary [5.4]
and Lemma imply that after a large random time none of their descendants are ¢'-
neighbours for any ¢/ > ¢—1. Iterating this argument ¢ times shows that after a sufficiently
large time no pair of descendants of f and g are neighbours, which implies Lemma [5.1]
Here are the details.

Proof of Lemma 5.1l Let m € N, £ € {0,...,d — 1} and f,g € F,,. It suffices to show
that w.p.1 on , = {w: f and g are f-neighbours},

3N, > m such that ¥n > N, Y(f',¢) € KI x K9, C,(S7)NC,(S9) = 0. (5.9)

Indeed, take the union over ¢, let N be the maximum of the resulting N,’s in ([5.9)), and
combine the null sets, to get the conclusion of Lemma [5.1]
Apply Lemmawith R = m to see that if inf ) = co and we set R; = oo on €2f, then

Ry :=inf{n >m: T (f,g) =0} < oo as. on . (5.10)

Corollary 5.4, with R = n = m and n’ = Ry, shows that on {R; < oo}, for all £ > { we
have 'Y,  (f, ) = 0, while the definition of Ry ensures '}, » (f,g) =0 on {R; < co}. So
Corollary p.4] with R = n = Ry, now implies

vn' € N=F1 V(f' 4 € KT’:, x K%, f" and ¢ are not ¢-neighbours for all ¢ > ¢, (5.11)

where we note this conclusion is vacuously true if Ry = oo.

By on {R; < oo} any f' € K{h and ¢’ € K}, are not {"-neighbours for any
¢ > (¢, and so Lemma (with R = R;) implies that w.p.1 on {R; < oo}, for all
(f',q) € K};l x K}, we have Rf{ll(f’,g/) < 00. We conclude that if we set Ry = 0o on
{R; = oo}, then

Ry = max REN([f,g) < oo as. on {Ry < oo} (5.12)
(') ERp XK,

Assume Ry < oo and let (f',¢') € K};l x K% . We have S/ # S9 (since R; < oo implies
Q) and therefore S # S9 by Lemma [5.3(a)l and, as noted above, f’ and ¢’ are not

¢'-neighbours for all ¢/ > ¢ by (5.11]). So we can apply Corollary with (f’,¢’) in place

of (f,9), R=n= Ry, and n' = R%'(f’,¢'), to conclude that Fg o1 (f',g") =0 for
1 I’RRl (flvg,)
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0> Con {R%'(f',¢') < co}. The same conclusion holds for ¢ = ¢ — 1 by the definition
of Rf{ll(f’,g’). Another application of Corollary with R = Ry, n = Rf{ll(f’,g’) and
n' > Ry shows that for all (f,¢') € K}, x K% and all n’ > Ry, T .(f',¢') = 0 for all
¢' > ¢ — 1 (this is vacuous if Ry = 0o0). This means that

vn' e N> v(f' ) € K x K% Y(f",¢") € KI, x K2,
f" and ¢" are not ¢'-neighbours for all ¢/ > ¢ —1. (5.13)

Note that for any 7’ > Ry and f”,¢" € F, (f",¢") € KL, x K% iff (f',¢') = (f'|R1,¢"|Ry) €
K};l x K}, and (f",¢") € Kf;,, X KZ:. Therefore we can rewrite (5.13)) as

vn' e N2F2 v(f' ¢') € KI, x K%, f" and ¢’ are not ¢-neighbours for all ' > £ — 1.
(5.14)

Comparing (5.11)) to (5.14), and noting that Ry < oo a.s. on € by (5.10) and ((5.12)), we

see that we can iterate this argument ¢ times and conclude there is a (G,,)-stopping time
Ry 1, which is a.s. finite on €2, such that

vn' € N2fen v(f' o) € KJ, x K, f" and ¢ are not £'-neighbours for all £ > 0. (5.15)

This gives (5.9) with N, = R,y and we are done. [

So to complete the proof of Theorem it remains to establish Lemma [5.5. This
will be done by a supermartingale convergence argument and we will need the following
elementary result.

Lemma 5.6. Assume {M,, : n € N} is a Z-valued (F,)-supermartingale such that for
any k € N there is a vy, > 0 so that for alln € N,

P(M,1 # k| F,) > 1p on {M, = k}. (5.16)
Then M, — 0 a.s.

Proof. By supermartingale convergence we know M, — M., € Z, a.s. The above condi-
tion easily implies for K € Nand n > N,

P(Vj e [N,n+1], M; =Fk) <(1—ry)-P(Vj€[N,n], M; =k),
and therefore by induction, for all k € N and n > N,
P(Vj € [N,n], Mj=k) < (1—r)""".

This proves that for all & € N, P(UY_{Vj > N, M; = k}) = 0, and therefore
P(My = k) = 0. We therefore conclude that M., = 0 a.s. and the proof is complete. W
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Proof of Lemma [5.5l As noted after Lemmal5.5, we may assume f and g are f-neighbours
when verifying . Next we claim that it suffices to prove the result for R = m a con-
stant. Assume this constant case and let f,g € Fr be {-neighbours. So on {R = m},
f,g € F,, are (-neighbours. The result for R identically m gives w.p.1 R’ (f,g) < oc.
This gives w.p.1 on {R = m}. Combine the resulting null sets to conclude that

w.p.1, (5.8]) holds.
So we clearly may fix m € N, f #4 g € F,, and £ € {0,...,d — 1}, and it suffices to

prove that with probability 1 on
0y ={f, g are f-neighbours}

which is in G,,, we have

R (f,g) < oc. (5.17)

Until otherwise indicated we assume w € €,. We simplify notation and for n > m write

L0 (f,g) for TY, .(f. 9).
We first claim that

v > m,Y(f',¢) e T (f,g9), L(ST, S89)=L(S!, 59). (5.18)

For this, note that Lemma implies that for all n > m and (f',¢') € K/ x K¢ D

I'“(f,9), we have L(ST',S9) c L(S?,S9). On the other hand (f’,¢') € T'%(f,g) implies

|L(ST",89)| = ¢ = |L(S',S9)| (recall we work on €2;), and so follows.
Ifn>mandz,y € G,, let

L(z,y)={1<k<d:s*=¢"+ B}
It follows from Lemma [5.2| that (U denotes a disjoint union)
if f¢g' € F, are neighbours then L(S¥,59)¢ = L/ (S"', 89 )UL! (5, 57). (5.19)
Together and give us
L (S, 89YuL (87,8 =L (S, 89)UL. (59, SH)V(f',g") € T'(f,g9) ¥V n>m. (520)
Next we claim that

¥n > mY(f'.g) € T(f,9), Ly(87.87) = L;,(87,57) and L (87, 87) = L;, (5%, 57).
(5.21)
For this, argue as in ([5.7)) but without the absolute values, to see that for (f/,¢') € T'*.(f, g)
(n>m)and k € L (57,59),

STk _ g9k — gfk _ gok | Z Bﬂ'(Xf’Ij,k _ Xg’lj,k)
j=m+1
—B ™4 Z B*j(Xf’IJ}k _ Xg’\j,k>
j=m+1
> B (5.22)
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The fact that f’ and ¢ are neighbours implies |S/"* — S9*| = 0 or B~ by Lemma .
So the above implies S7F — 89k = B~ and we have proved L’ (S, S9) c L' (S/",S7),
and therefore L/ (S9,57) c L/ (59,5 by symmetry. These inclusions and the equality
in (5.20) now give (5.21)).

We claim that the evolution in n > m of I (f, g) satisfies

(f',d) € Thyi(frg) implies (wf',7g') € Th(f,9), frps <27, g <27, (5.23)
VEk e L(S1,89), X"k = X9k,
Vke L (8,89, X9* =B —1,X/* =0, and
Vke L (57,587, Xx/'"* =B —1,X9* =0.

(In fact it is also not hard to show the converse implication holds in the above but we will
not need this.) To prove the above, note first that for any n > m we clearly have

(f'.d) € Kf+1 X KT{+1 iff (7f',mg") € K x K§ and f;,, < Z™" and Gns1 < zZm
(5.24)
Let (f',¢') € T%.1(f,g) where n > m. Lemma|5.3(a)| implies

L(ST,89) c L(S™ 8™ c L(S/,59).

The cardinalities of the first and last sets above are both ¢ (recall we are on €), and so
we conclude

L(Sf’jsg/) _ L(Sﬂfl,Sﬂg/) _ L(Sf759)7 (525)

and
|L(S™' S™9)| = . (5.26)

Recall that S # S9 (they are in fact f-neighbours on €),) and so by Lemma [5.3(a),
Smf" £ 8™ We can therefore apply Lemmal5.3(b)|to see that 7 f” and 7¢’ are £-neighbours
for some ¢/ > ¢, and hence are neighbours, because f’ and ¢’ are ¢-neighbours. Now ([5.26))
shows that 7 f" and w¢’ must be ¢-neighbours. This conclusion and show that

(nf',7g) € TL(f.9). (5.27)

By (5.25) for all k € L(S/,59), S™/'* = §79'* and S/"F = 9% which implies

Vk e L(S?,59), X/ = X9k, (5.28)
By (5.27)) we may apply (5.21)) to (7f',7¢’), as well as (f’,¢’), and deduce
LS 8™y =1 (8,87 and L, (57, S) =1L (S5 (5.29)

By definition this means
Vke L (8F,89), Sk —=gm'k L g7 and §Fk = g9k 4 gL,
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Take differences in the above to conclude that X/** = X9* + 1 — B, and therefore we
obtain
Vke L' (87,59, X9* = B—1and X/ = 0. (5.30)

Reversing the roles of f and g gives

Vk e L (89,587), XI"* =B —1and X9* =0. (5.31)

Now combine ((5.24)), (5.27)), (5.28)), (5.30) and (5.31]) to complete the proof of ([5.23)).
Recall from (4.7) the notation f'V k € F, .1 if f/ € F,, and k € N. For n > m define
M, = 1q,|[T:(f, g)|. Clearly M,, is G,-measurable. By (5.23)) for n > m,

7t zd

Moyt <lo, Y. Y S 1k € L(S7,89), XTVik = xo'vik) (5.32)
(f.g")eTt(f,g) =1 j=1
1(Vk e L' (S7,589), X9k = B —1, x/Vik =)
1(Vk e L (89,87), XI"Vik = B —1, X9Vik = (),

Let G, = G, Vo (Z/, f' € F,). Condition first on G, and use the independence properties
of (X/,f € F)and (Z/, f € F) to see that

A A

E(Mur]G) < 1o, 3 E(ZZB_ZB (1L (87,59 1Ll (57,57))) ‘ Qn>
(f.9)€h(f.g)  i=1 j=1
= M,?B~*B~24=9  (by and |L(S7,89)¢| = d — ()
< MnBWB—1 < M,,

where we have used £ < d — 1, = B*5 and d > 4/ — 1 in the last line. Therefore (M,,)
is a Z-valued (G, )-supermartingale.
To prove that (5.17) holds a.s. on €, it clearly suffices to show M,, — 0 a.s. and for

this we will verify the hypothesis of Lemma [5.6l On €, we have by that
0 < |L(S7,89)¢| = |L.,(S7,59)| + |L,(S9, S7)|. So one of L (S 59) or L (59,57) is
nonempty and we may assume without loss of generality it is the former and set k,, =
min L] (57, 59), which is G,,-measurable. Let I'Y, | (f, g) C K be the projection of I, (f, g)
onto the first variable. By on {L! (57,59) # 0} Ny (in Gn),

P(My41=0[G,) > ]P)<m(f’,g’)€FfL(f,g) m¢Zf1 ngl{ak €L (Sf 57)
s, (XTVEE X9VIRY £ (0B — 1)} ‘ G, )
> P(Nprers, g 20 XV £ 0} | Ga)) (5.33)

Conditional on Gy, {1(X/Vé*n £ 0): f € T (f,g),i < ZI'} are i.i.d. Bernoulli(p) r.v.’s
with p = 1 — B~!, while conditional on G,, {Z/": f" € T (f, )} are i.i.d. copies of the
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branching random variable Z. So condition first on G, and then on G, to see that the
right-hand side of (5.33)) is (on £2)

E( [ a-8YH" gn):E<(1—B*1)Z>

frery 1 (f.9)

|Ffl’1(fvg)|

> E((1 - B7)7)",

where the last inequality holds because [I'% | (f, g)| < |T5(f,9)| = M, on €. Recall that
M,+1 =0 on Qf and so for any k € N, on {M,, = k},

P(M,y1 =0|G,) >E((1 - B Y%k :=r. > 0.
This proves (5.16)) and the proof is complete. [

6 Weak disconnectedness result for subcritical B-ary
Classical Super-Tree Random Measures

We continue to work in the setting of B-ary classical super-tree random measures. Recall
from Section [2| the definition of the random measure Y on I, which has total mass given
by the random variable W9, see and (2.7). On the event {W° > 0}, we denote
by V. = (V1,V2,V3,...) a random element taken under the probability measure % Y,
“conditionally on everything else”. Formally one can work on the product space (2x 1, F x
B(I)), where for (w,V) € {W° >0} xI,P(V € Alw) =Y (w)(A)/ W and V = (1,1,...),
say, on {WY = 0}. An explicit description of the joint law of (w, V') under this Campbell
measure is given below. By definition of v as the push-forward of Y by the function ¢ — S,
conditionally on v and on the event {(1) > 0}, the point S := SV has distribution ﬁ V.
In this section we show that under the assumption that the process is “subcritical”, i.e.,

% < d, the connected component of S is almost surely reduced to a point.

Theorem 6.1. ]f% < d, on the event {W° > 0} the connected component of S is almost
surely reduced to a point, i.e.

P ({S} is a connected component of supp(v)|v(1) > 0) = 1.

Remark 6.2. (a) The above result is a restatement of Theorem [1.fl Note that the
above conclusion is consistent with the existence of a mon-trivial connected component
for supp(v). Interesting examples where such components exist and the result above is
true are given in Remark[7.8 in the next section and Remark[1.7 in the Introduction.

(b) Theorem also ensures that almost surely, any connected component of supp(v)
has vanishing v-mass because v is atomless by .

The proof of Theorem uses a different probability measure Q, given by

dQ
d_IP’_W'
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In Theorem we are working on the event where the density W° of Q relative to PP is
non-zero, and so we just need to prove that under @Q, the singleton {S} is almost surely
a connected component of supp v. As we now show, the law of all our random variables
has a simple description under Q.

Recall (pg)r>o is the reproduction distribution and recall that Z denotes a random
variable with this distribution. We introduce Z* the size-biased version of Z, whose
distribution is characterized by the relation

E[ZhZ)]

E(h(Z")] = ~ gy

for all bounded functions h. This amounts to saying that P(Z* = k) = ikpk for all £ > 0.
Using standard arguments in the literature on branching processes (see, for exam-

ple, Section 2 of [30]), we can explicitly describe the law of the random variables V' =
(Vi,Va,...), (Z%, feF)and (X!, fe F\{0}) under Q:

The sequence ((Viy1, ZVF), k > 0) is i.i.d. with the law of (N, Z*), where Z* is (6.1)
the size-biased version of Z, and conditionally on Z*, the random variable N is
uniform in {1,2,...7*}.

Conditionally on ((Viy1, ZV¥), k > 0), the random variables (Z/, f € F\{V|m : (6.2)
m > 0}) and (X7, f € F\ {0}) have the same joint distribution as under P.

At any generation m we refer to V|m as the special individual (or particle). In what
follows, we will consider the filtration (#,),>0 defined as

Hy=o(Vi:k<n)Vo(Z' :|fl<n)Vao(X:1<|f] <n).

To simplify notation, we denote by S, the position SVI" of the special particle at time
m. Recall from Section {4 that J2 = {f € K2, : S/ = x} for x € G,, and m € Z_, so
that Jo» = {f € K% : S/ = 5,,} is the set of particles present at time m at position
S, Note that the process (S, )m>0 18 (Hm)m>o-adapted, as is the process (J5m),,50. The
proof of Theorem will follow the immediate surroundings of the position S,, of the
distinguished particle V|m at every time m. The idea will be to show that infinitely often
as m grows, the position S, will be surrounded by empty sites, thus disconnecting the
descendants of .S,,, from the the rest of the population.

We start by analyzing the number of particles at position .S,,. We describe below the
resulting process as a Galton-Watson process with immigration: from one generation to
the next, every particle is replaced by an independent number of offspring sampled from
the reproduction law and an additional number of immigrant particles, sampled from the
immigration law, is added, independently of the reproduction, see for example [26]. As in
the proof of Proposition , we write R = ZZZZI eq, where {e,} are i.i.d. Bernoulli r.v.’s
with parameter p = B~%, independent of Z. We also write R = ZEZ:; e, where Z* is the
size-biased version of Z and again {e,} are i.i.d. Bernoulli r.v.’s with parameter p = B¢,
independent of Z*.
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Lemma 6.3. Under Q, the process (|.J5| — 1)m>0 is an (Hum)m>o-adapted Galton- Watson
process with immigration starting at 0 at m = 0. The reproduction law is that of R and
the immigration law is that of R. This process is recurrent zf% <d.

Proof. Let m > 1. We decompose .J5™ into three subsets: one containing the special
individual, one containing the siblings of the special individual, and one containing the
rest of the particles. In order to keep the same notation as ([4.9) we write XV!"™ = z,, for
the displacement of the special particle. By we have

7f
Jom = U U{f\/gm:vagm:xm}

fegomt gm=1
ZVIm-1
={Vim} U U {(VIm =1)V g : XVIm=DVom — 4 1

gm::l
gm#Vm

zf
U U U{f\/gm:vagm:xm}.

fEJSm71 gm:1

m—1

FAVIm-1)
Hence
AL zf
g =14+ Y XV =gy Y Y (XY =),
i, feqmyt =
f#(VIm=1)

By and (6.2), under Q, conditionally on H,,_1, the number of non-special children
ZVIm=1 _ 1 of the special particle in generation m — 1 is distributed as Z* — 1, and the
number of children of any non-special particle in J,i"j]l is distributed as the law of Z, and
these variables are all independent. Conditionally on these numbers and H,,,_1, the spatial
displacements of all children of particles in Ji’i{l are i.i.d. and each such non-special child
has probability B~ to make the same displacement as the special child. This proves the
first part of the statement.

The main theorem in [27] implies that sufficient conditions for recurrence of the above

Galton-Watson process are E[R] < 1 and E[R] < oo (it is easy to check irreducibility and

aperiodicity here). The first condition holds because E[R] = uB~% = B5% <1 and the
second condition holds thanks to assumption (|L.1J). [ |

Remark 6.4. In the critical setting, i.e. zf% = d, we have E[R] = 1 and an easy com-
putation gives us E[R(R — 1)] = B~*'E[Z(Z — 1)] = E[R]. This ensures, using the result
[33, Theorem 1] on the recurrence and transience of critical Galton-Watson processes with

immigration, that our process is transient: our proof in the sub-critical case would break
down in the critical case.
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Figure 5: On the event F,,, the special particle is alone at S,, and at time m + 2 all its
descendants are at position S,, + B~(™+*D1. This ensures that all the cubes surrounding
Crna2(Smi2) are going to remain empty.

Now, for m > 0, consider the following event
Ep = {|J5"| =1 and Vf € K/, 8 = Spiy = Sy + BT 4 B=0m42)(),

that is, the event where at time m, the special particle is alone at site .5,,, all its children
have displacement B~(™+171 and then all of its grand-children have displacement B~(m+2)(,
i.e. no displacement. Note that F,, is H,,1o-measurable.

Lemma 6.5. The sequence of events (Ey,)m>0 occurs infinitely often Q-a.s.

Proof. First, note that on the event {|J5m| = 1} we have
Q(Ey |Hp) = Q <Vf e K, 87 =S, =BT+ B*26> >0

which does not depend on m. By the recurrence of (|J,7S;”| — 1)m>0 and the above display,

we know that almost surely the sum Y | Q (E,, | H,,) is infinite. Separating between
even and odd terms, we get that almost surely, one of the two sums Y o Q (Eqy | Hox)
or Y 12 Q(Eok+1 | Hoktr), is infinite. Using the second Borel-Cantelli lemma (see for
example [I8, Theorem 5.3.2]), we get that on the event {> ;- Q (Ea | Hor) = oo} the
sequence of event (Egg)r>1 a.s. occurs infinitely often, and similarly for (Eogy1)g>1 on
{372, Q(Eak+1 | Hokt1) = oo}. Combining this with the above, the sequence of events
(Em)m>0 occurs infinitely often, Q-almost surely. [ |

Proof of Theorem [6.1l Recall that it suffices to prove that the connected component
of the point S = lim,, ., S,, is reduced to a point almost surely under Q. Note that on
E,., the set of cubes in A,, o surrounding C,,;2(S,,12) are empty (see Figure ' This
ensures that the connected component of S is included in the cube C,,12(S,,12). If this
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occurs infinitely often as m — oo, this means that the connected component of S is
contained in a sequence of sets whose diameter tends to 0 so it is reduced to a point. We
therefore conclude from Lemma that the component of S is Q-a.s. reduced to a point,
as required. [ |

7 Percolation on B-ary Classical Super-Tree Random
Measures

We work in the context of a B-ary CSTRM associated with (pg). Our goal is to find
sufficient conditions under which supp(v) will contain a non-trivial connected set, that is,
supp(v) is not TD (totally disconnected). We begin with a 0 — 1 type law for this event.
Recall the definition of supp(v) percolating prior to Theorem [1.4]

Lemma 7.1. If P(supp(v) percolates) = p > 0, then P(supp(v) is not TD|v #0) = 1.
We will need some terminology for the proof.

Definition. T : I — I is the shift map T% = (i, 43, ... ), and we abuse this notation by
also using T for the map from F,, to F,_1 given by T'f = (fo,..., fn) (T'f =0if n =1).
Let m € Nand f € F,,. For g € F, extend the notation in and let fV g€ Fy,qg be
the concatenation of f followed by g. Also let Z, = Z7¥9 and (for |g| > 0) X/ = X7V
be the f-shifted analogues of our original branching and migration r.v.’s. Define measures
Y on (I,B()) and vz on ([0,1]4, B([0,1]%) just as Y and v, respectively, but now using
the collections {Z7) : g € F} and {X[}; : g € F'\ Fo} in place of {Z9 : g € F} and
{X9:ge F\ Fy}, respectively. Finally define Y7/ on (I, B(I)) by

Y/(A) = / 1(T™i € A)dY (i), (7.1)
D(f)
where T™ denotes m-fold composition.
Recalling G,,, from (4.2), we see that
{vis) : f € F,} are ii.d. copies of v, and are jointly independent of G,,. (7.2)

Lemma 7.2. For any f € F,,, Y/ = 1(f € K2)p ™Y}y.

Proof. As in the uniqueness proof of Proposition [2.1} it suffices to fix n € Z and g € F,,,
and show that

Y(D(g)) = 1(f € Kp)u"Yin(D(g)).
A complete proof can be found in Section of the Appendix. |
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Proof of Lemma [Tl Let f € F,,. Define v/ on ([0, 1]¢, B([0, 1]%) by
VI (A) = / 14(S") dY (4). (7.3)
D(f)

By (2.6), Y(D(f)) =0if f ¢ K°, and so, since {D(f) : f € F,,} partitions I, we have

v= Z vl (7.4)

fekn,
It follows from its definition that
V) = [ 1T ar ) = [1a8M) v/ () (7.5)
D(f)
For j € I, define
. k J\kz ky fv(i |k)
St _ZB X7, ZB X0 (7.6)
k=1
so that we have
() = [ 1(S)y € 4)dvin() (7.7)
For j € I (7.6) implies
Vi — ny (fV3) f mqJ
Sfvi ZB XUVt = T 4 BTG, (7.8)

n=1

Use this in (7.5 and apply Lemma to conclude that
V() = [ a8+ B S dvin(i) 1(S € KD
:,u_ml(fEKPn)/lA(Sf—i-B z) dvyy(z)  (by (7.7)).

Let 7/(z) = S + B~z and let (77)*(vs)(A) = v5((77) 7' (A)) denote the pushforward
of vz by 7/. Then by the above and (7.4) we have

v="> ) vp). (7.9)

fEKY,
Clearly supp (=" (7)*(vy))) = 7/ (supp(vy))) and so
supp(p~™(77)* (1)) is TD implies supp(vjy) does not percolate. (7.10)
It follows from (7.2), and that (recall p is as in the statement of the Lemma)

P(supp(v) is TD | G,,) < P(Ngeko {supp(vjs)) does not percolate} | G,,)
=(1—p)fnl
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Therefore
P(supp(v) is TD) < E((1 — p)*=I).

Recall from Proposition [2.1] that either |K9| = 0 for large m (iff v = 0) or lim,, |K%| = oc.
Therefore
P(supp(v) is TD) < lim E((1 — p)/%m) = P(|K°| = 0 for large m) = P(v = 0).
m—00

On the other hand {v = 0} C {supp(v) is TD}. Therefore these two sets are a.s. equal
and the result follows. [

To study the percolation properties of supp(r) we will set up a coupling with a random
Cantor set arising from fractal percolation and then use the corresponding properties of
the latter. We recount some features of fractal percolation from [6] and [20]. Recall from
Section {4 (prior to Proposition and Lemma , respectively) the notation .z ...z, €
G, for 7, € {0,..., B —1}% and C,,(z) for x € G,,.

Let B € N22 p € [0,1] and {e,,n, : * € G,,, m > 1} be i.i.d. Bernoulli r.v.’s with
parameter p. Fractal percolation builds a random Cantor set, A, by setting Ay = [0, 1]¢
at stage 0 and at the mth stage divides each of the remaining cubes in A,,, = {C,,(z) : x €
G} into its non-overlapping subcubes in A,, 1 and keeps each subcube with probability
p, independently of the other cubes and the past selections. A, is the residual limiting

set obtained by letting m — co. More formally let Ag = [0, 1]¢ and for m € N set

Am = A1 | C(2). (7.11)
z€Gm
ex,m=1
Clearly A,, is decreasing in m. We call A, := N,, A,, the fp-Cantor set with parameters
(B,p). Although our labeling is slightly different, the definition is clearly equivalent to
that, say, prior to Theorem 2 in [20].
Note that from this definition, for any m > 1 and any = = .x...x,, € G,,, a cube
Cin(z) is included in A,, if and only if all the cubes Cy(.x; ... xy) for 1 < k < m have been
kept during the process i.e.

I = 1(Cu(z) C Aw) = [ st (7.12)

We can then write A, as

A= U Cnla). (7.13)

A simple branching process argument (see p. 308 of [6]) shows

P(As # 0) > 0iff p > B~ (7.14)
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A number of authors have studied O(B,p) = P(A percolates) and p.(B,d) = sup{p :
O(B,p) = 0}. [6] shows that 0 < p.(B,d) < 1 for any d > 2. Although finding p. appears
to be hard in general, quite a bit is known about the large B asymptotics. To describe
these results let £¢ denote the graph with vertex set Z? and an edge between x and y iff
|r; — ;| < 1foralli<d, z; =y for some i < d, and = # y. So each point now has
3¢ — 2% — 1 neighbours rather than 2d neighbours as for the standard cubic lattice which
we denote by Z?. In two dimensions the graphs coincide and so the critical probabilities
for site percolation on these graphs are equal. For d > 2, 0 < p.(L?) < p(Z?) < 1/2 (see
the references in Section 1 of [20] for the middle inequality, [4] for the last inequality, and
Theorem 2 of [23] for the first).

Theorem 7.3. (a) For all d > 2 and all B € N22, p.(B,d) > p.(L%).
(b) For all d > 2, limp_.s pe(B, d) = p.(L%).

This is contained in Theorem 2 of [20]. |(b)| was first proved for d = 2 in [5].

Since we want to compare the two models, let us first re-express our construction of
supp(v) in the B-ary CSTRM model in a way that resembles the definition of the set Ay
in fractal percolation. Consider a B-ary CSTRM model. If m € Z, and = € G,,, define

= |J%|, where we recall that J* = {f € K° : S/ =2} (7.15)

Hence NZ is the number of particles at x in generation m (so in particular, JJ = {0} and
so NJ = 1). For m € Z, our usual approximating measures are carried on G,, and are
characterized by

Ve € Gy, vn({z})=p™ Z 1(S! =x) = p™NZ,
fEKD,
and therefore
V=" Y NGy =p™ Y Nida (7.16)
.Z‘EGm JZEGm
NZ>0

One easily checks that {S/: f € K} = {z € G,,, : N% > 0} and so by Lemma [4.1]

supp(v ﬂ U Cn(S7) ﬂ U Cp(z) as. (7.17)

m=1 feK0, m=1z€Gp,
NZ >0
This closely resembles the definition of A, in (7.13]). This way of viewing the construction
of supp(rv) makes it analogous to a version of fractal percolation where, instead of having
any cube C,,(z) either present or absent at time m, it can be present with some multiplicity,
corresponding to the number of particles lying at x in the process. The evolution in time
of the number of particles at each site is described in the following lemma.
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Lemma 7.4. The law of the process (NZ, © € Gy,))m>o0 can be described as follows:
o N)=1

e For any m > 1, conditionally on ((N¢, v € Gi))o<k<m-—1, the random vector
(NZ, x© € Gyy,) is distributed in such a way that for all x = x1 ... 2, € Gy,

m?

ST Ty LTy —1,m—1
N 1 m IZ 1 m—1

N = mi i > Ml = ), (7.18)
i=1 Jj=1

where the (ZP™ . y € Gy, i,m € N) are i.i.d. with the same law as Z and the
(uzbm_l : Yy € G1, i, j,m € N) are i.i.d uniformly chosen over {0,..., B —1}4,

Proof. This follows easily from the equality (4.10). We leave the details to the reader. W

To achieve the coupling mentioned above we will assume that for some ¢ € (B¢, ),
the branching distribution, £(Z7), is Poisson with mean p = c¢B®. (7.19)

For Z as in the above we will write Z ~ Poi(u). A reason to assume the branching has
a Poisson law is that the description of the distributions arising in Lemma becomes
particularly simple: in , if Z ~ Poi(u) then, conditional on N;»*7*""" the summing
and thinning properties of the Poisson distribution ensure that the (N% : z = .21 ...z, €
G,,) are independent with respective distribution Poi(cN; 7" "). Recall from Section

that p = B%, so we are (for now) replacing the parameter § by

c=B7"%¢c (B ). (7.20)

Note that ¢ = 1 corresponds to the critical case d = 2 in Section , which will be of

B
particular interest to us.

Lemma 7.5. If B~ < ¢; < ¢y, then we can construct B-ary CSTRM’s v;, i = 1,2
corresponding to p = p; = c;B%, so that supp(vy) C supp(vs).

Proof. We may build two collections of i.i.d. Poisson (y;) r.v.’s {Z/ : f € F} (i = 1,2)
which are coupled so that ch < Zg for all f € F. For:=1,2 let v; be the B-ary CSTRM
constructed in and Section 4| using {Z/ : f € F} and the same ii.d. collection
{X/: f € F}. The conclusion is now clear from Lemma [4.1] |

Proposition 7.6. If B € N22 and ¢ > B~ there is a B-ary CSTRM, v, satisfying
(7.19) and an fp-Cantor set, Ay, with parameters (B,1 — e~ ), both defined on the same
probability space such that Ay, C supp(v) a.s.

Proof. Assume B, c and v are as in the statement of the Proposition. Let us work on a
probability space where the following collection of random variables are defined
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o (Z" 1 i>1,x€Gy,m >0)iid with the same law as Z in (7.19)),

o (u;]" ¢ i,j>1,x € Gp,m >0)iid. with distribution Uniform({0,..., B —1}9),

all jointly independent. From those random variables we define two processes (f\?;;, x €
Gm)m>0 and (Ix

r. T € Gp)m>o inductively on m as follows:
[ ] N(()) = IN(()) _— 17
e Forallm>1, forall x = .21...2, € G,

oy R | 41‘1..4zm_1,m*1
Nmfl Zi

NZ = Z Z Lot =)

i=1 j=1

and
LTy ] XY Ty —1,m—1
I7n71 " ZZ ! met
T . X1...T ;m—1
IV :=min | 1, E L(ug ;" =Tp)
i=1 =1
Next define
and
m>1 EeGm m>1 {eGm
Nz,>0 Iz,>0

We need to check the three properties below to get our result:

(a) By has the law of supp(v) where v is a B-ary CSTRM with Poisson reproduction
with mean cB?,

(b) A has the law of an fp-Cantor set with parameters (B,1 — e ),
(¢) Ax C B

The first assertion follows from Lemma [7.4] and (7.17). Indeed, from Theorem E@]
, and Lemmawe can even define 7 as the a.s. weak limit of = > N 20

xeGm,N’” >0
as m — 00, so that  has the same distribution as v and B, = supp( ) a.s. by (7
For . a straightforward induction on m shows that I r < NP for all x € Gm and
m > 0, which implies the result.
It remains to show @ For that, for any m > 1 and z = .2 ... x,, € G,,, we introduce

ST Ty
Zl 1 m—1

Com =1 Z 1w = 2,) > 0

Jj=1
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Now, using the thinning property of Poisson random variables, we get that

ST Ty
Z1 1 m—1

Do My =)

j=1
is Poi(c) and that all those random variables for different values of (z, m) are independent.
This implies that (é,,, : = € Gy,,m > 1) are i.i.d. Bernoulli with parameter 1 — e . In
addition, we can check by induction that for any m > 1 and =z = .21 ...z, € G,,,

m
~ -
Im = H €.xy..xp,k-
k=1

This and show that the family of random variables (I” : 2 € G, m > 1) has the
same law as (I? : © € Gy, m > 1) in the definition of fractal percolation, and hence A
is as in @ |
Remark 7.7. Letp > B~% and set L = {0,..., B—1}2. It is not hard to show that the fp-
Cantor set, Ay, with parameters (B, p), is equal in law to supp(v) for a STRM v with L(Z)
chosen to be Binomial(BY, p), 8 > 0 given by B~ = /2 (here p = E(Z) = B% > 1),
and for each k € N, X, = (Xjx,J < k) € LF, with law Qg, is a uniformly chosen vector
of k distinct sites in L. More precisely, for x € L¥ with distinct coordinates,

Qu({}) = [BU(B! = 1) x -+ x (B! = (k= 1))] "

The lack of independence of the coordinates of X, means that v is not a B-ary CSTRM,
as defined in Section . Note also that each X, is uniformly distributed over L and the
required exchangeable property of each Qi holds, and also that is true for any ¢ > 0.
A proof of this claim can be found in Section[B. of the Appendiz.

Remark 7.8. A subset of the arguments used to prove Theorem will show the same
conclusion holds for an fp-Cantor set, A, with parameters (B, p), where we assume p €
(B=%,1) to ensure non-triviality. We may again work under Q where properties and
(6.2) still hold (they do for any STRM). Now the process (|J5™|)m>o is identically 1 as
we have single occupancy in our approximating measures, so we can establish Lemma
directly as before without Lemma[0.3. Theorem [6.1] follows as before.

For this random Cantor set there are non-trivial connected components with positive
probability whenever p is sufficiently close to 1 (Theorem 1 of [6]), and so (Remark[7.7)
we have an example of a STRM where a.a. points in its support are totally disconnected
(by the extended Theorem but the support has non-trivial connected components with
positive probability.

Theorem 7.9. Assume d > 2 and ¢y > 0 satisfies 1 — e~ > p.(L?). There is a By =
Bo(co,d) € N=2 such that if B > By, ¢ > ¢y and v is the B-ary CSTRM associated with
the Poisson (cB®) distribution, then

P(supp(v) percolates) > 0 and P(supp(v) not TD|v # 0) = 1. (7.21)
In particular, the above holds if 1 — e~ > p (Z%).
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Proof. By Theorem there is a By € N=2 such that for B > B, and ¢ > ¢,
pe(B,d) <1 —e"<1—¢e¢and B4 < Bo_d < ¢y <ec. (7.22)
If v is as in the Theorem, then the above inequalities and Proposition [7.6] imply
P(supp(v) percolates) > P(A(B,1 — e )) percolates) > 0.

Lemma now implies the last equality in (7.21]). The final assertion of the Theorem
holds because (see [20]) p.(Z%) > p.(L%). |

It is easy to prove Theorem[I.5| by reinterpreting the above using our original parameter
B = % instead of c.

Proof of Theorem [I.5l If d > 3 then by [] p.(Z%) < 1/2 (the reference handles d =
3 but it then follows trivially for d > 3). Therefore we may take ¢y = log2 < 1 in
Theorem and let By be as in that result. Recalling the connection between ¢ and 3 in
(7.20]), we see that the condition ¢ > ¢q in Theoremis equivalent to 0 < 8 < §+5(d, B),

where ) 5
d,B) = ——=>0.
B = T Nogllog )]/ 10g B) ~d~

(a)| is now immediate from Theorem .
(b)| follows just as above but now use (1.4]) to find 0 < ¢y < 1 so that p.(Z?) < 1 — e~

and take

2
B = s ogteo)jiogm) 7

Remark 7.10. If we fiz d, B € N2 and consider the B-ary CSTRM, vg, associated with
the Poisson distribution with mean p = B*? it follows from (7.20) and Lemma that
P(supp(vg) percolates) is non-increasing in 5 > 0. Therefore if B.(d, B) = inf{ > 0 :
P(supp(vg) percolates) = 0}, we see that supp(vg) percolates w.p. > 0 for 0 < f < . and
fails to percolate a.s. for 8> B.. Theorem[1.9 and Theorem 1.5 imply that

for B> By(d), p.(d,B)e€ (2/d,4/(d+1)], ford > 2. (7.23)
Moreover percolation fails at this upper bound.
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A Tables of notation

Table 1: Table of notation for Section [2]

F, set of finite sequences of integers of length n, i.e. N{T-n}
Fy by convention Fy = {0}
F set of finite sequences of integers [' = U)? ),
1 set of infinite sequences of integers I = NV
ilm sequence i restricted to its first m terms (i1, ..., in)
k(1,7) generation of the most recent common ancestor of ¢ and j
A number of children of individual f € F
K/ descendants of individual f at generation n (12.1)
K2 set of all the descendants of the root K2 := U, K?
K set of infinite lines of descents K = {i € I : i,y < ZW for all j € Z, } 24
D(f) set of possible descendants of f,i.e. D(f)={g€ F :g/m = f} (2.3
D(f) set of possible infinite line of descent from f ie. D(f) ={i € I :ilm = f} | (2.3
W asymptotic mass of descendants of f i.e. W/ = lim,, o u | K/ 2.2
Y random measure supported on K so that Y (D(f)) = W/ 2.6
p = (pr)k>0 | reproduction measure
Z random variable with law given by p
w>1 expectation of the reproduction measure (11.1)
£>0 parameter of our model
p>0 displacement exponent, obtained as p = /2
(Xonk) m<k | displacement vector

m,keN
Q° distribution of the displacement vector
Qx symmetric displacement law given k children
Xf; A spatial displacement of the mth child of f, given that f has k children
St spatial position of individual f € K2 2.9)
St limiting position for the line of descent 7 € K 2.11
v push-forward of the measure Y through the map i — S* 2.13
Up an adapted approximation of v
Un a multiple of v, with integer values
Up, another, non-adapted, approximation of v
v a generic integer-valued finite random measure on R?
3 generic Borel map R? — (0, 1]
G¢ p.g.f. of a random measure v applied to &
GL& p.g.f. of the random measure 7,, applied to &
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Table 2: Table of notation for Section [3]

C space of continuous R%valued paths on the unit interval
T projection map, for y € C' we have m,(y) = y(t)
Yyt stopped path s — y(s A1)
Ct set of paths stopped at ¢
y/s/w concatenation of paths y and w, joined at time s (3. 1))
Cy canonical filtration on C'
Ts+ semigroup of the inhomogeneous process (B, ¢ € [0,1]) (3-2)
(Hy,t € [0,1]) | historical super-Brownian motion
Qm probability for (Hy,t € [0,1]) started from measure m
P~ cluster law for SBM
(H/,t €10,1]) | historical branching Brownian motion with rate function A (13.5))
A continuous function from [0, 1) to R, later taken to be s ﬁ
(X/,t €]0,1]) | ordinary BBM associated to H;

“m measure for historical BBM started at m at time s
Q" shorthand for for Qf 5,
Py, probability for ordinary BBM X* started at time s from n
Mp(E) space of finite measures on a metric space F
Np(E) subspace of Mp(E) consisting of Z-valued finite measures
0 generic Borel map 6 : C' — (0, 1]
G,0(m) p.gf. of Hf under Q% 3.0)
Gs4&(x) p.g.f. of X; under P, 3.10
N, the number of points in the BBM at time ¢

Table 3: Table of notation for Section

d dimension, assumed larger than or equal to 2
B integer larger than 2
7 expected value of the reproduction distribution
6] exponent 3 = %
p rate of decrease of spatial displacements, p = u=?#/2 = B!
X Jlm (unscaled) displacement of the particle f|m
Gm level-m grid approximation of [0,1)¢, i.e. G,, = [0,1)? N B~™Z¢
Con() d-dimensional cube of edge length B~ with “lower left corner” z € G,
z() jth coordinate of x € R?

Ty... Ty | point x € G, such that for j =1,...,d, 29 =", méj)B_Z.

- set of individuals at position x at time w (14.9)
A, set of level-m closed cubes {Cy,,(x) : x € G\, }
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B Appendix

B.1 Proof of Proposition (3.1

We follow the reasoning in Section 3 of [14]. If H; is a random measure in Mp(C) define
an increasing collection of o-fields for s € [0, 1] by

G =o({1(Hi(A) > 0), A e C,)).

In practice we consider H; under either P* or Qs,. If s € [0,1) we let H,"® denote a version
of the conditional expectations P*(H;(-)/((1 — s)v/2) | GF) which is a random measure on
C. For s < 1 under Qj, (and hence also under P*) r,H, = S, e;d,, for some finite
collection {y1,...,ya} in C*® (see Theorem III.1.1 of [36] or Proposition 3.5(a) of [14]). It
helps to think of G as the o-field generated by the set of atoms {yi,..., v}

Proposition B.1. Under P* there is a cadlag version of (reH;®, 0 < s < 1) which is
equal in law to the historical branching Brownian motion (HY, 0 < s < 1) under Q*.

This is Theorem 3.9(b) in [I4]. The existence of a cadlag version is implicit in the
proof.
The following is a minor modification of Theorem 3.10 of [I4].

Proposition B.2. Ife, | 0 where ¢, € (0,1), then

lim —nry . H"W ™ =H P*—a.s.
n—oo

Proof. For s < 1 define H{ as H;® but now using Qs, in place of P*, that is, H{ is a
version of Qs,(H1(+)/((1 — s)v/2) | GF) which is a random measure. Theorem 3.10 of [14]
implies

lim 5”771{11—6” — H, Qs —as. (B.1)

n—oo
Assume ¢ : C' — R is bounded and continuous. If 7,w = w!™*", then

2L (e, HY5)(0) = SLH(0)| < Qo (Hi((60m) =) [Gi.). (B2)

Note that by dominated convergence we have Hy(|(¢ o 7,,) — ¢|) — 0 a.s. as n — o0,
and also that Hi(|(¢ o 7,) — @|) < 2||¢||H1(1) € L'. Therefore by Hunt’s Lemma (see
Theorem 45 in Ch. V of [16]) we have that the right side of approaches 0 a.s. By
considering a countable convergence determining set of ¢’s (e.g., use Theorem 4.5 in Ch.

3 of [19]) we can conclude from (B.1)) and (B.2)) that

lim 5"777“1_5”1{11‘5” —H, as. (B.3)

n—0o0

Let ¢ be as above. By the cluster decomposition (3.3)) the above implies that

N N
Qo (Yo Hi(0)|Gis,) = Do Hi(0) asn 00, @y —as,  (BA)
=1

=1
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where N and H{ are as in ([3.3). Proposition 3.5(b) of [14] with ¢ = 1 and € 1 1 in that
result shows that IV is Gi__ -measurable. If we apply (B.4)) on the event {N = 1} we get

Qoo (M2, Hi(O)LN = 1) [G1_.,) = Hi(¢)L(N = 1) asn = 00 Q5 —as. (B

Note that Qs,(H; € -, N = 1) and P*(H; € -) are equivalent measures. We claim that

Qso (M-, Hi(Q)UN =D [G1 ) =P (11, Hi(0) [G1_, )I(N = 1) Q5 —as. (B.6)

Note that both sides of the above are measurable functions of H; € Mp(C). To prove
it suffices to show that for any Ay, ...,, Ay € C1_., we have

r1e, Hi(¢)1(N = 1) dQs, (B.7)

-----

.....

Given the above, a monotone class theorem then gives . By the cluster decomposition

(3.3) the left-hand side of (B.7)) equals

ri-e, 11 (¢)L(N = 1)dQs,

,,,,,

= Qs,(N = 1)/ T, Hi(¢)1(N = 1)dP*,

{H1(A;)>0 for j=1,....k}

which is the right-hand side of (B.7)). Now use the equality in (B.5)) and the afore-
mentioned equivalence of measures to conclude that

lim ]P*(Tl_enHl(¢> | gf_en) = Hl(qb), P* — a.s.

n—oo
By considering a countable convergence determining set of ¢’s we conclude that

E‘:n’}/ *,1—ep

lim _Tl—enHl = H17 P* — a.s.,

n—oo 2
and the proof is complete. [ |
Proof of Proposition Propositions and give Proposition [3.1] [

B.2 Proof of Proposition [3.4,

Proof of Proposition We give a standard construction of H; as an explicit tree-
indexed system of BBM’s (e.g. see Ch. 8 of [40] or Ch. 1 of [2]). Let I = U {0} x{0,1}",
write |5| = n if B € {0} x {0,1}", and let 73 denote the parent of g € I\ {0}. Consider
an i.i.d. collection {W" : 3 € I} of standard d-dimensional Brownian motions starting at
0, and an independent i.i.d. collection {(7)sc0.1) : 8 € I} of Poisson processes with rate
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1d—_‘98. We inductively (on |3]) define the death time T of particle 3 by setting 77 = 0
(even though 70 is not defined) and for |5| > 0,

T8 =inf{t > T : A7) =1}.

We also call 7™ the birth time of particle 8 and write 5 ~ t iff 7™ <t < T”, and in this
case say [ is alive at time t. Again by induction on |3| we define an R¢-valued process,
B?, stopped at T?, by B°(t) = W(t A T°) and for |3] > 0,

BA(t) = B™5(t), if t < T75,
BT+ [JUT <u< TP AWS, it t > TP,

IfF =c{r?:8 eI})va({W?(s): s <t,3 € I}), then it is easy to check that B is a
standard d-dimensional F;-Brownian motion stopped at the Fy-measurable time 777 and
starting at 0. Then H; = st OB8(.nr) defines a historical branching Brownian motion
with law (g 5,- This should be clear but can also be shown, for example, by verifying
through direct calculation. Therefore if £ € N and ¢, ¢ are as in the Proposition, then

Q" (H; (0)1(H; (1) = k) = E(E (Z¢ B(- AR (B B~ 1} = K)
(ZE< AUlfo) (I{ﬁ:ﬁwt}|:k)>

- E(Z Eo(9(B(- AEATNL{B: B ~ 1} = )

— kEo(6(BY)Q" (H; (1) = k).

In the last line we use the fact that ¢ < 7% on {8 ~ t}. This gives , and - is
then immediate.

B.3 Proof of Proposition

We first restate the proposition.

Proposition B.3. Let v be a random measure in Np(R?) such that P(0(1) = k) > 0
for all k € N. For each k € N there is a unique symmetric probability, Qy, on (R%)*
(symmetry in the k R%*-valued components) such that

/Hﬁ(xz)dé?k(xl, . ap) = E(exp{p(log &)} | (1) = k) for all Borel £ : R* — (0, 1]).

(B.8)
Moreover for all i < k,

/1(@- € )dQu(z1, ..., ap) = %E(D(-) |5(1) = k). (B.9)



Proof. Fix k € N and work under P(-|v(1) = k). Let S = {z € R : ({z}) > 1} be the
support of o, order the (at most k) points in S lexicographically, and repeat each z € S

7({x}) times to construct random variables X1, ..., X). In words X' is “the lowest of the
left-most points” in S and one can easily check measurablhty. X, is defined as X; but
for v — 04 . Proceeding inductively we see these are all r.v.’s. Let 7 be an independent

random permutation chosen uniformly from S, and set X; = Xm fori=1,...,k. Then
{Xi i <k} are exchangeable and 7 = S Ox,. Let Q be the law of (X1, ..., X}). Then
Q. is symmetric and for & as above,

/ﬁﬁ(xi)dék(%, e Ty) = E(exp{ilogg(&)} ‘ 7(1) = k;)
= E(exp{r(log&)} [ v(1) = k).

For uniqueness define an equivalence relation ~ on (R%)* by (z1,...,21) ~ (y1,-- -, Yx)
iff for some 7 € S, y; = xy for all ¢ < k (write y = wz). Now apply Stone-Weierstrass
on the locally compact space (R?)*/ ~ (see Ex X1.6.6 on p. 255 of [I7]) to the algebra of
linear combinations of [ [,_ : &(x;), where € : R — (0, 1] are contmuous functions vanishing
at infinite (i.e., is in Co(R (0,1])). This shows that (B.8) uniquely determines [ ¢ dQy,
for all symmetric functions ¢(£E‘1, .xp) € Co((RHF, ) If ¥ € Co((R* R), then ¢(z) :=
5 Does, Y(mx) is symmetric in Co((R%)*, R). The symmetry of Qi shows [¢dQ =
[ ¢ dQy. The uniqueness result follows.

Turning to , let i < k and ¢ : RY — R be bounded Borel. Then

[ownac= [ %ﬁjaﬁ(sﬂj)d@k (%Zij

[ |
B.4 Proof of Lemma [7.2]
We first restate the Lemma.
Lemma B.4. For any f € F,,, Y/ = 1(f € K2)pu ™Y}y.
Proof. Assume n € Z, and g € F,,. Then
D(fyn{iel:T"i e D(g)} =D(fVy),
and so - -
YI(D(9)) =Y(D(fVg)) = LfVyge Ky, )W (B.10)
For N > n we introduce the f-shifted analogues of K%, and WY, that is,
Kfyy={h € Fy:hln=ghja < 2 = 2700 for n < j < N}, (B.11)

61



and
g _ 1 —N| 19
Wi —]\pm 1 ‘K[f],N"

We have

fvgeK?

m+n

— fecK? andgj_mHgZ(fvg)‘j forj=m,....m+n—1
< fe K’ and ngngV(g'j) forj=0,...,n—1 (B.12)
— feK andgGKBc]’n.

In addition,
W9 = lim V| KL
N—o00
:J&EHOOM_NH}LE Eyx:hl(m+4n)=fVghj<ZWform+n<j<N}
= lim p"|{h € Fx:hlm= f,(T™h)|n = g,
N—ro00
(T™h) ;41 < ZVE"HD) for n < j < N —m}|
= p" lim =R € Fy s Wn =g,
—00
Wiy < ZIVWD for n < j < N —m}|

= lim RS L (by (BIT)
g, m g
~ (B.13)

Clearly (B.10)), (B.12), (B.13), and the definition of Y from ([2.6]) imply

Y/(D(g)) = 1(f € Kp) (g € Ky, )u "Wy = 1(f € K)p~"™Yy(D(g)).

The result now follows, just as in the uniqueness proof of Proposition [2.1] [

B.5 Proof of Remark [7.7l.

We repeat the statement of the Remark for convenience.

Remark B.5. Let p > B4 and set L = {0,..., B — 1}4. It is not hard to show that the
fpo-Cantor set, A, with parameters (B,p), is equal in law to supp(v) for a STRM v with
L(Z) chosen to be Binomial(B?, p), 8 > 0 given by that B~' = =%/ (here up = BE(Z) =
Bip > 1), and for each k € N, X, = (Xjx,J < k) € LF, with law Qy, is a uniformly
chosen vector of k distinct sites in L. More precisely, for x € L¥ with distinct coordinates,

Qul{a}) = (BB = 1) x - x (B = (k= 1)
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Proof. If Z and X = {X}, : k € N} are independent and are distributed as above (the
joint law of {X}} is irrelevant), then a moment’s thought, or an elementary calculation,
shows that (e;).cr defined so that

Z
VeeL, e=1lwe{X;z:i<Z) =) UX;z=u1) (B.14)
j=1

is an independent collection of Bernoulli(p) r.v.’s.

Let v be the STRM described above, as constructed in Section 2 Although it is not a
B-ary CSTRM, v, is still carried by G,, and so we can still use the notation N defined
in and the representation for v, in . Also the boundedness of Z and uniform
boundedness of the coordinates of X = (X;k, 7 < k) allow the proof of Lemma to go
through unchanged and so (|7.17)) remains valid. In addition the natural analogue of
holds, namely

zf
N g = S = ) (519

feg L mm=1 =1

where .z ... 2,1 = 0 if m = 1. A simple induction on m now shows that N? = 0 or 1

for all z € G,,, and m € Z;. As in Lemma[7.4] (B.17) allows us to obtain the analogue of
(7.18),

ST Ty
Nm—l

Nptm= D X MR = o) (5.16)

i—1 j=1

7Tl Tm—1 ,m—1

where the (Z¥™1: y € G,,_1, m € N) are i.i.d. with the same law as Z, the (X;{’,gn_l ;

J <k € N)yeg,, 1men are i.i.d. copies of X , and the two collections are independent.
The fact that NY,_; = 0 or 1 means we do not need multiple i.i.d. copies of (Z¥™ 1 y €

Gm-1,m € N) or ()Zy’m_l, y € Gp_1,m € N) as before. Define

Z'Il'“szlwm_l
- z : L1...Tm—1,m—1 -
6.x1...xm,m - 1(X~Z.zl...zmy_1,m71 - :L‘m)a
-]7
J=1

so that by (B.16]) and induction,

m
le ™= e.xl.‘.xk,lv
k=1

Clearly (B.14]) and the independence properties of {Z¥™~1, Xvm=1 . e G, meE N}
imply that {e;m : © € Gy, m € N} are i.i.d. Bernoulli r.v.’s with parameter p. Let A, be
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the associated fp-Cantor set with parameters (B,p). By (7.13) (note that NZ is the IZ
appearing there) and ([7.17)) we have w.p.1,

A=) | Culz) = supp(v),
m=1z€Gm
NZ >0

and the derivation is complete. [ |
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