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Abstract

Super-tree random measure’s (STRM’s) were introduced by Allouba, Durrett,
Hawkes and Perkins as a simple stochastic model which emulates a superprocess at
a fixed time. A STRM ν arises as the a.s. limit of a sequence of empirical measures for
a discrete time particle system which undergoes independent supercritical branch-
ing and independent random displacement (spatial motion) of children from their
parents. We study the connectedness properties of the closed support of a STRM
(supp(ν)) for a particular choice of random displacement. Our main results are dis-
tinct sufficient conditions for the a.s. total disconnectedness (TD) of supp(ν), and
for percolation on supp(ν) which will imply a.s. existence of a non-trivial connected
component in supp(ν). We illustrate a close connection between a subclass of these
STRM’s and super-Brownian motion (SBM). For these particular STRM’s the above
results give a.s. TD of the support in three and higher dimensions and the existence
of a non-trivial connected component in two dimensions, with the three-dimensional
case being critical. The latter two-dimensional result assumes that pc(Z2), the crit-
ical probability for site percolation on Z2, is less than 1 − e−1. (There is strong
numerical evidence supporting this condition although the known rigorous bounds
fall just short.) This gives evidence that the same connectedness properties should
hold for SBM. The latter remains an interesting open problem in dimensions 2 and
3 ever since it was first posed by Don Dawson over 30 years ago.

1 Introduction and Description of the Main Results

Let MF (E) denote the space of finite measures on a metric space E equipped with the
topology of weak convergence. Super-Brownian motion (SBM), (Xt, t ≥ 0), is a continuous
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MF (Rd)-valued random process arising as the scaling limit of critical branching random
walk. It also is the scaling limit of a number of other models in population genetics and
statistical physics, the latter for d above the critical dimension (see, e.g. [38, 28]). Even for
the case d = 2 or 3 which will motivate this work, it arises as the limit of the rescaled voter
model [8], rescaled Lotka-Volterra models [10], or spatial Lambda-Fleming-Viot processes
([7, 9]). Recall that A ⊂ Rd is totally disconnected (TD) iff it contains no connected subset
with more than one element. We let supp(M) denote the closed support of a measure,
M , defined on a metric space with its Borel σ-field. For d = 1, the measure X1 has a
continuous density (e.g., Theorem III.4.2 of [36]) and so supp(X1) will contain intervals of
positive length if X1 ̸= 0. An elementary cluster decomposition will show supp(X1) is a.s.
totally disconnected if d ≥ 4 (see Section III.6 of [36]). Whether or not supp(X1) is a.s. TD
in 2 or 3 dimensions has been an interesting open problem for over 30 years ago (see, e.g.,
Sec. 4 of [35]). (The answer will be the same for supp(Xt) for any t > 0 and any initial
condition X0 by general absolute continuity results (e.g. Theorem III.2.2 in [36]).) One
suspects that there is a critical dimension and so the problem cannot be “difficult” in both
unresolved dimensions. We partially resolve this disconnectedness problem in dimensions
2 and 3 for a closely related class of models from [1] called super-tree random measures.
We believe this clarifies the state of affairs for SBM itself, as conjectured below.

To describe the models from [1] we start with an offspring law on Z+ given by p =
(pk, k ∈ Z+), where

µ =
∞∑
k=0

kpk > 1 and
∞∑
k=0

k2pk <∞. (1.1)

Introduce an Rd-valued random vector X with finite mean, a parameter β > 0, and set
ρ = µ−β/2 ∈ (0, 1). We set Z+ = {0, 1, . . . } (unlike [1]). Define an MF (Rd)-valued discrete
time process (νn, n ∈ Z+) as follows:

(a) At n = 0, we set ν0 = δ0 (i.e., a single particle starts at the origin).

(b) In generation n ∈ N = {1, 2, . . . } each particle splits into k particles with probability
pk and each “child” is displaced from its parent by an amount equal in law to ρnX.
The displacements and the numbers of children are independent for each particle
and each generation, and are also independent from each other.

(c) The random measure νn assigns mass µ−n to the location of each individual in
generation n.

Clearly µnνn(Rd) is a supercritical Galton-Watson (GW) process with offspring law p
and so νn(Rd) → W a.s. as n → ∞, where P(W = 0) is the probability that the GW
process becomes extinct in finite time. In fact Theorem 11 of [1] (or see Theorem 2.6(d)
below) implies that νn converges a.s. in MF (Rd) as n → ∞ to a limit ν which we call a
classical super-tree random measure (CSTRM). In this work we will also assume a mild
polynomial decay on the tail probability of X (see (2.12)) which will ensure that supp(ν)
is a.s. compact (Theorem 2.6(b)). Unlike [1] we will allow p0 > 0, which affects little aside
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from the fact that now ν = 0 may occur with positive probability. We reserve the term
super-tree random measure (STRM), used in [1], for a slightly larger class discussed below
and constructed in Section 2.

If B ∈ N≥2, a B-ary CSTRM associated with p is the CSTRM with L(X), the law
of X, uniform on {0, 1, . . . , B − 1}d and β = 2 logB

logµ
, or equivalently, ρ = B−1. Intuitively

a typical point in supp(ν) is given by S =
∑∞

m=1B
−mXm ∈ [0, 1]d where {Xm} are i.i.d.

copies of X. The individual offspring displacements correspond to the B-ary expansion
of each coordinate of S. In particular, supp(ν) ⊂ [0, 1]d. See Section 4 below for a more
careful discussion.

The class of CSTRM’s was introduced in [1] as a toy model for the study of SBM. We
now give an intuitive comparison of B-ary CSTRM ν and X1. First note that

given νn, the displacements being added to the particles in generation n to con-
struct ν are now scaled by B−n.

(1.2)

So conditional on σ(νk, k ≤ n), ν is a sum of a Binomial (µnνn(Rd),P(W > 0)) number of
independent clusters which are scaled copies of ν conditioned to be non-zero and relocated
at the parent and where the spatial scaling factor is B−n = µ−βn/2 as in (1.2).

For the time being we allow our SBM (Xt) to have (1+ β)-stable branching , for some
β ∈ (0, 1], and a branching scale factor of γ > 0 so that the non-linear equation associated
with (Xt) has non-linearity ϕ(λ) =

−γ
2
λ1+β (see p. 49 of [14]). Here our γ differs from that

in [14] by a factor of 1/2 so that if we consider the usual SBM (when β = 1), γ corresponds
to the variance of the critical offspring law in the branching random walk approximation
(see, e.g. Theorem II.5.1(c) of [36]). Consider the cluster decomposition of X1 correspond-
ing to the ancestors at time 1−B−2n. By Brownian scaling this time lag will result in the
Brownian displacements agreeing with those in (1.2). By Proposition 3.5 of [14], condi-
tional on σ(Xt, t ≤ 1− B−2n), the measure X1 is a sum of a Poisson number of indepen-
dent clusters, where the Poisson has mean X1−B−2n(Rd)((2/γ)B2n)1/β = cµnX1−B−2n(Rd).
Proposition 3.5(b) of [14] also identifies the laws of the individual clusters making up X1,
which again are scaled relocated copies of the “cluster law” associated with SBM described
in Section 3 below (it is the canonical measure of X1 conditioned to be non-zero).

The above cluster descriptions of X1 and ν are very similar and in fact underlie a num-
ber of common properties of the two processes. For example, recall that dim(supp(X1)) =
(2/β)∧ d a.s. on {X1 ̸= 0} where dim(A) denotes the Hausdorff measure of a set A ⊂ Rd,
and that for d < 2

β
, X1 a.s. has a density. See Theorems 9.3.3.1 and 9.3.3.5 of [11] for

the former, and [22] and Theorem 8.3.1 of [11] for the latter. For B-ary CSTRM the a.s.
existence of a density for d < 2

β
follows from Theorem 3 of [1] and the reference given

there. This implies that supp(ν) has positive Lebesgue measure a.s. on {ν ̸= 0}. The fact
that dim(supp(ν)) = (2/β) ∧ d a.s. on {ν ̸= 0} follows from Theorem 2.11 below which
gives this result for our class of STRM’s, extending a result for CSTRM’s in [1]. We refer
to the setting where 2

β
= d (i.e. µ = Bd) as the critical case.

Although we believe the connection between SBM and B-ary CSTRM’s is quite close
for β = 1, this connection for β ̸= 1 is a bit more tenuous. For example, B-ary CSTRM’s
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will have finite second moments while SBM for β < 1 will not. Henceforth SBM will refer
to the standard β = 1 case.

If h : [0, δ) → [0,∞) is a continuous strictly increasing function for some δ > 0 with
h(0) = 0, we let h-m(A) denote the h-Hausdorff measure of a set A ⊂ Rd. In Section 4 we
refine the above dimension results and prove the following for a B-ary CSTRM:

Proposition 1.1. (a) In the critical case 2
β
= d we have xd log(1/x)-m(supp(ν)) < ∞

a.s., and in fact is an integrable r.v. In particular, supp(ν) is a compact Lebesgue
null set of full dimension a.s. on {ν > 0}.

(b) If 2
β
< d, then x

2
β -m(supp(ν)) <∞ a.s., and in fact is an integrable r.v.

Both of these results are well-known for SBM (so now β = 1) where exact Hausdorff
measure functions are even known (see Theorem III.3.8 of [36]).

In Section 4 we derive the following hitting estimates for B(y, r), the Euclidean ball in
Rd, centered at y and of radius r. Again we are in the setting of a B-ary CSTRM, ν.

Proposition 1.2. There are constants 0 < c1.2 ≤ C1.2, depending on (d,B,L(Z)) such
that:

(a) If 2
β
= d, then for all y ∈ [0, 1]d and r ∈ (0, 1

2
], c1.2

log(1/r)
≤ P(ν(B(y, r)) > 0) ≤ C1.2

log(1/r)
.

(b) If 2
β
< d, then for all y ∈ [0, 1]d and r ∈ (0, 1],

c1.2r
d− 2

β ≤ P(ν(B(y, r)) > 0) ≤ C1.2r
d− 2

β .

Remark 1.3. If we set β = 1 in the above we get for all y ∈ [0, 1]d and r ∈ [0, 1/2],

for d = 2,
c1.2

log(1/r)
≤ P(ν(B(y, r)) > 0) ≤ C1.2

log(1/r)
,

and
for d > 2, c1.2r

d−2 ≤ P(ν(B(y, r)) > 0) ≤ C1.2r
d−2.

These are the same asymptotics that hold for SBM, X1, at time 1 say, under its cluster
measure. For d = 2 this is Theorem 2 of [29] and for d > 2 see Theorem 3.1 of [12]. (The
latter reference works with the law of SBM, not the canonical measure, but the same PDE
arguments apply in the latter setting.)

In Section 3 below we will show in fact that SBM (recall now β = 1) satisfies a
construction very similar to that of ν above except that the law of the sibling locations
born in each generation are given by a symmetric (in the k vectors) law Qk on (Rd)k

depending on the number of offspring k. The sibling locations may be dependent for
a given k but, as before, the displacements and offspring laws remain independent for
distinct generations and distinct parents. In addition, all of the Qk marginals have the
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same law L(X). We call such a random measure a super-tree random measure (STRM).
In Section 2 we show the main properties derived for CSTRM’s in [1] remain valid for this
more general class. For example, if S =

∑∞
m=1 ρ

mXm where {Xm} are i.i.d. copies of X,
then ν has mean measure E(ν(A)) = P(S ∈ A) for all Borel A ⊂ Rd (Theorem 2.6(c)).
Then in Section 3 (see Theorem 3.7) we show that for any µ > 1, 2

γ
X1 under its cluster

law is in fact a STRM with β = 1, with L(Z) geometric with mean µ, and with L(X) a
centered d-dimensional Gaussian with covariance (µ − 1)Id, thus making the connection
between SBM and STRM’s even closer. The factor of 2

γ
is only needed for normalization

because as noted above the mean measure of any STRM is a probability.
Our main results (Theorems 1.5 and 1.9 below) concern connectedness properties of

supp(ν). Let comp(x) denote the connected component in supp(ν) containing a point
x ∈ supp(ν) and use the same notation for X1 in place of ν. For X1, Tribe [39] proved
that if d > 2 then w.p.1 for X1-a.a. x, comp(x) = {x}. His proof just fails if d = 2. In
Section 6 we adapt Tribe’s argument to prove the analogue for B-ary CSTRM’s, which
again agrees with SBM when β = 1.

Theorem 1.4. If ν is a B-ary CSTRM with d > 2
β
then w.p.1 for ν-a.a. x, comp(x) =

{x}.

Note that the conclusion above does not exclude the existence of a non-trivial ν-null
connected component of supp(ν). In fact a natural example of this behaviour will follow
from one of our main results below (see Remark 1.7).

To describe our result on the existence of a non-trivial connected component in supp(ν)
we need some notation and terminology. Let Zd denote the standard cubic lattice (each
site has 2d neighbours) and let pc(Zd) denote the critical probability for site percolation
on Zd. (Later we will use the same notation for other graphs.)

Definition. Following [20], we say a subset S of [0, 1]d percolates iff S contains a connected
set which intersects both {0} × [0, 1]d−1 and {1} × [0, 1]d−1.

Theorem 1.5. Assume ν is a B-ary CSTRM associated with the Poisson distribution.

(a) Let d ≥ 3. There is a B0 = B0(d) ∈ N≥2 and for any B ≥ B0 there is an ε =
ε(d,B) > 0 such that if 0 < β ≤ 2

d
+ ε, then

P(supp(ν) percolates) > 0 and P(supp(ν) not TD | ν ̸= 0) = 1. (1.3)

In particular, (1.3) holds for the critical case β = 2
d
and any B ≥ B0.

(b) Let d = 2 and assume
pc(Z2) < 1− e−1. (1.4)

Then the conclusion of (a) holds. In particular, (1.3) holds for the critical case β = 1
and any B ≥ B0.
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Remark 1.6. There is a large literature on approximating pc(Z2) by simulations and by
using exact computations for crossing large finite squares. For example, Table 1 of [31]
gives a chronology of progressively more precise approximations culminating in the (non-
rigorous) value pc(Z2) = .59274605 . . . . This gives strong evidence that pc(Z2) < 1−e−1 =
.632 . . . is in fact true. The best rigorous bounds we know of are .556 < pc(Z2) < .679492,
where the lower bound is from [3] and the more relevant (for our purposes) upper bound
is proved by Wierman in [41]. So although (1.4) is undoubtedly true, a proof remains just
out of reach.

Remark 1.7. Under the hypotheses of Theorem 1.5 we see from that result and Theo-
rem 1.4 that for B ≥ B0, d ≥ 2 and some ε = ε(d,B) > 0, if 2

d
< β ≤ 2

d
+ ε, then w.p.1

comp(x) = {x} for ν-a.a. x ∈ supp(ν), but supp(ν) is not TD whenever ν ̸= 0. Here we
assume (1.4) if d = 2. Another STRM for which the same conclusion holds (without any
additional condition for d = 2) arises in fractal percolation (see Remark 7.8).

Remark 1.8. The question of whether a B-ary CSTRM with B = 2 and reproduction
distribution identically 4 in dimension d = 2 (hence with β = 1) percolates with positive
probability was raised by Nicolas Curien in 2017 in an open problem session at a workshop
held at Bellairs institute in Barbados. This question was motivated by the potential link be-
tween this model and the trace of Brownian motion in 2D, inspired by [37]. Unfortunately,
Theorem 1.5(b) does not cover this case, as the result only holds for B large enough.

The proof of Theorem 1.5 uses a comparison with fractal percolation (see Section 7 for
more on these random Cantor sets) and an asymptotic result in B for pc for percolation
on the resulting random Cantor set due to Falconer and Grimmett [20]. The latter leads
to the condition (1.4) on pc(Z2) when d = 2. (Our proof uses the same bound (1.4) on
pc(Zd) for d ≥ 3 but here it is a known bound.) We believe this condition for d = 2 is
spurious and the hypotheses in Theorem 1.5 are not sharp as the comparison with fractal
percolation leaves a gap. The Poisson offspring condition is used to couple the CSTRM
with a Cantor set obtained through fractal percolation but should also not be needed for
the result to hold.

In Section 5 we establish the following simple sufficient condition for total disconnect-
edness of the support of a B-ary CSTRM which complements Theorem 1.5.

Theorem 1.9. Let ν be a B-ary CSTRM in Rd associated with p. If d ≥ 4
β
− 1, then

supp(ν) is TD in Rd a.s. In particular for β = 1 this holds for d ≥ 3.

Remark 1.10. (a) A natural way to disconnect supp(ν) into disjoint closed sets of small
diameter is to take cubes of edge B−n with “lower left-hand” corners given by the points in
supp(νn). This follows the proof of TD for SBM for d ≥ 4 and would only lead to TD for
d ≥ 4

β
(to ensure asymptotic disjointness of the cubes). In the proof of Theorem 1.9 a more

involved decomposition is used and the proof proceeds using a fairly tight supermartingale
convergence argument. We believe that the condition d ≥ 4

β
− 1 may be sharp for a.s. TD

of supp(ν). If β = 1 this suggests that d = 3 is critical for TD to hold for supp(ν).
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(b) Assume the hypotheses of Theorem 1.5. In the critical case 2/β = d we know
from Proposition 1.1(a) that supp(ν) has finite xd log(1/x)-Hausdorff measure and so is a
compact Lebesgue-null set which may percolate by Theorem 1.5 (with the caveat of assuming
(1.4) if d = 2). In fact by Theorem 1.5 percolation can still occur for 2/β slightly smaller
than d in which case supp(ν) is even more singular as it has finite x2/β-Hausdorff measure
by Proposition 1.1(b). Hence β = 2

d
is not critical for being TD. If we set β = 1 we

conclude that the argument for proving TD for d = 2 is “not critical”. See Remark 7.10
for a more precise definition of “critical”.

Remark 1.11. In view of the close connections between B-ary CSTRM’s for β = 1 and
super-Brownian motion, X1, described above, we believe that one can make the following
analogous conclusions (to those in Remark 1.10) for SBM, X1:
(a) d = 3 is critical for TD of supp(X1), and in this case we guess that supp(X1) is TD.
(b) We conjecture that in two dimensions supp(X1) is not TD a.s. on {X1 ̸= 0} and in
this case “the result is not even critical”.

We give a brief recap of the contents of the paper. In Section 2 we introduce our larger
class of STRM’s and establish most of their main properties, originally proven in [1] for
the more restrictive CSTRM’s. In Section 3 we prove that SBM is a STRM and identify
the associated offspring law and sibling displacement law. In Section 4 we introduce the
B-ary CSTRM’s and derive a number of additional properties including Propositions 1.1
and 1.2. The weak disconnectedness result, Theorem 1.4, is proved in Section 6. Finally
the main results, Theorems 1.5 and 1.9, are proved in Sections 7 and 5, respectively.

2 Super-Tree Random Measures

We start with some notation from [25] and [1].

Notation. For n ∈ N, Fn = N{1,...,n}, F0 = {0}, and F = ∪∞
n=0Fn. We write |f | = n

if f ∈ Fn. Set I = NN, equipped with the product topology (N is given the discrete
topology) and its Borel σ-field B(I). If f ∈ Fn and 1 ≤ m ≤ n we let f |m ∈ Fm denote
the first m coordinates of f and similarly define i|n ∈ Fn for i ∈ I. We set i|0 = f |0 = 0
for f, i as above. We use |A| to denote the cardinality of a finite set A. For i, j ∈ I let
κ(i, j) = sup{m : i|m = j|m} ∈ Z+ ∪ {∞}, where sup ∅ = 0, and define d(i, j) = 2−κ(i,j).
Then d is a metric on I, in fact an ultrametric, inducing the product topology on I.

We think of Fn as the set of potential individuals in generation n and i ∈ I as a possible
infinite line of descent. The offspring law on Z+ is given by p = (pk, k ∈ Z+), satisfying
(1.1). We use Z to denote a generic r.v. with law p. Let {Zf : f ∈ F} be a collection of
i.i.d. random variables with law p. Here Zf will be the number of children of individual f .
If f ∈ Fm for some m ∈ Z+ and n ≥ m, introduce the set of descendants of f in generation
n given by

Kf
n = {g ∈ Fn : g|m = f and gj+1 ≤ Zg|j for all m ≤ j < n}. (2.1)
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Note that n 7→ |Kf
m+n|, n ∈ Z+, is a Galton-Watson branching process starting at 1 with

offspring law L(Z). For f as above we therefore have (e.g. see Theorem 8.1 and Remark 1
in Section 8.1 of [24])

W f = lim
n→∞

µ−n|Kf
n | exists a.s. and in L2, E(W f ) = µ−m,

and (W f > 0) if and only if (|Kf
n | > 0 for all n ≥ m), a.s. (2.2)

We define the set of possible finite and infinite ancestral lines of descent of f ∈ Fm, by

D(f) = {g ∈ F : g|m = f} and D(f) = {i ∈ I : i|m = f}, (2.3)

respectively. Clearly for i ∈ I, D(i|m) is B(i, 2−m) := {j ∈ I : d(i, j) ≤ 2−m). We can,
and shall, assume that Zf (ω) < ∞ for all f ∈ F and all ω, which implies |K0

n| < ∞ for
all n and ω. The set of finite lines of descent is given by K0

∞ := ∪∞
n=1K

0
n while the infinite

lines of descent in our population is given by the random set

K = {i ∈ I : ij+1 ≤ Zi|j for all j ∈ Z+}. (2.4)

If Mm = max{Zf : f ∈ K0
m−1} (finite for all m ∈ N, ω ∈ Ω) then

K0
n ⊂

n∏
m=1

{1, . . . ,Mm} for all n ∈ N, and K is a closed subset of
∞∏

m=1

{1, . . . ,Mm}. (2.5)

Therefore K is a (random) compact subset of I by Tychonoff’s theorem.
To define a random finite measure on the possible infinite lines of descent, fix ω outside

a null set, Γc, so that the almost sure conclusions in (2.2) hold for all f ∈ F , and set

Y (ω,D(f)) =

{
W f (ω) if f ∈ K0

m for some m ∈ Z+,

0 otherwise.
(2.6)

In particular if f = 0 we see that
Y (I) = W 0. (2.7)

The following result is essentially taken from [25].

Proposition 2.1. For ω ∈ Γ, Y (ω, ·) extends uniquely to a finite random measure on
B(I) such that supp(Y ) = K and Y ̸= 0 iff |K0

n| > 0 for all n ∈ N.

Proof. The existence of Y is in [25]. The above discussion shows that (2.6) gives Y on the
set of closed balls in I. This is a class of sets that contains I (recall D(0) = I) and is closed
under finite intersections in our ultrametric setting if one adds the empty set. It follows
that Y is uniquely determined on B(I), which is generated by the closed balls. Fix ω ∈ Γ.

If i ∈ K, then for all n ≥ m ∈ Z+, i|n ∈ K
i|m
n , and so by (2.2) with f = i|m and the above

definition, we have Y (B(i, 2−m)) = Y (D(i|m)) = W i|m > 0. Letting m → ∞ we see that
i ∈ supp(Y ). Assume next that i /∈ K. Then im+1 > Zi|m for some m ∈ N which means
that i|(m + 1) /∈ K0

m+1. This implies that Y (B(i, 2−m−1)) = Y (D(i|(m + 1))) = 0 and so
i /∈ supp(Y ). We have proved that supp(Y ) = K. The final conclusion is immediate from
Y (I) = W 0 > 0 iff |K0

n| > 0 for all n which follows from (2.2) and our choice of ω. ■
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We set Y = 0 on the null set Γc.
Recall that ρ = µ−β/2 ∈ (0, 1) for a given parameter β > 0. To describe the spatial

dynamics let T = {(m, k) ∈ N × N : m ≤ k} and let Qs (the superscript s stands for
spatial) denote a law on (Rd)T so that the coordinate vectors {Xm,k : (m, k) ∈ T} are
identically distributed under Qs. We will let X denote a generic random vector in Rd with
this common distribution and assume X has a finite mean. For each k ∈ N we let Qk

denote the symmetrised law of (X1,k, . . . , Xk,k) on (Rd)k under Qs, that is,

Qk(·) =
∑
π∈Sk

(k!)−1Qs((Xπ1,k, . . . , Xπk,k) ∈ ·). (2.8)

For all k ∈ N the marginals of Qk are equal to L(X), and (Qk, k ∈ N) can be any family of
symmetric laws on (Rd)k, k ∈ N, (symmetric in the k variables) with a common marginal
law on Rd over all k. We call {Qk} the symmetric displacement laws associated with Qs.

Let
{
Xf , f ∈ F

}
denote a collection of i.i.d. random vectors with common law Qs

which is independent from the collection {Zf , f ∈ F}. Here ρ|f |+1Xf
m,k will be the

displacement of the mth child of individual f from the location of its parent, f , given that
f has k children. At times it will be convenient to assume the branching variables, {Zf},
are defined on (Ωb,Fb,Pb), the displacement variables, {Xf}, are defined on (Ωd,Fd,Pd),
and we work on product space under P = Pb × Pd. Sometimes we will write Xf

m,k even for

m > k, which we define to be Xf
k,k, although the choice of extension will not affect the

processes of interest.
In [1] it was assumed that Xm,k = Xm where {Xm} is i.i.d., that is, the sibling locations

are independent of each other and of the total offspring number. Now we allow the locations
of the siblings to be dependent and also allow this law to depend on the total number of
siblings. There still is complete independence of the dynamics for distinct parents, and as
a result the required changes in the proofs of the relevant results in [1] will be fairly easy
to handle, as we show below.

The position in Rd of particle f ∈ F is given by

Sf =

|f |∑
m=1

ρmX
f |(m−1)

fm,Zf |(m−1) , (2.9)

where the empty sum S0 is 0, and we are primarily interested in the above for f ∈ K0
∞.

Let {Xm, m ∈ N} denote a generic i.i.d. sequence with Xm equal in law to X and set

Sn =
n∑

m=1

ρmXm and S =
∞∑

m=1

ρmXm. (2.10)

The latter sum converges a.s. since X has a finite mean, and the same holds for

Tn =
∞∑

m=n+1

ρmXm.
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If f ∈ Fn it is easy to condition on the values of Zf |(m−1) for 1 ≤ m ≤ n to see that Sf is
equal in law to Sn. For i ∈ I fixed, let

Si =
∞∑

m=1

ρmX
i|(m−1)

im,Zi|(m−1) , (2.11)

and note by the above reasoning it is equal in law to S and the sum converges a.s. for our
fixed line of descent i. To extend this to all values of i in K simultaneously we proceed as
in [1] and introduce a tail condition on X depending on a positive parameter ζ:

there is a Cζ > 0 such that P(|X| > r) ≤ Cζr
−ζ for all r > 0, (TC)ζ

where for any x ∈ Rd, we write |x| for the Euclidean norm of x. Clearly (TC)ζ holds for
ζ ≤ 1 by Markov’s inequality because X has finite mean.

Lemma 2.2. Assume (TC)ζ for some ζ > 2
β
. If ∆n = sup{|Sg −Sg|n| : g ∈ K0

∞, |g| ≥ n},
then

lim sup
n→∞

1

n
log∆n ≤ log

(
ρµ1/ζ

)
a.s.

For independent offspring locations and p0 = 0 this is Equation (4.4) appearing in Lemma 4
of [1]. That simple proof goes through unchanged in the present dependent setting since
it is based on simple union bounds. We omit the argument.

Proposition 2.3. Assume (TC)ζ for some ζ > 2
β
. The following hold with probability

one:

(a) For all i ∈ K, the series defining Si converges.

(b) Let ε > 0 satisfy (ρ + ε)µ1/ζ < 1 (it exists by hypotheses). Then there is an N ∈ N
so that for n ≥ N , supi∈K |Si − Si|n| ≤ ((ρ+ ε)µ1/ζ)n. In particular Si|n converges to
Si uniformly on K.

(c) The map i 7→ Si is continuous on K and the set {Si : i ∈ K} is compact in Rd.

Proof. Choose ε > 0 as in (b). Next choose ω outside a null set so that the conclusion of
Lemma 2.2 holds. Then there is a N ∈ N so that for m ≥ n ≥ N ,

sup
i∈K

|Si|n − Si|m| ≤ ∆n ≤ ((ρ+ ε)µ1/ζ)n.

This implies Si|n converges uniformly on K as n → ∞ to Si, and letting m → ∞ in the
above gives the bound in (b). The other conclusions now follow easily from this, the trivial
continuity of i 7→ Si|n on I, and the compactness of K. ■

Remark 2.4. Recall the metric d(i, j) = 2−κ(i,j) on I. It follows easily from (b) that w.p.

1, the map i 7→ Si is r-Hölder continuous on K for any r <
(

β
2
− 1

ζ

)
log µ
log 2

.
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Henceforth we will assume that (TC)ζ holds for some ζ >
2

β
. (2.12)

Definition. The super-tree randommeasure (STRM) ν ∈MF (Rd) associated with (p,Qs, β)
is defined by

ν(A) =

∫
K

1(Si ∈ A) dY (i). (2.13)

This is the definition used in [1] where Qs is given by setting Xi,k = Xi for a single
i.i.d. sequence (Xi). We slightly change the terminology introduced there and refer to ν
in that particular setting as a classical super-tree random measure (CSTRM).

Recalling the laws Qk from (2.8), we see that Qk is the (symmetric) distribution of
the unscaled displacements of the offspring from their parent conditioned on there being k
offspring. We shall see below that the law of ν depends on Qs only through the collection
{Qk} (Remark 2.13) and so we also call ν the STRM associated with (p, {Qk}, β).

Introduce the discrete time filtration Gn = σ(Zf , Xf : |f | < n) for n ∈ Z+∪{∞}, and a
(Gn)-adapted MF (Rd) process, νn =

∑
f∈K0

n
µ−nδSf for n ∈ Z+. Clearly νn is the suitably

normalized empirical distribution of the population in generation n. We also introduce a
non-adapted process, ν̃n =

∑
f∈K0

n
W fδSf .

Lemma 2.5. ν̃n → ν a.s. as n→ ∞.

Proof. Note that by (2.6) for bounded measurable ϕ on Rd,

ν̃n(ϕ) =
∑
f∈K0

n

ν(D(f))ϕ(Sf ) =

∫
ϕ(Si|n)dY (i). (2.14)

Write ϕ ∈ Lip1 iff ϕ : Rd → R satisfies |ϕ(x)− ϕ(y)| ≤ |x− y| ∧ 1. Then (2.14) shows that

sup
ϕ∈Lip1

|ν(ϕ)− ν̃n(ϕ)| = sup
ϕ∈Lip1

∣∣∣∫ ϕ(Si)− ϕ(Si|n) dY (i)
∣∣∣

≤
∫
K

|Si − Si|n| ∧ 1 dY (i)

→ 0 a.s. as n→ ∞,

where the last two lines hold by Proposition 2.1 and Proposition 2.3(b), respectively. The
left-hand side of the above defines the Vasherstein metric on MF (Rd) which metrizes the
topology of weak convergence (see e.g. p. 150 of [19]) and so the result follows. ■

The next result is the analogue of Theorem 1 from [1] in our dependent setting. Note
also that now P(ν = 0) may be positive because we allow p0 = 0.

Theorem 2.6. The following holds:
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(a) With probability 1: (ν(Rd) > 0) iff (K0
n ̸= ∅ for all n) iff (νn ̸= 0 for all n).

(b) supp (ν) = {Si : i ∈ K} and, in particular, supp (ν) is compact a.s.

(c) For any A ∈ B(Rd), we have E(ν(A)) = P(S ∈ A).

(d) νn → ν a.s. as n→ ∞.

Proof. (a) is immediate from Proposition 2.1 and the definition of ν.
(b) If F is a continuous map from a compact metric space K to a metric space X then

the push forward of a finite measure M with supp(M) = K by F (i.e., the finite measure
M(F−1(·)) on X) has compact support F (K). This is an easy exercise. To prove (b) use
Proposition 2.1, the a.s. continuity of i 7→ Si on K (from Proposition 2.3 (c)), and apply
the above with M = Y , F = S and X = Rd.

(c) Let ϕ ∈ Cb(Rd) be non-negative. Then (2.14) and (2.7) imply |
∫
ϕ dν̃n| ≤ ∥ϕ∥∞Y (I) =

∥ϕ∥∞W 0 ∈ L2. So Lemma 2.5 and Dominated Convergence give

E
(∫

ϕ dν
)
= lim

n→∞
E
(∫

ϕ dν̃n

)
= lim

n→∞
E
(∑
f∈K0

n

ϕ(Sf )W f
)
. (2.15)

Note that for f ∈ Fn, the random variables Sf and 1(f ∈ K0
n) are Gn-measurable, W f is

σ(Zf |i, i ≥ n)-measurable, and that these σ-fields are independent. Therefore (2.15) gives

E
(∫

ϕ dν
)
= lim

n→∞

∑
f∈Fn

E(1(f ∈ K0
n)ϕ(S

f ))E(W f )

= lim
n→∞

E
(∑
f∈K0

n

E
(
ϕ
( n∑

k=1

ρkX
f |(k−1)

fk,Zf |(k−1)

)∣∣∣Zf |m, 0 ≤ m < n
))
µ−n.

The above conditional expectation equals E(ϕ(Sn)) because if Zf |m = zm for 0 ≤ m < n,

then {Xf |(k−1)
fk,zk−1

, k = 1, . . . n} are i.i.d. and equal in law to X. Therefore

E
(∫

ϕ dν
)
= lim

n→∞
E(|K0

n|)µ−nE(ϕ(Sn)) = E(ϕ(S)).

The above equality extends to any bounded Borel ϕ and (c) is proved.
(d) Let ϕ ∈ Cb(Rd). Then

E
((∫

ϕ dν̃n −
∫
ϕ dνn

)2)
= E

((∑
f∈K0

n

ϕ(Sf )(W f − µ−n)
)2)

= E
(∑∑

f ̸=g∈K0
n

ϕ(Sf )ϕ(Sg)E((W f − µ−n)(W g − µ−n) | Gn)
)

+ E
(∑
f∈K0

n

ϕ(Sf )2 E((W f − µ−n)2 | Gn)
)
. (2.16)

12



For f ̸= g in Fn, W
f − µ−n and W g − µ−n are independent mean zero r.v.’s which are

jointly independent of Gn. Therefore the first term on the right-hand side of (2.16) is zero.
The second term is bounded by ∥ϕ∥2∞E(|K0

n|)µ−2nVar(W 0) ≤ ∥ϕ∥2∞Var(W 0)µ−n which
is summable in n. Therefore the left-hand side of (2.16) is also summable and by Borel-
Cantelli, limn→∞

∫
ϕ dν̃n−

∫
ϕ dνn = 0 a.s. Lemma 2.5 now implies that limn→∞

∫
ϕ dν̃n =∫

ϕ dν. The required result now follows by choosing a countable convergence determining
set of bounded continuous functions ϕ. ■

We next turn to questions on the Hausdorff dimension of supp(ν). We let dimA denote
the Hausdorff dimension of a set A ⊂ Rd. The proof of the upper bound on dim(supp(ν))
proceeds just as in Theorem 5 of [1] for CSTRM’s, using Lemma 2.2 to carry through the
direct covering argument, and so we omit the proof of the following result.

Proposition 2.7. Assume (TC)ζ for all ζ > 0. Then dim(supp(ν)) ≤ 2
β
∧ d a.s.

The lower bound on the dimension in our dependent setting does require a bit more
effort. In particular, the second moment formulae in our dependent setting seems to be a
bit more involved because at a branch point the dependence of the sibling locations enters.
We will use the product setting (Ω,F ,P) = (Ωb,Fb,Pb) × (Ωd,Fd,Pd), mentioned earlier
in this section. We start with an elementary Fubini lemma.

Lemma 2.8. If ϕ : I × I × Ω → [0,∞] is product measurable, then

E
(∫ ∫

ϕ(i, j, ωb, ωd) dY (i) dY (j)
)

= Eb

[∫
I

∫
I

(∫
Ωd

ϕ(i, j, ωb, ωd)dPd(ωd)
)
dY (i, ωb) dY (j, ωb)

]
.

Proof. If ϕ(i, j, ωb, ωd) = ϕ1(i, j)ϕ2(ωb)ϕ3(ωd) for measurable non-negative ϕℓ, the result
holds by Fubini’s theorem because

∫ ∫
ϕ3(ωb)ϕ1(i, j) dY (i) dY (j) is a measurable function

of ωb. By a Monotone Class Theorem (e.g. Corollary 4.4 of the Appendix in [19]) the
result follows for any bounded measurable ϕ as above. By monotone convergence it follows
for non-negative ϕ as in the Lemma. ■

Recall (S, {Sn : n ∈ N}) are as in (2.10). In addition,

S ′ denotes a r.v. independent of (S, {Sn : n ∈ N}) and with the same law as S. (2.17)

Lemma 2.9. If ϕ : Rd × Rd → [0,∞] is Borel, and

Φn = sup
x1,x2

E(ϕ(Sn + ρn+1(x1 + S), Sn + ρn+1(x2 + S ′))), (2.18)

then

E
(∫ ∫

ϕ(x, y) dν(x) dν(y)
)
≤ (1− µ−1)E((W 0)2)

∞∑
n=0

µ−nΦn.
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Proof. We slightly abuse our notation and set Si(ω) = ∞ if i /∈ K(ωb) and also set
ϕ(s1, s2) = 0 if either s1 or s2 is ∞. For n ∈ Z+, let

ψn(i, j, ω) = ϕ(Si(ω), Sj(ω))1(κ(i, j) = n).

Joint measurability of ψn follows easily from the continuity of i 7→ Si on K (Proposi-
tion 2.3(c)). It is easy to check (e.g. see (2.5) of [1]) that

κ(i, j) <∞ for Y × Y − a.a. (i, j) a.s.

If DK(f) = D(f) ∩K we may use the above and Lemma 2.8 to obtain

E
(∫ ∫

ϕ(x, y) dν(x) dν(y)
)

=
∞∑
n=0

E
(∫ ∫

ψn(i, j) dY (i) dY (j)
)

=
∞∑
n=0

Eb

(∫ ∫ [∫
ψn(i, j, ωb, ωd) dPd(ωd)

]
dY (i) dY (j)

)
=

∞∑
n=0

Eb

(∑
f∈K0

n

∫
DK(f)

∫
DK(f)

[∫
ϕ(Si(ωb, ωd), S

j(ωb, ωd) dPd(ωd)
]

× 1(in+1 ̸= jn+1)dY (i)dY (j)
)
. (2.19)

In the last line we sum over the common value f = i|n = j|n on {κ(i, j) = n}. Now
fix ωb outside a Pb-null set so that the conclusion of Proposition 2.3 holds for (ωb, ωd) for
Pd-a.a. ωd, let f ∈ K0

n(ωb), and let i, j ∈ DK(f)(ωb) with in+1 ̸= jn+1. Define

T i
n+1(ωb, ωd) =

∞∑
m=n+2

ρm−n−1X
i|(m−1)

im,Zi|(m−1)(ωb)
(ωd),

and similarly define T j
n+1. Then∫

ϕ(Si(ωb, ωd), S
j(ωb, ωd)) dPd(ωd)

=

∫
ϕ(Sf (ωb, ωd) + ρn+1[Xf

in+1,Zf (ωb)
(ωd) + T i

n+1(ωb, ωd)], (2.20)

Sf (ωb, ωd) + ρn+1[Xf
jn+1,Zf (ωb)

(ωd) + T j
n+1(ωb, ωd)]) dPd(ωd).

For our fixed ωb, the random variables X
i|(m−1)

im,Zi|(m−1)(ωb)
for m = n + 1, n + 2, . . . , are i.i.d.

distributed like our generic X under Pd and so T i
n+1(ωb, ·) and T j

n+1(ωb, ·) are both dis-
tributed like S under Pd. Similarly under Pd, S

f (ωb, ·) is distributed as Sn. The fact
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that in+1 ̸= jn+1 implies that Sf (ωb, ·), (Xf
in+1,Zf (ωb)

(·), Xf
jn+1,Zf (ωb)

(·)), T i
n+1(ωb, ·), and

T j
n+1(ωb, ·) are independent random vectors under Pd (the coordinates of the second vector

need not be independent) because they depend on disjoint collections of Xg’s (g ∈ F )
which are independent under Pd. So in calculating the integral on the right-hand side of
(2.20), we can integrate out (Xf

in+1,Zf (ωb)
(·), Xf

jn+1,Zf (ωb)
(·)) last, and conclude that∫

ϕ(Si(ωb, ωd), S
j(ωb, ωd)) dPd(ωd) ≤ Φn.

Insert the above into the right-hand side of (2.19) and reassemble our decomposition of
the event {κ(i, j) = n} to see that the far left side of (2.19) is at most

∞∑
n=0

ΦnEb

(∫ ∫
1(κ(i, j) = n) dY (i) dY (j)

)
=

∞∑
n=0

Φn(µ
−n − µ−n−1)E((W 0)2) (by (2.5) of [1])

= (1− µ−1)E((W 0)2)
∞∑
n=0

µ−nΦn.

The result is proved. ■

We need the following density condition (recall S ′ is as in (2.17)):

S − S ′ has a bounded density. (DC)

Notation. If m is a measure on Rd and α > 0 let

Eα(m) =

∫ ∫
|x− y|−α dm(x) dm(y) ∈ [0,∞].

Proposition 2.10. Assume (DC). Then dim(supp(ν)) ≥ 2
β
∧ d a.s. on {ν ̸= 0}.

Proof. By the energy method (see, e.g. Theorem 4.27 and Remark 4.28 in [32]) it suffices
to let 0 < α < 2

β
∧ d and show

E
(
Eα(ν)

)
<∞. (2.21)

Let h denote the bounded density of S−S ′. We will use Lemma 2.9 with ϕ(x, y) = |x−y|−α.
Then

Φn = ρ−α(n+1) sup
x1,x2

E(|x1 − x2 + S − S ′|−α) = ρ−α(n+1) sup
x1,x2

∫
|z|−αh(z + x2 − x1) dz

≤ ρ−α(n+1)
[
∥h∥∞cd

∫ 1

0

r−α+d−1 dr + 1
]

≤ Cd,α,∥h∥∞ρ
−α(n+1),
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where α < d is used in the last line. Use this in Lemma 2.9 to conclude that

E(Eα(ν)) ≤ C
∑
n=0

(µρα)−n = C
∑
n=0

(µ1−(αβ/2))−n <∞.

The fact that α < 2
β
is used in the last inequality. This gives (2.21) and we are done. ■

The above result and Proposition 2.7 give the following extension of Theorem 2(d) in
[1] which was established there for CSTRM’s. ([1] also assumed that p0 = 0 which meant
there was no need to restrict to {ν > 0}.)

Theorem 2.11. Assume (TC)ζ for all ζ > 0 and (DC). Then dim(supp(ν)) = 2
β
∧ d a.s.

on {ν ̸= 0}.

We close this section with a simple Markovian characterization of (νn, n ≥ 0) which
will be useful in the next section when showing how SBM fits into this framework.

For a metric space E let NF (E) be the subspace of MF (E) consisting of Z+-valued
finite measures. Recall (e.g. Ch. 3 of [13]) the probability generating function (p.g.f.) of
a random measure in NF (Rd), ν̄, is

Gξ = E(exp(ν̄(log ξ))) = E
(
exp

(∫
Rd

(log ξ)dν̄

))
,

where ξ : E → (0, 1] is Borel. A simple monotone class theorem (e.g. Corollary 4.4
in Appendix 4 of [19]) shows that the p.g.f. even restricted to continuous ξ uniquely
determines the law of ν̄.

We let
ν̄n = µnνn =

∑
f∈K0

n

δSf ∈ NF (Rd),

and note that the p.g.f. of ν̄n is (the empty product is 1)

Gnξ = E
( ∏
f∈K0

n

ξ(Sf )
)
. (2.22)

Recall that by hypothesis, for every k ∈ N the marginals of Qk are all equal to L(X). Let
ξ : Rd → (0, 1] be a Borel map and let (Z, (Xm,k,m ≤ k, k,m ∈ N)) have law L(Z)×Qs.
For n ∈ N, define the function Hnξ : Rd → (0, 1] by

Hnξ(x) = E
( Z∏
m=1

ξ(x+ ρnXm,Z)
)
=

∞∑
k=0

P(Z = k)

∫
(Rd)k

k∏
m=1

ξ(x+ ρnxm) dQk(x1, . . . , xk).

(2.23)
Finally for ν̄ ∈ NF (Rd) we introduce

Gn,n+1ξ(ν̄) = exp(ν̄(log(Hn+1ξ))), n ∈ Z+.
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Notation. If f ∈ Fn for some n ∈ N let πf = (f1, . . . , fn−1) ∈ Fn−1 (if n = 1 this is 0)
and call πf the parent of f .

Proposition 2.12. The conditional p.g.f.’s of (ν̄n) are given by

E(exp{ν̄n+1(log ξ)} | Gn) = Gn,n+1ξ(ν̄n) =
∏
f∈K0

n

Hn+1ξ(S
f )

for all n ∈ Z+ and Borel ξ : Rd → (0, 1].
(2.24)

The NF (Rd)-valued process (ν̄n, n ∈ Z+) is the unique in law time-inhomogeneous (Gn)-
Markov chain starting at ν̄0 = δ0, and satisfying (2.24).

Proof. Let ξ be as in (2.24) and for k, n ∈ Z+ define

Hk,n+1ξ(x) = E

(
k∏

m=1

ξ(x+ ρn+1Xm,k)

)
,

so that
Hn+1ξ(x) = E(HZ,n+1ξ(x)). (2.25)

Recall that for f ∈ Fn+1,

f ∈ K0
n+1 iff πf ∈ K0

n and fn+1 ≤ Zπf , (2.26)

and
Sf = Sπf + ρn+1Xπf

fn+1,Zπf . (2.27)

Define Ḡn = Gn ∨ σ(Zf : f ∈ Fn). Then by (2.22) and the last two displays,

E(exp{ν̄n+1(log ξ)} | Gn) = E
(
E
( ∏
f∈K0

n

Zf∏
fn+1=1

ξ(Sf + ρn+1Xf
fn+1,Zf )

∣∣∣ Ḡn

) ∣∣∣Gn

)

= E
( ∏
f∈K0

n

E
( Zf∏
fn+1=1

ξ(Sf + ρn+1Xf
fn+1,Zf )

∣∣∣ Ḡn

) ∣∣∣Gn

)
= E

( ∏
f∈K0

n

HZf ,n+1(S
f )
∣∣∣Gn

)
. (2.28)

For the last two equalities we use the independence of {Xf : f ∈ Fn}, the independence
of this collection from Ḡn, and the fact that K0

n and {Zf , Sf : f ∈ Fn} are Ḡn-measurable.
In fact Sf and K0

n are Gn-measurable, while each Zf is independent of Gn. Therefore the
right-hand side of (2.28) equals∏

f∈K0
n

Hn+1ξ(S
f ) = exp{ν̄n(logHn+1ξ)}.
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Inserting this into (2.28) gives (2.24). By the aforementioned monotone class theorem this
establishes the Gn-Markov property of ν̄n and uniquely identifies its time-inhomogeneous
transition kernel. The result follows. ■

Remark 2.13. Recall that ν = limn→∞ µ−nν̄n a.s. (by Proposition 2.6(d)). The above
results shows that the joint law of (ν, (ν̄n)n∈N) depends only on the parameter β, the repro-
duction law L(Z) and the family of symmetric laws (Qk, k ∈ N), all with common marginals
L(X), as we claimed earlier after defining a STRM.

3 Super-Brownian motion as a super-tree randommea-

sure

Our goal is to show (Theorem 3.7) that if X1 is d-dimensional super-Brownian motion
with branching rate γ > 0, then 2

γ
X1 is a STRM ν with β = 1 and the other parameters

described in Theorem 3.7 below. Here, X1 is considered under its canonical measure
starting at δ0, conditioned to be non-zero, that is, a super-Brownian cluster starting with
a single individual at the origin. Details are recalled below.

Notation. C = C([0, 1],Rd) is the space of continuous Rd-valued paths on the unit interval
with the topology of uniform convergence. For t ∈ [0, 1], πt(y) = y(t) for y ∈ C are the
projection maps. We write yt for the stopped path s 7→ y(s∧ t) in C and Ct = {yt, y ∈ C}
for the set of paths stopped at t. The space C0 will be identified with Rd. For t ∈ [0, 1],
Ct = σ(y(s), s ≤ t) defines the canonical filtration on C. If s ∈ [0, 1] and y, w ∈ C satisfy
w(0) = y(s), define y/s/w ∈ C by

(y/s/w)(t) =

{
y(t), if t ∈ [0, s),

w(t− s), if t ∈ [s, 1].
(3.1)

If E is a metric space and I ⊂ [0,∞) is a left-closed interval, D(I, E) is the space of càdlàg
paths with the Skorohod topology (see Ch. 3 of [19] and the references there).

If (Bt, t ≥ 0) is a standard Brownian motion in Rd starting at x ∈ Rd under Px, we will
consider the time-inhomogeneous C-valued Markov process t 7→ Bt, taking values in Ct

at time t for t ∈ [0, 1]. If ϕ : C → R is bounded Borel, the time inhomogeneous semigroup
associated with the above process is (see Ch. 2 of [14])

Ts,tϕ(y) = Ey(s)(ϕ(y/s/B
t−s)) for y ∈ C and 0 ≤ s ≤ t ≤ 1. (3.2)

Therefore Ts,t : C → Cs.
Historical Brownian motion (Ht, t ∈ [0, 1]) (the restriction to [0, 1] is just to suit our

purposes) is an enrichment of super-Brownian motion in which the past history of a particle
alive at time t is also recorded. It is simply the superprocess whose underlying spatial
motion is t 7→ Bt, rather than t 7→ B(t), as is the case for SBM.H is a time-inhomogeneous
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MF (C)-valued Markov processes such that H t is supported by Ct for all t. If m ∈MF (Rd)
we will assume that under the probability Qm, (Ht, t ∈ [0, 1]) is a historical Brownian
motion starting at H0 = m with branching rate γ > 0. Again γ > 0 arises as the
branching variance in a branching particle approximation to H (see Section 7 of [14]).
The MF (Rd)-valued process Xt(·) = Ht(π

−1
t (·)) is a SBM on [0, 1], starting at m with

branching rate γ (see (II.8.4) in [36]). See [14] or Section II.8 of [36] for more information
on historical Brownian motion and historical processes in general.

We describe a construction of H1 using a branching particle system taken from Chap-
ter 3 of [14]. Assume H0 = δ0 for now. The canonical measure associated with H1 (an
infinitely divisible random measure) will be denoted by R1 (see Sections II.7 and II.8 of
[36]). Recall from (II.8.6) of [36] that R1 is a finite measure on MF (C) \ {0} with total
mass 2/γ such that H1 =

∫
η Ξ(dη), where Ξ is a Poisson point process on MF (C) \ {0}

with intensity R1. If P∗ = R1/(2/γ) is the “cluster law”, this means that

H1 =
N∑
i=1

H i
1 where {H i

1 : i ∈ N} are i.i.d. random measures with law P∗ and N

is an independent Poisson r.v. with mean 2/γ.

(3.3)

This decomposes H1 into a Poisson number of i.i.d. clusters corresponding to the distinct
ancestors at time 0 with descendants alive at t = 1. In many respects P∗ is a more
fundamental law than Qδ0(H1 ∈ ·), but it is usually easy to transfer properties from one to
the other. We often will abuse notation slightly and use H1 to denote a historical cluster
when working under P∗, while working with clusters denoted by H i

1 under Qδ0 . As noted
above, under Qδ0 , X1(·) = H1(π

−1
1 (·)) is SBM starting at δ0 with branching rate γ, and

by (II.8.7) of [36],
X1 has cluster law P∗(H1 ◦ π−1

1 ∈ ·). (3.4)

(Recall from the Introduction that the cluster law of X1 is its canonical measure condi-
tioned on X1 ̸= 0.)

Let λ : [0, 1) → [0,∞) be continuous. Consider a particle system starting at positions
x1, . . . , xN(0) where the xi’s need not be distinct and N(0) ∈ N. Each particle has an
associated independent inhomogeneous Poisson process with intensity λ(s) ds, and follows
an independent standard d-dimensional Brownian motion until the first jump of its Poisson
process. At that time the “parent” particle is replaced by two particles at the same location
as the parent. After the first binary split, the N(0) + 1 particles follow independent
Brownian motions with their independent Poisson processes, and the alternating pattern
of Brownian migration and binary branching continues for t ∈ [0, 1). If t < 1, the number of
particles at time t, N(t), can be dominated by a pure birth process at time t with constant
birth rate sups≤t λ(s), and so is finite on [0, 1). If (y1(s), s ≤ t), . . . , (yN(t)(s), s ≤ t) are
the past Brownian trajectories of the N(t) particles alive at time t ∈ [0, 1), extend each yi
to [0, 1] by making it constant on [t, 1] and define

H∗
t =

N(t)∑
i=1

δyi ∈ NF (C
t). (3.5)
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Then (H∗
t , 0 ≤ t < 1) is an inhomogeneous NF (C)-valued Markov process with sample

paths in D([0, 1), NF (C)) and law Q∗
0,m on this space. We call H∗ a historical branching

Brownian motion with rate function λ. More information can be found on pp. 44-46 in
[14] where a more general class of branching particle systems is studied. As discussed
there, we may of course start H∗ at time s ∈ [0, 1) in state m ∈ NF (C

s) and let Q∗
s,m

denote the law of H∗ on D([s, 1), NF (C)).
The probability generating function of H∗

t is

Gs,tθ(m) = Q∗
s,m(exp(H

∗
t (log θ)) for Borel θ : C → (0, 1], m ∈ NF (C

s), 0 ≤ s ≤ t < 1.
(3.6)

Clearly Gs,tθ is finite and for each s, t as above, Gs,t uniquely determines the transition
probabilities Q∗

s,m(H
∗
t ∈ ·) form ∈ NF (C

s), e.g. by Lemma II.5.9 of [36]. We write Gs,tθ(y)

for Gs,tθ(δy) for y ∈ Cs. The independent evolution of the particle system from each path
in the support of the initial measure implies that if m =

∑n
i=1 δyi for some y1, . . . , yn ∈ Cs,

then

Gs,tθ(m) =
n∏

i=1

Gs,tθ(yi) = exp
(
m(logGs,tθ)

)
. (3.7)

This is often called the multiplicative property of the historical BBM (e.g. see Section 3 of
[13]), and shows that the mappings (s, y) 7→ Gs,tθ(y) on Wt = {(s, y) : y ∈ Cs, s ∈ [0, t]},
for t ∈ [0, 1) and θ as above, uniquely determine the laws Q∗

s,m of H∗. Theorem 3.6(a) of

[14] implies that (s, y) 7→ Gs,tθ(y) on Wt is the unique solution of

Gs,tθ(y) = exp
(
−
∫ t

s

λ(v) dv
)
Ts,tθ(y) +

∫ t

s

Ts,u((Gu,tθ)
2)(y) exp

(
−
∫ u

s

λ(v) dv
)
λ(u) du,

Gt,tθ(y) = θ(y). (3.8)

Intuitively, the first term on the right side of (3.8) is the contribution from the event where
there is no branching in [s, t], and the second term calculates the contribution where there
is a first branch time u ∈ [s, t] by conditioning on u and integrating it out. The usual
fixed point proofs also show local uniqueness, that is, uniqueness still holds in (3.8) if s is
restricted to [r, t] for any r ∈ [0, t).

Let (Pt, t ≥ 0) be the standard d-dimensional Brownian semigroup. The ordinary
branching Brownian motion (BBM) (X∗

t , t < 1) with branching rate λ associated with H∗

is the NF (Rd)-valued time-inhomogeneous Markov process given by

X∗
t (·) = H∗

t (π
−1
t (·)) =

N(t)∑
i=1

δyi(t)(·), where H∗
t is as in (3.5). (3.9)

Formally, and independently of the above representation in terms of H∗, X∗ has laws
P ∗
s,η for s ∈ [0, 1) and η ∈ NF (Rd), which by the multiplicative property are uniquely

determined by its p.g.f.,

Gs,tξ(x) = P ∗
s,δx(exp(X

∗
t (log ξ))) for Borel ξ : Rd → [0, 1) and 0 ≤ s ≤ t < 1. (3.10)
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The map (s, x) 7→ Gs,tξ(x) is in turn the unique (and locally unique) solution of (c.f. (3.8))

Gs,tξ(x) = exp
(
−
∫ t

s

λ(v) dv
)
Pt−sξ(x) +

∫ t

s

Pu−s((Gu,tξ)
2)(x) exp

(
−
∫ u

s

λ(v) dv
)
λ(u) du,

Gt,tξ(x) = ξ(x) (3.11)

(see, e.g., Section 4 of [13] for the constant λ case). If we set θ(y) = ξ(y(t)) for y ∈ C,
and ξ as above, then Ts,tθ(y) = Pt−sξ(y(s)) for y ∈ Cs, and s ≤ t. It is easy to check that

Ĝs,t(x) satisfies (3.11) iff Ĝs,t(y) := Ĝs,t(y(s)) satisfies (3.8). Therefore

Gs,tθ(y) = Gs,tξ(y(s)), (3.12)

which also gives independent confirmation that if H∗ starts at (s,m) form ∈ NF (C
s), then

(3.9) defines BBM starting at (s,m ◦ π−1
s ), as should be clear. (It also gives independent

verification of existence, uniqueness, and local uniqueness in (3.11) from that of (3.8).)
Henceforth we will set

λ(s) =
1

1− s
for s ∈ [0, 1),

and write Q∗ for Q∗
0,δ0

. In this case (3.8) becomes

Gs,tθ(y) =
1− t

1− s
Ts,tθ(y) +

∫ t

s

Ts,u((Gu,tθ)
2)(y)(1− s)−1du, (3.13)

and (3.11) becomes

Gs,tξ(x) =
1− t

1− s
Pt−sf(x) +

∫ t

s

Pu−s((Gu,tξ)
2)(x)(1− s)−1 du for (s, x) ∈ [0, t]× Rd,

Gt,tξ(x) = ξ(x) for all x ∈ Rd. (3.14)

Notation. If s ∈ [0, 1], define the restriction map rs :MF (C) →MF (C) by

rsm(A) = m({y : ys ∈ A}).

Proposition 3.1. Consider H1 under its cluster law P∗ and with branching rate γ > 0.
One can define a historical branching Brownian motion H∗, with law Q∗, as a functional
of H1 so that for any εn ↓ 0, εn ∈ (0, 1),

εnγ

2
H∗

1−εn → H1 P∗ − a.s. (3.15)

Let X1(·) = H1(π
−1
1 (·)) denote the associated SBM under its cluster law (by (3.4)) and let

X∗
t (·) = H∗

t (π
−1
t (·)), t < 1 be the BBM associated with the historical BBM H∗. Then

εnγ

2
X∗

1−εn → X1 P∗ − a.s. (3.16)
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Proof. This follows readily from Theorem 3.9(b) and Theorem 3.10 of [14] in the setting
there with g(ε) = gb(ε) = (εγ/2) and t = 1. So we are setting the parameter β = 1 in
that reference and warn the reader that the γ in that reference corresponds to our γ/2.
The first theorem cited above constructs H∗

s from H1, and the second (Theorem 3.10)
establishes the a.s. convergence to H1. Theorem 3.10 of the above reference works under
the law of historical Brownian motion, Qδ0 , not P∗. It is not hard to use the cluster
decomposition (3.3) and consider the convergence under Qδ0 on the set {N = 1} to obtain
the result under P∗. A second minor issue is that to make the approximating sequence
in Theorem 3.10 correspond to the historical branching particle system constructed in
Theorem 3.9 one must apply the restriction mapping r1−εn to the approximating measures
in the a.s. convergence in Theorem 3.10 and show that one still has a.s. convergence. As
r1−εn approaches the identity this turns out to be trivial and we obtain (3.15). The final
assertion is then immediate because the map m 7→ m ◦ π−1

1 from MF (C) to MF (Rd) is
continuous. A more detailed proof can be found in Section B.1 of the Appendix. ■

Remark 3.2. To see what H∗
1−εn actually is, recall that r1−εnH1 has a finite number of

atoms in C1−εn (see Theorem III.1.1 of [36] and note the same reasoning applies under
the canonical measure) corresponding to the histories of particles at t = 1− εn which have
descendants alive at time 1. H∗

1−εn records the evolution of these particles: it has atoms
at the same positions as r1−εnH1 does and they all have mass 1.

Notation. Nt = H∗
t (C) = X∗

t (Rd) is the number of points in the branching Brownian
motion at time t. We often write Ns,t for Nt if we are starting at time s ∈ [0, t].

Proposition 3.3. If 0 ≤ s < t < 1 and y ∈ Cs, Q∗
s,δy

(Ns,t ∈ ·) is a geometric distribution

with mean 1−s
1−t

. In particular, Q∗
1−µ−n,δy

(N1−µ−n,1−µ−(n+1) ∈ ·) is a geometric distribution
with mean µ, for any µ > 1 and n ∈ Z+.

Proof. This follows from Theorem 3.11(a) and Theorem 3.9(b) of [14]. Alternatively it is
easy to prove directly. If T1 ≥ s is the first branch time after time s, then for Q∗

s = Q∗
s,δy

(the probabilities are independent of the choice of y by the Markov property of X∗ and
translation invariance) and t > s,

Q∗
s(T1 ≤ t) = Q∗

s(Ns,t > 1) = 1−Q∗
s(Ns,t = 1) = 1− exp

{
−
∫ t

s

1

1− u
du
}
=
t− s

1− s
.

So in particular T1 is uniform on [s, 1]. By conditioning on this uniform time we get for
k ≥ 2,

Q∗
s(Ns,t = k) =

k−1∑
j=1

∫ t

s

Q∗
u(Nu,t = j)Q∗

u(Nu,t = k − j)du(1− s)−1.

The obvious induction on k (prove the result for all times s < t < 1) gives the result. ■

Proposition 3.4. If t ∈ (0, 1), then for k ∈ N and bounded Borel ϕ : C([0, 1],Rd) → R,

Q∗(H∗
t (ϕ) |H∗

t (1) = k) = kE0(ϕ(B
t)), (3.17)
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where B is a standard d-dimensional Brownian motion under P0. In particular, for any
bounded Borel ψ : Rd → R,

Q∗(X∗
t (ψ) |X∗

t (1) = k) = kE0(ψ(Bt)). (3.18)

Proof. (Sketch). This can be proved using the construction of H∗ through a tree-indexed
sequence of i.i.d. Poisson processes with rate ds/(1 − s) (giving the branch times and
“tree shape” of H∗

t ) and an independent tree-indexed i.i.d. collection of standard Brow-
nian motions which fill in the spatial motions between the branch times (e.g., see [2] or
[40]). If we condition on all the Poisson processes, H∗

t is then a sum of point masses at
(correlated) Brownian paths stopped at time t. The conditional mean of H∗

t (ϕ) is then
just E0(ϕ(B

t))H∗
t (1). Integrating this conditional expectation over the event {H∗

t (1) = k}
(which is in the sigma-field generated by the Poisson processes) gives (3.17), and (3.18) is
then immediate. A detailed proof can be found in Section B.2 of the Appendix. ■

Notation. If x, y ∈ Rd′ and c > 0, let Sc(y) =
√
cy and τx(y) = x+ y. Often d′ will be d.

Here is an elementary scaling result for Gs,t.

Lemma 3.5. If r ∈ (0, 1), then for any Borel ξ : Rd → (0, 1],

∀(s, x) ∈ [r, t]× Rd, G s−r
1−r

, t−r
1−r

(ξ ◦ S1−r)(x/
√
1− r) = Gs,tξ(x). (3.19)

Proof. Let Ĝs,t(x) denote the left-hand side of (3.19). By the local uniqueness of solutions

to (3.14) it suffices to check that Ĝ solves (3.14) for (s, x) ∈ [r, t]× Rd. First we have

Ĝt,t(x) = ξ ◦ S1−r(x/
√
1− r) = ξ(x).

The definition of Ĝ and (3.14) imply that for s ∈ [r, t],

Ĝs,t(x) =
1− t−r

1−r

1− s−r
1−r

P t−s
1−r

(ξ ◦ S1−r)
( x√

1− r

)
(3.20)

+

∫ t−r
1−r

s−r
1−r

Pv− s−r
1−r

(
(Gv, t−r

1−r
(ξ ◦ S1−r))

2
)( x√

1− r

)(
1− s− r

1− r

)−1

dv.

Brownian scaling implies that for any u ≥ 0,

P u
1−r

(ξ ◦ S1−r)
( x√

1− r

)
= Puξ(x). (3.21)

Use this to see the first term on the right-hand side of (3.20) is

1− t

1− s
Pt−sξ(x). (3.22)
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First do a change of variable (v = (u − r)/(1 − r)) and then use (3.21) to see that the
second term on the right-hand side of (3.20) is∫ t

s

Pu−s
1−r

(
Gu−s

1−r
, t−r
1−r

(ξ ◦ S1−r)
2
)( x√

1− r

)
((1− r)− (s− r))−1du

=

∫ t

s

Pu−s
1−r

((Ĝu,t ◦ S1−r)
2)
( x√

1− r

)
(1− s)−1du

=

∫ t

s

Pu−s((Ĝu,t)
2)(x)(1− s)−1du. (3.23)

Insert (3.22) and (3.23) into the right-hand side of (3.20) and conclude

∀s ∈ [r, t],∀x ∈ Rd, Ĝs,t(x) =
1− t

1− s
Pt−sξ(x) +

∫ t

s

Pu−s((Ĝu,t)
2)(x)(1− s)−1du.

Therefore Ĝs,t satisfies (3.14) for s ∈ [r, t], as required. ■

We need a simple result about random point processes.

Proposition 3.6. Let ν̄ be a random measure in NF (Rd) such that P(ν̄(1) = k) > 0 for all
k ∈ N. For each k ∈ N there is a unique symmetric probability, Q̃k, on (Rd)k (symmetry
in the k Rd-valued components) such that for all Borel ξ : Rd → (0, 1],∫ k∏

i=1

ξ(xi)dQ̃k(x1, . . . , xk) = E(exp{ν̄(log ξ)} | ν̄(1) = k).

Moreover for all i ≤ k,∫
1(xi ∈ ·)dQ̃k(x1, . . . , xk) =

1

k
E(ν̄(·) | ν̄(1) = k). (3.24)

The proof can be found in Section B.3 of the Appendix.

Definition. We call {Q̃k} the conditional support measures associated with ν̄.

Recall from (3.4) that P∗(X1 ∈ ·) is the cluster law of a SBM, X1, with branching rate
γ > 0. Recall also the historical BBM, (H∗

t , t < 1), and BBM, (X∗
t (·), t < 1), constructed

from H1 in Proposition 3.1 under P∗. See Figure 1 for a pictorial representation of the
following result.

Theorem 3.7. Let µ > 1 and work under P∗. Let {Q̃k} be the conditional support mea-
sures of the BBM X∗

1− 1
µ

and define Qk on the Borel sets in (Rd)k by Qk = Q̃k ◦S−1
µ . Then

2
γ
X1 is a STRM with β = 1, offspring law, L(Z), geometric with mean µ, and symmetric

displacement laws {Qk}. The common marginal distribution of the Qk’s, L(X), is the
d-dimensional Gaussian law with mean 0 and covariance (µ − 1)Id. The approximating
sequence (νn) corresponding to ν = 2

γ
X1 is given by νn = µ−nX∗

1−µ−n.
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Proof. Fix µ > 1 and let ξ : Rd → (0, 1] be Borel. Let (F∗
t )t<1 be the right-continuous

filtration generated by H∗. The Markov and multiplicative properties of H∗ (see (3.7))
imply that if θ(y) = ξ(y(1)), then

P∗(exp{X∗
1−µ−n−1(log ξ)} |F∗

1−µ−n) = exp
(
H∗

1−µ−n(logG1−µ−n,1−µ−n−1θ)
)

= exp
(
X∗

1−µ−n(logG1−µ−n,1−µ−n−1ξ)
)
, (3.25)

where (3.12) is used in the last equality. Use translation invariance and then the scaling
property (Lemma 3.5 with r = s = 1− µ−n and t = 1− µ−n−1) to see that

G1−µ−n,1−µ−n−1ξ(x) = G1−µ−n,1−µ−n−1(ξ ◦ τx)(0)
= G0,1−µ−1(ξ ◦ τx ◦ Sµ−n)(0)

= P∗(exp
(
X∗

1−µ−1(log(ξ ◦ τx ◦ Sµ−n))
)
)

=
∞∑
k=1

P∗(X∗
1−µ−1(Rd) = k) (3.26)

× P∗(exp
(
X∗

1−µ−1(log(ξ ◦ τx ◦ Sµ−n))
)
|X∗

1−µ−1(Rd) = k).

By Proposition 3.3

P∗(X∗
1−µ−1(Rd) = k) = P(Z = k),where Z has a geometric distribution with mean µ.

(3.27)
Recall that {Q̃k} are the conditional support measures of X∗

1−µ−1 . Proposition 3.6 implies

P∗(exp
(
X∗

1−µ−1(log(ξ ◦ τx ◦ Sµ−n))
)
|X∗

1−µ−1(Rd) = k)

=

∫ k∏
i=1

ξ(x+ µ−n/2xi)dQ̃k(x1, . . . , xk). (3.28)

Substitute (3.27) and (3.28) into (3.26) and conclude

G1−µ−n,1−µ−n−1ξ(x) =
∞∑
k=1

P(Z = k)

∫ k∏
i=1

ξ(x+ µ−n/2xi)dQ̃k(x1, . . . , xk)

=
∞∑
k=1

P(Z = k)

∫ k∏
i=1

ξ(x+ µ−(n+1)/2xi)dQk(x1, . . . , xk).

Use this representation in the expression (3.25) for the conditional p.g.f. and compare with
that in Proposition 2.12 (using also (2.23)) to see that the NF (Rd)-valued Markov Chain,
X∗

1−µ−n , has the same law as the chain {ν̄n} defined from a STRM, ν, with β = 1, offspring
law L(Z) geometric with mean µ, and symmetric displacement measures {Qk} as in the
Theorem. Here note that by (3.18) and (3.24) each marginal of Qk is P0(µ

1/2B1−µ−1 ∈ ·),
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0 1

0

+∞

−∞ 1− µ−1 1− µ−3

splitting rate λ(t) = 1
1−t

1− µ−2

Figure 1: Under the cluster law P∗ the past trajectories of all the particles “present at
time 1 in H1” can be described as that of a system of particles that follow independent
Brownian motions and split into two at time any t with rate λ(t) = 1

1−t
. Note that at any

time t < 1, this system only contains a finite number of particles. Proposition 3.1 ensures
that we can recover the random measure H1, historical Brownian motion at time 1, from
the trajectories of this particle system on [0, 1). We then take snapshots of the positions
of the particles in this process at times 1− µ−n for n ≥ 1. Theorem 3.7 ensures that the
evolution of this process along this discrete sequence of times indeed fits into the STRM
framework.

i.e., is mean zero Gaussian on Rd with covariance (µ − 1)Id. Therefore (TC)ζ holds for
all ζ > 0 and so β = 1, L(Z) and {Qk} do determine a unique in law STRM, ν, with its
associated {νn}. Proposition 3.1 with εn = µ−n implies that

νn = µ−nν̄n = µ−nX∗
1−µ−n → 2

γ
X1 P∗ − a.s. as n→ ∞.

Hence 2
γ
X1 is the STRM ν associated with the sequence νn = µ−nX∗

1−µ−n , and the proof
is complete. ■

Remark 3.8. One easily sees from the above that the random sum S in (2.10) giving the
mean measure for 2

γ
X1 has a standard normal distribution on Rd, and so the hypothesis

(DC) of Theorem 2.11 holds. Therefore a special case of that result and the above theorem
give dim(supp(X1)) = 2 ∧ d P∗-a.s., as is well known ([15] and [34]).

Remark 3.9. To describe Qk in the above it suffices to do so for Q̃k. Recall that Q̃k in
the above is the symmetric law of the k points {X1, . . . , Xk} in the support of X∗

1− 1
µ

under

P∗( · |X∗
1− 1

µ

(Rd) = k). We sketch a simple construction of these points. If k = 1 we clearly

have a single d-dimensional Brownian motion B starting at 0 and X1 is B(1 − 1
µ
). For
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k ≥ 2, let V1, . . . , Vk−1 be i.i.d. random times with density f(v) = (1 − v)−2/(µ − 1) for
v ∈ [0, 1− 1

µ
], and let 0 < U1 < · · · < Uk−1 < 1− 1

µ
be the associated order statistics. Then

U1, . . . , Uk−1 will be the k − 1 branch times of X∗ on [0, 1 − 1
µ
]. To see this let u0 = 0,

uk = 1 − 1
µ
, and let 0 < T1 < · · · < Tk−1 < 1 − 1

µ
be the ordered branch times. Then

{Ti ∈ dui, i = 1, . . . , k − 1 and X∗
1− 1

µ

(Rd) = k} holds iff there are no branching events on

(ui−1, ui) for i = 1 . . . k and branching occurs in dui for i = 1, . . . , k−1. A short calculation
then shows this probability is P ((U1, . . . , Uk−1) ∈ du1...duk−1). The construction should
now be clear. Condition on the branch times occurring at u1 < · · · < uk−1. Run a d-
dimensional Brownian path starting from 0 on [0, u1]. Then run two independent Brownian
paths on [u1, u2] from the end location. Randomly pick one of the two new end locations
at time u2 and run two independent Brownian paths from this point and a third from the
other end location, all on [u2, u3]. Now randomly pick one of the three end locations at
time u3 and have this location split into two. Continue in this way until we arrive at time
uk−1 with k − 1 end locations. Pick one at random to split into two particles and run an
independent Brownian path from each of these k particles, each ending at time 1− 1

µ
. The

resulting k end locations give {X1, . . . , Xk}. The symmetrised joint law of the resulting
collection of k correlated Brownian paths on [0, 1− 1

µ
] leading up to these endpoints, gives

the kth conditional support measure of H∗
1− 1

µ

.

4 B-ary Classical Super-Tree Random Measures

Recall the definition of a B-ary CSTRM in Rd, associated with p = (pk, k ∈ Z+) from the
Introduction. In this case we have ρ = µ−β/2 = B−1 and in the definition of the spatial
displacement law Qs we may take Xm,k = Xm for an i.i.d. sequence {Xm} of uniform r.v.’s
on {0, . . . , B−1}d. We also may assume that Xf (ω) ∈ {0, . . . , B−1}d for all f ∈ F and all
ω. We will alter the notation in Section 2 slightly and, as in [1], assume {Xf : f ∈ F \F0}
are i.i.d. uniform r.v.’s on {0, . . . , B − 1}d and, instead of (2.9) and (2.11), write

Sf =
n∑

m=1

B−mXf |m, f ∈ Fn; Si =
∞∑

m=1

B−mX i|m, i ∈ I. (4.1)

This new notation amounts to replacing X
f |(m−1)
fm

in (2.9) (recall in our simple setting

there is no branching dependence) with Xf |m for 1 ≤ m ≤ |f |, and so clearly does not
affect any of the processes defined in Section 2. Therefore in this setting we have

Gn = σ(Zf : 0 ≤ |f | < n) ∨ σ(Xf : 1 ≤ |f | ≤ n) for n ∈ Z+. (4.2)

Note that Si ∈ [0, 1]d for all i ∈ I and so

supp(ν) ⊂ [0, 1]d.

In this setting S =
∑∞

m=1B
−mXm corresponds to the construction of Lebesgue measure

by a random base B expansion in each coordinate (see, e.g., the discussion in Section V.3a
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x

Cm(x)

Figure 2: For some site x ∈ Gm on the grid, the cube Cm(x) is the cube of edge-length
B−m whose point with lowest coordinates is x.

in [21]) and we have

P(S ∈ A) =

∫
[0,1]d

1A(x) dx. (4.3)

Therefore Theorem 2.6(c) shows the mean measure of ν is Lebesgue measure and we have,

E
(∫

ϕ(x) dν(x)
)
=

∫
[0,1]d

ϕ(x) dx for all bounded measurable ϕ on [0, 1]d. (4.4)

The boundedness of Xm and (4.3) show that the hypotheses of Theorem 2.11 hold and so
(as noted in the Introduction) for our B-ary CSTRM,

dim(supp(ν)) =
2

β
∧ d =

log µ

logB
∧ d a.s. (4.5)

Notation. If x, y ∈ Rd, let [x, y) = {z ∈ Rd : xℓ ≤ zℓ < yℓ for ℓ = 1, . . . , d} and let

1⃗ = (1, 1, . . . , 1) ∈ Rd. If m ∈ Z+, k⃗ ∈ {0, 1, . . . , Bm − 1}d and x = B−mk⃗ ∈ [0, 1−B−m]d,
let

Cm(x) = [x, x+B−m1⃗) ⊂ [0, 1)d.

That is, Cm(x) is the d-dimensional cube of edge length B−m with “lower left corner”
x ∈ Gm := [0, 1)d ∩B−mZd, see Figure 2.

The following simple random Cantor set description of supp(ν), illustrated in Figure 3,
will be used frequently.

Lemma 4.1. With probability one, supp(ν) = ∩∞
m=1 ∪f∈K0

m
Cm(Sf ).

Proof. By (4.1) we have for all m ∈ N,

Si ∈ [Si|m,∞) for all i ∈ I and sup
i∈I

∥Si − Si|m∥∞ ≤ B−m.
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Figure 3: Black cubes correspond to positions x on the grid with at least one particle
whereas white cubes corresponds to positions with no particles. The union of the black
cubes decreases to supp ν as m→ ∞, see Lemma 4.1.

Therefore for all m ∈ N and i ∈ K we have Si ∈ Cm(Si|m) and i|m ∈ K0
m. This proves

that
{Si : i ∈ K} ⊂ ∩∞

m=1 ∪f∈K0
m
Cm(Sf ),

and so by Theorem 2.6(b),

supp(ν) = {Si : i ∈ K} ⊂ ∩∞
m=1 ∪f∈K0

m
Cm(Sf ) a.s. (4.6)

Now let x ∈ ∩∞
m=1∪f∈K0

m
Cm(Sf ) and for m ∈ N choose fm ∈ K0

m so that x ∈ Cm(Sfm).
Define f̄m ∈ I by extending fm to N by making the additional coordinates all 1’s. By (2.5)
f̄m ∈

∏∞
ℓ=1{1, . . . ,Mℓ ∨ 1} for all m and so by Tychonoff’s theorem there is a subsequence

(f̄mn) converging to i in I. For each m ∈ N there is a natural number Lm ≥ m so that
for n ≥ Lm, i|m = fmn|m ∈ K0

m (since fmn ∈ K0
mn

). This proves i ∈ K. If m ∈ N and
n ≥ Lm, we have

∥x− Si∥∞ ≤ ∥x− Sfmn∥∞ + ∥Sfmn − Sfmn |m∥∞ + ∥Sfmn |m − Si∥∞
≤ B−mn + 2B−m,

the last by the choice of fmn and (4.1). Let n → ∞ and then m → ∞ on the right-hand
side to see that x = Si. This gives the converse inclusion to (4.6), and we are done. ■

Notation. If x(j) denotes the jth coordinate of x ∈ Rd, m ∈ Z+, and x ∈ Gm, we write
x = .x1 . . . xm, where xℓ ∈ {0, . . . , B−1}d are the unique vectors such that for j = 1, . . . , d,

x(j) =
∑m

ℓ=1 x
(j)
ℓ B−ℓ. If g ∈ Fm and ℓ ∈ N, let

g ∨ ℓ ∈ Fm+1 be the index obtained by adding ℓ to g as the last digit. (4.7)

Proposition 4.2. There is a c4.2 > 0 and sequences δm, εm → 0, depending only on
(Bd,L(Z)), such that:
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(a) If 2
β
= d, then

∀m ∈ N, ∀x ∈ Gm, P(ν(Cm(x)) > 0) = P(ν(Cm(x)) > 0) =
2µ(1 + δm)

(µ− 1)m
.

(b) If 2
β
< d, then

∀m ∈ Z+,∀x ∈ Gm, P(ν(Cm(x)) > 0) = P(ν(Cm(x)) > 0) = c4.2(1+εm)(B
−m)(d−

2
β
).

Proof. By (4.4) ν(∂Cm(x)) = 0 a.s. and so we only need prove the above without the
closures. Let m ∈ Z+ and x = .x1 . . . xm ∈ Gm. If n ≥ m and f ∈ Fn, then by (4.1),
Sf ∈ Cm(x) iff S

f |m = x. Therefore

νn(Cm(x)) = µ−n|{f ∈ K0
n : Sf |m = x}| =

∑
g∈K0

m

1(Sg = x)µ−n|Kg
n|.

Use the above with the facts that νn → ν a.s. (Theorem 2.6(d)) and ν(∂Cm(x)) = 0 a.s.
to see that

ν(Cm(x)) = lim
n→∞

νn(Cm(x)) = lim
n→∞

∑
g∈K0

m

1(Sg = x)µ−n|Kg
n|

=
∑
g∈K0

m

1(Sg = x)W g. (4.8)

If x ∈ Gm, set J
x
0 = K0

0 = {0} if m = 0 (and hence x = 0), and for m ≥ 1 define

Jx
m = {g ∈ K0

m : Sg = x}
= {f ∨ gm : f ∈ K0

m−1, S
f = .x1, . . . xm−1, 1 ≤ gm ≤ Zf , Xf∨gm = xm}

= ∪̇f∈J .x1...xm−1
m−1

∪̇Zf

gm=1{f ∨ gm : Xf∨gm = xm}. (4.9)

Here ∪̇ denotes union of disjoint sets and the empty B-ary expansion denotes zero. There-
fore (4.9) shows that

|Jx
m| =

∑
f∈J .x1...xm−1

m−1

Zf∑
ℓ=1

1(Xf∨ℓ = xm) m ≥ 1, x ∈ Gm. (4.10)

Note that Jx
m is Gm-measurable, while for m ≥ 1, {Zf : f ∈ Fm−1} and {Xf ′

: f ′ ∈ Fm}
are independent i.i.d. collections, jointly independent of Gm−1. This shows that for m ∈ N
and x ∈ Gm, k 7→ |J .x1...xk

k |, k = 0, . . .m is a Galton-Watson branching process starting at

1 and with offspring law, that of R =
∑Z

ℓ=1 eℓ, where Z is our branching variable for ν,
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and {eℓ} are i.i.d. Bernoulli r.v.’s with parameter p = B−d, independent of Z. Note that
this law depends on (Bd,L(Z)) and not on the choice of x ∈ Gm or m, and satisfies

E(R) =
µ

Bd
= B

2
β
−d, Var(R) = σ2

R =
µ

Bd
(1−B−d).

From (4.8) we have for m ∈ Z+ and x ∈ Gm,

ν(Cm(x)) =
∑
g∈Jx

m

W g, where {W g : g ∈ Fm} are i.i.d. r.v.’s with common law L(W 0)

and are independent of Gm, and hence of Jx
m. (4.11)

Note that q := P(W 0 = 0) < 1 (recall E(W 0) = 1). By (4.11),

P(ν(Cm(x)) > 0) = P(∃ g ∈ Jx
m such that W g > 0)

= P(|Jx
m| > 0)P(∃ g ∈ Jx

m such that W g > 0 | |Jx
m| > 0)

= P(|Jx
m| > 0)(1− E(q|Jx

m|| |Jx
m| > 0)). (4.12)

The right-hand side is clearly independent of the choice of x ∈ Gm by the above branching
process description of |Jx

m|.
(a) Assume now 2

β
= d, so that Bd = µ, and let m ∈ N. Then E(R) = 1 and we have a

critical branching process in the above. By a theorem of Kolmogorov (see (10.8) in [24])

there is a sequence δ
(1)
m → 0 such that

∀x ∈ Gm, P(|Jx
m| > 0) =

2(1 + δ
(1)
m )

mσ2
R

=
2µ(1 + δ

(1)
m )

(µ− 1)m
. (4.13)

By Yaglom’s theorem (see Theorem 10.1 in [24])

P
(
|Jx

m|2
mσ2

R

∈ ·
∣∣∣ |Jx

m| > 0

)
converges weakly to an Exponential(1) r.v. (4.14)

This implies that E(q|Jx
m| | |Jx

m| > 0) = δ
(2)
m → 0 as m → ∞ (and is independent of the

choice of x ∈ Gm). Use this and (4.13) in (4.12) to complete the proof of (a). Note that
the final sequence (δm) depends only on L(R), and hence only on L(Z) (recall Bd = E(Z)
in this case), and not on the choice of x ∈ Gm.

(b) Assume 2
β
< d so that E(R) < 1 and the above branching process is subcritical.

Let m ∈ Z+. By (9.5) in Chapter I of [24] there is a c1 > 0 and a sequence ε
(1)
m → 0 so

that
P(|Jx

m| > 0) = c1(1 + ε(1)m )E(R)m = c1(1 + ε(1)m )(B−m)(d−
2
β
). (4.15)

By Theorem 9.1 in Chapter I of [24] there is a random variable J∞ ∈ N (whose law depends
only on L(R)) so that

lim
m→∞

E
(
q|J

x
m| | |Jx

m| > 0
)
= E(qJ∞) := c2 ∈ (0, q].
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Therefore for some ε
(2)
m → 0, we may write

E
(
1− q|J

x
m| | |Jx

m| > 0
)
= (1− c2)(1 + ε(2)m ).

Use this and (4.15) in (4.12) to complete the proof of (b), where c4.2 and {εm} depend
only on L(R), and hence only on (Bd,L(Z)). ■

Notation. Let Λm = Λm(d) = {Cm(x) : x ∈ Gm}.

It is easy to use Proposition 4.2 to prove Proposition 1.1.

Proof of Proposition 1.1. (a) Write diam(C) for the Euclidean diameter for a set in
Rd. We have supp(ν) ⊂ ∪C∈Λm,ν(C)>0C, and so it follows easily from the definition of
Hausdorff measure, Fubini’s theorem and the fact that ν(∂C) = 0 for all C ∈ Λm a.s. that

E(xd log(1/x)-m(supp(ν))

≤ E
(
lim inf
m→∞

∑
x∈Gm

diam(Cm(x))
d log

(
1/diam(Cm(x))

)
1(ν(Cm(x)) > 0)

)
≤ lim inf

m→∞

∑
x∈Gm

(dB−2m)d/2 log(Bm)P(ν(Cm(x)) > 0)

≤ Bdm(dB−2m)d/2m log(B)C(Bd,L(Z))m−1

≤ C(d,B,L(Z)) <∞.

We have used Proposition 4.2(a) in fourth line. This proves (a).
(b) Virtually the same argument using Proposition 4.2(b) gives (b). ■

Proposition 4.2 also readily gives Proposition 1.2.

Proof of Proposition 1.2. One simply approximates B(y, r) for y ∈ [0, 1]d and r small
from above and below by sets in Λm where B−m approximates r in an appropriate manner,
and then apply Proposition 4.2. The details are standard. ■

5 Total Disconnectedness of B-ary Classical Super-

Tree Random Measures

In this section we prove Theorem 1.9 giving sufficient conditions for total disconnectedness
of the support of B-ary CSTRM.

Notation. If m ∈ N and x ∈ Gm, for n ≥ m we define a closed subset of [0, 1]d by

C̃m,n(x) = ∪f∈K0
m,Sf=x ∪f ′∈Kf

n
Cn(Sf ′).

The key step in the proof will be the following disjointness lemma which ensures that
if two particles are at positive distance at some point in the process, then the distance
between their respective descendants will remain bounded away from 0 for all times.
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Lemma 5.1. Let d ≥ 4
β
− 1. If m ∈ N and f, g ∈ Fm, then w.p. 1 there is an N =

N(m, f, g) ∈ N≥m so that

Sf ̸= Sg and Cm(Sf ) ∩ Cm(Sg) ̸= ∅
imply that ∀n ≥ N, ∀(f ′, g′) ∈ Kf

n ×Kg
n, Cn(Sf ′) ∩ Cn(Sg′) = ∅.

We will prove this result below. The core of the proof, contained in Lemma 5.5 below,
relies on a supermartingale convergence argument requiring d ≥ 4

β
− 1. For now we will

show how it easily gives Theorem 1.9.

Proof of Theorem 1.9. We may fix ω, outside a null set, so that the above Lemma
holds for all m ∈ N and all f, g ∈ Fm, the conclusion of Lemma 4.1 holds, and |K0

m| <∞
for all m ∈ N. If Nm(ω) = maxf,g∈K0

m
N(m, f, g) ∈ N≥m, then

∀m ∈ N, ∀(f, g) ∈ (K0
m)

2,
(
Sf ̸= Sg and Cm(Sf ) ∩ Cm(Sg) ̸= ∅

)
implies

∀n ≥ Nm, ∀(f ′, g′) ∈ Kf
n ×Kg

n, Cn(Sf ′) ∩ Cn(Sg′) = ∅. (5.1)

Note also that if f, g ∈ K0
m and Cm(Sf ) ∩ Cm(Sg) = ∅, then the conclusion in (5.1) holds

easily for all n ≥ m. This follows from (4.1) because that result implies for all f, g ∈ K0
m,

∪f ′∈Kf
n
Cn(Sf ′) ⊂ Cm(Sf ), and so, ∪g′∈Kg

n
Cn(Sg′) ⊂ Cm(Sg). (5.2)

Therefore we have from (5.1) that

∀m ∈ N, ∀(f, g) ∈ (K0
m)

2,

Sf ̸= Sg implies ∀n ≥ Nm, ∀(f ′, g′) ∈ Kf
n ×Kg

n, Cn(Sf ′) ∩ Cn(Sg′) = ∅. (5.3)

It follows easily from (5.2) and the definition of C̃m,n(x) that for n ≥ m,

C̃m,n(x) ⊂ Cm(x), and so diam(C̃m,n(x)) ≤ B−m. (5.4)

Here the diameter is taken with respect to the L∞ norm on Rd. We also have for n ≥ m,

∪x∈GmC̃m,n(x) = ∪x∈Gm ∪f∈K0
m, Sf=x ∪f ′∈Kf

n
Cn(Sf ′) = ∪f∈K0

m
∪f ′∈Kf

n
Cn(Sf ′)

⊃ ∪f ′∈K0
n
Cn(Sf ′) ⊃ supp(ν). (5.5)

We have used Lemma 4.1 in the last inclusion, and in the next to last inclusion note that

f ′ ∈ K0
n implies that f ′|m ∈ K0

m and f ′ ∈ K
f ′|m
n .

If x, y are distinct points in Gm, then we have for n ≥ Nm,

C̃m,n(x) ∩ C̃m,n(y) = ∪f∈K0
m,Sf=x ∪g∈K0

m,Sg=y ∪(f ′,g′)∈Kf
n×Kg

n
Cm(Sf ′) ∩ Cm(Sg′) = ∅,

where the final equality holds by (5.3) because Sf = x ̸= y = Sg. So this and (5.5) allows

us to write supp(ν) (for n > Nm) as a finite disjoint union of closed sets, supp(ν)∩C̃m,n(x)
x ∈ Gm, each of L∞-diameter at most B−m by (5.4). As m ∈ N is arbitrary, this proves
supp(ν) is a.s. totally disconnected. ■
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Turning to the proof of Lemma 5.1, we introduce some terminology.

Definition. If C,C ′ ∈ Λm for m ∈ N, we say C and C ′ are neighbours iff C ̸= C ′ and
C ∩ C ′ is non-empty.

Notation. If x, y ∈ Gm, let L = L(x, y) = L(Cm(x), Cm(y)) = {1 ≤ k ≤ d : xk = yk}, so
that |L| ∈ {0, . . . , d− 1} for neighbouring cubes in Λm. L

c denotes the complement of L
in {1, . . . , d}.
Lemma 5.2. Let x = (x1, . . . , xd), y = (y1, . . . , yd) ∈ Gm, for m ∈ N. If L = L(x, y), then

Cm(x) and Cm(y) are neighbours ⇐⇒ x ̸= y and for any k ∈ Lc, |xk − yk| = B−m.

In this case

Cm(x)∩Cm(y) = {z : zk ∈ [xk, xk+B−m] for k ∈ L, and zk = xk∨yk for k ∈ Lc}. (5.6)

Proof. (⇒) Note that if |xk − yk| > B−m, then |xk − yk| ≥ 2B−m, and so Cm(x)∩Cm(y)
is empty, implying that Cm(x) and Cm(y) are not neighbours.
(⇐) Assume x ̸= y and |xk − yk| = B−m for k ∈ Lc. Then

z ∈ Cm(x) ∩ Cm(y) iff ∀k ≤ d, zk ∈ [xk, xk +B−m] ∩ [yk, yk +B−m]

iff ∀k ∈ L, zk ∈ [xk, xk +B−m] and ∀k ∈ Lc, zk = xk ∨ yk.

In particular, we see that Cm(x) and Cm(y) are neighbours because this last set of z is
non-empty. This also proves (5.6). ■

Definition. For neighbouring C,C ′ ∈ Λm and ℓ ∈ {0, . . . , d − 1}, we say C and C ′ are
ℓ-neighbours iff |L(C,C ′)| = ℓ. (Geometrically this means C ∩C ′ is an ℓ-dimensional face,
see Figure 4 for an illustration.) We say f and g in Fm are ℓ-neighbours iff Cm(S

f ) and
Cm(S

g) are.

Notation. For f ∈ F and i ≤ d we let Sf,i denote the ith coordinate of Sf , and similarly
for Xf,i.

Lemma 5.3. Let n1 ≤ n2 be in N, f, g ∈ Fn2, and ℓ ∈ {0, . . . , d− 1}.
(a) L(Sf , Sg) ⊂ L(Sf |n1 , Sg|n1), and so in particular, Sf |n1 ̸= Sg|n1 implies Sf ̸= Sg.

(b) If Cn2(S
f ) and Cn2(S

g) are ℓ-neighbours and Sf |n1 ̸= Sg|n1, then Cn1(S
f |n1) and

Cn1(S
g|n1) are ℓ′-neighbours for some ℓ′ ≥ ℓ.

Proof. Let f, g, n1, n2 be as above. If k ∈ {1, . . . , d}, then by (4.1)

|Sf,k − Sg,k| ≥ |Sf |n1,k − Sg|n1,k| −
n2∑

m=n1+1

B−m|Xf |m,k −Xg|m,k|

≥ |Sf |n1,k − Sg|n1,k| −B−n1−1(B − 1)

n2−n1−1∑
m=0

B−m

= |Sf |n1,k − Sg|n1,k| −B−n1 +B−n2 . (5.7)
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Figure 4: From left to right, examples of ℓ-neighbour cubes, for ℓ = 2, 1, 0. The intersection
of their boundary is shown in red.

If k ∈ L(Sf |n1 , Sg|n1)c, then |Sf |n1,k − Sg|n1,k| ≥ B−n1 and so (5.7) implies that
|Sf,k − Sg,k| ≥ B−n2 > 0. This shows that k ∈ L(Sf , Sg)c, proving (a).

For (b), assume that Cn2(S
f ) and Cn2(S

g) are ℓ-neighbours, and Sf |n1 ̸= Sg|n1 . Let
k ∈ L(Sf |n1 , Sg|n1)c. Then k ∈ L(Sf , Sg)c by (a), and so the left-hand side of (5.7) is B−n2

by Lemma 5.2. Therefore (5.7) implies that

|Sf |n1,k − Sg|n1,k| ≤ B−n1 .

Recalling that Sf |n1,k ̸= Sg|n1,k by the choice of k, we deduce that |Sf |n1,k−Sg|n1,k| = B−n1 .
In addition we have Sf |n1 ̸= Sg|n1 and so Lemma 5.2 implies that Cn1(S

f |n1) and Cn1(S
g|n1)

are neighbours. By (a) they are ℓ′ neighbours for some ℓ′ ≥ ℓ. ■

Notation. If R is a Z+-valued r.v., f, g ∈ FR, ℓ ∈ {0, . . . , d− 1} and n ∈ N, let

Γℓ
R,n(f, g) := {(f ′, g′) ∈ Kf

n∨R ×Kg
n∨R : Cn∨R(S

f ′
) and Cn∨R(S

g′) are ℓ− neighbours}.

Corollary 5.4. If R is a Z+-valued r.v., f, g ∈ FR, and ℓ ∈ {0, . . . , d − 1}, then on
{Sf ̸= Sg}, for all n ∈ N,(
∀ℓ′ ∈ {ℓ, . . . , d− 1}, Γℓ′

R,n(f, g) = ∅
)
⇒
(
∀n′ ≥ n,∀ℓ′ ∈ {ℓ, . . . , d− 1},Γℓ′

R,n′(f, g) = ∅
)
.

In particular (ℓ = 0, n = R), if f, g ∈ FR are not neighbours, then (f ′, g′) ∈ Kf
n′ ×Kg

n′ are
not neighbours for all n′ ≥ R.

Proof. Assume Sf ̸= Sg and Γℓ′
R,n(f, g) = ∅ for all ℓ′ ≥ ℓ. Let ℓ′ ∈ {ℓ, . . . , d− 1}, n′ ≥ n

and, proceeding by contradiction, let (f ′, g′) ∈ Γℓ′

R,n′(f, g). Then (f ′|(n ∨R), g′|(n ∨R)) ∈
Kf

n∨R ×Kg
n∨R and, by Lemma 5.3(a), Sf ′|n∨R ̸= Sg′|n∨R because Sf ′|R = Sf ̸= Sg = Sg′|R.

By Lemma 5.3(b) if Cn′∨R(S
f ′
) and Cn′∨R(S

g′) are ℓ′-neighbours, then Cn∨R(S
f ′|(n∨R))

and Cn∨R(S
g′|(n∨R)) are ℓ′′-neighbours for some ℓ′′ ∈ {ℓ′, . . . , d − 1}. We have shown that

(f ′|(n ∨ R), g′|(n ∨ R)) ∈ Γℓ′′
R,n(f, g) which is empty by assumption. This contradiction

proves that Γℓ′

R,n′(f, g) is empty, and the proof is complete. ■
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Lemma 5.5. Assume d ≥ 4
β
− 1, ℓ ∈ {0, . . . , d− 1}, and R ∈ N∪{∞} be a random time.

With probability 1, if R < ∞ and f, g ∈ FR are such that CR(S
f ) and CR(S

g) are not
ℓ′-neighbours for any ℓ′ ∈ {ℓ+ 1, . . . , d− 1}, then

Rℓ
R(f, g) := inf{n ≥ R : Γℓ

R,n(f, g) = ∅} <∞. (5.8)

If CR(S
f ) and CR(S

g) are not ℓ-neighbours, then the above conclusion is trivial because
Rℓ

R(f, g) = R in that case. We will prove Lemma 5.5 below. The route to establishing
Lemma 5.1 from Corollary 5.4 and Lemma 5.5 is now clear. If f, g are as in Lemma 5.1, then
for some ℓ ≤ d−1 they are ℓ-neighbours but not ℓ′-neighbours for any ℓ′ > ℓ. Corollary 5.4
and Lemma 5.5 imply that after a large random time none of their descendants are ℓ′-
neighbours for any ℓ′ > ℓ−1. Iterating this argument ℓ times shows that after a sufficiently
large time no pair of descendants of f and g are neighbours, which implies Lemma 5.1.
Here are the details.

Proof of Lemma 5.1. Let m ∈ N, ℓ ∈ {0, . . . , d− 1} and f, g ∈ Fm. It suffices to show
that w.p.1 on Ωℓ = {ω : f and g are ℓ-neighbours},

∃Nℓ ≥ m such that ∀n ≥ Nℓ, ∀(f ′, g′) ∈ Kf
n ×Kg

n, Cn(Sf ′) ∩ Cn(Sg′) = ∅. (5.9)

Indeed, take the union over ℓ, let N be the maximum of the resulting Nℓ’s in (5.9), and
combine the null sets, to get the conclusion of Lemma 5.1.

Apply Lemma 5.5 with R = m to see that if inf ∅ = ∞ and we set R1 = ∞ on Ωc
ℓ, then

R1 := inf{n ≥ m : Γℓ
m,n(f, g) = ∅} <∞ a.s. on Ωℓ. (5.10)

Corollary 5.4, with R = n = m and n′ = R1, shows that on {R1 < ∞}, for all ℓ′ > ℓ we
have Γℓ′

m,R1
(f, g) = ∅, while the definition of R1 ensures Γℓ

m,R1
(f, g) = ∅ on {R1 <∞}. So

Corollary 5.4, with R = n = R1, now implies

∀n′ ∈ N≥R1 , ∀(f ′, g′) ∈ Kf
n′ ×Kg

n′ , f
′ and g′ are not ℓ′-neighbours for all ℓ′ ≥ ℓ, (5.11)

where we note this conclusion is vacuously true if R1 = ∞.
By (5.11) on {R1 < ∞} any f ′ ∈ Kf

R1
and g′ ∈ Kg

R1
are not ℓ′-neighbours for any

ℓ′ ≥ ℓ, and so Lemma 5.5 (with R = R1) implies that w.p.1 on {R1 < ∞}, for all
(f ′, g′) ∈ Kf

R1
×Kg

R1
, we have Rℓ−1

R1
(f ′, g′) < ∞. We conclude that if we set R2 = ∞ on

{R1 = ∞}, then

R2 := max
(f ′,g′)∈Kf

R1
×Kg

R1

Rℓ−1
R1

(f ′, g′) <∞ a.s. on {R1 <∞}. (5.12)

Assume R1 < ∞ and let (f ′, g′) ∈ Kf
R1

×Kg
R1
. We have Sf ̸= Sg (since R1 < ∞ implies

Ωℓ) and therefore Sf ′ ̸= Sg′ by Lemma 5.3(a), and, as noted above, f ′ and g′ are not
ℓ′-neighbours for all ℓ′ ≥ ℓ by (5.11). So we can apply Corollary 5.4 with (f ′, g′) in place
of (f, g), R = n = R1, and n

′ = Rℓ−1
R1

(f ′, g′), to conclude that Γℓ′

R1,R
ℓ−1
R1

(f ′,g′)
(f ′, g′) = ∅ for
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ℓ′ ≥ ℓ on {Rℓ−1
R1

(f ′, g′) < ∞}. The same conclusion holds for ℓ′ = ℓ − 1 by the definition

of Rℓ−1
R1

(f ′, g′). Another application of Corollary 5.4 with R = R1, n = Rℓ−1
R1

(f ′, g′) and

n′ ≥ R2 shows that for all (f ′, g′) ∈ Kf
R1

×Kg
R1

and all n′ ≥ R2, Γ
ℓ′

R1,n′(f ′, g′) = ∅ for all
ℓ′ ≥ ℓ− 1 (this is vacuous if R2 = ∞). This means that

∀n′ ∈ N≥R2 , ∀(f ′, g′) ∈ Kf
R1

×Kg
R1
, ∀(f ′′, g′′) ∈ Kf ′

n′ ×Kg′

n′ ,

f ′′ and g′′ are not ℓ′-neighbours for all ℓ′ ≥ ℓ− 1. (5.13)

Note that for any n′ ≥ R2 and f
′′, g′′ ∈ Fn′ , (f ′′, g′′) ∈ Kf

n′×Kg
n′ iff (f ′, g′) = (f ′′|R1, g

′′|R1) ∈
Kf

R1
×Kg

R1
and (f ′′, g′′) ∈ Kf ′

n′ ×Kg′

n′ . Therefore we can rewrite (5.13) as

∀n′ ∈ N≥R2 , ∀(f ′, g′) ∈ Kf
n′ ×Kg

n′ , f
′ and g′ are not ℓ′-neighbours for all ℓ′ ≥ ℓ− 1.

(5.14)
Comparing (5.11) to (5.14), and noting that R2 < ∞ a.s. on Ωℓ by (5.10) and (5.12), we
see that we can iterate this argument ℓ times and conclude there is a (Gn)-stopping time
Rℓ+1, which is a.s. finite on Ωℓ, such that

∀n′ ∈ N≥Rℓ+1 , ∀(f ′, g′) ∈ Kf
n′ ×Kg

n′ , f
′ and g′ are not ℓ′-neighbours for all ℓ′ ≥ 0. (5.15)

This gives (5.9) with Nℓ = Rℓ+1 and we are done. ■

So to complete the proof of Theorem 1.9 it remains to establish Lemma 5.5. This
will be done by a supermartingale convergence argument and we will need the following
elementary result.

Lemma 5.6. Assume {Mn : n ∈ N} is a Z+-valued (Fn)-supermartingale such that for
any k ∈ N there is a rk > 0 so that for all n ∈ N,

P(Mn+1 ̸= k | Fn) ≥ rk on {Mn = k}. (5.16)

Then Mn → 0 a.s.

Proof. By supermartingale convergence we know Mn →M∞ ∈ Z+ a.s. The above condi-
tion easily implies for k ∈ N and n ≥ N ,

P(∀j ∈ [N, n+ 1], Mj = k) ≤ (1− rk) · P(∀j ∈ [N, n], Mj = k),

and therefore by induction, for all k ∈ N and n ≥ N ,

P(∀j ∈ [N, n], Mj = k) ≤ (1− rk)
n−N .

This proves that for all k ∈ N, P(∪∞
N=1{∀j ≥ N, Mj = k}) = 0, and therefore

P(M∞ = k) = 0. We therefore conclude that M∞ = 0 a.s. and the proof is complete. ■
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Proof of Lemma 5.5. As noted after Lemma 5.5, we may assume f and g are ℓ-neighbours
when verifying (5.8). Next we claim that it suffices to prove the result for R = m a con-
stant. Assume this constant case and let f, g ∈ FR be ℓ-neighbours. So on {R = m},
f, g ∈ Fm are ℓ-neighbours. The result for R identically m gives w.p.1 Rℓ

m(f, g) < ∞.
This gives (5.8) w.p.1 on {R = m}. Combine the resulting null sets to conclude that
w.p.1, (5.8) holds.

So we clearly may fix m ∈ N, f ̸= g ∈ Fm and ℓ ∈ {0, . . . , d − 1}, and it suffices to
prove that with probability 1 on

Ωℓ = {f , g are ℓ-neighbours}

which is in Gm, we have
Rℓ

m(f, g) <∞. (5.17)

Until otherwise indicated we assume ω ∈ Ωℓ. We simplify notation and for n ≥ m write
Γℓ′
n (f, g) for Γ

ℓ′
m,n(f, g).

We first claim that

∀n ≥ m,∀(f ′, g′) ∈ Γℓ
n(f, g), L(Sf ′

, Sg′) = L(Sf , Sg). (5.18)

For this, note that Lemma 5.3(a) implies that for all n ≥ m and (f ′, g′) ∈ Kf
n × Kg

n ⊃
Γℓ
n(f, g), we have L(Sf ′

, Sg′) ⊂ L(Sf , Sg). On the other hand (f ′, g′) ∈ Γℓ
n(f, g) implies

|L(Sf ′
, Sg′)| = ℓ = |L(Sf , Sg)| (recall we work on Ωℓ), and so (5.18) follows.

If n ≥ m and x, y ∈ Gn, let

L′
n(x, y) = {1 ≤ k ≤ d : xk = yk +B−n}.

It follows from Lemma 5.2 that (∪̇ denotes a disjoint union)

if f ′, g′ ∈ Fn are neighbours then L(Sf ′
, Sg′)c = L′

n(S
f ′
, Sg′)∪̇L′

n(S
g′ , Sf ′

). (5.19)

Together (5.18) and (5.19) give us

L′
n(S

f ′
, Sg′)∪L′

n(S
g′ , Sf ′

) = L′
m(S

f , Sg)∪L′
m(S

g, Sf ) ∀(f ′, g′) ∈ Γℓ
n(f, g) ∀ n ≥ m. (5.20)

Next we claim that

∀n ≥ m,∀(f ′, g′) ∈ Γℓ
n(f, g), L

′
n(S

f ′
, Sg′) = L′

m(S
f , Sg) and L′

n(S
g′ , Sf ′

) = L′
m(S

g, Sf ).
(5.21)

For this, argue as in (5.7) but without the absolute values, to see that for (f ′, g′) ∈ Γℓ
n(f, g)

(n ≥ m) and k ∈ L′
m(S

f , Sg),

Sf ′,k − Sg′,k = Sf,k − Sg,k +
n∑

j=m+1

B−j(Xf ′|j,k −Xg′|j,k)

= B−m +
n∑

j=m+1

B−j(Xf ′|j,k −Xg′|j,k)

≥ B−n. (5.22)
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The fact that f ′ and g′ are neighbours implies |Sf ′,k − Sg′,k| = 0 or B−n by Lemma 5.2.
So the above implies Sf ′,k − Sg′,k = B−n, and we have proved L′

m(S
f , Sg) ⊂ L′

n(S
f ′
, Sg′),

and therefore L′
m(S

g, Sf ) ⊂ L′
n(S

g′ , Sf ′
) by symmetry. These inclusions and the equality

in (5.20) now give (5.21).
We claim that the evolution in n ≥ m of Γℓ

n(f, g) satisfies

(f ′, g′) ∈ Γℓ
n+1(f, g) implies (πf ′, πg′) ∈ Γℓ

n(f, g), f
′
n+1 ≤ Zπf ′

, g′n+1 ≤ Zπg′ , (5.23)

∀k ∈ L(Sf , Sg), Xf ′,k = Xg′,k,

∀k ∈ L′
m(S

f , Sg), Xg′,k = B − 1, Xf ′,k = 0, and

∀k ∈ L′
m(S

g, Sf ), Xf ′,k = B − 1, Xg′,k = 0.

(In fact it is also not hard to show the converse implication holds in the above but we will
not need this.) To prove the above, note first that for any n ≥ m we clearly have

(f ′, g′) ∈ Kf
n+1 ×Kf

n+1 iff (πf ′, πg′) ∈ Kf
n ×Kg

n and f ′
n+1 ≤ Zπf ′

and g′n+1 ≤ Zπg′ .
(5.24)

Let (f ′, g′) ∈ Γℓ
n+1(f, g) where n ≥ m. Lemma 5.3(a) implies

L(Sf ′
, Sg′) ⊂ L(Sπf ′

, Sπg′) ⊂ L(Sf , Sg).

The cardinalities of the first and last sets above are both ℓ (recall we are on Ωℓ), and so
we conclude

L(Sf ′
, Sg′) = L(Sπf ′

, Sπg′) = L(Sf , Sg), (5.25)

and
|L(Sπf ′

, Sπg′)| = ℓ. (5.26)

Recall that Sf ̸= Sg (they are in fact ℓ-neighbours on Ωℓ) and so by Lemma 5.3(a),
Sπf ′ ̸= Sπg′ . We can therefore apply Lemma 5.3(b) to see that πf ′ and πg′ are ℓ′-neighbours
for some ℓ′ ≥ ℓ, and hence are neighbours, because f ′ and g′ are ℓ-neighbours. Now (5.26)
shows that πf ′ and πg′ must be ℓ-neighbours. This conclusion and (5.24) show that

(πf ′, πg′) ∈ Γℓ
n(f, g). (5.27)

By (5.25) for all k ∈ L(Sf , Sg), Sπf ′,k = Sπg′,k and Sf ′,k = Sg′,k, which implies

∀k ∈ L(Sf , Sg), Xf ′,k = Xg′,k. (5.28)

By (5.27) we may apply (5.21) to (πf ′, πg′), as well as (f ′, g′), and deduce

L′
n(S

πf ′
, Sπg′) = L′

m(S
f , Sg) and L′

n+1(S
f ′
, Sg′) = L′

m(S
f , Sg). (5.29)

By definition this means

∀k ∈ L′
m(S

f , Sg), Sπf ′,k = Sπg′,k +B−n and Sf ′,k = Sg′,k +B−n−1.
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Take differences in the above to conclude that Xf ′,k = Xg′,k + 1 − B, and therefore we
obtain

∀k ∈ L′
m(S

f , Sg), Xg′,k = B − 1 and Xf ′,k = 0. (5.30)

Reversing the roles of f and g gives

∀k ∈ L′
m(S

g, Sf ), Xf ′,k = B − 1 and Xg′,k = 0. (5.31)

Now combine (5.24), (5.27), (5.28), (5.30) and (5.31) to complete the proof of (5.23).
Recall from (4.7) the notation f ′ ∨ k ∈ Fn+1 if f ′ ∈ Fn and k ∈ N. For n ≥ m define

Mn = 1Ωℓ
|Γℓ

n(f, g)|. Clearly Mn is Gn-measurable. By (5.23) for n ≥ m,

Mn+1 ≤ 1Ωℓ

∑
(f ′,g′)∈Γℓ

n(f,g)

Zf ′∑
i=1

Zg′∑
j=1

1(∀k ∈ L(Sf , Sg), Xf ′∨i,k = Xg′∨j,k) (5.32)

× 1(∀k ∈ L′
m(S

f , Sg), Xg′∨j,k = B − 1, Xf ′∨i,k = 0)

× 1(∀k ∈ L′
m(S

g, Sf ), Xf ′∨i,k = B − 1, Xg′∨j,k = 0).

Let Ḡn = Gn ∨ σ(Zf ′
, f ′ ∈ Fn). Condition first on Ḡn and use the independence properties

of (Xf , f ∈ F ) and (Zf , f ∈ F ) to see that

E(Mn+1 | Gn) ≤ 1Ωℓ

∑
(f ′,g′)∈Γℓ

n(f,g)

E
( Zf ′∑

i=1

Zg′∑
j=1

B−ℓB−2(|L′
m(Sf ,Sg)|+|L′

m(Sg ,Sf )|)
∣∣∣ Gn

)
=Mnµ

2B−ℓB−2(d−ℓ) (by (5.19) and |L(Sf , Sg)c| = d− ℓ)

≤MnB
4/βB−1−d ≤Mn,

where we have used ℓ ≤ d− 1, µ = B2/β and d ≥ 4/β − 1 in the last line. Therefore (Mn)
is a Z+-valued (Gn)-supermartingale.

To prove that (5.17) holds a.s. on Ωℓ it clearly suffices to show Mn → 0 a.s. and for
this we will verify the hypothesis (5.16) of Lemma 5.6. On Ωℓ we have by (5.19) that
0 < |L(Sf , Sg)c| = |L′

m(S
f , Sg)| + |L′

m(S
g, Sf )|. So one of L′

m(S
f , Sg) or L′

m(S
g, Sf ) is

nonempty and we may assume without loss of generality it is the former and set km =
minL′

m(S
f , Sg), which is Gm-measurable. Let Γℓ

n,1(f, g) ⊂ Kf
n be the projection of Γℓ

n(f, g)
onto the first variable. By (5.32) on {L′

m(S
f , Sg) ̸= ∅} ∩ Ωℓ (in Gm),

P(Mn+1 = 0 | Gn) ≥ P
(
∩(f ′,g′)∈Γℓ

n(f,g)
∩Zf ′

i=1 ∩Zg′

j=1{∃k ∈ L′
m(S

f , Sg)

s.t. (Xf ′∨i,k, Xg′∨j,k) ̸= (0, B − 1)}
∣∣∣ Gn

)
≥ P

(
∩f ′∈Γℓ

n,1(f,g)
∩Zf ′

i=1 {Xf ′∨i,km ̸= 0}
∣∣∣ Gn

)
. (5.33)

Conditional on Ḡn, {1(Xf ′∨i,km ̸= 0) : f ′ ∈ Γℓ
n,1(f, g), i ≤ Zf ′} are i.i.d. Bernoulli(p) r.v.’s

with p = 1 − B−1, while conditional on Gn, {Zf ′
: f ′ ∈ Γℓ

n,1(f, g)} are i.i.d. copies of the
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branching random variable Z. So condition first on Ḡn and then on Gn to see that the
right-hand side of (5.33) is (on Ωℓ)

E
( ∏
f ′∈Γℓ

n,1(f,g)

(1−B−1)Z
f ′
∣∣∣ Gn

)
= E

(
(1−B−1)Z

)|Γℓ
n,1(f,g)| ≥ E((1−B−1)Z)Mn ,

where the last inequality holds because |Γℓ
n,1(f, g)| ≤ |Γℓ

n(f, g)| = Mn on Ωℓ. Recall that
Mn+1 = 0 on Ωc

ℓ and so for any k ∈ N, on {Mn = k},

P(Mn+1 = 0 | Gn) ≥ E((1−B−1)Z)k := rk > 0.

This proves (5.16) and the proof is complete. ■

6 Weak disconnectedness result for subcritical B-ary

Classical Super-Tree Random Measures

We continue to work in the setting of B-ary classical super-tree random measures. Recall
from Section 2 the definition of the random measure Y on I, which has total mass given
by the random variable W 0, see (2.6) and (2.7). On the event {W 0 > 0}, we denote
by V = (V1, V2, V3, . . . ) a random element taken under the probability measure 1

W 0 · Y ,
“conditionally on everything else”. Formally one can work on the product space (Ω×I,F×
B(I)), where for (ω, V ) ∈ {W 0 > 0}× I, P(V ∈ A |ω) = Y (ω)(A)/W 0 and V = (1, 1, . . . ),
say, on {W 0 = 0}. An explicit description of the joint law of (ω, V ) under this Campbell
measure is given below. By definition of ν as the push-forward of Y by the function i 7→ Si,
conditionally on ν and on the event {ν(1) > 0}, the point S := SV has distribution 1

ν(1)
·ν.

In this section we show that under the assumption that the process is “subcritical”, i.e.,
2
β
< d, the connected component of S is almost surely reduced to a point.

Theorem 6.1. If 2
β
< d, on the event {W 0 > 0} the connected component of S is almost

surely reduced to a point, i.e.

P ({S} is a connected component of supp(ν) | ν(1) > 0) = 1.

Remark 6.2. (a) The above result is a restatement of Theorem 1.4. Note that the
above conclusion is consistent with the existence of a non-trivial connected component
for supp(ν). Interesting examples where such components exist and the result above is
true are given in Remark 7.8 in the next section and Remark 1.7 in the Introduction.
(b) Theorem 6.1 also ensures that almost surely, any connected component of supp(ν)

has vanishing ν-mass because ν is atomless by (2.21).

The proof of Theorem 6.1 uses a different probability measure Q, given by

dQ
dP

= W 0.
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In Theorem 6.1 we are working on the event where the density W 0 of Q relative to P is
non-zero, and so we just need to prove that under Q, the singleton {S} is almost surely
a connected component of supp ν. As we now show, the law of all our random variables
has a simple description under Q.

Recall (pk)k≥0 is the reproduction distribution and recall that Z denotes a random
variable with this distribution. We introduce Z∗ the size-biased version of Z, whose
distribution is characterized by the relation

E [h(Z∗)] =
E [Zh(Z)]

E[Z]
,

for all bounded functions h. This amounts to saying that P(Z∗ = k) = 1
µ
kpk for all k ≥ 0.

Using standard arguments in the literature on branching processes (see, for exam-
ple, Section 2 of [30]), we can explicitly describe the law of the random variables V =
(V1, V2, . . . ), (Z

f , f ∈ F ) and (Xf , f ∈ F \ {0}) under Q:

The sequence ((Vk+1, Z
V |k), k ≥ 0) is i.i.d. with the law of (N,Z∗), where Z∗ is

the size-biased version of Z, and conditionally on Z∗, the random variable N is
uniform in {1, 2, . . . Z∗}.

(6.1)

Conditionally on ((Vk+1, Z
V |k), k ≥ 0), the random variables (Zf , f ∈ F \{V |m :

m ≥ 0}) and (Xf , f ∈ F \ {0}) have the same joint distribution as under P.
(6.2)

At any generation m we refer to V |m as the special individual (or particle). In what
follows, we will consider the filtration (Hn)n≥0 defined as

Hn := σ(Vk : k ≤ n) ∨ σ(Zf : |f | < n) ∨ σ(Xf : 1 ≤ |f | ≤ n).

To simplify notation, we denote by Sm the position SV |m of the special particle at time
m. Recall from Section 4 that Jx

m = {f ∈ K0
m : Sf = x} for x ∈ Gm and m ∈ Z+, so

that JSm
m = {f ∈ K0

m : Sf = Sm} is the set of particles present at time m at position
Sm. Note that the process (Sm)m≥0 is (Hm)m≥0-adapted, as is the process (J

Sm
m )m≥0. The

proof of Theorem 6.1 will follow the immediate surroundings of the position Sm of the
distinguished particle V |m at every time m. The idea will be to show that infinitely often
as m grows, the position Sm will be surrounded by empty sites, thus disconnecting the
descendants of Sm from the the rest of the population.

We start by analyzing the number of particles at position Sm. We describe below the
resulting process as a Galton-Watson process with immigration: from one generation to
the next, every particle is replaced by an independent number of offspring sampled from
the reproduction law and an additional number of immigrant particles, sampled from the
immigration law, is added, independently of the reproduction, see for example [26]. As in
the proof of Proposition 4.2, we write R =

∑Z
ℓ=1 eℓ, where {eℓ} are i.i.d. Bernoulli r.v.’s

with parameter p = B−d, independent of Z. We also write R̃ =
∑Z∗−1

ℓ=1 eℓ, where Z
∗ is the

size-biased version of Z and again {eℓ} are i.i.d. Bernoulli r.v.’s with parameter p = B−d,
independent of Z∗.
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Lemma 6.3. Under Q, the process
(
|JSm

m | − 1
)
m≥0

is an (Hm)m≥0-adapted Galton-Watson
process with immigration starting at 0 at m = 0. The reproduction law is that of R and
the immigration law is that of R̃. This process is recurrent if 2

β
< d.

Proof. Let m ≥ 1. We decompose JSm
m into three subsets: one containing the special

individual, one containing the siblings of the special individual, and one containing the
rest of the particles. In order to keep the same notation as (4.9) we write XV |m = xm for
the displacement of the special particle. By (4.9) we have

JSm
m =

⋃
f∈JSm−1

m−1

Zf⋃
gm=1

{f ∨ gm : Xf∨gm = xm}

= {V |m} ∪
ZV |m−1⋃
gm=1
gm ̸=Vm

{(V |m− 1) ∨ gm : X(V |m−1)∨gm = xm}

∪
⋃

f∈JSm−1
m−1

f ̸=(V |m−1)

Zf⋃
gm=1

{f ∨ gm : Xf∨gm = xm}.

Hence

|JSm
m | = 1 +

ZV |m−1∑
ℓ=1
ℓ̸=Vm

1(X(V |m−1)∨ℓ = xm) +
∑

f∈JSm−1
m−1

f ̸=(V |m−1)

Zf∑
ℓ=1

1(Xf∨ℓ = xm).

By (6.1) and (6.2), under Q, conditionally on Hm−1, the number of non-special children
ZV |m−1 − 1 of the special particle in generation m − 1 is distributed as Z∗ − 1, and the
number of children of any non-special particle in J

Sm−1

m−1 is distributed as the law of Z, and
these variables are all independent. Conditionally on these numbers and Hm−1, the spatial
displacements of all children of particles in J

Sm−1

m−1 are i.i.d. and each such non-special child
has probability B−d to make the same displacement as the special child. This proves the
first part of the statement.

The main theorem in [27] implies that sufficient conditions for recurrence of the above
Galton-Watson process are E [R] < 1 and E[R̃] <∞ (it is easy to check irreducibility and

aperiodicity here). The first condition holds because E [R] = µB−d = B
2
β
−d < 1 and the

second condition holds thanks to assumption (1.1). ■

Remark 6.4. In the critical setting, i.e. if 2
β
= d, we have E[R] = 1 and an easy com-

putation gives us E[R(R − 1)] = B−2dE[Z(Z − 1)] = E[R̃]. This ensures, using the result
[33, Theorem 1] on the recurrence and transience of critical Galton-Watson processes with
immigration, that our process is transient: our proof in the sub-critical case would break
down in the critical case.
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Sm+2

Sm

Cm(Sm)

Figure 5: On the event Em, the special particle is alone at Sm and at time m + 2 all its
descendants are at position Sm + B−(m+1)1⃗. This ensures that all the cubes surrounding
Cm+2(Sm+2) are going to remain empty.

Now, for m ≥ 0, consider the following event

Em := {|JSm
m | = 1 and ∀f ∈ K

V |m
m+2, S

f = Sm+2 = Sm +B−(m+1)1⃗ +B−(m+2)0⃗},

that is, the event where at time m, the special particle is alone at site Sm, all its children
have displacement B−(m+1)1⃗ and then all of its grand-children have displacement B−(m+2)0⃗,
i.e. no displacement. Note that Em is Hm+2-measurable.

Lemma 6.5. The sequence of events (Em)m≥0 occurs infinitely often Q-a.s.

Proof. First, note that on the event {|JSm
m | = 1} we have

Q (Em |Hm) = Q
(
∀f ∈ K0

2 , S
f = S2 = B−11⃗ +B−20⃗

)
> 0

which does not depend on m. By the recurrence of
(
|JSm

m | − 1
)
m≥0

and the above display,

we know that almost surely the sum
∑∞

m=1Q (Em | Hm) is infinite. Separating between
even and odd terms, we get that almost surely, one of the two sums

∑∞
k=1Q (E2k | H2k)

or
∑∞

k=1Q (E2k+1 | H2k+1), is infinite. Using the second Borel-Cantelli lemma (see for
example [18, Theorem 5.3.2]), we get that on the event {

∑∞
k=1Q (E2k | H2k) = ∞} the

sequence of event (E2k)k≥1 a.s. occurs infinitely often, and similarly for (E2k+1)k≥1 on
{
∑∞

k=1Q (E2k+1 | H2k+1) = ∞}. Combining this with the above, the sequence of events
(Em)m≥0 occurs infinitely often, Q-almost surely. ■

Proof of Theorem 6.1. Recall that it suffices to prove that the connected component
of the point S = limm→∞ Sm is reduced to a point almost surely under Q. Note that on
Em, the set of cubes in Λm+2 surrounding Cm+2(Sm+2) are empty (see Figure 5). This
ensures that the connected component of S is included in the cube Cm+2(Sm+2). If this
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occurs infinitely often as m → ∞, this means that the connected component of S is
contained in a sequence of sets whose diameter tends to 0 so it is reduced to a point. We
therefore conclude from Lemma 6.5 that the component of S is Q-a.s. reduced to a point,
as required. ■

7 Percolation on B-ary Classical Super-Tree Random

Measures

We work in the context of a B-ary CSTRM associated with (pk). Our goal is to find
sufficient conditions under which supp(ν) will contain a non-trivial connected set, that is,
supp(ν) is not TD (totally disconnected). We begin with a 0− 1 type law for this event.
Recall the definition of supp(ν) percolating prior to Theorem 1.4.

Lemma 7.1. If P(supp(ν) percolates) = p > 0, then P(supp(ν) is not TD | ν ̸= 0) = 1.

We will need some terminology for the proof.

Definition. T : I → I is the shift map Ti = (i2, i3, . . . ), and we abuse this notation by
also using T for the map from Fn to Fn−1 given by Tf = (f2, . . . , fn) (Tf = 0 if n = 1).
Let m ∈ N and f ∈ Fm. For g ∈ F , extend the notation in (4.7) and let f ∨ g ∈ Fm+|g| be
the concatenation of f followed by g. Also let Zg

[f ] = Zf∨g and (for |g| > 0) Xg
[f ] = Xf∨g

be the f -shifted analogues of our original branching and migration r.v.’s. Define measures
Y[f ] on (I,B(I)) and ν[f ] on ([0, 1]d,B([0, 1]d) just as Y and ν, respectively, but now using
the collections {Zg

[f ] : g ∈ F} and {Xg
[f ] : g ∈ F \ F0} in place of {Zg : g ∈ F} and

{Xg : g ∈ F \ F0}, respectively. Finally define Y f on (I,B(I)) by

Y f (A) =

∫
D(f)

1(Tmi ∈ A)dY (i), (7.1)

where Tm denotes m-fold composition.

Recalling Gm from (4.2), we see that

{ν[f ] : f ∈ Fm} are i.i.d. copies of ν, and are jointly independent of Gm. (7.2)

Lemma 7.2. For any f ∈ Fm, Y
f = 1(f ∈ K0

m)µ
−mY[f ].

Proof. As in the uniqueness proof of Proposition 2.1, it suffices to fix n ∈ Z+ and g ∈ Fn,
and show that

Y f (D(g)) = 1(f ∈ K0
m)µ

−mY[f ](D(g)).

A complete proof can be found in Section B.4 of the Appendix. ■
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Proof of Lemma 7.1. Let f ∈ Fm. Define ν
f on ([0, 1]d,B([0, 1]d) by

νf (A) =

∫
D(f)

1A(S
i) dY (i). (7.3)

By (2.6), Y (D(f)) = 0 if f /∈ K0
m, and so, since {D(f) : f ∈ Fm} partitions I, we have

ν =
∑
f∈K0

m

νf . (7.4)

It follows from its definition that

νf (A) =

∫
D(f)

1A(S
f∨Tmi) dY (i) =

∫
1A(S

f∨j) dY f (j). (7.5)

For j ∈ I, define

Sj
[f ] :=

∞∑
k=1

B−kX
j|k
[f ] =

∞∑
k=1

B−kXf∨(j|k), (7.6)

so that we have

ν[f ](A) =

∫
1(Sj

[f ] ∈ A) dY[f ](j). (7.7)

For j ∈ I (7.6) implies

Sf∨j =
∞∑
n=1

B−nX(f∨j)|n = Sf +B−mSj
[f ]. (7.8)

Use this in (7.5) and apply Lemma 7.2 to conclude that

νf (A) =

∫
1A(S

f +B−mSj
[f ])µ

−m dY[f ](j) 1(f ∈ K0
m)

= µ−m1(f ∈ K0
m)

∫
1A(S

f +B−mx) dν[f ](x) (by (7.7)).

Let τ f (x) = Sf + B−mx and let (τ f )∗(ν[f ])(A) = ν[f ]((τ
f )−1(A)) denote the pushforward

of ν[f ] by τ
f . Then by the above and (7.4) we have

ν =
∑
f∈K0

m

µ−m(τ f )∗(ν[f ]). (7.9)

Clearly supp(µ−m(τ f )∗(ν[f ])) = τ f (supp(ν[f ])) and so

supp(µ−m(τ f )∗(ν[f ])) is TD implies supp(ν[f ]) does not percolate. (7.10)

It follows from (7.2), (7.9) and (7.10) that (recall p is as in the statement of the Lemma)

P(supp(ν) is TD | Gm) ≤ P(∩f∈K0
m
{supp(ν[f ]) does not percolate} | Gm)

= (1− p)|K
0
m|.
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Therefore
P(supp(ν) is TD) ≤ E((1− p)|K

0
m|).

Recall from Proposition 2.1 that either |K0
m| = 0 for large m (iff ν = 0) or limm |K0

m| = ∞.
Therefore

P(supp(ν) is TD) ≤ lim
m→∞

E((1− p)|K
0
m|) = P(|K0

m| = 0 for large m) = P(ν = 0).

On the other hand {ν = 0} ⊂ {supp(ν) is TD}. Therefore these two sets are a.s. equal
and the result follows. ■

To study the percolation properties of supp(ν) we will set up a coupling with a random
Cantor set arising from fractal percolation and then use the corresponding properties of
the latter. We recount some features of fractal percolation from [6] and [20]. Recall from
Section 4 (prior to Proposition 4.2 and Lemma 4.1, respectively) the notation .x1 . . . xm ∈
Gm for xℓ ∈ {0, . . . , B − 1}d and Cm(x) for x ∈ Gm.

Let B ∈ N≥2, p ∈ [0, 1] and {ex,m : x ∈ Gm, m ≥ 1} be i.i.d. Bernoulli r.v.’s with
parameter p. Fractal percolation builds a random Cantor set, A∞ by setting A0 = [0, 1]d

at stage 0 and at the mth stage divides each of the remaining cubes in Λm = {Cm(x) : x ∈
Gm} into its non-overlapping subcubes in Λm+1 and keeps each subcube with probability
p, independently of the other cubes and the past selections. A∞ is the residual limiting
set obtained by letting m→ ∞. More formally let A0 = [0, 1]d and for m ∈ N set

Am := Am−1 ∩
⋃

x∈Gm
ex,m=1

Cm(x). (7.11)

Clearly Am is decreasing in m. We call A∞ := ∩mAm the fp-Cantor set with parameters
(B, p). Although our labeling is slightly different, the definition is clearly equivalent to
that, say, prior to Theorem 2 in [20].

Note that from this definition, for any m ≥ 1 and any x = .x1 . . . xm ∈ Gm, a cube
Cm(x) is included in Am if and only if all the cubes Ck(.x1 . . . xk) for 1 ≤ k ≤ m have been
kept during the process i.e.

Ixm := 1(Cm(x) ⊂ Am) =
m∏
k=1

e.x1...xk,k. (7.12)

We can then write A∞ as

A∞ =
⋂
m≥1

⋃
x∈Gm
Ixm>0

Cm(x). (7.13)

A simple branching process argument (see p. 308 of [6]) shows

P(A∞ ̸= ∅) > 0 iff p > B−d. (7.14)
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A number of authors have studied Θ(B, p) = P(A∞ percolates) and pc(B, d) = sup{p :
Θ(B, p) = 0}. [6] shows that 0 < pc(B, d) < 1 for any d ≥ 2. Although finding pc appears
to be hard in general, quite a bit is known about the large B asymptotics. To describe
these results let Ld denote the graph with vertex set Zd and an edge between x and y iff
|xi − yi| ≤ 1 for all i ≤ d, xi = yi for some i ≤ d, and x ̸= y. So each point now has
3d − 2d − 1 neighbours rather than 2d neighbours as for the standard cubic lattice which
we denote by Zd. In two dimensions the graphs coincide and so the critical probabilities
for site percolation on these graphs are equal. For d > 2, 0 < pc(Ld) < pc(Zd) < 1/2 (see
the references in Section 1 of [20] for the middle inequality, [4] for the last inequality, and
Theorem 2 of [23] for the first).

Theorem 7.3. (a) For all d ≥ 2 and all B ∈ N≥2, pc(B, d) ≥ pc(Ld).

(b) For all d ≥ 2, limB→∞ pc(B, d) = pc(Ld).

This is contained in Theorem 2 of [20]. (b) was first proved for d = 2 in [5].

Since we want to compare the two models, let us first re-express our construction of
supp(ν) in the B-ary CSTRM model in a way that resembles the definition of the set A∞
in fractal percolation. Consider a B-ary CSTRM model. If m ∈ Z+ and x ∈ Gm, define

Nx
m := |Jx

m|, where we recall that Jx
m = {f ∈ K0

m : Sf = x}. (7.15)

Hence Nx
m is the number of particles at x in generation m (so in particular, J0

0 = {0} and
so N0

0 = 1). For m ∈ Z+ our usual approximating measures are carried on Gm and are
characterized by

∀x ∈ Gm, νm({x}) = µ−m
∑
f∈K0

m

1(Sf = x) = µ−mNx
m,

and therefore
νm = µ−m

∑
x∈Gm

Nx
mδx = µ−m

∑
x∈Gm
Nx

m>0

Nx
mδx. (7.16)

One easily checks that {Sf : f ∈ K0
m} = {x ∈ Gm : Nx

m > 0} and so by Lemma 4.1,

supp(ν) =
∞⋂

m=1

⋃
f∈K0

m

Cm(Sf ) =
∞⋂

m=1

⋃
x∈Gm
Nx

m>0

Cm(x) a.s. (7.17)

This closely resembles the definition of A∞ in (7.13). This way of viewing the construction
of supp(ν) makes it analogous to a version of fractal percolation where, instead of having
any cube Cm(x) either present or absent at timem, it can be present with some multiplicity,
corresponding to the number of particles lying at x in the process. The evolution in time
of the number of particles at each site is described in the following lemma.
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Lemma 7.4. The law of the process ((Nx
m, x ∈ Gm))m≥0 can be described as follows:

• N0
0 = 1

• For any m ≥ 1, conditionally on ((Ny
k , y ∈ Gk))0≤k≤m−1, the random vector

(Nx
m, x ∈ Gm) is distributed in such a way that for all x = .x1 . . . xm ∈ Gm

Nx
m =

N
.x1...xm−1
m−1∑

i=1

Z
.x1...xm−1,m−1

i ∑
j=1

1(u
.x1...xm−1,m−1
i,j = xm), (7.18)

where the (Zy,m−1
i : y ∈ Gm−1, i,m ∈ N) are i.i.d. with the same law as Z and the

(uy,m−1
i,j : y ∈ Gm−1, i, j,m ∈ N) are i.i.d uniformly chosen over {0, . . . , B − 1}d.

Proof. This follows easily from the equality (4.10). We leave the details to the reader. ■

To achieve the coupling mentioned above we will assume that for some c ∈ (B−d,∞),

the branching distribution, L(Z), is Poisson with mean µ = cBd. (7.19)

For Z as in the above we will write Z ∼ Poi(µ). A reason to assume the branching has
a Poisson law is that the description of the distributions arising in Lemma 7.4 becomes
particularly simple: in (7.18), if Z ∼ Poi(µ) then, conditional on N

.x1...xm−1

m−1 , the summing
and thinning properties of the Poisson distribution ensure that the (Nx

m : x = .x1 . . . xm ∈
Gm) are independent with respective distribution Poi(cN

.x1...xm−1

m−1 ). Recall from Section 4

that µ = B
2
β , so we are (for now) replacing the parameter β by

c = B
2
β
−d ∈ (B−d,∞). (7.20)

Note that c = 1 corresponds to the critical case d = 2
β
in Section 4, which will be of

particular interest to us.

Lemma 7.5. If B−d < c1 < c2, then we can construct B-ary CSTRM’s νi, i = 1, 2
corresponding to µ = µi = ciB

d, so that supp(ν1) ⊂ supp(ν2).

Proof. We may build two collections of i.i.d. Poisson (µi) r.v.’s {Zf
i : f ∈ F} (i = 1, 2)

which are coupled so that Zf
1 ≤ Zf

2 for all f ∈ F . For i = 1, 2 let νi be the B-ary CSTRM
constructed in (2.13) and Section 4 using {Zf

i : f ∈ F} and the same i.i.d. collection
{Xf : f ∈ F}. The conclusion is now clear from Lemma 4.1. ■

Proposition 7.6. If B ∈ N≥2 and c > B−d there is a B-ary CSTRM, ν, satisfying
(7.19) and an fp-Cantor set, A∞, with parameters (B, 1− e−c), both defined on the same
probability space such that A∞ ⊂ supp(ν) a.s.

Proof. Assume B, c and ν are as in the statement of the Proposition. Let us work on a
probability space where the following collection of random variables are defined
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• (Zx,m
i : i ≥ 1, x ∈ Gm,m ≥ 0) i.i.d. with the same law as Z in (7.19),

• (ux,mi,j : i, j ≥ 1, x ∈ Gm,m ≥ 0) i.i.d. with distribution Uniform({0, . . . , B − 1}d),

all jointly independent. From those random variables we define two processes (Ñx
m, x ∈

Gm)m≥0 and (Ĩxm, x ∈ Gm)m≥0 inductively on m as follows:

• Ñ0
0 = Ĩ00 = 1,

• For all m ≥ 1, for all x = .x1 . . . xm ∈ Gm,

Ñx
m :=

Ñ
.x1...xm−1
m−1∑

i=1

Z
.x1...xm−1,m−1

i ∑
j=1

1(u
.x1...xm−1,m−1
i,j = xm)

and

Ĩxm := min

1,

Ĩ
.x1...xm−1
m−1∑

i=1

Z
.x1...xm−1,m−1

i ∑
j=1

1(u
.x1...xm−1,m−1
i,j = xm)

 .

Next define

B∞ :=
⋂
m≥1

⋃
x∈Gm

Ñx
m>0

Cm(x) and A∞ :=
⋂
m≥1

⋃
x∈Gm

Ĩxm>0

Cm(x).

We need to check the three properties below to get our result:

(a) B∞ has the law of supp(ν) where ν is a B-ary CSTRM with Poisson reproduction
with mean cBd,

(b) A∞ has the law of an fp-Cantor set with parameters (B, 1− e−c),

(c) A∞ ⊂ B∞.

The first assertion follows from Lemma 7.4 and (7.17). Indeed, from Theorem 2.6(d),

(7.16), and Lemma 7.4 we can even define ν̃ as the a.s. weak limit of µ−m
∑

x∈Gm,Ñx
m>0

Ñx
mδx

as m→ ∞, so that ν̃ has the same distribution as ν and B∞ = supp(ν̃) a.s. by (7.17).

For (c) a straightforward induction on m shows that Ĩxm ≤ Ñx
m for all x ∈ Gm and

m ≥ 0, which implies the result.
It remains to show (b). For that, for any m ≥ 1 and x = .x1 . . . xm ∈ Gm, we introduce

ẽx,m := 1

Z
.x1...xm−1
1 ∑

j=1

1(u
.x1...xm−1,m−1
1,j = xm) > 0

 .
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Now, using the thinning property of Poisson random variables, we get that

Z
.x1...xm−1
1 ∑

j=1

1(u
.x1...xm−1,m−1
1,j = xm)

is Poi(c) and that all those random variables for different values of (x,m) are independent.
This implies that (ẽx,m : x ∈ Gm,m ≥ 1) are i.i.d. Bernoulli with parameter 1− e−c. In
addition, we can check by induction that for any m ≥ 1 and x = .x1 . . . xm ∈ Gm,

Ĩxm =
m∏
k=1

ẽ.x1...xk,k.

This and (7.12) show that the family of random variables (Ĩxm : x ∈ Gm,m ≥ 1) has the
same law as (Ixm : x ∈ Gm,m ≥ 1) in the definition of fractal percolation, and hence A∞
is as in (b). ■

Remark 7.7. Let p > B−d and set L = {0, . . . , B−1}d. It is not hard to show that the fp-
Cantor set, A∞, with parameters (B, p), is equal in law to supp(ν) for a STRM ν with L(Z)
chosen to be Binomial(Bd, p), β > 0 given by B−1 = µ−β/2 (here µ = E(Z) = Bdp > 1),

and for each k ∈ N, X⃗k = (Xj,k, j ≤ k) ∈ Lk, with law Qk, is a uniformly chosen vector
of k distinct sites in L. More precisely, for x ∈ Lk with distinct coordinates,

Qk({x}) = [Bd(Bd − 1)× · · · × (Bd − (k − 1))]−1.

The lack of independence of the coordinates of X⃗k means that ν is not a B-ary CSTRM,
as defined in Section 4. Note also that each Xj,k is uniformly distributed over L and the
required exchangeable property of each Qk holds, and also that (TC)ζ is true for any ζ > 0.
A proof of this claim can be found in Section B.5 of the Appendix.

Remark 7.8. A subset of the arguments used to prove Theorem 6.1 will show the same
conclusion holds for an fp-Cantor set, A∞, with parameters (B, p), where we assume p ∈
(B−d, 1) to ensure non-triviality. We may again work under Q where properties (6.1) and
(6.2) still hold (they do for any STRM). Now the process (|JSm

m |)m≥0 is identically 1 as
we have single occupancy in our approximating measures, so we can establish Lemma 6.5
directly as before without Lemma 6.3. Theorem 6.1 follows as before.

For this random Cantor set there are non-trivial connected components with positive
probability whenever p is sufficiently close to 1 (Theorem 1 of [6]), and so (Remark 7.7)
we have an example of a STRM where a.a. points in its support are totally disconnected
(by the extended Theorem 6.1) but the support has non-trivial connected components with
positive probability.

Theorem 7.9. Assume d ≥ 2 and c0 > 0 satisfies 1 − e−c0 > pc(Ld). There is a B0 =
B0(c0, d) ∈ N≥2 such that if B ≥ B0, c ≥ c0 and ν is the B-ary CSTRM associated with
the Poisson (cBd) distribution, then

P(supp(ν) percolates) > 0 and P(supp(ν) not TD | ν ̸= 0) = 1. (7.21)

In particular, the above holds if 1− e−c0 > pc(Zd).
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Proof. By Theorem 7.3(b) there is a B0 ∈ N≥2 such that for B ≥ B0 and c ≥ c0,

pc(B, d) < 1− e−c0 ≤ 1− e−c and B−d ≤ B−d
0 < c0 ≤ c. (7.22)

If ν is as in the Theorem, then the above inequalities and Proposition 7.6 imply

P(supp(ν) percolates) ≥ P(A∞(B, 1− e−c)) percolates) > 0.

Lemma 7.1 now implies the last equality in (7.21). The final assertion of the Theorem
holds because (see [20]) pc(Zd) ≥ pc(Ld). ■

It is easy to prove Theorem 1.5 by reinterpreting the above using our original parameter
β = 2 logB

log µ
instead of c.

Proof of Theorem 1.5. If d ≥ 3 then by [4] pc(Zd) < 1/2 (the reference handles d =
3 but it then follows trivially for d > 3). Therefore we may take c0 = log 2 < 1 in
Theorem 7.9 and let B0 be as in that result. Recalling the connection between c and β in
(7.20), we see that the condition c ≥ c0 in Theorem 7.9 is equivalent to 0 < β ≤ 2

d
+ε(d,B),

where

ε(d,B) =
2

d− (| log(log 2)|/ logB)
− 2

d
> 0.

(a) is now immediate from Theorem 7.9.
(b) follows just as above but now use (1.4) to find 0 < c0 < 1 so that pc(Z2) < 1 − e−c0

and take

ε(2, B) =
2

2− (| log(c0)|/ logB)
− 1 > 0.

■

Remark 7.10. If we fix d,B ∈ N≥2 and consider the B-ary CSTRM, νβ, associated with
the Poisson distribution with mean µ = B2/β it follows from (7.20) and Lemma 7.5 that
P(supp(νβ) percolates) is non-increasing in β > 0. Therefore if βc(d,B) = inf{β > 0 :
P(supp(νβ) percolates) = 0}, we see that supp(νβ) percolates w.p. > 0 for 0 < β < βc and
fails to percolate a.s. for β > βc. Theorem 1.9 and Theorem 1.5 imply that

for B ≥ B0(d), βc(d,B) ∈ (2/d, 4/(d+ 1)], for d ≥ 2. (7.23)

Moreover percolation fails at this upper bound.
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Statist. 39:413–485, 2003.

[29] J.F. Le Gall. A lemma on super-Brownian motion with some applications. The Dynkin
Festschrift. Markov Processes and their Applications: 237–252. Birkhäuser, Boston,
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A Tables of notation

Table 1: Table of notation for Section 2

Fn set of finite sequences of integers of length n, i.e. N{1,...,n}

F0 by convention F0 = {0}
F set of finite sequences of integers F = ∪∞

n=0Fn

I set of infinite sequences of integers I = NN

i|m sequence i restricted to its first m terms (i1, . . . , im)
κ(i, j) generation of the most recent common ancestor of i and j
Zf number of children of individual f ∈ F
Kf

n descendants of individual f at generation n (2.1)
K0

∞ set of all the descendants of the root K0
∞ := ∪∞

n=1K
0
n

K set of infinite lines of descents K = {i ∈ I : ij+1 ≤ Zi|j for all j ∈ Z+} (2.4)
D(f) set of possible descendants of f , i.e. D(f) = {g ∈ F : g|m = f} (2.3)
D(f) set of possible infinite line of descent from f i.e. D(f) = {i ∈ I : i|m = f} (2.3)
W f asymptotic mass of descendants of f i.e. W f = limn→∞ µ−n|Kf

n | (2.2)
Y random measure supported on K so that Y (D(f)) = W f (2.6)
p = (pk)k≥0 reproduction measure
Z random variable with law given by p
µ > 1 expectation of the reproduction measure (1.1)
β > 0 parameter of our model
ρ > 0 displacement exponent, obtained as ρ = µ−β/2

(Xm,k) m≤k
m,k∈N

displacement vector

Qs distribution of the displacement vector
Qk symmetric displacement law given k children

Xf
m,k spatial displacement of the mth child of f , given that f has k children

Sf spatial position of individual f ∈ K0
∞ (2.9)

Si limiting position for the line of descent i ∈ K (2.11)
ν push-forward of the measure Y through the map i 7→ Si (2.13)
νn an adapted approximation of ν
νn a multiple of νn with integer values
ν̃n another, non-adapted, approximation of ν
ν̄ a generic integer-valued finite random measure on Rd

ξ generic Borel map Rd → (0, 1]
Gξ p.g.f. of a random measure ν̄ applied to ξ
Gnξ p.g.f. of the random measure ν̄n applied to ξ
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Table 2: Table of notation for Section 3
C space of continuous Rd-valued paths on the unit interval
πt projection map, for y ∈ C we have πt(y) = y(t)
yt stopped path s 7→ y(s ∧ t)
Ct set of paths stopped at t
y/s/w concatenation of paths y and w, joined at time s (3.1)
Ct canonical filtration on C
Ts,t semigroup of the inhomogeneous process (Bt, t ∈ [0, 1]) (3.2)
(Ht, t ∈ [0, 1]) historical super-Brownian motion
Qm probability for (Ht, t ∈ [0, 1]) started from measure m
P∗ cluster law for SBM
(H∗

t , t ∈ [0, 1]) historical branching Brownian motion with rate function λ (3.5)
λ continuous function from [0, 1) to R+, later taken to be s 7→ 1

1−s

(X∗
t , t ∈ [0, 1]) ordinary BBM associated to H∗

t

Q∗
s,m measure for historical BBM started at m at time s

Q∗ shorthand for for Q∗
0,δ0

P ∗
s,η probability for ordinary BBM X∗ started at time s from η
MF (E) space of finite measures on a metric space E
NF (E) subspace of MF (E) consisting of Z+-valued finite measures
θ generic Borel map θ : C → (0, 1]
Gs,tθ(m) p.g.f. of H∗

t under Q∗
s,m (3.6)

Gs,tξ(x) p.g.f. of X∗
t under Ps,δx (3.10)

Nt the number of points in the BBM at time t

Table 3: Table of notation for Section 4
d dimension, assumed larger than or equal to 2
B integer larger than 2
µ expected value of the reproduction distribution

β exponent β = 2 logB
log µ

ρ rate of decrease of spatial displacements, ρ = µ−β/2 = B−1

Xf |m (unscaled) displacement of the particle f |m
Gm level-m grid approximation of [0, 1)d, i.e. Gm = [0, 1)d ∩B−mZd

Cm(x) d-dimensional cube of edge length B−m with “lower left corner” x ∈ Gm

x(j) jth coordinate of x ∈ Rd

.x1 . . . xm point x ∈ Gm such that for j = 1, . . . , d, x(j) =
∑m

ℓ=1 x
(j)
ℓ B−ℓ.

Jx
m set of individuals at position x at time w (4.9)

Λm set of level-m closed cubes {Cm(x) : x ∈ Gm}

57



B Appendix

B.1 Proof of Proposition 3.1

We follow the reasoning in Section 3 of [14]. If H1 is a random measure in MF (C) define
an increasing collection of σ-fields for s ∈ [0, 1] by

G∗
s = σ({1(H1(A) > 0), A ∈ Cs}).

In practice we consider H1 under either P∗ or Qδ0 . If s ∈ [0, 1) we let H∗,s
1 denote a version

of the conditional expectations P∗(H1(·)/((1− s)γ/2) | G∗
s ) which is a random measure on

C. For s < 1 under Qδ0 (and hence also under P∗) rsH1 =
∑M

i=1 eiδyi for some finite
collection {y1, . . . , yM} in Cs (see Theorem III.1.1 of [36] or Proposition 3.5(a) of [14]). It
helps to think of G∗

s as the σ-field generated by the set of atoms {y1, . . . , yM}.

Proposition B.1. Under P∗ there is a càdlàg version of (rsH
∗,s
1 , 0 ≤ s < 1) which is

equal in law to the historical branching Brownian motion (H∗
s , 0 ≤ s < 1) under Q∗.

This is Theorem 3.9(b) in [14]. The existence of a càdlàg version is implicit in the
proof.

The following is a minor modification of Theorem 3.10 of [14].

Proposition B.2. If εn ↓ 0 where εn ∈ (0, 1), then

lim
n→∞

εnγ

2
r1−εnH

∗,1−εn
1 = H1 P∗ − a.s.

Proof. For s < 1 define Hs
1 as H∗,s

1 but now using Qδ0 in place of P∗, that is, Hs
1 is a

version of Qδ0(H1(·)/((1 − s)γ/2) | G∗
s ) which is a random measure. Theorem 3.10 of [14]

implies

lim
n→∞

εnγ

2
H1−εn

1 = H1 Qδ0 − a.s. (B.1)

Assume ϕ : C → R is bounded and continuous. If τnw = w1−εn , then∣∣∣εnγ
2

(r1−εnH
1−εn
1 )(ϕ)− εnγ

2
H1−εn

1 (ϕ)
∣∣∣ ≤ Qδ0(H1(|(ϕ ◦ τn)− ϕ|) | G∗

1−εn). (B.2)

Note that by dominated convergence we have H1(|(ϕ ◦ τn) − ϕ|) → 0 a.s. as n → ∞,
and also that H1(|(ϕ ◦ τn) − ϕ|) ≤ 2∥ϕ∥∞H1(1) ∈ L1. Therefore by Hunt’s Lemma (see
Theorem 45 in Ch. V of [16]) we have that the right side of B.2 approaches 0 a.s. By
considering a countable convergence determining set of ϕ’s (e.g., use Theorem 4.5 in Ch.
3 of [19]) we can conclude from (B.1) and (B.2) that

lim
n→∞

εnγ

2
r1−εnH

1−εn
1 = H1 a.s. (B.3)

Let ϕ be as above. By the cluster decomposition (3.3) the above implies that

Qδ0

( N∑
i=1

r1−εnH
i
1(ϕ)

∣∣∣G∗
1−εn

)
→

N∑
i=1

H i
1(ϕ) as n→ ∞, Qδ0 − a.s., (B.4)
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where N and H i
1 are as in (3.3). Proposition 3.5(b) of [14] with t = 1 and ε ↑ 1 in that

result shows that N is G∗
1−εn-measurable. If we apply (B.4) on the event {N = 1} we get

Qδ0(r1−εnH1(ϕ)1(N = 1) | G∗
1−εn) → H1(ϕ)1(N = 1) as n→ ∞ Qδ0 − a.s. (B.5)

Note that Qδ0(H1 ∈ ·, N = 1) and P∗(H1 ∈ ·) are equivalent measures. We claim that

Qδ0(r1−εnH1(ϕ)1(N = 1) | G∗
1−εn) = P∗(r1−εnH1(ϕ) | G∗

1−εn)1(N = 1) Qδ0 − a.s. (B.6)

Note that both sides of the above are measurable functions of H1 ∈ MF (C). To prove
(B.6) it suffices to show that for any A1, . . . , , Ak ∈ C1−εn we have∫

{H1(Aj)>0, for j=1,...,k}
r1−εnH1(ϕ)1(N = 1) dQδ0 (B.7)

=

∫ ∫
{H1(Aj)>0 for j=1,...,k}

r1−εnH1(ϕ) dP∗1(N = 1)dQδ0 .

Given the above, a monotone class theorem then gives (B.6). By the cluster decomposition
(3.3) the left-hand side of (B.7) equals∫

{H1
1 (Aj)>0 for j=1,...,k}

r1−εnH
1
1 (ϕ)1(N = 1)dQδ0

= Qδ0(N = 1)

∫
{H1(Aj)>0 for j=1,...,k}

r1−εnH1(ϕ)1(N = 1)dP∗,

which is the right-hand side of (B.7). Now use the equality (B.6) in (B.5) and the afore-
mentioned equivalence of measures to conclude that

lim
n→∞

P∗(r1−εnH1(ϕ) | G∗
1−εn) = H1(ϕ), P∗ − a.s.

By considering a countable convergence determining set of ϕ’s we conclude that

lim
n→∞

εnγ

2
r1−εnH

∗,1−εn
1 = H1, P∗ − a.s.,

and the proof is complete. ■

Proof of Proposition 3.1. Propositions B.1 and B.2 give Proposition 3.1. ■

B.2 Proof of Proposition 3.4.

Proof of Proposition 3.4. We give a standard construction of H∗
t as an explicit tree-

indexed system of BBM’s (e.g. see Ch. 8 of [40] or Ch. 1 of [2]). Let I = ∪∞
n=0{0}×{0, 1}n,

write |β| = n if β ∈ {0} × {0, 1}n, and let πβ denote the parent of β ∈ I \ {0}. Consider
an i.i.d. collection {W β

· : β ∈ I} of standard d-dimensional Brownian motions starting at
0, and an independent i.i.d. collection {(τβs )s∈[0,1) : β ∈ I} of Poisson processes with rate
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ds
1−s

. We inductively (on |β|) define the death time T β of particle β by setting T π0 = 0
(even though π0 is not defined) and for |β| > 0,

T β = inf{t ≥ T πβ : ∆τβt = 1}.

We also call T πβ the birth time of particle β and write β ∼ t iff T πβ ≤ t < T β, and in this
case say β is alive at time t. Again by induction on |β| we define an Rd-valued process,
Bβ, stopped at T β, by B0(t) = W 0(t ∧ T 0) and for |β| > 0,

Bβ(t) =

{
Bπβ(t), if t < T πβ,

Bπβ(T πβ) +
∫ t

0
1(T πβ ≤ u < T β) dW β

u , if t ≥ T πβ.

If Ft = σ({τβ′
: β′ ∈ I})∨σ({W β′

(s) : s ≤ t, β′ ∈ I}), then it is easy to check that Bβ is a
standard d-dimensional Ft-Brownian motion stopped at the F0-measurable time T β and
starting at 0. Then H∗

t =
∑

β∼t δBβ(·∧t) defines a historical branching Brownian motion
with law Q∗

0,δ0
. This should be clear but can also be shown, for example, by verifying (3.8)

through direct calculation. Therefore if k ∈ N and t, ϕ are as in the Proposition, then

Q∗(H∗
t (ϕ)1(H

∗
t (1) = k)) = E

(
E
(∑

β∼t

ϕ(Bβ(· ∧ t))|F0

)
1(|{β : β ∼ t}| = k)

)
= E

(∑
β∼t

E
(
ϕ(Bβ(· ∧ t))|F0

)
1(|{β : β ∼ t}| = k)

)
= E

(∑
β∼t

E0(ϕ(B(· ∧ t ∧ T β)))1(|{β : β ∼ t}| = k)
)

= kE0(ϕ(B
t))Q∗(H∗

t (1) = k).

In the last line we use the fact that t < T β on {β ∼ t}. This gives (3.17), and (3.18) is
then immediate. ■

.

B.3 Proof of Proposition 3.6

We first restate the proposition.

Proposition B.3. Let ν̄ be a random measure in NF (Rd) such that P(ν̄(1) = k) > 0
for all k ∈ N. For each k ∈ N there is a unique symmetric probability, Q̃k, on (Rd)k

(symmetry in the k Rd-valued components) such that∫ k∏
i=1

ξ(xi)dQ̃k(x1, . . . , xk) = E(exp{ν̄(log ξ)} | ν̄(1) = k) for all Borel ξ : Rd → (0, 1]).

(B.8)
Moreover for all i ≤ k,∫

1(xi ∈ ·)dQ̃k(x1, . . . , xk) =
1

k
E(ν̄(·) | ν̄(1) = k). (B.9)
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Proof. Fix k ∈ N and work under P( · | ν(1) = k). Let S = {x ∈ Rd : ν̄({x}) ≥ 1} be the
support of ν̄, order the (at most k) points in S lexicographically, and repeat each x ∈ S
ν̄({x}) times to construct random variables X̂1, . . . , X̂k. In words X̂1 is “the lowest of the
left-most points” in S and one can easily check measurability. X̂2 is defined as X̂1 but
for ν̄ − δX̂1

. Proceeding inductively we see these are all r.v.’s. Let π be an independent

random permutation chosen uniformly from Sk and set Xi = X̂πi for i = 1, . . . , k. Then
{Xi : i ≤ k} are exchangeable and ν̄ =

∑k
i=1 δXi

. Let Q̃k be the law of (X1, . . . , Xk). Then
Q̃k is symmetric and for ξ as above,∫ j∏

i=1

ξ(xi)dQ̃k(x1, . . . , xk) = E
(
exp
{ k∑

i=1

log ξ(Xi)
} ∣∣∣ ν̄(1) = k

)
= E(exp{ν̄(log ξ)} | ν̄(1) = k).

For uniqueness define an equivalence relation ∼ on (Rd)k by (x1, . . . , xk) ∼ (y1, . . . , yk)
iff for some π ∈ Sk, yi = xπi for all i ≤ k (write y = πx). Now apply Stone-Weierstrass
on the locally compact space (Rd)k/ ∼ (see Ex XI.6.6 on p. 255 of [17]) to the algebra of
linear combinations of

∏
i=1 ξ(xi), where ξ : Rd → (0, 1] are continuous functions vanishing

at infinite (i.e., is in C0(Rd, (0, 1])). This shows that (B.8) uniquely determines
∫
ϕ dQ̃k

for all symmetric functions ϕ(x1, . . . xk) ∈ C0((Rd)k,R). If ψ ∈ C0((Rd)k,R), then ϕ(x) :=
1
k!

∑
π∈Sk

ψ(πx) is symmetric in C0((Rd)k,R). The symmetry of Q̃k shows
∫
ψ dQ̃k =∫

ϕ dQ̃k. The uniqueness result follows.
Turning to (B.9), let i ≤ k and ϕ : Rd → R be bounded Borel. Then∫
ϕ(xi) dQ̃k =

∫
1

k

k∑
j=1

ϕ(xj) dQ̃k = E
(1
k

k∑
j=1

ϕ(Xj)
∣∣∣ ν̄(1) = k

)
=

1

k
E(ν̄(ϕ) | ν̄(1) = k).

■

B.4 Proof of Lemma 7.2

We first restate the Lemma.

Lemma B.4. For any f ∈ Fm, Y
f = 1(f ∈ K0

m)µ
−mY[f ].

Proof. Assume n ∈ Z+ and g ∈ Fn. Then

D(f) ∩ {i ∈ I : Tmi ∈ D(g)} = D(f ∨ g),

and so
Y f (D(g)) = Y (D(f ∨ g)) = 1(f ∨ g ∈ K0

m+n)W
f∨g. (B.10)

For N ≥ n we introduce the f -shifted analogues of Kg
N and W g, that is,

Kg
[f ],N = {h ∈ FN : h|n = g, hj+1 ≤ Z

h|j
[f ] = Zf∨(h|j) for n ≤ j < N}, (B.11)
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and
W g

[f ] = lim
N→∞

µ−N |Kg
[f ],N |.

We have

f ∨ g ∈ K0
m+n ⇐⇒ f ∈ K0

m and gj−m+1 ≤ Z(f∨g)|j for j = m, . . . ,m+ n− 1

⇐⇒ f ∈ K0
m and gj+1 ≤ Zf∨(g|j) for j = 0, . . . , n− 1 (B.12)

⇐⇒ f ∈ K0
m and g ∈ K0

[f ],n.

In addition,

W f∨g = lim
N→∞

µ−N |Kf∨g
N |

= lim
N→∞

µ−N |{h ∈ FN : h|(m+ n) = f ∨ g, hj+1 ≤ Zh|j for m+ n ≤ j < N}

= lim
N→∞

µ−N |{h ∈ FN : h|m = f, (Tmh)|n = g,

(Tmh)j+1 ≤ Zf∨(Tmh|j)) for n ≤ j < N −m}|

= µ−m lim
N→∞

µ−(N−m)|{h′ ∈ FN−m : h′|n = g,

h′j+1 ≤ Zf∨(h′|j) for n ≤ j < N −m}|

= µ−m lim
N→∞

µ−(N−m)|Kg
[f ],N−m| (by (B.11))

= µ−mW g
[f ]. (B.13)

Clearly (B.10), (B.12), (B.13), and the definition of Y from (2.6) imply

Y f (D(g)) = 1(f ∈ K0
m)1(g ∈ K0

[f ],n)µ
−mW g

[f ] = 1(f ∈ K0
m)µ

−mY[f ](D(g)).

The result now follows, just as in the uniqueness proof of Proposition 2.1. ■

B.5 Proof of Remark 7.7.

We repeat the statement of the Remark for convenience.

Remark B.5. Let p > B−d and set L = {0, . . . , B − 1}d. It is not hard to show that the
fp-Cantor set, A∞, with parameters (B, p), is equal in law to supp(ν) for a STRM ν with
L(Z) chosen to be Binomial(Bd, p), β > 0 given by that B−1 = µ−β/2 (here µ = E(Z) =

Bdp > 1), and for each k ∈ N, X⃗k = (Xj,k, j ≤ k) ∈ Lk, with law Qk, is a uniformly
chosen vector of k distinct sites in L. More precisely, for x ∈ Lk with distinct coordinates,

Qk({x}) = [Bd(Bd − 1)× · · · × (Bd − (k − 1))]−1.
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Proof. If Z and X⃗ = {X⃗k : k ∈ N} are independent and are distributed as above (the

joint law of {X⃗k} is irrelevant), then a moment’s thought, or an elementary calculation,
shows that (ex)x∈L defined so that

∀x ∈ L, ex := 1(x ∈ {Xj,Z : j ≤ Z}) =
Z∑

j=1

1(Xj,Z = x), (B.14)

is an independent collection of Bernoulli(p) r.v.’s.
Let ν be the STRM described above, as constructed in Section 2. Although it is not a

B-ary CSTRM, νm is still carried by Gm and so we can still use the notation Nx
m defined

in (7.15) and the representation for νm in (7.16). Also the boundedness of Z and uniform

boundedness of the coordinates of X⃗ = (Xj,k, j ≤ k) allow the proof of Lemma 4.1 to go
through unchanged and so (7.17) remains valid. In addition the natural analogue of (4.10)
holds, namely

N .x1...xm
m = |J .x1...xm

m | =
∑

f∈J .x1...xm−1
m−1

Zf∑
ℓ=1

1(Xf
ℓ,Zf = xm), (B.15)

where .x1 . . . xm−1 = 0 if m = 1. A simple induction on m now shows that Nx
m = 0 or 1

for all x ∈ Gm and m ∈ Z+. As in Lemma 7.4, (B.15) allows us to obtain the analogue of
(7.18),

N .x1...xm
m =

N
.x1...xm−1
m−1∑

i=1

Z.x1...xm−1,m−1∑
j=1

1(X
.x1...xm−1,m−1

j,Z.x1...xm−1,m−1 = xm), (B.16)

where the (Zy,m−1 : y ∈ Gm−1, m ∈ N) are i.i.d. with the same law as Z, the (Xy,m−1
j,k :

j ≤ k ∈ N)y∈Gm−1,m∈N are i.i.d. copies of X⃗, and the two collections are independent.
The fact that Ny

m−1 = 0 or 1 means we do not need multiple i.i.d. copies of (Zy,m−1, y ∈
Gm−1,m ∈ N) or (X⃗y,m−1, y ∈ Gm−1,m ∈ N) as before. Define

e.x1...xm,m =
Z.x1...xm−1,m−1∑

j=1

1(X
.x1...xm−1,m−1

j,Z.x1...xm−1,m−1 = xm),

so that by (B.16) and induction,

N .x1...xm
m =

m∏
k=1

e.x1...xk,k.

Clearly (B.14) and the independence properties of {Zy,m−1, X⃗y,m−1 : y ∈ Gm−1, m ∈ N}
imply that {ex,m : x ∈ Gm,m ∈ N} are i.i.d. Bernoulli r.v.’s with parameter p. Let A∞ be
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the associated fp-Cantor set with parameters (B, p). By (7.13) (note that Nx
m is the Ixm

appearing there) and (7.17) we have w.p.1,

A∞ =
∞⋂

m=1

⋃
x∈Gm
Nx

m>0

Cm(x) = supp(ν),

and the derivation is complete. ■
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