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A complete convergence theorem for the ¢-voter model
and other voter model perturbations in two dimensions
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Abstract

The g-voter model is a spin-flip system in which the rate of flipping to type i is given by
the gqth power of the proportion of nearest neighbours in type ¢ fori = 0,1. If g = 1 it
reduces to the classical voter model. We show that in the critical 2-dimensional case,
for ¢ < 1 and close enough to 1, for any initial state as ¢t — oo the system converges
weakly to a mixture of all 0’s, all 1’s, and a unique invariant law which contains
infinitely many sites of both types. This follows as a special case of a general theorem
which proves a similar “complete convergence theorem” for cancellative, monotone,
finite range voter model perturbations on Z? providing a certain parameter, O3, is
strictly positive. Similar results follow for the affine and geometric voter models and
Lotka-Volterra models, all for parameter values close to that giving the voter model.
This kind of asymptotic behavior is quite different from that of the 2-dimensional voter
model itself, which undergoes clustering, and converges to a mixture of all 0’s and all
1’s.

The above parameter ©3 has an explicit expression in terms of asymptotic coalesc-
ing probabilities of 2-dimensional random walk, and we give a rather simple sufficient
condition for it to be strictly positive. An important step in the proof is to establish
weak convergence of the rescaled spin-flip systems to super-Brownian motion with
drift ©3. In fact, a convergence result is proved under weaker hypotheses which
includes all known such results for 2-dimensional voter model perturbations and a
number of new ones, including a rescaled limit theorem for the g-voter model where
q T 1 with the rescaling.

Keywords: complete convergence theorem; g-voter model; interacting particle system; voter
model perturbation; cancellative processes; super-Brownian motion; two-dimensional random
walk.

MSC2020 subject classifications: Primary 60K35; 82C22, Secondary 60F99; 91D30.
Submitted to EJP on September 29, 2023, final version accepted on January 3, 2025.
Supersedes arXiv:2310.00812v2.

*Syracuse University, United States of America. E-mail: jtcox@syr.edu
TThe University of British Columbia, Canada. Research supported by an NSERC Discovery Grant.
E-mail: perkins@math.ubc.ca


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/25-EJP1267
https://ams.org/mathscinet/msc/msc2020.html
https://arXiv.org/abs/2310.00812v2
mailto:jtcox@syr.edu
mailto:perkins@math.ubc.ca

The g-voter model and voter model perturbations in two dimensions

1 Introduction and main results

1.1 The g-voter model

To define the model, let ¢ > 0 and let N” C Z? be a non-empty finite symmetric (about
the origin) set not containing 0 such that the uniform distribution on N is an irreducible
kernel (the group generated by A is Z%), and for some o2 > 0,

Zzzz]/v\/\ :51']’0'2 for all Z,jgd (1.1)
zEN

Here |N| is the cardinality of N. We call such an N a neighbourhood, and the elements
of NV, neighbours of 0. Note that the symmetry and irreducibility of A imply

|N| > 2d and is even for any neighbourhood V. (1.2)

For z € Z%, = + N is the set of neighbours of z. In the ¢-voter model the state at time ¢
is & : Z¢ — {0, 1}, where & (z) is the opinion of a voter at x at time ¢. The rate at which
the voter at x changes opinion is the ¢g-th power of the fraction of its neighbours with the
opposite opinion. More formally, if ¢ € {0,1}%" and

yeN

and ¢(9 is defined by ~
D (x,€) = &(w) (2, €) + £(2) f§ (),

then the g-voter model &, is the spin-flip process with rate function ¢(9 (see Theorem B.3
in [25]). Throughout we will use the notation

Ezl_gu

and if ¢ = 0, 07 := 0 in the above. The well-studied voter model is obtained by taking
q = 1, in which case we will write ¢'"(z, £) for ¢V (z, £).

The g-voter model was introduced by Nettle in [28] and also used by Abrams and
Strogatz in [3] as a model of language death. The model, along with many variations
of it, has been studied in the physics literature (e.g., see [1], [2], [22], [26], [30], [33])
Rigorous results for the model defined on large torii in Z%, d > 3 for ¢ close to 1 have
been obtained by Agarwal, Simper and Durrett in [4]. Our goal is to study the model on
Z? in the mathematically critical, and biologically important, two-dimensional case, with
q close to 1 and ¢ < 1. The methods we use to study this model will lead to some general
results for a family of two-dimensional spin-flip processes.

We let |{| = >, &(z), and say that a probability measure v on {0, 1}%° has the
coexistence property if

V(€] = ¢ = o0) =

A translation invariant probability v on {0, I}Zd has density p € [0,1] iff v(£(0) =1) =p
In the case d > 3, it is well known that the voter model has a one-parameter family of
translation invariant stationary distributions indexed by density, {u9,0 < 6 < 1}, such
that for a wide class of initial laws with a given density, #, the voter model converges
in law as t — oo to the corresponding py (see Chapter V of [24]). In particular, density
is preserved over time. For ¢ < 1, the flip rates to 1’s say, are increased relative to
the voter model by a factor of fffl, and so one is reinforcing the flip rates to locally
rare types. That this effect strongly influences the ergodic behavior of the model is
shown in Theorem 1.3 of [4], which considers a sequence of ¢,-voter models §§"> on
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torii in Z3 of side length 7, ¢,, T 1. That result shows that for an initial sequence of laws
with any fixed density in (0,1), with an appropriate time rescaling, the density of 515")
approaches 1/2 and stays close to 1/2 for at least polynomially (in n) long times. We will
refine this for |[V| < 8 (and in particular for the nearest neighbour setting in d = 3,4)
for ¢ < 1, sufficiently close to one, by showing the existence of a translation invariant
stationary distribution v;,, with the coexistence property and density 1/2 to which
the ¢-voter model converges weakly starting from any initial law with the coexistence
property. See Theorem 1.1 where a slightly stronger “complete convergence” result is
proved). In particular v/, is the unique stationary law with the coexistence property
(see Corollary 1.2).

Perhaps more interesting, such a convergence theorem also holds in two dimensions,
again for |[NV| < 8, and so, in particular, for the nearest neighbour case (see again
Theorem 1.1). Recall that for d = 2, the voter model exhibits clustering, that is, it
converges weakly to a mixture of all zeros and all ones as ¢ tends to infinity. Dynamically,
a typical site becomes part of a growing cluster of the same type as ¢ becomes large.
The actual type will change back and forth as time evolves and the clusters grow. A
quantitative description of this dynamical clustering may be found in [8]. This clustering
behaviour in two dimensions is typical of branching population models such as super-
Brownian motion [15] or discrete time branching systems [23]. In these cases there is
local extinction for large time and the mass becomes concentrated on larger and larger
clumps separated by greater and greater distances. As the two-dimensional case is
of particular importance in population modelling this failure to converge to any local
equilibrium is referred to as the “pain in the torus”. See [19] where a closely related
model exhibiting the above clumping behaviour is dismissed as being “biologically
irrelevant”. The fact that, for any ¢ < 1 and close to 1, the ¢-voter model converges to an
essentially unique equilibrium is, we believe, of some general interest. Other interesting
examples of such convergence results which include lower dimensions (d < 2), are due to
Handjani [21] for the threshold voter model, corresponding to ¢ = 0 (excluding only the
one-dimensional nearest neighbour case where coexistence fails), the present authors
[13] for the symmetric two-dimensional Lotka-Volterra model, and Sturm and Swart
[32] for the one-dimensional “rebellious voter model” for sufficiently small competition
parameter. Results and methods from the first two works will play a role here.

Our convergence results, and the coexistence results in [4], both require ¢ close
enough to 1. This is counter-intuitive because taking ¢ smaller should only increase
the advantage of locally rare types, described above. This restriction on ¢ is due
to the perturbative nature of both arguments which use the theory of voter model
perturbations. This refers to the fact that the models approach the voter model as a
parameter approaches a particular value-in this case as ¢ 1 1. [4] uses general results
for voter model perturbations from [7] which require d > 3, as these results rely on
rapid local convergence to the appropriate invariant law of the voter model. The two-
dimensional case is more involved but, as was noted above, a particular class of voter
model perturbations, Lotka-Volterra models, were analyzed (again using perturbative
methods) for d = 2 in [12] and [9]. The methodologies in this latter paper will be
extended here to show that rescaled ¢-voter models in which ¢ 1 1 as well, converge
to a two-dimensional super-Brownian motion with a positive drift (see Section 1.5).
The positivity of the drift will be critical to show that the process exhibits long-term
coexistence. The description of the drift in terms of the asymptotics of long-time non-
coalescing probabilities for two-dimensional random walks (see (1.22) in Section 1.3) is
therefore important.

When ¢ > 1 the above intuitive argument now goes in the other direction; the flip rates
to 1’s are multiplied by a factor of f{ ~! and so, relatively speaking, one is reinforcing
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flip rates to locally dominant types. As a result we now expect a type of founder control,
where one type or another will take over, with probabilities depending on the initial
configuration. The tools for proving such a result for ¢ > 1 and close enough to 1 in two
dimensions, or even for d > 3, do not seem to be currently available.

In addition to being a voter model perturbation (see Section 3.2) the other key
properties of the g-voter model used in the proof are monotonicity (see the definition in
Section 1.2) and the cancellative property (see (3.1) in Section 3.1), which implies it has
an annihilating dual. The fact that the g-voter model has no coalescing dual (see Section
4 of Chapter III in [24]) was established in [4], where it was shown that that the g-voter
model (¢ # 1) is not additive.

Our “complete convergence” theorem for g-voter models is obtained as a corollary
of a general result for two-dimensional monotone, cancellative finite range voter model
perturbations when (the natural extension of) the above drift parameter is positive (see
Theorem 1.9 below). This result will also imply such a “complete convergence” theorem
with coexistence for (two-dimensional) affine voter models, geometric voter models and
the aforementioned Lotka-Volterra models, for appropriate choices of parameter (see
the examples in Section 3.2 and then Theorems 5.6, 5.7 and 5.8). We note that no
restrictions on |A| are required for these three models or for Theorem 1.9 to hold. The
Lotka-Volterra result was first proved in [13], while the other applications are new.

1.2 A complete convergence theorem for the ¢-voter model

Assume first ¢(x, £) is a rate function satisfying condition (B4) of [25] (see (4.3) below),
and so by Theorem B3 of that reference is the rate function of a unique spin flip system
& starting in state {, under P . Define the hitting times 7g = inf{t > 0: {; = 0} and
71 = inf{t > 0: & = 1}. We identify a random vector with its probability law, as usual,
and introduce the probabilities

Bo(6o) = Peo (g < 00),  B1(€0) = Peo(17 < 0), Boo(é0) = Peo (19 =71 = 0).

By standard arguments (see (1.8) of [13]),

Bo(€n) = 0if [€o| = 00, B1(&) = 0if |§o| = oo, and hence s (£n) = 1 if |&] = [€o| = oo.
(1.3)
Recall that a spin-flip process with rate function c(z, &) is monotone iff for every £ < ¢
(this means {(x) < {(x) for all x),

c(z,&) > c(x,§) if {(x) = £(x) =0,
c(z,§) < c(z,§) if{(x) = &(z) =1,

We assume throughout that 0 < ¢ < 1 and note that clearly, for all such g,

z,§
z,§

the ¢g-voter model is monotone. (1.4)

We let = denote weak convergence of probability laws. A probability v on {0, l}Zd is
symmetric iff v(§ € -) = v(£ € ). Both 0 and 1 (the configurations of all 0’s and all 1’s,
respectively) are obviously traps for the ¢-voter model.

Theorem 1.1. Assume [N| < 8 and d = 2,3 or 4. There exists 0 < q. < 1 such that for
qc < q < 1 there is a translation invariant symmetric stationary distribution v, , with

density 1/2 satisfying the coexistence property, and such that for all initial £, € {0, 1}Zd,

& = Bo(&0)dg + Boo(&0)vij2 + P1(&0)d7  ast — oo, (1.5)

where 5+ (§o) > 0 unless & is one of the fixed points, 0 or 1.
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We will state Theorem 1.1 more compactly by saying that for ¢. < ¢ < 1 the complete
convergence theorem with coexistence (CCT) holds for the q-voter model. We are not
claiming that the above Theorem fails for q < ¢. or |[N| > 8, in fact we suspect it holds
for all 0 < ¢ < 1 and all \V; see Conjecture 1.5 below.

As an immediate corollary we have a complete description of all invariant laws.

Corollary 1.2. For d, N, and q. as in Theorem 1.1, and q. < q < 1, V12 s the only
invariant distribution with the coexistence property, and {vy,2,09,01} are the only
extremal invariant distributions.

Remark 1.3. Note that the hypotheses of the above results are satisfied when N is the
set of nearest neighbours in Z% and 2 < d < 4. They also hold for d = 2 when A is the
unit sphere in Z? in the L* norm (|J\/| = 8). Clearly the restriction |N| < 8 forcesd < 4
by (1.2).

The ¢-voter model is a nonlinear voter model as defined in [5]. These are spin-
flip processes where the rate of flipping depends only on the number of sites of the
opposite type in N. The cancellative property is defined in Section III.4 of [24] and
discussed in Section 3.1 below. It is verified for the g-voter model in Lemma 3.3 when
IN] < 8 and q € (g, 1) using a criterion from [5] developed for nonlinear voter models
(Proposition 3.2). This criterion involves the inverse of an |[N] x |NV| matrix and so
becomes more complicated as |A| increases. This is the only reason we restrict the
neighbourhood size in Theorem 1.1.

Conjecture 1.4. In Theorem 1.1 complete convergence with coexistence continues to
hold for any neighbourhood N in any dimension d > 2 for ¢ < 1 and sufficiently close to
1.

As the above discussion suggests, and a more careful analysis of the proofs shows, this
would follow from Conjecture 3.5 on the cancellative property holding for general g-voter
models. We hasten to add that for other models like the geometric voter model, the
threshold voter, and the affine voter model, one can apply Proposition 3.2 for arbitrary
N, and for the Lotka-Volterra model, one can check the cancellative property directly
through an educated guess of the annihilating dual (see [29] and Section 6 of [13]).
These models are defined in Section 3.2.

As already noted in Section 1.1, taking ¢ < 1 smaller than ¢. should only make large
clusters less likely and so the complete convergence should follow for all 0 < ¢ < 1 for
d > 2. Moreover, as the result fails for ¢ = 1 (the voter model), we expect ¢ close to 1,
handled to some extent in Theorem 1.1, to be the most delicate case. Recall also from
Section 1.1 that for the extreme case ¢ = 0, a CCT is proved in [21] for d > 2.

Conjecture 1.5. In Theorem 1.1 complete convergence with coexistence holds for any
neighbourhood N, any d > 2 and any 0 < ¢ < 1.

We state the CCT for 0 < ¢ < 1 and d > 2 as a separate conjecture because we believe
the issues here are quite different from those underlying Conjecture 3.5. Here a result
in any d for any neighbourhood would be of great interest. Similar “obvious” results
should also hold for the CCT for Lotka-Volterra models for (symmetric) competition
parameter « € (0, 1) but are again only proved for the most delicate case when « near 1
(see Theorem 1.1 of [13]) due to the perturbative nature of the proofs.

To state our general two-dimensional CCT we need to introduce the drift parameter
mentioned in Section 1.1, and for this, we first need some long time asymptotics of
non-coalescing probabilities for two-dimensional random walks.
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1.3 Two-dimensional coalescing random walk

Letp: 72 — [0, 1] be a symmetric, irreducible, random walk kernel with covariance
matrix o021 for some o > 0, such that p(0) = 0. For the particular case of g-voter
models, p(-) will be the uniform law on a neighbourhood N. Under a probability P,
let {By,x € Z*} be a system of rate one continuous time coalescing random walks
with jump kernel p, and for A C Z? define Bf* = {Bf,z € A}, let |B{!| denote its
cardinality, and let the time it takes all walks starting in A to coalesce to a single walk
be 7(A) = inf{t > 0: |B{| = 1}. For n > 2 and nonempty, finite disjoint Ay,..., 4, C Z2,
define the stopping times

T(Ay,..., A,) = 1I£?§}(nT(Ai)7 L.6)
o(Ay,...,A,) =inf{t >0: Bg“i ﬂBtAJ # () for some 7 # j}.

At the risk of some confusion, for z € Z?, we will often identify {z} with x. We write

t
a(t) ~ b(t) ast — oo to mean lim a(t) =1

t—00 b(t)

Proposition 1.3 in [9] states that for n > 2 and distinct z1, . .., z, € Z? there is a finite
K,(x1,...,2,) > 0 such that
A Kn(21,..., 20

Goron(t) = P(0(21,.. 0) > 1) ~ M as ¢ — oo. (1.7)

(logt)(2)

The n = 2 case is well known, as o(z1,x2) has the same law as the hitting time of 0
of a walk starting at 1 — z2 run at rate 2. The following extension of (1.7), proved in
Section 2 below, will be used to describe the key drift term arising in our general CCT.

Proposition 1.6. Let n > 2 and A,,..., A, be nonempty finite disjoint subsets of Z>.
Then there exists a finite K,,(A4,...,A,) > 0 such that

A K, (Aq,...,A
P(O’(Al,...,An)>t,T(A1,...,An)<t)Nn(1’—7:n)aSt—>OO. (1.8)
(logt)(z)
In fact, ifa; € A;, 1 <i<n,
Kn(Ay,...,Ap)
= > Kp(x1,. .., a0)P(o(AL, ..., An) > 7(A1, ..., Ap),

distinct zq,..., Tn € 72

B%i

FArA =T L<i<n). (1.9)

Remark 1.7. Let S be a finite subset of Z2. By summing over partitions of S of cardinality
n, one sees that for n > 2, if u(t) > Ct" for some C,r > 0, then

sup(log )3) P(IBS | = n) < oc.
t>1

Let AV be a neighbourhood in Z? (in practice it will contain the support of p but this
is not needed for our definitions), and set

N =N uU{0}.
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For asetT, [I'| > k, let P;(I") be the set of partitions {my,...,m;} of I such that each
|| > 1. We will write P(T") for Py(T"). For A a non-empty subset of NV, define

@+(A) = Z Kg(A,Al,AQ),

{A1,A2}eP(N\A) i (1.10)
0~ (A) = Z K3(N\ A, Ay, Ay).

{A1,A2}€P(A)

Note that we have suppressed the dependence of ©F on p and N. For the ¢-voter model
it will be understood that p = 1,7/|N| for a given neighbourhood N

1.4 A general complete convergence theorem in two dimensions

The main conditions we impose on our spin-flip system is that they are cancellative
and constitute a finite range voter model perturbation. To define the latter, for d > 2, let
p: 7% — [0,1] be a symmetric, irreducible, random walk kernel with finite support and
p(0) = 0 (as in the last section but now with d > 2). Write p(A) for > . , p(y). Assume
that

p has covariance matrix o] for some o > 0. (1.11)

Let fi(z,&) = >, p(y — 2)1{{(y) = i} (agreeing with our earlier notation if p is uniform
on N) and introduce the associated voter model rates

o~

Cvm(xv g) = g(l)fl ((E, 5) + 5(1’)f0($7 g)
Consider also a neighbourhood N containing the support of p. We write £, for the
function on A which maps y € N to £(z + y).

Definition 1.8. A voter model perturbation on Z4 for d > 2 with finite range in N is a
family of translation invariant spin-flip systems, {f.[a] :0 < e <eg}, for some ¢ € (0,1],
with rate functions

co(x,6) = ™z, €) +ect(x,€) >0 forallz € Z¢, € € {0, I}Zd, (1.12)

where for some g5, g5 : {0,1}V = R,

~

cX(x,8) = &£(2) 97 (Elagn) + E(2) 95 (Elagn)- (1.13)

(Here ¢ is a superscript, not a power.) In addition there are g; : {0, 1}N — R such that

g5 — gilloo < c4e™ fori = 0,1 and all ¢ and some c,, 19 > 0, ifd > 3, (1.14)
7 g )
and
Hm [|lgf — gilloe =0 fori = 0,1, ifd = 2. (1.15)
e—0+

Finally we assume
for all e € (0,e0), 0 is a trap for £, that is, ¢5(1p) = 0, (1.16)
and, in addition if d = 2,
foralle € (0,20], 1 is a trap for £ that is, g5(1x) = 0. O (1.17)

This class of processes is discussed further in Section 3.2. At times we will abuse
the wording and say ¢I¥! is a finite range voter model perturbation, for 0 < ¢ < .
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The following “asymptotic rate function” associated with the above finite range voter
perturbation will play an important role:

F5(A) = gr (1) = Tim =0 1a) = f1(014)

e—0 g

for AC . (1.18)

Here the notation r° refers to the symmetric part (with respect the interchange of 0’s
and 1’s) of the voter perturbation as explained in Section 3.2. The above equality is
elementary. For d = 2 the “drift” associated with the above voter model perturbation
with finite range in A is

O3:= Y 1 (A)(OF(4) -0 (4)). (1.19)
D£ACN

Fix a neighbourhood N in Z¢ where d > 2. It is easy to see the family of associated
g-voter models for ¢ = 1 — ¢ is a finite range voter model perturbation (see Example 3.9
in Section 3.2). If

re = (¢/|IN|) log(JN]/€), for £ =1,...,|N]|, and ro =0, (1.20)

then for the family of ¢ voter models and for A C N,

o) = tim VAV = QAND | a1

e—0 9

Therefore, for the two-dimensional ¢g-voter model we have

O3:=0= ) 14/(07(4) -0 (4)). (1.22)
D£ACN

Here is our general complete convergence theorem in two dimensions.

Theorem 1.9. Assume for(0 < ¢ < ¢, 5[5] is a cancellative and monotone finite range
voter model perturbation in Z?, and ©3 > 0. There is an ¢; > 0 such that for ¢ € (0,e1),
the complete convergence theorem with coexistence (CCT) holds for &[]

Turning to the g-voter model in two dimensions with |V| < 8, we have already noted
that in any dimension this model is monotone (elementary), cancellative (Lemma 3.3)
and a finite range voter model perturbation (Example 3.9). So it remains to verify that
O3 > 0, which clearly is a crucial condition, as all the other conditions hold equally well
for the ordinary voter model where the CCT fails, and O3 = 0. In Corollary 5.3 we will
show in complete generality that ©3 > 0 will easily follow from the strict subadditivity of
r®, that is from

r*(AU B) < r*(A) + r*(B) for all non-empty disjoint A, B C N. (1.23)
For the g-voter model this means (recall (1.21)) if r, is as in (1.20), then
Toy 40, < Tp + 10, forall0 < ?;, £y + 4y < ‘N| (1.24)

This follows from an elementary calculus exercise, and was noted in Section 5 of [4],
where it played an important role in their analysis of the g-voter model for d > 3. The
general condition (1.23) owes much to the calculation in [4]. Therefore Corollary 5.3
and (1.24) imply that

O > 0. (1.25)

We now may apply this and Theorem 1.9 to prove Theorem 1.1 for d = 2. See Corollary 5.5
for a general statement of this reasoning to establish a CCT in two dimensions.

EJP 30 (2025), paper 9. https://www.imstat.org/ejp
Page 8/86


https://doi.org/10.1214/25-EJP1267
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The g-voter model and voter model perturbations in two dimensions

Theorem 1.9 is a two-dimensional version of Theorem 1.2 of [13] where a similar
result is stated for d > 3. More specifically for d > 3 this result establishes a complete
convergence theorem with coexistence for cancellative spin-flip systems which are voter
model perturbations (as defined in Section 1 of [13]), providing a certain drift is positive.
The drift is f/(0) where

% - 02% + f(u),

is the limiting reaction diffusion equation under law of large numbers scaling (see [4] or
[71). In fact the drift, f'(0), also equals the positive drift in a limiting super Brownian
motion arising in a low density scaling theorem (see Corollary 1.8 of [10]). That these
two drifts coincide is easy and shown on pages 33-34 in Section 1.8 of [7], and the
fact that the hypotheses of Corollary 1.8 of [10] hold for voter model perturbations is
also verified in the same place. In either representation, the positive drift is used to
show regions of low density will repopulate to avoid local extinction and the resulting
clumping. The reaction function f is defined in terms of the invariant measures for the
voter model and so is not well-defined for d = 2. Therefore, in extending Theorem 1.2
of [13] to two dimensions in Theorem 1.9 we replace f'(0) with the drift ©3 in a super
Brownian motion low density limit theorem (Theorem 1.15 and Remark 1.16 in the next
section). See Section 1.5 for more about this convergence to super-Brownian motion.

Remark 1.10. In Theorem 1.2 of [13] the last condition for a (CCT), namely 3o (£[5]) > 0
if¢ €] is not 0 or 1, was not part of the conclusion, but in fact it is easy to argue just as in
the 2-dimensional result above to derive this condition. See Remark 4.8 below.

Consider briefly the simpler d > 3 case of Theorem 1.1. We have noted that the
hypotheses of Theorem 1.2 of [13] have been verified, at least for || < 8, aside from
the positivity of f'(0). This last property follows from Theorem 1.2 of [4] (the proof given
there for d = 3 holds in any dimension). As a result, we are then able to establish the
d > 3 case of Theorem 1.1 as a direct consequence of Theorem 1.2 of [13]. This simple
argument is carried out in Section 3.3 below. The same lemma (Lemma 5.2) which led to
the positivity of ©3 under the strict subadditivity of 7° in Corollary 5.3, also leads to a
simple self-contained direct proof of f'(0) > 0 for d > 3 (see Proposition 5.9).

To prove the 2-dimensional result, Theorem 1.9, we will use the more fundamental
Proposition 4.1 of [13], instead of Theorem 1.2 in [13]. The former result holds for
arbitrary d at the cost of bringing in some additional technical hypotheses. (In fact
this result was used to establish Theorem 2.1 in [13] for d > 3.) Proposition 4.1 of
[13] is combined with several other results in [13] to prove Theorem 4.5 below. This
result establishes the CCT for cancellative finite range voter model perturbations if
two additional conditions ((4.10) and (4.11)) are in force. These additional conditions
demonstrate the ability of 1’s and 0’s to both coexist and propagate in space and time,
respectively. The next step is to follow the derivation of the CCT for the two-dimensional
Lotka-Volterra model in Section 6 of [13] to show that the above conditions will follow
from a set-up which allows a comparison to super-critical oriented percolation (see (4.18)
below) to show simultaneous propagation of both 0’s and 1’s in close proximity as time
gets large. This is done in Theorem 4.7. The last step is to justify the above super-critical
oriented percolation set-up by using a low density limit theorem in which the scaling
limit is a super-Brownian motion with positive drift ©3 (Theorem 1.15 and Remark 1.16
in the next section.)

1.5 A scaling limit theorem in 2 dimensions

First consider a scaling limit theorem for the ¢g-voter model. We will speed up time
and scale down space for a two-dimensional ¢g-voter model in the usual Brownian manner
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and at the same time let ¢ T 1 at an appropriate rate. In the regime where 1’s are
relatively rare we show the normalized empirical measure of 1’s converges to super-
Brownian motion with drift. Such limit theorems are technically more difficult in two
dimensions than higher dimensions, even in the simple voter model setting [6]. The
increased clustering in two dimensions (e.g from the stronger recurrence of the dual
for the voter model) leads to a greater branching rate, or equivalently, a greater mass
per particle. The resulting extra log NV factor complicates even the simplest moment
bounds. Convergence to super-Brownian motion in two dimensions was established for
a class of Lotka-Volterra spin systems (also voter model perturbations) in Theorem 1.5
of [9]. We will refine some of the results and methods used in that paper to obtain the
required scaling limit theorem. In [9] a particular branching coalescing dual process
was used in some key calculations. Such duals seem more complex in our present setting
and so instead we use a systematic comparison of our model with the voter model over
small intervals (see, for example, Section 7.1). We believe this gives a more robust
approach to general voter model perturbations in the critical and physically important
two-dimensional case. The higher dimensional (d > 3) analogues of this limit result follow
from [10] which proves a limit theorem for a general class of voter model perturbations
including ¢-voter models as ¢ T 1 (see Remark 1.13 below).

Let Mr = Mp(RR?) denote the space of finite measures on R? with the topology
of weak convergence. A 2-dimensional super-Brownian motion with initial condition
Xy € Mp(R?), branching rate b > 0, diffusion coefficient o2 > 0, and drift § € R, denoted
SBM (Xo,b,02,0), is an Mp(R?)-valued diffusion X whose law is the unique solution of
the martingale problem:

Ve CHRE), Mi(o) = Xu(9) — Xo(6) = o X, (580 +00) ds
(MP) is a continuous F;*-martingale such that

(M())e = [ X (bg?) ds.

Here C} is the set of bounded C?® functions with bounded continuous partials of order 3
or less and ]-'tX is the canonical right-continuous filtration generated by X.
For N > ¢3 (N denotes a real number), let

N’ = N/log N, and ey = (log N)?/N. (1.26)

We let f)f(q”) denote a gy-voter model on Z? with gy = 1 — . Consider the rescaled
gn-voter model,

N (z) = @) (@VN), z € Sy :=72/VN,

and define the associated M p-valued empirical process

1
xN = i > &N (@)d,. (1.27)
TESN
Theorem 1.11. Assume N is a neighbourhood in 72, 6% = ¢*(N) is as in (1.1) and {¢}'}
satisfies Xé\’ — Xpin Mp. If© is as in (1.22), then © > 0 and

XN = SBM(Xy,4rc?, 02, 0) in the Skorokhod space D(R,, Mp) as N — oc.

The fact that © > 0 was already noted above in (1.25).

Remark 1.12. There is a symmetric result for ¢ > 1 where we take qy = 1+ en. As
noted in [4], the r, in this case is the negative of the r, in (1.20) and therefore in (1.22),
O3 < 0 will have the opposite sign. The same proof noted below in Remark 1.16 (using
the more general Theorem 1.15) then gives the conclusion of Theorem 1.11 with drift
O3 < 0, the negative of that in Theorem 1.11.
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Remark 1.13. The analogue of Theorem 1.11 for d > 3 follows from a limit theorem for
a class of voter model perturbations established as Corollary 1.8 of [10]. In this setting
we take N’ = N and ey = 1/N in our definition of X”. It is then straightforward to
verify the hypotheses of the above result and so conclude that for A, o2, and {X}V} as in
Theorem 1.11 with d > 3,

XN = SBM(Xy,27.,02,0) in D(Ry, Mp(R?)) as N — oo.

Here v, € (0,1) is the escape probability from 0 of the random walk in Z? whose step
kernel is uniform in A, and

©= Y BAP(T(A) < 00, 7(AU{0}) = 00) — §(A)P(r(AU{0}) < 0) >0,
D#ACN

where for r, as in (1.20),

BA) = > UCAN) (=)0 and 5(A) = Y 1(C # N) (=) 0.

PD#ACCA 0ACCA

The positivity of © follows from Theorem 1.2 of [4] (or Proposition 5.9 below) and the
fact that the drift © agrees with f’(0) where f is the reaction function in the limiting
reaction diffusion equation (see Section 1.8 of [7]), denoted by ¢ in [4].

We now consider a general two-dimensional limit theorem for a large class of finite
range voter model perturbations. The random walk kernel, p, is as described at the start
of Section 1.4 with d = 2. The key condition is the following “asymptotic 0 — 1 symmetry”
which was used implicitly for the special case of two-dimensional Lotka-Volterrra models
in [9].

Definition 1.14. Consider a finite range voter model perturbation in 72, 5[5], as in
Definition 1.8 with rates c.(x,¢) for 0 < e < gy. We say ¢lel is asymptotically symmetric if,
in addition, for some g“ : {0, 1}N — R,

lim (log1/2)*(95(€) — 95(€)) = g*(€) forall € € {0, 1}, (1.28)

e—0+

or, equivalently, for some c® : Z2 x {0, 1}Z2 — R (necessarily anti-symmetric),

)265(1‘,5) — CE(maf)

9

lim (log 1/ = *(2,&) forallz € Z* and ¢ € {0,1}%°.  (1.29)
e—

The relationship between c¢* and g* is (note that ¢ is translation invariant)
c(0,€) = £(0)g" (&) — £(0)g" (€lw)-

Further discussion may be found in Section 3.2. The following asymmetric function will
also be important for our limit theorem:
5Ce(0,14) — (0,15 4)

r?(A) :=g¢%(14) = ggr%(log(l/e)) 5 . (1.30)

The above equality is again elementary.

We are ready to state our general two-dimensional limit theorem. It will not re-
quire monotonicity or the cancellative property. Recall the notation K2(A;, As) from
Section 1.3, and that ¢? is as in (1.11). A second “drift” parameter associated with such
voter model perturbations will be denoted by

Oy = Y r(AKy(AN\A). (1.31)
0#ACN
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Theorem 1.15. Assume {5[6] : 0 < e <eo} is an asymptotically symmetric finite range
voter model perturbation on Z?. Let & (z) = 5}3@’](x\/ﬁ) x € Sy. Define a measure-
valued process by

XY =@/N') Y & (@), (1.32)

rzESN

1f X{¥ — Xy in Mp, then
XN = SBM(Xy,4m0?, 0%, 0, + O3) in the Skorokhod space D(R,, Mr) as N — oc.

Remark 1.16. Clearly a finite range voter model perturbation which is symmetric, that
is cc(x,€) = ce(z, ) for all x and &, is asymptotically symmetric with ¢* = r* = @, = 0.
It will turn out that a cancellative finite range voter model perturbation is necessarily
symmetric for each ¢ (see Remark 4.6). Therefore in the setting of our general CCT
(Theorem 1.9), the above limit theorem applies with ©, = 0 and the drift for our limiting
SBM is indeed O3, as in the discussion in Section 1.4. In particular, this is the case for
the ¢-voter model. Therefore, recalling (1.22) and (1.25), we see that Theorem 1.11 is

an immediate consequence of the general Theorem 1.15 above.

Theorem 1.15 includes all the examples we know of super-Brownian limits for voter
model perturbations in two dimensions, as well as a number of new ones. In addition to
the above result for g-voter models and the limit theorem for the ordinary 2-dimensional
voter model in [6], this includes the basic limit theorems for Lotka-Volterra models
in [12] (see Example 6.6), the more refined Lotka-Volterra limit theorems in [9] (see
Example 6.2), and limit theorems for the affine and geometric voter model (Examples 6.3
and 6.4, respectively).

The following “survival” corollary is an easy consequence of Theorem 1.15 and
standard arguments (see Section 10).

Corollary 1.17. Assume for 0 < ¢ < ¢, £l is a monotone asymptotically symmetric
finite range voter model perturbation in Z2, and ©, + ©3 > 0. There is an £, > 0 such
that for e € (0,e1), Ps, (|6 > 0 for all t > 0) > 0.

Section 2 discusses coalescing random walks and proves Proposition 1.6. Cancellative
processes are defined, and many of their properties are presented, in Section 3.1. Here
the criterion for a nonlinear voter model to be cancellative (Proposition 3.2 from [5]) is
proved for completeness, and then applied to show the ¢-voter model is cancellative for
all ¢ € [0,1] if [N| = 4. The |[N| = 8 case for ¢ near 1 and ¢ < 1 is outlined here, while the
actual maple-assisted proof is presented in Appendix 1. Additional properties of finite
range voter model perturbations and associated notation are presented in Section 3.2.
Several examples of cancellative finite range voter model perturbations are presented
here as well. The short proof of Theorem 1.1 for d > 3 is presented in Section 3.3. The
general complete convergence theorem, Theorem 1.9, is proved in Section 4, assuming
Theorem 4.10, which states that the conditions for a block comparison to super-critical
percolation, (4.18), will hold for a monotone, asymptotically symmetric, finite range
voter model perturbation, if ©; + O3 > 0. This section also includes a coupled SDE
construction of our particle system ¢ along with E and killed versions of these processes,
on a common probability space (Proposition 4.3 and the ensuing (4.9)). This set-up is
used in the proof of an intermediate result (Theorem 4.7) in which a CCT is established
assuming (4.18) in place of ©5 + O3 > 0. Theorem 4.10 is proved in Section 10 as a
corollary to the weak convergence result, Theorem 1.15, and its proof. The latter result
is proved in Sections 6-8 and Section 9. Section 6 sets up the approximating martingale
problems, using a convenient SDE coupling, and also gives a number of examples of the
weak convergence theorem. A number of preliminary bounds and sharp estimates on the
drift terms are given in Section 7, while the proof of convergence to SBM is in Section 8.
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A key technical bound, Proposition 7.14, used for exact asymptotics on the drift terms, is
proved in Section 9.

2 Coalescing probability asymptotics for two-dimensional random
walks

We work in the setting of Section 1.3, and in particular, p(-) is the general random
walk kernel considered there, and ¢, ., (t) and K, (z1,...,2,) are as in (1.7). In fact,
as the reader can easily check, the proof below includes a derivation of (1.7).

Lemma 2.1. Assumen > 2 and z1,...,x, € Z° are distinct. There are positive constants
(5.1 and tg > 0 depending only on p and n such that

(logt)(g)qm’_”,mn(t) < CosKp(x1,...,xy,) ift > 2(m¢ax{\xi — xj\4} vV to). (2.1)
i£]

Proof. The argument here is an extension of the one given in Section 9 of [9]. Let
{Bﬁx € Z*} be a system of (non-coalescing) independent rate one continuous time
random walks with jump kernel p. Let 1, ..., 2, € Z? be distinct, set x = (z1,...,2,)
and define the non-collision event

D, = {B¥ # B% foralls < tandi# j}.

Clearly, if P, is the law of (B!, ..., B®"), then ¢,(z) = P,(D,). Dependence on the fixed
natural number n is suppressed.

By Lemma 9.12 of [9], there is a positive constant C5 5 depending only on p and n
such that for z,,...,z, as above,

(’QL) log 2 c(z,t)
logt (logt)3/2’

P.(Dy|Dy) =1 — where |c(z,t)| < C oo

whenever mjxﬂxi —z;[*yvet <t (2.2)
i#]

For t > 1 define f,(t) = (logt)(3) P,(D;) and k(t) = max{i > 0: 2 < t < 2"*'}. Since
P,(Dy) is decreasing in ¢, it is easy to see that

()% Fo(2MOHY) < fo(t) < me@k(“) (2.3)

1
(k(t) + 1)) k()
For m,m’ > 1, iterating conditional probabilities leads to

m’'—1

@y = £z IT (1+ ——

1 mai P, (D2m+i+l |D2m+i)
()
= f.(2™) kgn (1 + E) Py(Dyes1| D). (2.4)
To make use of (2.4), we let &(z, k) = c(z, 2¥)/(log 2)?/2, and note that it follows from (2.2)
that

5) o e(x, k) ~
P$(D2k+1‘D2k) =1- % + k3/2 s where |C($L’,k)| < 02,5

whenever 2% > mﬁx{m — x|} vet (2.5)
i
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By the binomial theorem there is a constant Cs ¢ > 0 (depending only on n) so that

1\ () (5) | ck)
(1+ E) = 14+ 2 + 537 where sup (k)] < Cho (2.6)

Taken together, the last two facts imply that for some C5 7 > 0, depending only on p(+)
and n, there are constants ¢(z, k) satisfying

14 (5) é(z, k
(1—1-%) ' Py(Dos1|Dor) = 1_’_0292,/2) where |é(z, k)| < C 9.7 for 2F > mﬁxﬂxi—mj\‘l}\/e‘l.
i#]
(2.7)
Use this in (2.4) to see that, for all m and z satisfying 2" > max{|x; — xj|4} Vet
m+m’—1 ( k?)
L = em 1 (1 + 22 ) where sup |&(z, k)| < Cor.  (2.8)
k=m k372 kzm
If m also satisfies m > jo = [(2C5.7)*/%], then the above bound implies
é(x, k) .
L+ =55 21/2ifk=m, (2.9)

and in particular, each factor in the product in (2.8) is strictly positive.
Define to = e* v 27%° and mo(z) = min{m : 2™ > m#ax{\mi —x;]*Vto} > jo. Then for
7]

any m > mo(z), (2.8) and (2.9) imply

Jim fo2m) = g2 I ( kS i ) (2.10)
k=m

exists, and is strictly positive. The fact that limg_, fw(Qk) exists combined with (2.3)
actually proves (1.7), with

M c(z, k)

Kn(1,. .. 20) = f2(2) H ( k3/2 ) for all m > my (). 2.11)

It follows from this and (2.8) that for all m > mq(z)(> jo),

m: [ ﬁ (1+ ;3/]2{))}71§ [ ﬁ (1—%)} ' oo, (2.12)

k=m k=jo

where we have also used (2.9) and the definition of j,.
Finally, if ¢ > Q(mjx |zi — x;|* V to), then 2(®) > ¢/2 implies k(t) > my, and by (2.12),
i#j

oo

F2(2M) < Ky (a1, wn)[ 11 (1 - %)]

k=jo

It now follows from (2.3) and (2.12) that for such ¢ (note also k(t) > 1),

(k(t) + 1)) T T Cas
fa(t) < me@k(t)) gz(z)[ 11 (I_Wﬂ Kp(z1,...,z0).  (2.13)
k=jo
This completes the proof of Lemma 2.1. O
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For disjoint finite nonempty sets of Z2, 44, ..., A,,, introduce
I'y = {(T(Al,...7An) > t,T(Al,...,An) < t},

and define g4, 4,(t) = ﬁ(Ft). Note that if A; = {a;} are all singletons, then
7(A1,...,A,) = 0, and so qa,....4,(t) = qa,,....a, (t) agrees with our earlier notation.
Moreover we also have from (1.9) that K,,(A41,...,4,) = K,(a1,...,an).

Proof of Proposition 1.6. Assume A;, i < n and a; € A; are as in Proposition 1.6, and
define K, (A;,...,4,)(< o0) as in (1.9). If the A; are all singletons, then the above
discussion shows that the Proposition follows from the known (1.7), and so we may
assume Y . |4;| > n+ 1. On the event I';, B{ # B}’ for all i # j, which implies
ga,,... A, (t) < da,....a,(t). It follows from (1.7) that

limsup(logt)(;>qA1,wAn (t) < Kn(a,...,an,) < 0. (2.14)

t—o0

Letting 7* = 7(A44,...,A,) and 0* = 0(44,...,A,), and applying the Markov property at
time 7*, we have

(logt)#)ga, _a, (t)

t n
= Z / P(oc*>7"€du,Bri =x;for1 <i< n)(logt)(2)qwhwx" (t —u).
distinct z1,..., T, €EZ2 0
(2.15)
By (1.7), for fixed u € [0, ), and distinct z1, ..., x, € Z2,
tlim (logt)(g)qzl ,,,,, o, (t—u) = Kp(z1,...,2,). (2.16)
— 00

In view of the definition of K, (44,...,4,), (2.14), (2.15), and (2.16), Fatou’s Lemma
implies that

Kn(As, ..., An) < liminf(logt)Bga, _a, () < limsup(logt)Pga, 4, (t)
—00

n

t—o0
< Kp(ag,...,a,) < 0. (2.17)
Now introduce
A* = max{|B% — B |},
i#j

and the disjoint decomposition I'; = r§1> U F%Q) U FEB), where

I = {o* > t,7* € (t1/3,4]}
I = {o* > t,7* <t/3 A" > t/4}
I = {o* > t,7* <t/3 A* <t/4}.

We will show that as t — oo,

(log ) PT®) = 0 fori = 1,2, and (2.18)
(log ) D) P(TM) = K, (AL, Ay), (2.19)

proving (1.8). It is in the proof of (2.19) that we use Lemma 2.1.
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On the event T'\"”, Z |Bﬁjg| >n+ 1 (recall that [A;| + -+ |A,| > n + 1). It follows
i=1
that if A = U}, A;, then

(logt)(3) P(rV) < 3 (0gt) D gy (£/3) 5 0ast — 00,  (2.20)

distinct yo,y1,...,yn €A

since each probability in the sum is O((log t)‘(nérl)) by (1.7).

On the event T'\?), there must exist a # b € A such that | B2 — B%| > (t/4)'/* for some
u < t'/3. Assuming (t/4)Y/* > 2 max, |a — b, we have the crude bound
aFbe

Py < 3 P( swp |B- Bl = (5))
atbeA  0Sustl/s

< Y P( sw |BSI=HHYY)
atbed  0Su<tl/s

AN ~
(5)2( s 1322 = 32),

2 0<u<2tl/3

Doob’s inequality implies

(log)(3) P(r?) < (';") (logt)(g)w = 3202 <|‘§> (log#)(3)¢=1/6 5 0as t — oo,
4

completing the proof of (2.18)
To handle Ff’), we recall (2.1) and suppose that ¢ > 4t V 8 (so that ¢t — t/3 > t/2).
Applying the Markov property at time 7* gives us

(log#)() (1)
$1/3

= Z / P(o*>7" € du, B}i=x; for 1<i<n)(log t)(g)qwlw (t —u).
0

distinct ml,...,mneZ2
max;; {|@s—z;]}<t/4

(2.21)
For u < t'/% and t/4 > max;z;{|z; — x;|*} we have (use also ¢ > 4t V 8)

(t—u)/2> (t—tY3)/2 > t/4 >ty V rg?]x{m — [},

and so Lemma 2.1 applies to show that

(log t)(g)

WCz.lKn(xl, ey Ty) < 2(3)02'1[(”(3:17 T,
og(l —u))\2

(logt) By, u (t —u) <

For the last inequality use ¢t — v > t/2 and ¢t > 8. The right-hand side is integrable with
respect to ]3(0* > 7% € du)l(xy,...,z, distinct) d\ for counting measure A on (Z2)",
by (2.17) and the definition of K, (A;,...,A,). So we can use (2.16) and dominated
convergence to take the limit as ¢ — oo inside the integral in (2.21) and hence, recalling
again the definition of K,,(A4,..., Ay,), prove (2.19) and so complete the proof. O
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3 Cancellative processes, voter model perturbations and examples

3.1 Cancellative processes

Let N be a non-empty finite subset of Z? \ {0}, and call such a subset a general
neighbourhood. Recall that N'= N U {0}. Our cancellative processes are translation
invariant spin systems with rate functions satisfying

€)= 2 |1 - 26x) - 1) 3 Bo(A)H(E A+ )| 3.1)

ACN

where H({, A) = [],ca(2£(y) — 1), ko is a positive constant, Sy > 0, 5o(2) = 0, and
> acxr Bo(A) = 1. This last implies 1 is a trap for &, that is, ¢(x,1) = 0. The restriction
to subsets A of A means our definition is a bit more restrictive than that in (1.16) of [13]
or (4.4) in Section II1.4 of [24]. A recent summary of properties of cancellative processes
is given in Sections 1 and 2 of [13]. We say € is a good cancellative process if, in addition,
Bo(A) > 0 for some A with |[A| > 1.

Remark 3.1. For any probability ¢; on A/, the voter model with kernel ¢q is cancellative
with ky = 1, and 5p(A) = ¢o(y) if A = {y}, and zero if |A| # 1, as one can easily
check (or see Example I11.4.16 in [24]). So the voter model is cancellative, but not a
good cancellative process. The converse also holds and equally easy to check: If ¢ is
cancellative but not good cancellative, then £ has rates equal to kg times those of a voter
model with kernel qq(y) = Bo({y}) (y € N).

Another useful condition, which will hold for our main results, is
Bo(A) = 0if |A| is even, (3.2)
which by Lemma 2.1 in [13] is equivalent to
0 is a trap for &, (3.3)

and also to R
¢ is 0 — 1 symmetric, that is, ¢(z, &) = ¢(x, §). (3.4)

A cancellative process has a translation invariant stationary distribution, which is
the weak limit of the process started in Bernoulli product measure with density 1/2 (see
Corollary I11.1.8 of [20]). Under the above symmetry it will have density 1/2 and so
we denote it by v1,5. A simple proof of the existence of v, ,, under (3.4) is given after
Lemma 2.1 in [13]. It is possible that vy, = (1/2)(dg + d1), and so it need not have
the coexistence property. For example, this is the case for the voter model when d < 2
(Corollary V.1.13 of [24]).

As defined in [5], a general neighbourhood A and nonnegative sequence a = (ay),
1 <¢<|N|, (a;) # 0, defines a nonlinear voter model &, : Z? — {0, 1} if the rate at which
the opinion at a site flips to the opposite opinion is ay if ¢ of its neighbours hold this
opposite opinion. That is, &; is the spin-flip system defined by the rate function

IV [V
c(x,&) =&)Y al{m(x,§) =0} +&(x Zael{no (z,8) = ¢},
=1

where n;(z,§) = >, .. H{&(y) = i}, i = 1,2. Clearly every nonlinear voter model
rate function c(z, §) satisfies the symmetry condition (3.4). In [5] N satisfied additional
symmetry and irreducibility conditions, but they are not needed for the results in this
section. Henceforth we exclude the trivial case of a = 0 from consideration. The g-voter
model on Z? (with neighbourhood /) is the nonlinear voter model with a, = (£/|\]).
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The following result, from page 129 of [5] provides a means of checking that a
nonlinear voter model is cancellative without checking (3.1) directly. We give the short
proof for completeness and to highlight the choice of 5y and ky which will enter later.

Proposition 3.2. Let N be a general neighbourhood and a; > 0 for{ = 1,...,|N| with
(ag) # 0. Define the |N| x |N| matrix M by

: J\ (WNI=i :
M = < < . .
(k)= <Z>(k_l> 1<k,j<|N (3.5)
odd i<jAk
If there is a nonnegative sequence o« = (ay), 1 < k < |N|, such that
IV
ag =Y apM(k,0), 1<L<|N, (3.6)
k=1
then the nonlinear voter model determined by (a;) is a cancellative nonlinear voter
model. Moreover in (3.1) ko = |€/\:/\1 ozg(‘qu), and for A Cc N,
) 0 if A= {0} or |A| is even
Bo(A) = Xy em  if 0 ¢ A, |A| = m is odd (3.7)
0

am—1 if 0 € A#{0},|A| =m is odd,

and so (3.2) also holds.

Proof. Define {(A) =" .4 &(a) and £A) = Y aca €(a). In (3.1) since 2¢(z) —1 = (—1)5(‘/”)
and ) , fo(A) = 1, we can rewrite (3.1) for z = 0 as

(0.6 = 20 37 o)1 - (-pftns€o] (3.8)

ACN

Let o = (a;) be a given nonnegative sequence such that (3.6) defines non-negative
ax, not all identically zero. Let ky = ZIZ\:/‘I ozg(‘/}/ |) > 0, the latter since otherwise a = 0.
For A C N, define (y(A) by (3.7). Then 5y () = 0. In addition, if we also use # to denote

cardinality, then

ko Y Bo(A)=ke > Bo(4)
ACN ACN,|A| odd
= Z am#{A CN : |Al =m}
1<m<|N|, m odd
+ > O #{A C N |A | =m'}. (3.9)

1<m/<|N|, m’ even

In the second sum we have set A = {0} U A’, where A’ C N now has even cardinality if A
had odd cardinality. It is now easy to check that (3.9) equals ko and so ) , - i fo(A) = 1.
Note also that (3.2) holds and hence so does (3.4). With these choices, (3.8) becomes

1 —~ —~
- - — (—1)§(A)+£(0)
0.9=5 > {am Y HlmEBawa Y 1= (1) .
m odd ACN,AZ%0,|Al=m ACN,A>0,|Al=m
(3.10)
Observe that in the second sum, m > 3 because we have set 5({0}) = 0.
Observe that if m is odd and |A| = m, if £(0) = 0, then
1[1 _ (,1)E(A)+€A(0)] =
2

1
2

o~

[1 + (71)5<A>} = 1{€(A) is even} = 1{¢(A) is odd]},
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where we have used the fact that £(A) + EA(A) = |AJ. Therefore £(0 = 0 implies

C(O,E)—Z{am > A1m=3)am1 Y }1{§(A)isodd}. (3.11)

m odd AF0,|Al=m A30,|Al=m

A, () = {AC N 0¢ A, |Al = m,¢(N) = j,€(4) is odd}
A () = {AC N :0€ AJAl = m (V) = j.&(A) is odd },
where there is implicit dependence on ¢ in the above. Then

(0, = > anl AL+ D amaALG)  IfEO0)=0,6N) =4 (3.12)

m odd m>3, odd

Continue to assume £(N)(=n1(0,€)) = j and £(0) = 0, consider A € A/, (j), and the
disjoint union

A=An{z:&z)=1HuAn{z:&(x)=0}).

By counting the number of ways to choose the first set with the requirement i = £(A) <

j A'm odd, we find that
A .7 |N|_J
= > () ().

i odd
i<jAm

Here we build A C A by first choosing the i sites of A to put 1’s from the available j
sites in state 1, and then choose the m — i sites of A to put 0’s from the |NV| — j available
sites in state 0. Similar reasoning (recall £(0) = 0 and now 0 must be in A) leads to

A= 2 (M)

i<jA(m—1)

Insert the above into (3.12) to get for £(0) =0, {(NV) =4,

- 2,5 00)

LRSIV iodd
IV

= aM(k,j) = a;.
k=1

If£(0) =1, and E(N')/(: no(0,€)) = j, then E(O) = 0. Use the symmetry (3.4) noted earlier,
and the above with ¢ in place of £ to get

c(0,€) = ¢(0,€) = a;.

Therefore the cancellative system corresponding to the above 5y and kg is indeed the
non-linear voter model determined by (a;). O

Lemma 3.3. Assume d > 1, and N is a general neighbourhood with 2 < |[N] < 8.

(a) For2 < |N| <4 and all g € [0,1], the corresponding q-voter model on 74 is cancellative,
and for q € [0,1), in (3.1) we have 3y(A) > 0 for all A C N with |A| = 3.

(b) For q sufficiently close to 1, the corresponding g-voter model on Z? is cancellative for
q < 1 and the last conclusion in (a) holds for q < 1.
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Proof. (a) Suppose first that || = 4. it is straightforward to check that

12 3 4 2 0 2 4
3430 L 1lo 2 0 -6
M=g 5 1 4 and Mo=g1lo o 5 4

1010 1 -1 1 -1

Thus, by (3.6), for a; = (¢/|N])?, o = aM~! is given by
171\ 1/3\¢ 1
@) =—3(3) +3(1) +3
1/1\¢
2@ = 3(3) -
1/1\¢ 3ye 1
ast@) = 3(7) = 5(5) +3
1/1\e 3/1\2 1/3\¢ 1
a@=5(3) -3G) +2() -5
It is now an enjoyable calculus exercise to check that each ay(g) > 0forall0 < ¢ <1
and each ay(q) > 0 for 0 < ¢ < 1. By Proposition 3.2 the cancellative property holds for
q € [0,1], and (3.7), together with as, a3 > 0, give the final conclusion for any ¢ € [0,1).
The cases |J\f | = 2,3 are handled the same way, with simpler calculations. This gives (a).
(b) Consider |[N] = 8. It is still easy to write down M from (3.5). Then maple can
be used to find M~! (see Appendix 1), and (3.6) can be used to write down each ay(q),
1 < ¢ < |N| explicitly. With these formulas it is easy to check that a;(¢q) > 2~ WI+! for

0 < ¢ <1, and also that ay(1) = 0 for 2 < £ < |N|. Some simple, if lengthy, arithmetic
shows that

| = ool = +

aj(1) = —27k log(%) <0for2< (<N, (3.13)

where kg, mg,n, are positive integers with my; < n, and k, < |N| + 1. All of these
quantities are given in Appendix 1 below. It follows that each ay(q) must be strictly
positive for ¢ < 1 sufficiently close to 1. Thus Proposition 3.2 implies the cancellative
property for ¢ < 1 close to 1, and (3.7) implies that £y(A) > 0if |[A| =3, AC N forqg < 1
close to 1.

The cases |N| = 5,6, 7 are handled the same way. We omit the details. O

Remark 3.4. Computer calculations using floating point arithmetic suggest that Propo-
sition 3.2 can be applied to show that the cancellative property holds for 8 < |A| < 20
(the largest case we considered) for ¢ < 1 close to 1. See Appendix 2.

Conjecture 3.5. All g-voter models are cancellative for any d > 1, any neighbourhood
N, |N|>2 andany 0 < q < 1.

3.2 Finite range voter model perturbations and examples

For d > 2, let the probability kernel p : Z¢ — [0, 1], the local frequencies of type i,
fi(z, &), and the voter model rates ¢'™(z, £) be as in Section 1.4. In particular,

p has covariance matrix o1 for some o > 0. (3.14)

Consider a neighbourhood N containing the support of p and recall the definition of
a voter model perturbation with finite range in A/, given in Definition 1.8. Recall also
from (1.18) the asymptotic rate function r(A) = g;(14) for A C V.

It follows from (1.14) or (1.15) that by decreasing ¢y, if necessary, we may assume
that
sup [|g6lloc + |91 llec = Cg) < o0 (3.15)

<e<eg
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Remark 3.6. For d > 3 Proposition 1.1 of [7] shows that in the finite range case (both
voter model and perturbation depend only on sites in A), our definition of finite range
voter model perturbation coincides with the voter perturbations considered in [13] for
d > 3 (i.e. those satisfying (1.10)-(1.15) of that reference). The notation here is a bit
different as what we call ¢; is denoted by A in [7], where a related quantity is called
g; and is non-negative. This non-negativity plays a role in the definition of a branching-
coalescing dual process used to study 5[5] in [7] and [13]. Although d > 3 is assumed
in [7], the construction of the dual and basic duality relation from Sections 2.1-2.4 of
[7]1 goes through unchanged for d = 2, and we will only use this dual implicitly when
quoting arguments from [13] in Section 4. In particular there should be no confusion
resulting from our definition of g’.

For d = 2 to obtain a scaling limit theorem to super-Brownian motion we have
added the condition that 1 is a trap. That there is distinct behavior if 1 is not a trap
is demonstrated by Theorem 1.3 of [17] where for the 2-dimensional contact process
with rapid voting (a voter model perturbation) it is shown that the critical birth rate for
survival must diverge to +oo as the voter rate gets large. We also have dropped the
Holder convergence rate in (1.14) which entered in the pde analysis used in earlier work
but will not be needed here. Indeed, the Holder convergence rate will not be satisfied by
the 2-dimensional Lotka-Volterra models described below.

In two dimensions, recall from Definition 1.14 the notion of a finite range voter model
perturbation which is asymptotically symmetric, and which will play an important role in
our scaling limit theorems.

Remark 3.7. Clearly 0— 1 symmetry of the voter model perturbations c. (for all €) implies
asymptotic symmetry with ¢ = ¢* = 0 (recall the definitions of g* and r® from (1.28)
and (1.30)). Note also that by (1.14) (or (1.15)) and (1.28), asymptotic symmetry of a
voter model perturbation implies

91(&) = g0(&)- (3.16)
For d > 3 finite range voter model perturbations rescale to SBM if time is rescaled by
1/e and space was scaled down by /= (see [10]). If d = 2 these scaling parameters will
change, as already noted in [9] in the special case of Lotka-Volterra models. Here the
scaling parameter N > ¢? is the unique solution N = N(e) of
log N)3
az(Og’T), £ e (0, e0]. (3.17)
It is a calculus exercise to verify the existence and uniqueness of such an N for ¢ €
(0,1] D (0,&0]. Henceforth for d = 2 we usually consider N as our fundamental parameter
and set ¢ = ey = (log N)?/N. The constraint ¢ < £y leads to

N > N(ego) > €3, (3.18)

where the actual value of N(gg) is of little concern as we will be interested in taking
N — oo.

Proceeding now with d = 2, our rescaled lattice is Sy = ZQ/\/N. For ¢ € {0, 1}22,
define the rescaled state ¢(N) € {0,115V by ¢V (2) = £(zv/N). Let {c., € < &o}, be
an asymptotically symmetric finite range voter model perturbation and consider the
rescaled rate function

Nz, M) = Neo, (zVN, €), z € Sy, € € {0,1}% (3.19)
for the rescaled voter model perturbation process

N (2) = £V @VN), € S (3.20)
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For z € Sy, and ¢ € {0,1}%’ introduce
N (z,6) = M@ VN, ¢€),

N2 (2, 6 M) = E(@VN) e (€, yman) +E@VN)GEN (€l yman)s (3.21)

and
Nz, eMN) = E(avVN) (log N)2[05Y (€l i) — 95~ ElLymon)]- (3.22)

Then for x € Sy and & € {0, 1}Z2,

N (2,6MN)) = Ne™(@V/N, €) + (log N)?cZ , (z VN, €) (3.23)
= NNz, €M) + (log N)eVoo(z, €M) 4 (log NN (2, V). (3.24)

Clearly ¢V** is symmetric, that is
(@, €M) = Moz, €M), (3.25)
and a short calculation shows that

if ¢ (x,€) = ¢ (2,€) for all , , £, then ¢™V* = 0 for all N. (3.26)

Moreover it is easy to check that the decomposition in (3.24) uniquely determines ¢+

and ¢V if we assume that ¢"V>* is symmetric and for every z € Sy, ¢N%(z, V) = 0 if
¢M)(z) = 1. If for z € Z* and ¢ € {0,1}%,

o~ ~

¢ (2,) = £(@)g0(Elea) + E(@)g0(Ele1 ), and ¢ (2,8) = £(x)g" (Elasn),

then ¢® is symmetric, and from (3.21), (3.22), (1.15), log(1/en)/log N — 1, and (1.28) we
have

sup Vo 2/ VN, EN) = e (2, )| + [V (a/ VN, EN)) — ¢ (2,6)] = 0 as N — oo.
zeZ2,£e{0,1}%?

(3.27)
Use the definition of ¢V>* and the convergence in (1.28) to see that if
rVe(A) = (log N)?[g5™ (14) — g5~ (1ana)] for A C N,
then R
N/ VN EN) =E(z) D PV A ayn = Logal (3.28)
DAACN
and
lim 7V%(A) = g%(14) := r*(A) forall A C NV. (3.29)

N— 00

The fact that 0 and 1 are traps implies g7~ (1p) = g™ (1x) = 0 and so we have dropped
the A = () term in the sum. Similarly if

Vs (A) = 95" (Iana) for AC N,

then we have

N/ VNEM) = @) Y N (A){E aan = Losa)

DA£ACN

+e@) D VA opn = Losana)t  (3.30)
D#AACN
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and (recall also (3.16))

lim r™V*(A) = go(1aa) = 91(14) :=7°(A) for all A C V. (3.31)

N—o00

It follows from (3.15), (3.29) and (3.31) that

Il :== sup |7”N’“(A)\ i |7“N’S(A)| < 00. (3.32)
N>N(eo), 0AACN

The following result will be useful for some comparison results in Section 7.1.
Lemma 3.8. For all non-empty A C N, p(A) = 0 implies that rV:*(A) > 0 for all N.
Proof. Assume p(A) = 0 for a fixed set A as above. We must show that

96(Iana) >0 foralle € [0,e0]. (3.33)
Choose ¢ € {0,1}%" such that £(0) = 1 and |y = 1p 4. Then

0 < c=(0,6) = fo(0,6) + g5 (1 a) = D_ PWEW) + g5 (1ana) = g5 (1ara).
yeA

o~

The next to last equality holds because £(y) = 0 for y ¢ A, and the last equality holds by
our assumption on A. This proves (3.33). O

Recall the notation @i(A) from (1.10) and K> from Proposition 1.6. We also recall
©3 from (1.19) and ©, from (1.31):

O3= Y r(A)(O%(A)-07(4) and Oy= Y 1 (A)KAN\A). (3.34)
DAACN DAACN

The following identities (see Remark 5.4 below) will simplify ©3 in some of the examples
we now discuss:

> JA|(OF(4) - 07 (4)) =0, (3.35)
0£ACN
and )
> (0T (A) -0 (4) =k = lim (log 3 P(IBN| =3) > 0. (3.36)

D#AACN

Example 3.9. (g-Voter Models) We begin with all d > 2, follow [4] and consider, as in the
Introduction, the g-voter models with kernel p(x) = 1(x)/|N], for some neighbourhood
N. We are interested in g near 1, ¢ < 1, and so let g = 1 — ¢ for € € (0, 1] and define

2 (2,6) = () IUB) " Zh@E) | o@ O~ Jolw:€)

S 9

Then the (1 — ¢)-voter rates may be written as
7 (,€) = ™(x,€) + & cX(x, ). (3.37)
Recall from (1.20) that for 1 < ¢ < |N|, rp = (£/|N]) log(|N|/€), and ry = 0, and let

l—e
re = (&/IV1) - WWD foree f0,.... 1N} (3.38)

Next, define ¢¢ : {0,1}V — [0, 00) fori = 0,1 by

g =ri it > Uy =i}=¢

yeN
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and g; in the same way, but with no superscript ¢’s. Then we can write

N
ZTZ( )W (z, ) = 6} +&(z )1{n0($7§)=€}) (3.39)

= £(2)95 (Elorn) + E@) G5 (Elasn)-

A Taylor series expansion shows that for0 < v < 1,and 0 < e < 1,

ul—s —u o0 Em—?(log l/u)m,
—— =ulog(l/u) + ue 5_2 —
and thus
wTf —u - (log 1/u)™
0< — —ulog(l < ~2 1 7 —e 3.40
< . ulog(l/u) < ue mE:O — € ( )

The above shows that for ¢ € {0,...,|N

b
Irg —re| <e. (3.41)

and (3.41) implies
lg; — gillo <e.

As 0 and 1 are traps for ¢g-voter models, we have verified that the collection of ¢-voter
models, {c(!7%) : ¢ € (0,1]} is a symmetric voter model perturbation with finite range
in NV, non-negative g;,and rg =1, ¢ = 1in (1.14) (even if d = 2). As a final note here,
using the fact that supg.,<; ulog(1/u) = 1/e, it follows from (3.40) that if 0 < e <1—1/e,
then by (3.41), N

O0<ri<lforl<{<n-1. (3.42)

Consider now the rescaled quantities when d = 2. We have from the above that
2 (A) = gg™ (Iaa) = 114) = 11a) = 7°(A4), (3.43)

agreeing with (1.21). The symmetry of ¢{!~¢) puts us in the setting of Remark 3.7 and
shows ¢V¢ = ¢ = rM:¢ = r® = () by (3.26). Therefore,

O3 =0 and 6, =0. (3.44)

The first was already noted in (1.22), where the definition of © is given.

Example 3.10. (Lotka-Volterra Models). The 2-dimensional Lotka-Volterra model of
Neuhauser-Pacala [29] with parameters (ag, 1) € (0,1)? is the spin-flip system with rate
function (see [9])

(@, €) = ¢(2,€) + {(@) (a0 — 1) i@, €)” + () (a1 — 1) fo(w, €)°,

Here both the voter model kernel and the notation f; use the kernel p(z) = 1x(z)/|N|
for some neighbourhood N. If a; V ap > 1, ¢! is monotone (see Section 1 of [11]).
In the diagonal case a; = as, ¢!V is good cancellative (see, for example, the Proof of
Theorem 1.1 in Section 6 of [13]). As in Section 1 of [9](see in particular (11) of that

reference and recall (3.17) above), for € € (0,1) one sets

a;=1-¢c+ B (log(1/¢)) %, where hm5< =B;€R, i=0,1,
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so that our voter model perturbation rates are given by

o~

ce(2,€) = (2, €) + eg7 (€l )€ (@) + €95 (Elarn)E(2),
g7 (Eln) = (= 1+ (og 1/e) 28,7 £i(0,6)%, i =0,1.
If gi(¢ln) = —£i(0,€)?, clearly
95 = gilloo < C(log(1/e))™2 =0 fori=0,1.
Obviously both 0 and 1 are traps for each ¢, and we also have

lim(log(1/2)) (45 () — 65(6)) = lim(55” — B17) 12(0,)°

10
= (Bo — B1) f1(0,€)?
= g“(§).

Therefore {c. : ¢ € (0,1)} is an asymptotically symmetric finite range voter model
perturbation. We have

logN \?2
N ._ (en) . N
B <log(1/EN)) Bi Pi as ’

and so, for ) # A C N,

) = 65 (L) = (<14 Qog M) 250 (1)
A
%_(m) = 1°(A), (3.45)

and

re(4) = (log N)*[g5 (1) = g5~ (Iaya)]
= (83 — B f1(0,14)°

By — B1)<||NA||)2 — ra(4),

Therefore in this case we have

O=0 = (- 5) Y (1) KA N\ 4) (3.46)
0£ACN ‘ |
and Alea
=0y = Y (||N||) (O (A) — OF(A4)). (3.47)
0£ACN

Example 3.11. (Affine Voter Models) The 2-dimensional threshold voter model rate
function, introduced in [5], and corresponding to ¢ = 0 in Example 3.9, is

(2,8) = 1{&(x +y) # &(x) for some y € N}

for a neighbourhood N. The affine voter model with parameter « € [0, 1], introduced in
[32], is the spin-flip system with rate function

(z,€) = ac™(@,8) + (1 — a)c(z,€).

Here the voter model kernel is p(z) = 1x7(z)/|N/|, and 0 and 1 are traps. The fact that ¢tV
is cancellative was noted in Section 2 of [5]. It is easy to check that a convex combination
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of cancellative rate functions is cancellative, and hence ¢?¥ is cancellative, in fact good
cancellative for o < 1. Monotonicity of ¢V, and hence of ¢ is clear. Lettinge =1 — «,

(@,8) = "(@,8) +e(c™ (@, 6) — "(,))

so that our voter model perturbation rates are given by

CE(.’ﬂ,f) = Cvm(x’g) + 5(§(x)gi(€|m+/\/) + g(x)g(s)(aerN))a
95 (€lnv) = —£i(0,€) + 1{n;(0,£) = 1} i=0,1.

Since g; = g; does not depend on ¢, (1.15) holds. Obviously each c. is symmetric, so
rV:@ = po¢ = go = (. Therefore {c. : € € (0,1)} is an asymptotically symmetric finite range
voter model perturbation such that for A # (),

|A]

kel R
V]

N (A) = r*(A) = go(Iaa) = —
O, = 0, and if we use (3.35) and then (3.36), we get

0= 3 (1-fH)E -0 )= X (@) -6 () =k =63 340
0A£ACN 0A£ACN

Example 3.12. (Geometric Voter Models) The 2-dimensional geometric voter model
with rate function, introduced in [5], is

(2, €) = 11__79‘% it > (e +y) #E(x)} = . (3.49)
yeN

Here N is a neighbourhood, 0 < # < 1, and 0 and 1 are clearly traps. As 6 ranges from 0
to 1, these dynamics range from the threshold voter model to the voter model. The fact
that ¢9' is cancellative was proved in Section 2 of [5], and it follows that ¢9" is then good
cancellative. Monotonicity of ¢?" is again elementary. By (7.3) in [13], takinge =1 -6
(instead of £2),
N

(0,€) = (2,€) + £ 0L ol O (2, ) + O as & = 0. (3.50)
Here, ¢'™ and the densities f; use the kernel p(z) = 1y (z)/|N
uniform in z, {. Thus, there are g; such that

, and the O(e?) term is

o~

ce(2,€) = (2, €) + £g7 (€l )E(2) + €95 (Elarn)E(2),

where if g(z,£) = (INV]/2) fo(z,€) f1(z, &), then ||gf — g]| < Cle|. Clearly %" is symmetric
and so by Remark 3.7 g* = r* = 0. Therefore {c.,0 < ¢ < 1} is an asymptotically
symmetric voter model perturbation such that for A # (),

[ AN - [A])
s A = 1 = .
P(A) =gl = =g
Thus ©, = 0 and, again using (3.35), we have
1 _ N AN,
0= o 3 AW - ap©* () —e () = 21 S (Y (0-(a) — o+ (a)
2|V 2 V]
0A£ACN 0£ACN
(3.51)
v_ WV
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3.3 Proof of Theorem 1.1 for d > 3

We assume N is as in Theorem 1.1 for d > 3. Let {( ), denote expectation with
respect to the voter model equilibrium with density u € [0, 1] and define

fu) = {(1=£(0))e™(0,8) = £(0)c™(0,£)) for u € [0,1], (3.52)

where c* is as in (3.39) but with 7, in place of rj. As noted after Theorem 1.3 of [7], f will
be a polynomial in u of degree at most || + 1. As we have d > 3, Theorem 1.2 of [13]
(as strengthened in Remark 1.10) shows that the conclusion of Theorem 1.1 will hold for
g < 1 and sufficiently close to 1, providing the following hold for some ¢, € (0, 1):

(1) For 0 < € < &y, c(l’a)(x, £) is a rate function of a cancellative process (as in (3.1)).

(2) {79 (2,€) : 0 < € < g0} is a finite range voter model perturbation.

(3) f'(0) > 0.

Here we have ignored one condition from Theorem 1.2 of [13] (condition (1.2) there) as
the required exponential tail bound is trivially true for our finite neighbourhood setting.
The first two conditions have been established in Sections 3.1 (Lemma 3.3) and 3.2,
respectively. Finally (3) follows from Theorem 1.2 of [4], where it is shown for any
neighbourhood A/, and we note that our f(u) is denoted by ¢(u) in [4]. O

Remark 3.13. The proof of f/(0) > 0 from [4] is stated for d = 3 but holds equally well
for d > 3. In fact Theorem 1.2 of [4] gives a stronger representation for f which implies
fu)/u = epn(1 = u)(1 — 2u) fiar (u) where cjpr) > 0 and fj is a polynomial which is
positive on [0, 1] and equals 1 at u = 0. Letting u | 0 gives f’(0) = ¢|x;| > 0. Alternatively
see Proposition 5.9 below for a more direct proof.

4 A general complete convergence theorem in two dimensions

Fix an initial state & € {0,1}%". For ¢,n € {0,1}%". We first extend the stochastic
differential equation (SDE) construction of spin-flip systems and coupling with killed
processes from Section 2 of [11] to the setting where || may be infinite. Let {N®* :
x € Z2,i = 0,1} be independent Poisson point processes on IE{2+ with rate ds x du. For
RcR?2andT >0,

G([0,T] x R) is the o-field generated by {N""| 77xw : © € R,i = 0,1}. 4.1)

Consider a rate function ¢ : Z2 x {0,1}%4" — [0, 00), which is bounded continuous. Let

~

é(x, &) = c(z, &) be the rate function for the evolution of the 0’s. We assume

> (e, &) + é(x,8)) < Cle, (4.2)
and
sup Z sup |e(z, &) — e(z, €W < C, (4.3)
TEZ?2 wez?
where

(@) = 1z £ w)(z) + Lz = w)().

Under (4.3) and boundedness and continuity of ¢, there is a unique Feller process &;
taking values in {0, l}Z2 associated with the rate function c (see Theorem B3 in [25]).
Note that the above conditions hold for c iff they hold for ¢.
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Remark 4.1. It is easy to check all of the above conditions are satisfied by ¢, if {c. : 0 <
€ < go} are the rates of a finite range voter model perturbation. See Corollary 2.4 of [11]
for (4.2) (without the ¢ term) and (4.3). Condition (4.2) follows easily for ¢ from the fact
that 1 is a trap for our finite range voter model perturbations in d = 2 (just as it followed
for c using the fact that 0 is a trap). Note that under our boundedness assumption on
¢, (4.2) for c alone is equivalent to condition (2.1) in [11].

For & € {0,1}%" consider the SDE
t
é(a) = Gola) + / / (1— 0 (@))1(u < efz, £ ))N"O(ds, du)
0

t
—/ /ES,(I)l(u <c(z,& )N (ds,du), t>0,z€Z> (4.4)
0

If |&| < oo, (4.4) has a pathwise unique solution & = &[{] which has the same law
as the above Feller process with initial condition £y. For this see Proposition 2.1(a) of
[11] and note, that monotonicity of ¢ is not needed in Proposition 2.1(c). We will not
require an abstract existence and uniqueness theorem for (4.4) when |§| = oo (see
Remark 4.4) although some such solutions will arise naturally in (4.7) below. Now
fix My € N, set I' = (—My, Mp)?, and let ¢(z,£) = 1(z € I')e(z,€). Clearly c also
satisfies all the hypotheses we have imposed on c. For our given initial condition &, let
(@) = 1(z € I')§o(x). Then [ | < oo (even if || = oc) and so there is a unique solution,

§ =¢&, I of
€(0) =€, (x) + / / (=€ (@)1 < c(r,€, )N"O(ds, du)

¢
- / /ég_(x)l(u < Q(x,gg_))N””’l(ds,du), t>0,2 €7 (4.5)
o : S,

Note that { (z) = 0 for all t > 0 and all = ¢ I'. If, in addition, ¢ is monotone, then by
Proposition 2.1(b) of [11],

if & satisfies (4.4) where [£y| < oo, then §t <& VE>0. (4.6)

We now show this continues to hold even if |§)| = co. Unless otherwise indicated,
monotonicity of the rate function, ¢, is assumed in the rest of this section. Note
that ¢ is monotone iff ¢ is. Therefore our hypotheses hold for c iff they hold for ¢.

Lemma 4.2. If¢ satisfies (4.4) then ét <¢ forallt >0 a.s.

Proof. By (4.6), we may focus on |[§y| = co. Define

t pllelles
At:Z/O/O (N*0 1 N*1)(ds, du).

xzel’

Then A is a Poisson process with rate 2|I'|||¢||- < oo and so has a sequence of jump times
0 < Ty <75 < ... increasing to infinity. It suffices to prove that §t < ¢ fort e |0,T,] for
all n, which we prove by induction. Assume the inequality up to, and including, time 7T;,.
On (T, Ty41), §,(z) = §Tﬂ (x) < &1, (v) = &(x) for all z € I’ since the jump times of these
coordinates are clearly included in the jump times of A. For z ¢ I’, §,(z) =0 < & () for
all ¢, including those in (7},,T,+1). At T,,+1 one considers the unique x € I’ for which
N jumps at T, for some i and uses the monotonicity of ¢ to show that in each of the
two cases Ay, ., (z) <0or AngH (z) > 0, one has §Tn+1 () <&r1,,, (v). This is done just
as in the proof of Proposition 2.1(b) in [11]. The remaining cases trivially lead to the
same conclusion. This establishes the induction step, and the n = 1 step is handled in
exactly the same way:. O
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If £ satisfies (4.4), then §A satisfies

~

Ew) = &ola) + / [0 & @< i, )N ds.du
- /t /ES_(zn(u < é(x, & ))N“O(ds,du), t>0,z€Z? (4.7)
0

Note that ¢ has been replaced withAé and the roles of N*0 and N®! have been reversed
from that in (4.4). We set { (z) = &(z)1(z € I') and define , = ¢ [{ . I'] as the unique
solution (by Proposition 2.1(a) of [11] because ¢ satisfies the same hypotheses as c) to

£ (r) =& (2)+ / / (=& (2)1(u< &wé, )N"(ds,du)

t
—/ /é (2)1(u < Q(m,gsi))Nz’o(ds,du), t>0,x€Z> (4.8)
0

25—

So in the notation § we effectively take the hat first and then do the killing.
If M € N and & € {0,1}%°, we may set £, () = M(z) =& (2)1(z € (=M, M)?), and
denote the unique solution to (4.4) with this initial state by §tM .

Proposition 4.3. (a) As M — oo, M (x) 1 £°(x) for allz € Z2 and t > 0 a.s. Moreover

&7° is the unique in law Feller process with rates c(z,£) starting at &. If |£y| < oo then

&° = &[&o], the unique solution of (4.4).

(b) We have ¢ (z) < & (), and gt(x) <&X(x) forallx € Z2t >0 a.s.

(c) If ¢ is symmetric, then P(é €)= P (€ € ), where the right-hand side is the law of §
S (IR S

with initial state éo’ that is, the law of { [go, ry.

Proof. (a) By Proposition 2.1(b) of [11], £} (z) increases in M for all (t,z) a.s. and so we
can define £* as this a.s. limit. By (c) of the same Proposition the law of ¢ is that of the
unique Feller process with rates ¢ and initial condition 5(1)” . Theorem B3 of [25] allows
us to apply Theorem 5.2 of [24] to conclude that the martingale problem associated
with the rates c is well-posed, and then Proposition 6.5 of [24] gives continuity of the
laws in the initial condition. This implies that £ has the required law. If |§)| < oo and
& = &[&o] is the unique solution of (4.4), then monotonicity in the initial condition from
Proposition 2.1(b) of [11] shows that 55\4 <& forallt > 0 a.s., and so taking limits we
get £° < & forallt > 0 a.s. Since £ and £ have the same law, they must be identical.
(b) Let M > My, so that &) := &) (x)1(x € I') = £ () and therefore ¢, = £ := ¢ (&)1, 1").
By (4.6), w.p. 1 forany ¢t > 0,

g =M< <gr

M A a . M
If £ = &,(§",1"), then, just as above with ¢ in place of ¢, {, = &, .
QVI =1 — ¢M satisfies (4.7), and so we may apply Lemma 4.2 with ¢ in place of ¢ and the

roles of N*9 and N%! reversed and so conclude that

The process

. ~M —
§,=¢ <1-¢f =& asM o0 VE>0as,

and so deduce the second inequality in (b).

(c) Under symmetry of c, § is the unique solution of (4.8) with ¢ = ¢, and so has the same
law as £[¢ o+ I'l, the unique solution of (4.5) with initial condition £ ,» because (N*0, N©1)
is equal in law to (N1, N#.0), O
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Remark 4.4. In view of (a) of the above we will denote £° by &,[¢o] as it agrees with
our earlier definition for || < oco. The reader will note however, we have side-stepped
the general question of pathwise existence and uniqueness of solutions to (4.4) when
|€0| = co. We believe this to be the case by uniqueness of the martingale problem and
monotonicity, but will not need it.

(a) and (b) show that for any initial state &, and corresponding £ 0 and § - We may
construct (, ¢, § ) on the same space such that

~

§, <& and§, <{(t) Vt>0as. (4.9)

Paxs
&~

Here § evolves according to rate ¢ with killing outside 1 ', and § evolves according to rate

¢ with the same killing, while ¢ and E evolve according the rates ¢ and ¢, respectively
with no Kkilling. Under symmetry, the dynamics of the two killed processes are the same
but of course the initial conditions differ. In the symmetric case this point seems to be
made implicitly in the proof of Theorem 1.1 in Section 6 of [13], but perhaps warrants
the explicit construction given above.

Turning to the complete convergence theorem, we first present an abstract complete
convergence in two dimensions essentially taken from [13]. If A C Z2, zy € Z? and
€€ {0,117, let

Alwo,€) = {y € A: E(y) = 1,E(y + x0) = O}

Monotonicity is not required for our first abstract complete convergence theorem.

Theorem 4.5. Assume for 0 < ¢ < ¢, 5[5] is a cancellative finite range voter model
perturbation with rate function c.(x, ). Assume also that for each ¢,

—

Jug € Z2 so that if |¢F| = oo, then (4.10)

lim sup  limsup P, (|§£E]| >0, A(zo, 1[6]) =0) =0,
K—=00 pcz2 |A|I>K t—o0 0

and
lim sup P, (¢ (0) = 1) > 0. (4.11)

t—o0

There is an €1 > 0 such that for e € (0,¢;), there is a translation invariant symmetric
stationary distribution v /2 with density 1/2, satisfying the coexistence property, such

that for all initial 5&5] ,

Proof. We first show that for ¢ < ¢¢, £ el is a good cancellative process (as defined in
Section 3.1). Assume not. By Remark 3.1, up to a constant time change, ¢l is a voter
model with kernel ¢o(y) = Bo({y}). Therefore starting at 5([)5] =g, F] = 0 for ¢ large a.s.
(e.g. see Proposition V.4.1(b) of [24]), and this contradicts (4.11), completing the proof.

Under the above hypotheses, Remark 4, Corollary 3.3, and Lemma 4.2 of [13] show
that for some ¢; > 0, the hypotheses of Proposition 4.1 of [13] hold for € € (0,¢1). (Note
that the good cancellative property is needed to apply Corollary 3.3.) That Proposition
implies the stationary measure vy /2 (from Section 3.1) satisfies the coexistence property

and

if |€)] = oo, then &7 = fo(€57)0g + Boc (€55 o + Br(El)dg as t — 00, (4.13)
where we have also used (1.3) to see that the final term on the right-hand side (which

doesn’t appear in Proposition 4.1 of [13]) is zero. The fact that O is a trap for &/

EJP 30 (2025), paper 9. https://www.imstat.org/ejp
Page 30/86


https://doi.org/10.1214/25-EJP1267
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The g-voter model and voter model perturbations in two dimensions

(by (1.16)) implies ¢! is symmetric by the equivalencerf (3.3) and (3.4) noted in
Section 3.1. Therefore vf , is also a symmetric law (z/f/Q(f €)= ylf/z(-)) by the above

convergence. By symmetry the conclusion of (4.13) also holds if \5([)5]| = oo and so the

proof of (4.12) is complete. O

Remark 4.6. As noted in the above proof, a cancellative finite range voter model
perturbation is symmetric.

The key condition in the above is (4.10) which will imply that a pair of nearby sites
with opposite type can be found in sufficiently large sets for large ¢. Such pairs are to be
expected if there is to be complete convergence with coexistence.

Assume now that for some ¢y > 0:

For 0 < e < ¢y, 5[5] is a cancellative and monotone 4.14)

finite range voter model perturbation in Z>.

By Remarks 4.1 and 4.6 we may apply Proposition 4.3, and so for any initial condition
&o € {0, 1}Z2 construct £/, §[E}, é[s] as solutions of (4.4), (4.5) and (4.8), respectively, with

([)E] = &, all on a common probability space such that

g9 < and e <l v 0as, (4.15)

We now assume that My = KL for natural numbers K, L chosen below. As in Section 3.2

we often use N > N(gg) > e? satisfying e = ey := % as our fundamental parameter.
Let
V(@) = €M(VN), € Sy, (4.16)
and
log N -N logN N
XN = if 3 &V(2)s,, and X, = fv 3 & ()6 4.17)
reSN reSN

In this Section we use ey, e to denote the canonical unit vectors in Z2. The next condition
is the key to ensure the survival of an associated oriented percolation process, which was
mentioned at the end of Section 1.4, and will be constructed in the proof of Theorem 4.7
below. The condition specifies the values of K, L which are used above to define our
killed particle systems through My = K L. Note that XV (1) = XY ((— My, My)?) < .

There are T’ > 1, K, J’ € N with K > 2, and L’ > 3, so that if
0 <e<eo, and Is,, = +2L¢; + [-L' +1,L' —1]%, then for L = [VNL'|, (4.18)
XN(-L',L')?) > J' implies P(XY,(I.) > J forall e € {+e;,i =1,2}) > 1 — 692K+’

Recall that if the conclusion of Theorem 4.5 holds we say for 0 < £ < ¢; the complete
convergence theorem with coexistence (CCT) holds for & ], We use this terminology
going forward.

Theorem 4.7. Assume for 0 < € < g, {M is a cancellative and monotone finite range
voter model perturbation in 7> satisfying (4.18). There is an 1 > 0 such that for
e € (0,e1), the complete convergence theorem with coexistence (CCT) holds for 5[5].

Proof. We follow the general approach used in Section 6 of [13] for the d = 2 Lotka-
Volterra model. From Theorem 4.5 it suffices to establish (4.10) and (4.11), as well as
the fact that S éd) > 0 for initial conditions distinct from 0 and 1 (we have suppressed
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the dependence on ¢ in ..). Remark 4.6 shows that ¢l is symmetric. Therefore, we
may use Proposition 4.3(c) to see that (4.18) implies that,

XY(-L, L) > J' and X, (-L', L']?) > J' imply (4.19)

P(XN(Ie.) > J and Xy (Ise,) > J' fori=1,2) > 1 — 2. 6-5CK+D?,
To undo the scaling, recall L = |[v/NL'| and let J = ﬁJ’, T = NT’ and set I, =
+2Le; + [—L,L]Q, i = 1,2. In order to use Theorem 4.3 of [16] we introduce a set
2
H c {0,1}% of “happy” configurations and a good event Ge, = Gg, () in our probability
space for each initial condition &,. We let

H={¢e{0,11% : ¢(~L,L)?) > Jand &([—-L, L) > J}, (4.20)

and ~ -
Ge, = {8 (Iie,) 2 J, & (Ise,) > J fori=1,2}, (4.21)
where &, is the initial condition for £, so that §é€] () = 1p(x)€(x) and g)e] (x) =

17/(z)é(z). Recall here that I' = (—KL, KL)% For z € 72, o, : {0,1}% — {0,1}%
is the translation map, o.(£)(z) = o(x + z). Note that:

(i) Gg, is G(I' x [0, T])-measurable for each &.

(i) If & € H, then on Ge,, &5 € oy (H) for all e € {+ey, ey}

(iii) For any & € H, P(Gg,) > 1—2-67°5CK+D* .— 1 _ /.
Properties (i) and (ii) are clear from the definitions and the orderings in (4.15). Property
(iii) follows from (4.19), along with a bit of arithmetic on the rescaled intervals to show
VNI, C fiei, where N > ¢3 is used. Finally another bit of arithmetic shows that
(1-— 7’)1/(2K+1)3 > 1 — 6%, ensuring that (5.17) of [13] is valid. In this way we have
established the set-up of Lemma 5.2 of [13] and we can invoke the comparison with
2K-dependent percolation from Theorem 4.3 of [16], as carried out in Section 5 of
[13]. In particular, we may use the proof of Lemma 5.3 of [13] to conclude that (4.10)
and (4.11) hold for £¥]. Although the hypotheses of that result require d > 3 and f(0) > 0
for a solution to a reaction diffusion equation (which is not defined in d = 2), those
hypotheses are only used to establish the set-up in Lemma 5.2 of [13], which we have
just verified directly, essentially using (4.18). The rest of the proof of Lemma 5.3 of [13]
only requires arguments for general voter model perturbations and, in particular, uses
its branching coalescing dual from Section 2 of [7] to bound some probabilities involving
¢lel (recall from Remark 3.6 that the basic duality holds for d = 2). In this way the proof
of Lemma 5.3 of [13] gives us (4.10) for ¢ sufficiently small, and the proof also gives (this
is (5.31) of [13])

inf Pe(e £0vt>0) > p, (4.22)

for some explicit p = p(e) > 0.
Turning now to (4.11), let 0 < € < 1, where ¢; < ¢g is small enough so the above
conclusions (4.10) and (4.22) hold. The key property of ¢ €] that we need is

inf PEF () =1)>0 vzez2 (4.23)
g[[)s]:i([)e]zl

This is a simple calculation using the branching-coalescing dual of the voter model
perturbation £¥! (see (3.9) in [13] and the explanation given there). By (4.10) and (4.22)
there is a 6; > 0, ty < 00, ¥ € Z2, and a finite non-empty A C Z?2 (all depending on ¢)
such that

inf P ( Ela) =1 3a € A) > P5, (A(zo, &) #0) > 6,. (4.24)
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Apply (4.23), (4.24), translation invariance, and the Markov property to conclude that
fort > tg,

Py, (65,(0) = 1) = By, (16 (@) =1 3a € A) P (e 0) = 1)

> 01 min inf P (fge](—a) =1)=10 >0,
a€A ¢flello)=1 >

where §; is independent of the choice of ¢, thus proving (4.11).
To prove the last assertion on (., by (1.3) it suffices to consider 0 < \5([)6]\ < oo or

—~

0< |£([f]\ < o0, and by the 0 — 1-symmetry (Remark 4.6) we need only consider the first
case. By monotonicity and translation invariance we can take 5([)5] = dg. The fact that
0 is a trap implies P50(|§£E]| > 0) is non-increasing in ¢. Therefore (4.11) easily implies
Pj, (10 = 00) > 0. But Py, (r1 = 00) = 1 by (1.3), so we conclude S (¢f) > 0. O

Remark 4.8. The final paragraph in the above proof applies equally well in d > 3 to show
that the conclusion of Theorem 1.2 of [13] may be strengthened to include S ([f]) >0

if ¢/ is not 0 or 1.

Remark 4.9. Theorems 4.5 and 4.7 hold without the finite range assumptions. That is,
we only require that {¢ [lo<e< €0} is a 2-dimensional voter model perturbation in the
sense of (1.10)—(1.15) of [13] (where the Holder rate of convergence in (1.14) of [13]
(see (1.14)) is also weakened to (1.15)). Indeed our proofs, and those quoted in [13],
only require these conditions. To verify the key condition (4.18), however, we will need
to work with finite range voter model perturbations and make a critical assumption on
the parameter ©; + O3 from (3.34).

Theorem 4.10. Assume {f[e} : 0 < e < gy} is a monotone, asymptotically symmetric
finite range voter model perturbation in Z?> with ©, +©3 > 0. Then (4.18) holds, perhaps
with a smaller choice of ey > 0.

We give the proof in Section 10. It will follow from Theorem 1.15, our weak conver-
gence result to super-Brownian motion with drift ©; + O3.

We are ready for the proof of our main result, Theorem 1.9, a general complete
convergence theorem for monotone cancellative finite range voter model perturbations.

Proof of Theorem 1.9. By Theorem 4.7 it suffices to establish (4.18), perhaps with a
smaller ¢y, > 0. By Remark 4.6, £/ is symmetric and so in particular is asymptotically
symmetric by Remark 3.7. The latter Remark also shows that r* = 0 and therefore
©, = 0. Hence O3 + ©; = ©3 > 0 (by hypothesis), and so Theorem 4.10 gives (4.18), and
we are done. O

To apply Theorem 1.9 it would be useful to have a general, and checkable, sufficient
condition for O3 > 0, which would also apply to the g-voter model, and so establish
Theorem 1.1 for d = 2 as a special case. This is the goal of the next section.

5 Positivity of the drift and the Proof of Theorem 1.1 for d = 2

To establish a sufficient condition for ©3 > 0 in Theorem 1.9, it will be convenient
to first work in a more general setting with any general neighbourhood N (recall from
Section 3.1 that A is finite non-empty subset of Z¢\ {0}) and d > 2. We consider a
strictly subadditive map r : {A: A C N'} — R. This means that

r(AU B) < r(A) + r(B) for all non-empty disjoint 4, B C N. (5.1)
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By induction on n this implies that for non empty disjoint sets A¢,..., 4, in N,

n
r(U 4;) < ZT(AZ»), where strict inequality holds if n > 1. (5.2)
i=1

Later we will want to consider a finite range voter model perturbation and take r = r®.
Assume for now that d = 2. To motivate the above definition recall from (3.43) that for
the g-voter model in d = 2 we have r*(4) = TIA| where r, are as in (1.20). We saw in
Section 1.4 (recall (1.24)) that

To 4ty < Ty + 70y for0 < ¢;, and #1 + 45 < |N| (5.3)

and so
for the 2-dimensional ¢-voter model, r° is strictly subadditive. (5.4)

Return now to our earlier setting with d > 2 and general NV. If 7 is a partition of A/,
[0] denotes the cell of 7 containing 0 and || is the cardinality of 7. We assume (5.1) and
that all sets in a partition are non-empty throughout this section.

Lemma 5.1. If 7 is a fixed partition of N, then

Yoo Aem) = D (AN A= 0). (5.5)

DAACN D#ACN
The inequality is strict if 7| > 2.
Proof. The left-hand side of (5.5) trivially is

LNN\[O] #0) > r(A)1(Aem AcN\[0]),
0#£A

while the right-hand side equals
r(IV\ [0\ [0] # 0).

So to prove the result we may assume A\ [0] # (), or equivalently || > 1. Using
NN0] = User, acinoAs

and the subadditivity (5.2), we have

rVA) < S rA)L(A e AC N [0)),
0£A

thus giving (5.5). If |7| = 2 there is equality in the above, and by (5.2) there is strict
inequality if |7| > 2. O

As an immediate consequence we have:

Lemma 5.2. If 7 is a random partition of N such that

P(|r| > 2) >0, (5.6)
then
E( 3 T(A)l(AEW)) >E( 3 AN\ A= [0})). (5.7)
D#AACN 0#£ACN
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Returning to our general r in d = 2, and recalling the definitions of @i(A) from (1.10),
we define ©3 = O3(r) by

3= » r(A)OTA) - > r(4)0 (4):=6] -e3. (5.8)
D£ACN D#AACN

Note that this agrees with our earlier definition of ©3 in (3.34) if » = r° for the finite
range voter perturbations in Section 3.2. To use the above to show the positivity of
©3 in (5.8), recall K3(A;, Ay, A3) from Proposition 1.6 and the notation P (T") and P(T")
from Section 1.3. Recall also that (5.1) is still in force and the ¢-voter drift © in (1.22)
corresponds to the special case r(A) = r| 4| with r, as in (1.20).

Corollary 5.3. If d = 2, then ©3 > 0, and, in particular, © in (1.22) is also strictly
positive.

Proof. Let k = 34 4, asyeps () K3(A1, A2, A3) > 0, where the sum is over sets, not
ordered triples, and the positivity is clear by \/\7| > 5 (see (1.2)). Define a random

partition in P5(N) by
P(?T = {A17A2,A3}) = K3(A1,A2,A3)/H.

Both are well-defined by the symmetry of K3, and (5.6) holds because |7| = 3 a.s. If A is
a non-empty subset of A/, then

P(AeT)= > P(r={A, Ay, A3}) = > K3(A, A1, As)/k. (5.9)
{A1,A2}eP(N\A) {A1,A2}EP(N\A)

Therefore from (5.8)

or:= Y et =« Y r(A)P(Aew):nE( 3 r(A)l(AEW)). (5.10)

D#£ACN DAACN DAACN

Similarly, apply (5.9) with A"\ A in place of A to see that

0;:= Y rA)0 A)=r Y r(A)P(/\_/'\AEW):mE( 3 r(A)l(/\_/\Aew)).

DAACN DAACN D£ACN

Note that for A C NV we have 0 € N'\ 4, and so N'\ 4 € 7 iff [0] = N\ A. This shows
that the above implies

@gsz( 3 r(A)l(N\Az[O])). (5.11)
DA£ACN

So by Lemma 5.2, (5.10) and (5.11) we have @;{ > O3, and therefore, ©3 > 0. As noted
above, the positivity of © in (1.22) follows from the special case r(A4) = T|A|- O

Remark 5.4. If r(4) = | 4| (not strictly subadditive!) one easily sees that equality holds
in Lemmas 5.1 and 5.2, the latter without any condition on n. The above proof then
shows that
> JA[(®T(A) - 67 (4) =0. (5.12)
D#ACN
This identity simplified some of the formulae for O3 in the examples of Section 3.2.
If r(A) = 1 for all A C NV (which is strictly subadditive), then from (5.10) we have
@:J{ = 2k because there are exactly two subsets of A in 7 corresponding to the two sets
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in 7 other than [0]. Similarly from (5.11) we get that ©; = « because there is exactly
one subset of A" whose complement in A is [0], namely A\ [0]. Therefore

Y. (©F(4)-67(4)
D#AACN
=k = > K3(A1, A2, 43) = lim (logt)*P(IBN|=3) > 0. (5.13)
{A1,A2,A3}ePs(N) =

The last equality follows easily from the definition of K3 by decomposing P(|BN| = 3)
into the possible partitions induced by the sets of sites which have coalesced at time ¢
and taking limits.

The following corollary is immediate from Theorem 1.9 and Corollary 5.3. It repre-
sents our simplest criteria for a CCT to hold in d = 2.

Corollary 5.5. Assume d = 2, {g[E] :0 < e < ¢go} satisfies (4.14) and r*®, given by (1.18),
is strictly subadditive (i.e., (5.1) holds for r = r®). Then O3 > 0 and there isane; > 0
such that fore € (0,e1), the complete convergence theorem with coexistence (CCT) holds
for ¢lel.

To illustrate the use of the Corollary, we first show how it quickly gives Theorem 1.1
(which was already outlined in Section 1.4).

Proof of Theorem 1.1 for d = 2. We apply Corollary 5.5 above with £[¥] the (1 — ¢)-voter
model, £(7%). The cancellative property for || < 8 is shown in Lemma 3.3 for ¢ small
enough, and the finite range voter perturbation property is established in Example 3.9.
The monotonicity of any ¢g-voter model is elementary (recall (1.4)). Strict subadditivity of
r® was already noted in (5.4) and so Corollary 5.5 gives the result. O

Recall from the examples at the end of Section 3.2 that for the Lotka-Volterra mod-
els, affine voter models and geometric voter models, we have for non-empty A C N/,
ré(A) = —(|A|/IN])?, r*(A) = —% + 1, and r*(4) = W, respectively. All of
these asymptotic rate functions are strictly subadditive, as one can easily check. Con-
dition (4.14) was verified for all of these models in Examples 3.10-3.12, where for the
Lotka-Volterra model we take «; = as > 1/2. The following theorems are then also
immediate consequences of Corollary 5.5. The first is the d = 2 case of Theorem 1.1 of
[13] which helped motivate the general result here.

Theorem 5.6. Let d = 2, let N be a neighbourhood, and let LV(«) denote the Lotka-
Volterra model with parameters a; = oo = «. Then @é" > 0 and there is an «, € (0,1)
such that for all o € (., 1), the complete convergence theorem with coexistence holds
for LV(x).

Theorem 5.7. Let d = 2, let N be a neighbourhood, and let AV(«) denote the affine
voter model with parameter a. Then ©3" > 0 and there is an «. € (0, 1) such that for all
a € (ag, 1), the complete convergence theorem with coexistence holds for AV(«).
Theorem 5.8. Let d = 2, let N be a neighbourhood, and let GV(0) denote the geometric
voter model with parameter §. Then ©3" > 0 and there is a .. € (0,1) such that for all
0 € (6.,1), the complete convergence theorem with coexistence holds for GV(0).

Finally, we give the promised direct proof of f/(0) > 0 for the g-voter model and d > 3.
Recall that in this case r, is as in (1.20),

V]
¢ (@,€) = > ri(E@) 1 {m(@,€) = ¢} + £(@) o (w,€) = 1}), (5.14)
=1
and f is given by (3.52).
EJP 30 (2025), paper 9. https://www.imstat.org/ejp
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Proposition 5.9. ([4]) Assume d > 3 and N is a fixed neighbourhood. Then f’(0) > 0.

Proof. It follows from (3.52) and (5.14) that

[N [N
F) = (Y r€O1m (0.9 = 0) = (Y r€O1no(0.) =) (515
=1 /=1

p= fi(w) = fo(u).

Let {B® : 2 € N} be the system of coalescing random walks introduced in Section 1.3
under P, but now in dimension d > 3, and let {£4(z) : 2 € Z?} have Bernoulli product
measure with density v € [0,1]. Let m; € P(N) be the random partition determined
by the coalescing random walks {B¥,z € N’} using the equivalence relation z ~; y
iff o(z,y) = inf{u : B* = BY} < t, and let mo, = limy_,oo 7. In this way © ~o y iff
o(x,y) < oo is the associated equivalence relation. If A ¢ A and 7 € [0, oc], let

[Alr ={X e mr: AN A # 0},

and, abusing this notation slightly, write [z]r for the cell of 77 containing z. Use the
duality between the voter model and coalescing random walk to see that

fl(u):< > T|A\1(§|A=1»§\/\7\A:0)>

u

0AACN
[A] [N]+1-]A]
= 1 D A . u — A —
Jim S dD Y P(BRC{e:gi) = 14IBE =4,
0AACN i=1 j=1

N\ A " N\ A .
BYM {4 (x) = 0}, |BY M = 4)

[A] IV]+1-]A]

= > nay, Y, dim P(ANN\A) ST, [[Alr] =i, [N\ Alr| = j)
j=1

2 T— 00
0#ACN =1

x u' (1 —wu)?

[A] [NV]+1-]A]

= Z T\A\Z Z P(U(A7~A7\A) = 00, [[A]e| =1, HN\A]OO| =7)

0£ACN =1 j=1

xu'(1—u)?. (5.16)

Differentiate the above at © = 0 and so conclude that

0)= > raPe(AN\A) = oo, [Ale| = 1).
DAACN

Note that o(A4, N\ A) = oo iff A is a union of cells in 7., and so
(0c(A, N\ A)=ccand |[A]e| =1) = A€ 7.

The above expression for f{(0) now becomes

f1(0) :E( > T\A\I(AEWOO)). (5.17)
DAACN
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In a similar way to (5.16), we get

folu) = <®¢AZCN7~A1<5|A =0.6a=1))
[A] [N]+1-]A]| . ~ _ o
= Z A Z Z P(U(A7N\A) = 00, |[A]oo| =1, |[N\ A]oo‘ :j)(l_u)zuj'

0£ACN =1 j=1

Differentiating at u = 0 we get

f50)=">" maP(e(AN\ A) = oo, [N\ Alc| = 1)
0#£ACN

:E( 3 an(N\A:[O}OO)). (5.18)
D#ACN

For the last, note that for A C , the event inside the P is precisely {N \ A = [0]oc}.
Note that P(|7| = |NV| + 1) > 0 for d > 3 as there is positive probability none of the

walks coalesce, and so (5.6) holds. We now may apply Lemma 5.2 to conclude from (5.17)

and (5.18) that f{(0) > f}(0), and so f/(0) > 0. O

Remark 5.10. The above proof applies equally well to any {r, : 1 < £ < [N} satisfy-
ing (5.3). In fact, with only notational changes, it applies to r as in (5.1) where f is given
by (3.52) and

~

(2,8 =€0) Y r(AEN =1a)+£0) D r(ALE N =1aa). (519

P#AACN DAACN

6 A general convergence theorem to super-Brownian motion in
two dimensions

In Section 4 we extended the SDE construction of our particle systems to allow for
infinite initial conditions and also simultaneously deal with @fl. In this setting we have
no need to deal with these extensions and so no longer require monotonicity or have
to deal with the equation (4.7) for E Assume the walk kernel, p, is as in the beginning
of Section 1.4 and {¢ l.0<e< €0} is an asymptotically symmetric finite range voter
model perturbation as in Section 3.2. This assumption will be in force throughout the
rest of this work. We continue to use notation from Section 3.2 and, as in that Section,
N > N(gg) > €? is our fundamental parameter where ¢ = ey = (log N)?/N. Recall
from (3.24) that the rescaled voter model perturbation, §N in (3.20) has rate function

N (2, €M) = NV (2, €M) 1 (log N)e™ (2, €M)+ (log N)*eN* (2, €M), (6.1)
S SNa g(N) € {0’1}SN7
where ¢V>* and ¢V:® are as in (3.21) and (3.22), respectively. Assume throughout that
€] < oo,

By Remark 4.1 we can construct ¢V, as in Section 4, as the unique (F})-adapted
solution of

Nip)y=eN(g t — &N (2 u<cV(x, N 20 (ds, du
£ () so<>+/0/<1 €N (2))1(u < ¢ (€Y ))NO(ds, du)

¢
—/ /f?ﬂ(m)l(u <Nz, €N )N (ds,du), t>0, z€Sy. (6.2)
0
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Then ¢V is the unique Feller process associated with the rate function ¢ (z,¢). Here
{N®% 2 € Sy,i = 0,1} are independent Poisson point processes on R; x R, with
intensity ds x du and {F}¥,t > 0} is the natural right-continuous filtration generated by
these point processes.

We again use this setting to couple spin-flip systems but now in a different manner
from Section 4. If &V (z,€) is a rate function, also satisfying (4.2) and (4.3), such that for
£<§, i )

N (@,€) > M (z,€) if E(x) = £(x) =

- _ ~ (6.3)
N (@,€) < M (z,€) if E(a) = E(a) =
and & is constructed as in (6.2) using &V (z, £), then
&Y > ¢V implies & > ¢V forall t > 0. (6.4)

In Proposition 2.1 of [11] this is proved under monotonicity of £~ when &% is a killed ver-
sion of £V, but the same elementary argument applies without monotonicity under (6.3).

Recall from (1.26) that N’ = N/log N. As in (1.32), define the measure-valued
process associated with ¢ (z), x € Sy by

N=1/N) > &Y (2)da (6.5)

zESN

We use the SDE (6.2) to see that X satisfies a martingale problem reminiscent of that
of SBM. Introduce the scaled probability kernel

pn(z) = p(zVN), = € Sy. (6.6)

Unless otherwise indicated, assume ® € Cy,([0, 7] x R?) is such that d = 92 ¢ Cy([0,T] x
R?). Define

An®(s,z) = Y Npy(y—z) (D(s,y) — ®(s,2)),
YyESN

and
DN (@ /XN An®(s, ) + (s,-))ds.

Introduce
) log N if j =2,
Yy = e
(log N)3 if j = 3.

To be consistent with the notation in [9] for z € Sy and ¢ € {0,1}°~ we define

dN2(x,€) = E(z)N (a, €) ©.7)
AN (2, €) = E(x)e™N (2, ) — ()N o (2, €) '
and for j = 2,3,

(J)

dNI (s, ¢ Z (s, 2)dN (z,€), (6.8)
:EGSN
t
Di“j(cb):/ dNI (s, 6N, ®)ds. (6.9)
0

One may then use the stochastic calculus for Poisson integrals and integration by parts
to rewrite &N (z)®(t, z), just as in Propositions 2.2 and 2.3 in [10], to see that

XN(@(t,) = X (9(0,) + DN (@) + DY (@) + D3 (®) + MN (), (6.10)
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where M} (®) is a square integrable (F}¥)-martingale with previsible square function

(MN(®))y = (MY (®))1,4 + (MY (®))2,¢, (6.11)
with
t
<MN(<I>)>1¢ = 10]gi\7 Z @(s,x)QcN’Vm(x,gév)ds,
’ ESN (6.12)

t
@)z = [z 3 B0l )+ 0N 6 s
0

TESN

Note that in spite of the suggestive notation the last term may in fact be negative.
The above three displays are reminiscent of the martingale problem (MP) for a super-
Brownian motion in Section 1.5. In the next two sections we will take term by term limits
in (6.10) to establish Theorem 1.15, our general weak convergence result. We restate it
below for convenience. Recall that ¢2 is as in (3.14) and O, O3 are defined in (3.34).

Theorem 6.1. Assume {£¥l : 0 < ¢ < ¢} is an asymptotically symmetric finite range
voter model perturbation on Z?. If X}¥ — X, in My, then

XN = SBM(Xy,4n0?, 02,0, + ©3) in the Skorokhod space D(R,, Mr) as N — oc.

In Remark 1.16 we showed how Theorem 1.11, the rescaled limit theorem for 2-
dimensional ¢-voter models, follows from the above. We now describe a number of other
corollaries, all of course in two dimensions.

Example 6.2. (Lotka-Volterra Models). Recall from Example 3.10 that the Lotka-Volterra
Models discussed there constituted an asymptotically symmetric finite range voter
model. The kernel p is 15-/|N| and so o2 is as in (1.1). Recall also that £[*~] denotes a
Lotka-Volterra model with parameters (', al'), where

log N)3 log N
oV =1—en+ BfEN)(log(l/sN))_QaN =1- M + BN o8 ,
N N
and 8" — B; € Ras N — oo. Let
1
eN(z) = Ef,’t\’](x\/ﬁ) for z € Sy, and X}¥ = N Z &N (2),. (6.13)
TESN
If XéV — Xo € Mp(R?) as N — oo, then Theorem 6.1 implies that
XY = SBM(Xy,4m0?, 02,0 + 0Y), (6.14)

where O} are as in Example 3.10. We can write these drifts in another way. In this
section we abuse the notation in Section 4 and let ey, e5 be iid rv’s uniformly distributed
over N and, using the notation from Section 1.3, set

K = E(K3(0,e1,e2)1(e1 # e2)), and v = E(K2({e1,e2},{0})). (6.15)

We claim that the parameters in the limiting super-Brownian motion in (6.14) can be
simplified to

05" = (Bo — Bu)v, (6.16)

and
0) =K. (6.17)
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These last two equalities, show that the drift of the limiting SBM is K + (89 — 51)7-
This is the form of the limit derived in Theorem 1.5 of [9] whose proof will play an
important role in the derivation of Theorem 6.1 to come. Of course we could use this
limit theorem and (6.14) to conclude (6.16) and (6.17). With a bit of work we can prove
them directly. The direct derivation of (6.17) is a bit more involved and can be found in
Appendix 2, but we now give the proof of (6.16).

Recall from the proof of Proposition 5.9 that [e;]; = {z € N': B* = B¢'}. Let Abe a
non-empty subset of A/, and note that by (1.7)

(logt)P ( N\ A) >t 0N\ A A) >t) (6.18)
< (logt) Z P(o(21,x9,23) > t) = 0as t — oc.
21,2 distinct in N\ A,z3€ A
We have
(logt)P(le1]s = A, T({e1,ea}) <t, 7({0,e1}) > 1) (6.19)
= (logt)P({e1,e2} C A, 7(A) <t, 0(A, N\ A) > 1)

)P
=:pa(t),

because the two events in the above are identical. Now use (6.18), the fact that {e1,e2}
are i.i.d. uniform on A and independent from B, and then (1.8), to conclude that

pa(t) ~ (m)Q(logt)ﬁ(r(A) <t 7(N\A) <t o(AN\A) >1)ast — oo

Al
%(WI) Ky(A, N\ A) as t — oo. (6.20)

Using the definition of 4, summing over the possible values of [e1];, and (6.20) we have
v = hm (1ogt) ( ({e1,e2}) <t,7({0,e1}) > 1)
fa D pa)

0£ACN

> (l'f/") o (AN 4).

0A£ACN

The sums above are over () # A C N because 7({0,e1}) > ¢ implies 0 ¢ [e1];. Equa-
tion (6.16) now follows from the definition of @5" in Example 3.10.

Example 6.3. (Affine Voter Models). In Example 3.11 we showed the affine voter models
are an asymptotically symmetric voter model perturbation with kernel p(z) = 1 ()
0% asin (1.1), O, = 0, and O3 = k = limy_, . (logt)*P(|BN| = 3) > 0 (recall (5.13)). Let

Ef,ft" ](as), r € 72 be an affine voter model with parameter o = 1 — ¢, and define ¢V and

XN asin (6.13). Theorem 6.1 implies that

if XV — Xo € Mp(R?), then X = SBM(Xy, 410?02, k).

Example 6.4. (Geometric Voter Models). By Example 3.12, the geometric voter models
give an asymptotic symmetric voter model perturbation with p and o2 as above, ©; = 0
and 03’ = %@é" = %'K where K > 0 is as in (6.15). Let ¢[€~¥] be a geometric voter
model with parameter § = 1 — ¢y and assume §N and X are as in (6.13). Theorem 6.1
implies that

. N
if XV — X € Mp(R?), then XV = SBM(Xy, 4702, 02 |2 | K).
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Remark 6.5. We have started with a finite range voter model perturbation {c. : 0 < & <
€0} and rescaled to obtain rates N asin (6.1). At times it may be more natural to start
with the rescaled rates ¢V for N > Ny > e®. Assume now that

N (@, €M) = NNV, M) + (log N)e™ @ (2, M) 4-(log NP ™o (2, £ V),
HARS SN7 g(N) € {07 1}SN7

where for some R-valued functions g;"**, ¢™** on {0,1}", i = 0,1,
a.% -~ N,a,* N,a,*
M (2, 6) = E(aVN) g (€l wand) + E@VN) G (€ ) (6.21)
and
N (@, 6N)) = E@VN) gV (€ o n) T E@VN)G (€L ym ) (6.22)
We assume there are functions g0, ¢>* on {0,1}", i = 0, 1, such that

1=

1
; N, ¥ N * % _
ngnm@o lgf ™ = g llo ) +lg™ N = g lloc =0,

and also that 0 and 1 are traps, that is, for all N and z € Sy, ¢V (z,0) = ¢V (z,1) = 0.
This setting clearly includes the ¢V arising in (6.1), and in fact appears to be more
general since (6.1) requires §(x\/]V)cN’“(a:, f(N)) = 0 (recall (3.22) for the latter). To see
that it is in fact included in (6.1), define for £ € {0, 1}N,

957 (&) = g™ (&) + (log N) “2g0 " (€) — g>*(€) as N — oo, (6.23)
and

G5V (€) = g5 (€) + (log N)2[g1 ™" (€) — go ()] — g**(€) as N »oco.  (6.24)

Then one easily checks that ¢V is as in (6.1) where ¢V and ¢V are given by (3.21)

and (3.22), respectively, in terms of the gf” given above. Moreover,
g"(&) == lim (log(1/2n))*(g5™ (€) — 65~ (€))

(log(1/2n))*(log N) " [g1"** (&) — g5 " ()] = g1 (&) — g6 (&)

lim
N—o0

lim
N—oc0
Use cV to define c.,, as in (3.19). Then {c. : 0 < ¢ < gy := ey, } is an asymptotically
symmetric voter model perturbation. Recalling (3.29), for A C N we have

r(A) = g%(1a) = g1 (1a) — 95" (Iar\a), (6.25)

while (6.23) and (3.31) give
ro(4) = lim g3 (Laa) = 9" (L) (6.26)

If ¢l] is the process with rate c., then (3.19) implies that EN(z) = J[\e,fv] (\/N) (z € Sy) has
rate function ¢V. Therefore if X¥ is as in (6.5), we may apply Theorem 6.1 to conclude
that

XN = SBM(Xy,4mc?, 02,0, + O3), where (by (6.25) and (6.26))

O2= > (97" (1a)—g5" (Iana)) K2 (A, N\A), O3 = D ¢**(Iaa)(OF(4)—07(4)).
DAACN DAACN )
(6.27
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Example 6.6. As a specific example of the above, recall the lower order weak limit
theorem for two-dimensional Lotka-Volterra models in [12], where now a =1+ 1°g N BN
and B — Bi, i = 0,1. We continue to assume p(x) = 1x/|N|. This led to rescaled rates
(see (1.6) in [12])

M, €M) = NeV¥(2,60) +log N [E(aVN)BY (2 VN, &) + £V N)BY folwv/N.€)2].

So comparing with (6.21) and (6.22) above we have Vs = g®* = 0, and g7 (€) =
Bof1(0,£)? and g5 (§) = B1fo(0,€)* = B1fi(2,€). So (6.27) implies O3 = 0 and

02 = (- 0) Y (i) Kald A\ ) =0 = (5~ ),

0A£ACN

where v is as in Example 6.2, which also gives the above expression for ©}". Therefore by
Remark 6.5 and Theorem 6.1, if we define ¢V, and XV as in Example 6.2 and X2’ — X,
then

XN = SBM(X, 4702, 02, (8o — B1)7)- (6.28)

Theorem 1.2 of [12] is the same convergence result but with a seemingly different
parameter, v*, (defined in (1.12) of [12]) in place of v. It follows of course that v* =~
but it is also easy to see this directly, as we now show. By conditioning on the values of
e1, ez, then using (1.9), and then conditioning on 7({e, e'}) = u we get

v=">_p(e)p(e) Ka({e, €'}, {0})

e,e’

- / Spepe) S Kole,y)P(BY =, B =y, (6.29)
0 e,e’

x,y€Z2 x4y

7({0,e}) A7({0,€¢'}) > 7({e,€'}) € du).

Define a(z) = [;° P(BY = 0) — P(B; = 0)dt as in (1.11) of [12]. Note that by definition
Ky(z,y) = tli}m logtP(T({x,y}) > t) = 2wo?a(y — x),

where the second inequality follows from Proposition 2.2 of [12]. Insert this into (6.29)
to obtain the formula for +* in (1.12) of [12]. We conclude that v = v* and hence derive
Theorem 1.2 of [12] from (6.28).

7 Controlling the drift terms, and total mass bounds

The goal in this section (Proposition 7.16) is to show that for j = 2, 3, the drift terms
DN (®) arising in (6.10) behave asymptotically like 0O; fot XN(®,)ds, where ®4(z) =
®(s, ). Use notation from the previous section. In particular, ¢V is as in (3.20) with rate
function, ¢V, as in (6.1).
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7.1 Small time comparison bounds

We begin with some elementary bounds on the drifts. Let Ny = N/ V/N. By the
definitions of d™VJ(z, £), (3.28) and (3.30), we have

~

AV (e, €) =E(x) Y rVUVNAUE oy = Losal,

PD£ACNN
= > PNV NAYExy = lasal,
0AACNN
AV (2,6) =€) D PN (VNAUE ony = Lotal
PD#ACNN (7.1)
- 5(3‘) Z TN’S(\/NA)l{ﬂw-&-NN = 1JZ+NN\A}
D#ACNN
= > VN = Lasal
PD#ACNN
- Z TN’S(WA)1{§|I+/\7N = 1z+/\7N\A}'
0AACNN

Observe that at most one term in each of the above sums can be nonzero, and this would
require that £(y) = 1 for some y € 2 + Ny. This implies that for j = 2,3,

AN (2, &) < |Irl[1{é(y) = Lforsome y € z + Ny} < [Irll Y &),  (7.2)
yEx+Nn

The first equality in (7.2) implies that
A" (2, )] < Irl, (7.3)
and for @ : R, x R? — R, the second inequality in (7.2) gives
, @)
(A (s,6, @) < [Ir[[@sloo N3 D €(2). (7.4)
€SN

To control the drifts over small time intervals we will condition d":2(s, (N, @) and
dN3(s, &N, ®) on FY,  for small uy and compare this small time evolution of £ with a
voter model, for which we can make explicit calculations using duality.

Set £\ (,8) = ¥ eq, Py — 2)1{EW) = it 0V (@,6) = T, en, Uz +) = i),
p =min{p(y) : p(y) > 0} > 0, and introduce

:1—M5N—>1asN—>oo. (7.5)
p

We use the construction given in (6.2) with other rate functions to provide a coupling

of §tN with some comparison processes. First, let gtN”m e {0, I}SN be the rescaled voter

model defined as in (6.2) but using the rate function
Nuwyc¥Y™(z, &), x € Sy, & € {0,1}°~.
Next, define the 1-biased rate function
Mo, €) = NuweV(@,€) + E(@) (2+ p71) Il (log N)*n{™ (2, €). (7.6)

Let £V be the 1-biased voter model constructed with ¢V as in (6.2).
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We next verify (6.3) for ¢V (as in (6.1)) and &%, that is we will show that for ¢ < &,

V(@ &) > N (x,€) if £(w) = €(x) =0, o
MNP, 8) < Nz, &) if E(x) = () =1 ‘
First combine (6.1), (3.28) and (3.30) to see that for € Sy and ¢ € {0, 1}SN,
N(@,€) = NV, ) +6@)| Y Qog NPV (VNANElsny = Tarnma)|
PD#ACNN
FE@)| Y (os NV (VNA) + (o NYr (VR ANLEL vy = Lesa)]
0#ACNN
= Nuwe™ (@, &) + @) Y (og NP*r¥*(VEAN(ELsns = Lopnia)
D#ACNN
+ N = wn) @] 8@ Y (og NrVe(VNA)

DAACNN
+ Qog NPT (VRADL €l = o) + N(1 = w2, 6)]
=: NwncVV™(2, &) + &(x)& (2, ) + E(a)N (x,€). (7.8)

If €|orny = loraw\a @and p(VNA) > 0, then

w8 g )y
L yeVNA b

Use Lemma 3.8 and then the above to see that

éév(x’g) 2 Z (IOg N)S(TN’S(\/NA) A 0)1(£|CE+NN = 1x+NN\A)
0#£ACNN,p(VNA)>0

10 g vy 0,

p
> —(log N>3||r||5N)f’f) " %aog N @,6) = 0. (7.9)
More simply we have
@9 < [2lrl10g N)* + 1 1og 17 (0. (7.10)

Turning to (7.7), assume now that ¢ < &. If £(z) = £(x) = 1, then by (7.8), (7.9) and the
monotonicity of the voter model,

N (,6) = Nune™ (2, €) + & (2,€)
Z Nchvam(x’ 5) Z Nchvam(x’ 5) = EN’b(xa 5)7

the last equality by (7.6). If £(z) = £(x) = 0, then by (7.8) and (7.10),

N (@, 6) = Nuy f (@, ) + &V (2, €)
< Nuy fV (@,€) + 2+ p ) (og N)PnM (2, €) = &V(x, &),

where (7.6) is again used in the last equality. This proves (7.7).
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More simply (7.7) also holds if ¢V (z,¢) is replaced with wyNc¥¥"(x,¢). This is
immediate from the monotonicity of the voter model and (7.6). Having verified (6.3) for
two pairs of processs we may apply the coupling result (6.4) and conclude that if the
three processes ¢V, ¢VV" ¢N have the same initial state ¢/, then with probability one,

&N <&V, and V" < &N forall t > 0. (7.11)

Use these processes to define the empirical processes of one’s, XV and X;"'" respec-
tively, as in (6.5). We will need to compare these processes over small time periods. We
assume uy satisfies

Cr12 <uyn < (log N)7? for some C7.12 > 0,p > 6, (7.12)

NS

and recalling that as N > 3, we have uy(log N)3 < 1.

Lemma 7.1. For some universal Cy 13 and all N, if ¢} = ¢}/'"" = ¢ then

E[XY (1) - XY (1)] < Cr.i3log N)*PX{ (1),
BX2 (1) - XN””( )] < Craz(log N)*PX3'(1), (7.13)
E[|X25vm(1) (1)|]] < Cras(log N)*PX5'(1).

Proof. For the first inequality, by Lemma 4.1 in [10], EXN (1) < etz Dl7ll(os N)%s xy N (7)),
Set ® =1 in (6.10) to get

BXN(1)] = / ElaV2(s,€Y, 1) + d¥3(s,€Y 1)] ds

where by (7.4), E[|d"2(s, &Y, 1) + [dV3(s, &N, 1)[] < 2|r|[[N](log N)*E[XN(1)]. An el-
ementary integration by parts now implies E[XN (1)] > ¢ 2I7IINV1(osN)*s x N (1), The
above inequalities with s = uy give the first inequality. The second is even simpler
since then X""'"(1) is a martingale. The final inequality then follows by the triangle
inequality. O

Let ® € C,([0,7] x R?) and ||| denote its sup norm. Define |®| ip, respectively
|®|1 /2,5, to be the smallest element in [0, oc] such that

{|<I><s,x> —®(s,y)| < |@lusple —yl. Vs € [0.T], 2,y € R, 7.14)

|®(s —un,x) — ®(s,2)| < [®|1/0nyuUN, VsE un,T],z€ R2.

We will write [[®([Lip = [[®lls + [®[Lip, [®ll1/2,8 = [[Plloc + [®[1/2,n, and [[@[|x = ([Pl +
|®|Lip + |®[1 /2,5 We also will abuse notation slightly and write || ®||Lip = [|Ps|loo + [Ps]Lip
for the usual Lipschitz norm of z — ®,(z) = ®(s,z). Note that since uy < ,/un for
N > 3, we have

if, in addition, € Cy([0,T] x R?), then ||y /o x < ||<I>HOo forall N > e°. (7.15)
We will often suppress the dependence on N in the above “norms”.
We claim that for £ <1, j = 2,3,
AN () = dN (@, O <20 Y (n(y) — &) (7.16)

yEx+Nn

If ¢ # n on z + Ny, then the right-hand side is at least 2||r|| and so the above follows
from (7.3) and the triangle inequality. If {| 5, = 7|y, then the left-hand side is zero, and
so (7.16) is trivial.
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Lemma 7.2. There is a constant C7 17 > 0 such that for j = 2,3, all T > 0,
® € Cy([0,T) x R?) and all s € [0,T),

Eex [|dN (5,60, ®) — d™7 (5,357, @)|] < Cr.17]|®]| o0 (log N)* 7P XY (1). (7.17)
Proof. Using (7.16) with n = 5 and ¢ = § and in (6.8) we see that

’dN’J'SguNa d) — dN,J< Equ )’<2||T||||(I)oo( [ Z 5 ()}

€SN  yex+Ny
= 2|7 [[|V][|@ ] 6K [X N (1) = XN (1)].

Similarly;,

AV (5, €N, @) — a9 (5,50, )| < 20l IVl X2 (1) — X2, ()],

unN ?
It follows that the left-hand side of (7.17) is bounded by
2||r|[ IV @]l oo (log N)? E[(X, (1) — XV (1)) + (X, (1) — X0 ¥™(1))].

Now Lemma 7.1 completes the proof. O

The next step is to consider E[d"(s,¢N:'", ®)]. Under a probability P, let {B)"" z €

Sn} be a rate wy N, coalescing random walk system on Sy with jump kernel py and
for A € Sy let B = U,ca{B}""}. For finite nonempty disjoint A; C Sy define

oN(Ay,...,A,) and 7V (A;,..., A,) in the same way as o and 7 are defined in (1.6),
but with {BM : 2 € Sy} in place of {B® : z € Z?}. Similarly define oV (z1,...2,)
and 7V (zy,...,7,) for distinct z; in Sy. If z € Sy, then introduce o2 (A;,...,4,) =

N(x—l—Ah...,x—i—A ), and similarly for 7V (Ay, ..., A,).
The duality equation connecting the voter model ¢V with the coalescing random
walks { B} that we need is the following (see Section IIL.4 of [24]). For x € Sy, finite
disjoint sets A, B C Sy and &) € {0,1}°¥,

By [ T1 " [Ta-e™"on| = B[ [T & @B [[a-&'BY)]. 718

ac€A beB a€A beB

For A C Ny define

IN,+(.’L';UN7A,§O H 50 BN 1+a H (1 _ géV(BiV]\,jz—i-b))

acA bENN\A (7 19)
N (zoun, A0 = [ @@ [T -/ BY).
aeNN\A beA
With this notation, (7.1) and (7.18) imply that
Bex (dN2(z,e)m)= Y rNVNAEIN (2, un, A,6))),
0#AACNN
Bey (V3 (@, 0m) = Y. oM (WNAY B (@, A, 60) =B (I (v, un, A,60)]
0AACNN
(7.20)
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If we now define
(2)

Y2 un, @, Z ) > NUVNAEIN (zun, A €)] (7.21)
IESN (Z);éAC_/\/N
&
AN sy, @) = 2 3 B(s,0) 30 N NA) (B (o, A,6)] (7.22)
$€SN @#ACNN

— E[IN’_({E,UN, Avfév)})’

then for j = 2,3,
Een [d™ (s, 00", ®)) = HN (&5 un, @5). (7.23)

unN )

Lemma 7.3. There is a constant C7 o4 such forj = 2,3, allT > 0, ® € C,([0,T] x R?) and
all s € [uN,T],

’EEéV(dN’j(S )| s5— uN) HNJ( s— uN7uNa(I>s—uN)

< Croa|| @[l jo,n(log NP 2 XN, (1), (7.24)

S—UuN

Proof. By the Markov property, Lemma 7.2 and (7.23), the left-hand side of (7.24) is
bounded above by

Crar [l (log M) XN (1) 4+ [ANI (X un, @) = AV (€N un @y )] |
(7.25)
Use (7.23) and then (7.2) with the voter duality (7.18) to see that the second term above
is bounded by

f(]) N "
I 7 [@(s,2) - (s —uw, )| B Y2 €, (BN
TESN yE./\_/N
. ~r 1 .

< Il oyt > Blay Do &V @+ BYY)]
yeENN TESN

= |[7[l|@]1 2|V (log N)* "2 X, (1).

Inserting this bound into (7.25) completes the proof. O

We next further decompose the H:NJ. Consider ) # A C N. If INF (2, un, A, &) #0

LY (@ un, A, 6)) = TN (w,un, A, BN | = i}, (7.26)
we can write ~
[N
N @ un, A,60) =D L (@ un, A &), (7.27)
i=2
Letting
(J)
Y un, A, ®y) Z (z,un, A, &) (7.28)
CEGSN
and
AN un, ) = Y va“(\/NA)E(hfzz+(§(§V,uN,A,@S))
0AACNN
ﬁ;vw3(§é\7’u]v7q)s) = Z TN7S(\/NA)E(]7’£\,[?;+(€(J)V’UN7A7(I>S) - hi\,[?;_(gév7uN7A7(I)s)>a
0AACNN
(7.29)
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we obtain the decomposition
A . |N‘ N .
ANI(EN uy, @) = 3" BN (&) uy, ®,). (7.30)
i=2
We will now obtain simple bounds on the summands in (7.30), leaving a more detailed
analysis of the main terms Hév’z(fév, un, ;) and HN 3(50 ,un, ®s) to Section 7.3.

Lemma 7.4. There are constants C; 31, C7.32 such that for any T > 0, ¢ € C,([0,T] x R?)

and s € [0,T],
N2 un, 8| < C a7l @]l Qog MY -G XN (1), 2<i<|N],  (7.31)
BN EY  un, @) < Cranllrl|[@slloe(log NP XN (1), 3<i<|N|,  (7.32)
and
Y€ un, ®0)| < Cral || @4 |Lip(log N)©P/2X Y (1), (7.33)

Proof. We start with the observation that for ) # A C Ny and any a € 4,
11 (2, un, A, 6)| < & (BN BYHN ) = i} + &V (B 1| BY 7N | = i}

(7.34)
We will bound E(|hf\’]i |) with this inequality. By translation invariance,
g(])
S (s, m) BN (BY 1 {|BY | = 1))
€SN
[(J)
Z Z |®(s, )| (z + w) P (BNTJF“ =z +w, \BNT+NN| =)
zGSN weSN
E(J)
Z Z |®(s, )| (x + w)P (BNa—w |BNNN|—Z')
TGSN weESN

< [l X3 (V)P P(IBINM| = ).
The same bound holds if we replace B2;*™* with BJ*, and thus we have shown that
E(nYA(EY un. A,8,)]) < 20, XY (V)P P(BYNY| = i), (7.35)
By Remark 1.7, the lower bound on uy in (7.12), and the fact that wy > 1/2 for N large,
O((log N)'=(3)), j =2,
O((log N)*~()), j=3.

Using this bound in (7.35) above, and substituting into (7.29) we obtain (7.31) and (7.32).
The proof of (7.33) is more delicate, as it relies on cancellation. For x € Sy define

QY (A) = {oY (AL NN\ A) > un, 7 (A, Ny \ A) < un}. (7.36)

If |BN#+N~| = 2, and BY,"+4 and By 2 +NN\A are disjoint, then BL;7 V¥ = = BJ:* and
for any a € A, BY:*+4 = BNN”“ Thus

f(j)P(|BNNN| — Z) _ {

L (@ un, A GY) = I (@, un, A, &)
= (& (BN (1 - &' (BY) — (1 — € (BY ) (BN ) 10N (4)}
(&7 Bty - ' (BN ) 1{QN (A))
= > BN = w0 ()} - Y & @){BYT = wh{eY (4)).

wWESN wESN
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Now by translation invariance,

E[IéV,-i_(‘raquA?fév) _I2N7_('r UN’A fév)]
= Y & @EMBY =w—a} {0 (AN - Y & (w)E[{BY, = w-z}1{Q) (4)}].

weSN weSN

Plugging into the definition of h2 3 (go ,un, A, @) gives
E((hy5"—hy5 (&) un, A, 2,)
(log N)3 ~ "
SEIE ST @) Y s a) [B(UBYS = w - 2} (4)))

weSN zeSN
— BB = w— 2} {Q) (4)})]
logN N.a N,0 N
> & )B[(@(s,w - B - @(s,w — BE)OY (A)}]-
wESN

By the above,

B35 — ni ) (&) un, 4, 2,))]

(1 N
og Z 50 (s,w — Bivl\’]a) — P(s,w — BTJLVNO)D
wESN
logN o
< N @sllip——77— 250 BN - B’)

= | ®4llip X (1) (log N)* E(la| + | Bayy )

< [|®]|Lip X' (1) (log N)3 (¢/ VN + /024uy)
< CWN,0%)||D]|Lip X (1) (log N)(6—P)/2, (7.37)

where ¢ = max.c |e| and we recall from (3.14) that E(|BN|?) = 2wyo?s < 20%s. Using
this bound in (7.29) we obtain (7.33). O

In order to use the above results to effectively handle the drift terms d":?(x, ¢V, @)
and dV3(x,¢N, @) we must first obtain bounds on the first and second moments of the
total mass, which will play an important role in what follows. Therefore we interrupt our
current analysis to handle the total mass next.

7.2 Total mass bounds

We now introduce a particular choice of uy, namely

N = (log N)~*. (7.38)
Lemma 7.5. There is a constant C; 4 > 0 so that for j = 2,3, all'T > 0 and ¢ €
Cyp([0,T] x R?),

AN (@, &N, )] < |[rll[[ @] N1ER XN (1) Vs € [0, 7] (7.39)

and 4
E[dN (s,6Y, @) FY ]| < Craoll @ XY, (1) Vs € [tn, T]. (7.40)
Proof. (7.39) holds by (7.4), while (7.40) follows from Lemma 7.3, (7.30), and Lemma 7.4.
O
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Proposition 7.6. There exists a c; 41 > 0, and for T > 0 a constant C7 41 > 0 depending
onT, such that foranyt < T,

(a) E[X]N(1)] < (14 Cr.a1(log N)~ ') X' (1) exp(cr.ait),
2

h N N (7.41)
(b) BI(X{'(1))’] < Cra(Xg' (1) + (Xg' (1))

€
).
Therefore, for T' > 0 there is a constant C7 45 > 0, depending on 7', such that for all

s,t €[0,T],
EXNM)XN(1)] < Craa(Xy (1) + (X (1))?). (7.42)

Proof of (a). By (6.10),
3

BIXM (1) = XY (1) + / ST BN (s, €N, 1))ds

=2
t 3
+/ ZE[E[dN’j(s, 5,1)|f§_m]]ds. (7.43)
t

AtN =2

Use the two bounds from Lemma 7.5 (with ® = 1) and E%) < (log N)3 in (7.43) to get

tAtN

BIXN(1)] < XY (1) + 2] ||V (log N)? / BXY(1))ds

(t—tn)T
+C7,40/ E[XN(1)]ds. (7.44)
0

S

This implies that for ¢t < ty,
~ t
BIX{M(1)] < Xg'(1) +2HTIIINI(10gN)3/ BIX(1)]ds, (7.45)
0
and thus by Gronwall’s inequality, for ¢t < ¢y,

EIX{Y(1)] < exp(2]r[||V](log N)*1) X5 (1) < exp(2]|r|[|A](log N) ™) X' (1)
< MV XN (1), (7.46)

By plugging this bound into (7.44) we obtain for all £ > 0, (recall N > 3)
_ B t
EXN (D) < X§'(1) + MW I2)l | A7) log N) 710X (1) + 07.40/ B[X(1)]ds.
0

Another use of Gronwall’s inequality completes the proof of part (a). O

Before proving (b) we establish some preparatory results which will also be useful
later. Let

KEnx= Y pn(y)log NP(e™(0,y) > ty). (7.47)
yENN
By Lemma A.3(ii) in [6],
lim Ky = 2no>. (7.48)
N—oo
From (6.10) we have
EIXN(1)%] < 4| XY (1)? + BE[(MN (1)) + E[D;?(1)] + E[D;*(1)?]|. (7.49)

Recall from (6.11) that (MY (®)); = (MY (®))1, + (MN (D))o ;.
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Lemma 7.7. For any T > 0 there is a constant C; 59 > 0, depending on T, so that for
any bounded Borel function ® on [0,7] x R? and all t € [0,T],

(MY (®));, —2/ XN ((log N)®2 f(N)(,fév))der/(;tmffs(fb)ds

1275 (log N)

where [y (®)| < Cr.50 TN XN (1), (7.50)
and
o
(o u_/ 7 (@)ds, where [, (®)] < 2] |22 X XN (D). (751)

Proof. (7.50) holds by the corresponding result in Lemma 4.8 of [12]. Note that the
result there is actually an identity and bound for a generic state ¢ € {0,1}°~ (although
it is not stated as such) and applies immediately to our setting as well. For (7.51) note
(z,&)] = [d"?(2,¢)] and | (2,€)| = [V (2, &)|. The
second result now follows immediately by using (7.4) to bound the absolute value of the

integrand of the integrals in (6.12) for (M"Y (®))s ;. O
Lemma 7.8. There is a C7.54 > 0 so that for any bounded Borel ® on R?:
(a)
10gN N/ pN,z N _ N
Yo o VEE (BN (2,2 +y) > ty)) = Kn X3 (®) + En, (7.52)
zeSN yGNN
where

|EN| < Cr.54|@|1p(log N) 172X (1). (7.53)
(b) If, in addition, ® > 0, then

E[XN (og M) £ (-, 62))] < Crsa (I ]1iplog M) 72XY (1) + X5 (@) (7.50)

Proof. (a) Let X denote the left-hand side of (7.52). We may write BN:* g5 ¢ + BNO
and sum over the values of BtNN’0 to see that

Sr = BN S pv)[B() - 0 w)led (@ + w) B = w, 0™ (0,4) > t)

zESN WESN YyENN
10 N A
g Z Z (z +w)& (x +w) ZpN P(B O = w,o™(0,y) > ty)
z€SN WESN yeENN
=¥ + =R

Use the implicit Lipschitz continuity of ® to see that

|Z§\})| < |®|Lip Z (logN Z fo ) Z pn(y BNO—w o (O,y) > ty)

wESN €SN yENN
< [@[Lip XY (1) log NE(|B°|) < |®]ip XY (1) log Nv20+/x. (7.55)

The fact that wy < 1 is used in the last line as well. Sum over x first and then w, to see
that £ = Ky X' (®). This gives (a).

(b) Assume now ® > (. We will compare with the corresponding expression for gﬁvv"‘,
and use the duality (7.18) to compute the latter, and hence see that the left-hand side
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of (7.54) equals

BN S S @w)on () By 61 ()E, (x + 0) — £ (@B + )

€SN yeN

+ S ST B () BIE (BEDE (BT (7.56)

zESN yGNN

By the coupling (7.11), Lemma 7.1, and the triangle inequality, the absolute value of the
first sum in (7.56) is bounded by

[0 BN S S ) (BIEY () — € ()] + BIEN () — €27 (2)]

z€SN yeN
+ EIEN, (z+y) — &% (+ y)] + BIEN (+y) — €5""( + )

= 2@l log V) (ELXN (1) = X (1)] + B[XY (1) - X,7""(1)])

tN

< C||®|oo(log N) PP XN (1). (7.57)

The second sum in (7.56) is bounded by X n (the left-hand side of part (a)), and so (a)
and (7.48) give the required bound. O

Proof of Proposition 7.6(b). It now follows quite easily from Lemmas 7.7 and 7.8(b), as
well as part (a), that there is a constant C; 55 depending on T such that,

E[(MY(1))7] < Crss XV (1). (7.58)

Here one uses the Markov property and Lemma 7.8(b) to bound jgv XN ((log N)féN)
(¢€N))ds, and the obvious crude bound on the integrand to handle the integral from 0 to
tN.

Turning to the last terms in (7.49), we consider more generally E[(Div 7($))2], where
® : R? — R is Lipschitz continuous. We claim that for j = 2,3,

At N

BIDN, @)7) < [0 W Plog NPty [ XY @Pas], 7.5
0
and there is a constant C; gg > 0 such that if t5 > ¢t1 > ty, then

EI(D7;7(®) = Dy} (@)
< Crao([@1Espltz — 1) + @12 (log N)* (e A (22~ 1)) [ ELXN(1P)ds. (7.60)

t1
The proofs of the corresponding inequalities (66) and (69) in [9] apply here without
change if (41) and (48) there are replaced by (7.39) and (7.40) here, using éﬁ) =logN <
(log N)3. (The increment bound is stronger than we need here but will be useful later

in establishing tightness.) Now use (7.58), (7.59) and (7.60) in (7.49) to see there is a
constant C7 g, depending on 7" such that if ¢ < T then

t
EIXN(1)%] < Crer | XY (1)2 + XV (1) +/ E[X;V(l)“‘}ds] (7.61)

0
A simple Gronwall argument finishes the proof of Proposition 7.6 (b). O
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7.3 Exact drift asymptotics and first moment measure bounds

Introduce, for 6 > 0,

TN, = / / L{o<juw—s|<s3d X (w)dX{ (2), (7.62)

and define
IN (&) = JN( tN(logN)1/2,§éV). (7.63)

Lemma 7.9. There is a C744 so that for N > N(gg), distinct ag,a1,az2 € Ny, and
£ €{0,1}5~,

/ tN tN

log N 3 D z+a z+a
W8I S~ B (B = € (BY) = Lo (ag,a1,a) > 1)

1 N(¢N —(1/2) v N
§C7,64(7tN10ng (€N) + (log N)~ /2 X2 (1)), (7.64)

and

UOBN) $~ P (BY+) = & (BI"*) = Lo (ar.a) > )

! tn tN
TESN

< 07.64( !

g (&) + (l0g N0 x (1)), (7.65)

Proof. The proof of (7.64) may be found in the derivation of (46) in [9] with & = 1. See,
in particular, the bound on 7x(®) in that proof on pages 1214 and 1215, and note we
are setting n = 1/2 in the final display of Section 4.2 of that article. In that result the
stochastic process ¢Y(1) is a rescaled two-dimensional Lotka-Volterra model but may
be replaced in the proof by a fixed point §6V e {0, 1}SN and so holds equally well in
our setting. The derivation of (7.65) is the same. One just replaces o2 (ag, a1, as) with
o (a1, az). Note that (1.7) is used in the proofs with n = 3 and n = 2, respectively. [

For nonempty sets A C N define

05 (A) = (log N)P(aN (A/VN,(N'\ A)/VN) > t, ™N(A/VN,(N'\ 4)/VN) < t)
= (log N)P(c(A,N'\ A) > Nunty, T(A, N\ A) < Nwyty)
0y = Y V)6 (4).
0A£ACN

By Proposition 1.6 and (3.29),
lim 6% = 0,. (7.66)
N—oo

Proposition 7.10. There is a C7 67 > 0 such that for any T > 0, ¢ € Cy([0,T] x R?), and
0<s,u<T with |u—s| <tn,

I:IN’z(g(J)V7tN7 QG) - GQXév(q)u)

1

< C?.ﬁ?H‘I’H(m

INEN) + (log N)_l/QXéV(I)). (7.67)

Proof. In view of Lemma 7.4 we will start with the difference H, *(¢),tn, ®,) — O XY
(®,). Let ) # A C Ny, and recall the definition of in(A) in (7.36), taking uy = ty. For
any fixed a € A,

LY (o tn, A, &)) = [6V(B ) — (BTl (B {0 (4)}, (7.68)
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and thus

(L (@t A,6)) = P(BY e & 7QN<A))|
<P(BY" e BT e oV (@ +a,x) > ty). (7.69)

If we choose an a = a(A) € A for each non-empty A C Ny, define

~ 1 N > ,T+a
BP0 = 3 PN VNATEE S @l n) PBLTH € 6,07 (),
0#£ACNN zESN (7.70)

It then follows from Lemma 7.9 that for a constant C

N - 1 _
[Hy 2 (6 tn, @) — Hy (&) b, @,)] < CH‘I’Hoo(m (607)+ (log N)~ (/2 xg¥( ))
(7.71)
To evaluate Ht N ?, for fixed A we have
log N - ta
B elsa)P(BY e g, Y (4)
zESN
1 N
= og Z(I)sx Zfo x+w)P BNI+“—a:+w,QiV(A))
r€SN weSN
1 N -
- Og o S e (5,2 + w))&) (x + w) P(BY" = w, Q) (4))
r€SN WESN
log N A a
S (s, x+w) (z+w)P(B = w, Q) (4)).
€SN WESN

As in the proof of (7.33) (see (7.37)),

101%./7\7 Z Z |‘I’(37$)—@(s,x+w)|§év(x+w)]5(BtNN’“:w)

rESN wESN
< CN)||®ullLip X3 (1) (log N) /2. (7.72)

Summing first over z and then over w,

log N

DN (s, +w)e) (@ + w)P(B = w, Q) (4)) = X (2,) (log N)P(Q) (A)).
rESN WESN

(7.73)
Combining (7.71)~(7.73), summing over () # A C N, and using the definition of ©™V:2 we
get
‘HN2(E(:’)VatNa ) GNXO ( S)|

1 N(¢N —(1/2) vN
g (@) + (log M)A (D)),

(7.74)
< cllo|(

Now combine this with the easy bound |X{ (®(s, ) — X' ((u, )| < [®]1/2, 8 vVINX{ (1)
and the boundedness of {04} to derive (7.67), but with I;TQN’Q in place of HN-2, Finally,
use (7.31) for ¢ > 3 and the above bound in the representation (7.30) for HN2 to complete
the proof. O

The proof of Proposition 7.11 below, the analogue of Proposition 7.10 for HN3,
is more involved and requires additional notation. For nonempty finite disjoint sets
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A, A1, Ay C N let
Oy (A, Ay, Ay)
= (log N)*P(cN(A/VN, A1 VN, Ay JNVN) > ty, TN (A/VN, A1 VN, Ay JVN) < ty)
= (log N)*P(0(A, A1, As) > Nwntn, 7(A, A1, Ay) < Nwnty),
and define
@g’)V’+(A) = Z @éV(Av Alv A2)7
{A1,A2}eP(N\A)
03" (A= Y OFN\A4 A4, 4),
{A1,A2}€P(A)
@é\ii _ Z TN’S(A) @éV,i(A) (7.75)
D£ACN
and ©) = 0" — 0}~ Proposition 1.6 and (3.31) imply that if O is as in (3.34), then

li]rvn oY = es;. (7.76)

Proposition 7.11. There is a constant C7 77 > 0 such that for any T > 0, ¢ € C([0,T] X
R?), and 0 < s,u < T with |u — s| < ty,

1

N3 tn, @) —0) X (2,) §C7.77||‘I’H(m

N (&) + 1og N)TV2XE (1))
(7.77)

Proof. Let us start with the d1fference HN(EN ty, @) — O XN (®(u,-)). Assume ) #
A C Ny. It is easy to see that 1fI *(z, ty, A ¢Y) # 0, then exactly one of \BN ”+A\ or

|Bgv’x+NN\A| must be 2, while the other must be 1. To account for these possibilities, we

introduce
(x i A, 50 ) = 1{BNw+A cel 7‘BNac+A‘ —9 BN:I:+NN\A c go ,|BNx+NN\A| 1},
Xiv, (x tn, A, Eo ) _ {BNH-A - 20 7‘BNJH—A‘ -1, BNm+NN\A C 50 ,|BNI+NN\A| 2}’
(w tn, A, 50 ) _ {BN at+A \BN ac—i—A‘ -1, BN w+NN\A |BN :z+NN\A| 2}’
“(x,tN, A, 50 )= {BN atA fo 7‘BN’E+A‘ 27BtNA;:v+./\7N\A c 50 ’|BNm+NN\A| 1),
and fori=1,2,

253\“( (])V,tN,CI) )
1 N _
= Y W BN S e Bt 4.6) (A6
0£ACN N z€SN

It follows that

(I?])VHF - Ig’_>($7tN,A’§éV) = (XiV7+ - Xivy_)@;’ﬁN’Avg(l)v) +( AR X2 )(mvtN7A7E(J)V)a

and thus

Hév(gév> tN> q)s> = Zé\],l(gé\/’ tNa (I)S) + 2?72(66\[7 tN7 (Ds) (778)
The term f)év’l(gév,t]v, ®,) is small. This is because both xiV’Jr and xf[’* are bounded
above by

> YBNere e gl BT € € ol (ao, ar,a2) > tn ),

distinct ag,a1,a2EN
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which implies by Lemma 7.9 that

. N 1 -
5 @)1 < O (1 )10l (g 6 + oM 25 ). 279

To handle Eév 2 it is convenient to define

log N)3 ~
+ s g +
et e = 3 NN BT S 0 B i, 4,.8)).
0#£ACNN €SN
so that
SE2EN iy, @) = B3P (EY i, @) — B2 P T (€ b, By). (7.80)

Consider 2:13\7,2,+’ andlet ) # A C Ny. On the event defining Xév’Jr(x, tn, A, &lV) there must
exist nonempty disjoint A;, A, whose union is Ny \ 4, such that none of the walks starting
from the three disjoint sets A, A; and A, meet by time ¢y, Bg’vj\;‘”+‘41| = |Bt]V1\;$+A2| =1
BootA gtz  eN Thus, if we define

and
QN(A Al,Ag) = {O’ (A Al,AQ) >N, Ty (A Al,AQ) < tN},
then for any ¢ € A and a; € A;,

B (@ tw, A6)) = > P(ON (4,41, 45), BN e gl

{A1_7A2}€
P(Nn\A)

Bt e gl BT € ?g) (7.81)

The next step is to see that we may drop requirement that BtNN’g”Jra1 , BN taz ¢ 57)\7
above. Observe that

|P(02 (4,41, 42), BT € & BN € &, BT € &)

_p( N(A, Ay, Ay), BN € gév)

< P(oN(A, A1, 42) > by, B € 6, BT or BT e )

tN

2 max P02 (a,a1,a2) > tn, BN e &V, BT e €)). (7.82)

distinct a,a1,a2 ENN

IN

If we let

i;]}\[’27+( (])VatNy (I)s)

log N B
= 3 A R S w0 (A4, e ),
ACN zESN {A1,A2}€

P(NN\A)

(7.83)

it follows from the above and Lemma 7.9 that there is a constant C7 g4 such that

25’)V)2’+(€(])VatN7 (I>S) - iéV,27+(§([)\f,tN’ (I)S)

1

< Craall@le (o

N (&) + (log N)*l/zXéV(l)). (7.84)
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Again, consider a fixed () # A C Ny and let {A;, A2} € P(Nx \ A). By translation
invariance,

log N)3 e
(T) > ®(s,2)P ( N(A AL Ay), Bl e &)
TESN
log]V N,x+a __
Z Z S z 50 +w) (Q (A A17A2) BtN —fL'—f—U})
rESN WESN
(1 N
og Z Z (s erw)]fO (x +w)P (QéV(A7A17A2)’BtN]\;a _ w)
zESN WESN
(log N)3
Og Y. D et wi (z+w)P (QéV(A,Al,Ag),BtNA;“ :w). (7.85)
€SN WESN

As in the proof of (7.33) (see (7.37)),

1ogN Z Z ‘ 5,1) (s x—l—w))’fév(x+w)ﬁ(QéV(A’A17A2),BtNA;a :w)

rESN WESN

< Cr .56/ ®||Lip X7 (1) (log N) /2. (7.86)
For the final sum in (7.85), summing first over x and then over w yields

1ogN Z Z <I>sx+u}£0 (ac—i—w) (Q(JJV(AaAl,AQ),BiNN’a:w)

€SN WESN

= OY(VNA,VNA,,VNA) XY (®,). (7.87)
Combining (7.85)-(7.87) and using the definition of ¥ we find that

B = P B )

TESN

— O (VNA,VNA, VNA) XY (®,)] < Crs6]|®]Lip X (1) (log N)~13/2, (7.88)

SV b, @) - 0) T XY (@)

N
< Cra( Y1) o )20l x5 1), 89

and by (7.84),

S5, ) — O XY (@)

1

< C7.90||©||Lip(m

N (&) + (log N)*1/2X5V(1)). (7.90)
In the above we have rescaled the sets and summed over subsets of A" (or N’ ) 1nstead of
Ny (or Ny). The same bound holds for the difference $5°% 7 (¢, ty, ®,) — 05~ XN (d,),
and thus in view of (7.78), (7.79), (7.80), (7.90), and the simple bound |X0 (P ( 8,+) —
XY (®(u,-)| < |®|1/2,nVINXE (1), we conclude that

1 _
Hd (& tn, @) — O XN (@) < C7.77H(I)||<m N + (log N) 1/2X(])V(1)).
Combine this with Lemma 7.4 and (7.30) to obtain (7.77). O

As an immediate consequence of Lemma 7.3 (with uy = ty), Proposition 7.10 and
Proposition 7.11 we obtain the following result.
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Proposition 7.12. There is a constant C79; > 0 such that for j = 2,3, any T > 0,
® € Cy([0,T] x R?), and s € [ty,T),

@ (5,8 )7, ) - O XN, (@)

s—tn
1

< Cr.o1|| @] (m

IN(EN )+ (log N)V2XY, (D). (7.91)

s—tN

Turning briefly to the martingale square function, and recalling (7.50) and the
definition of K from (7.47), we have the following analogue of the above.

Proposition 7.13. There is a (.92 such that for any bounded Lipschitz continuous
®:R?— R ands > ty,

|B(XY (og No N (M DIFN,,) ~ Kn XY, (@)

s—tn

1 -
< Orapll®lusp (o (€20 + (log M) 2XY, (D). (7.92)

Proof. By (7.56) and (7.57),

log N .
B(XN(og N f§™ (. 6))) = == D Y @@pn ) EE (BLE (BL™) + By

zESN YENN
(7.93)
:= SN + Rp,
where
|Rn| < C||®]|0(log N) "X (1). (7.94)
Clearly
IOgN N N,x N
SN =y > > e@pnWEE (BN (2,2 4+ y) > ty))
TESN yENN
IOgN 0 T T
= 2 2 @ W)EE (BN BRTTGN (@ a4 y) > ty)
xESN yENN
= Sy — S%.
(7.65) shows that
1 _
1S¥| < C7.64]1®| (WJN(&])V) + (log N) (1/2)Xév(1)). (7.95)
By Lemma 7.8 (a),
SN = KEn XV (®) + En,
where
|EN] < Cr.54|®|Lip(log N) 772X N (1). (7.96)

Use the error bounds (7.94), (7.95) and (7.96) in the decomposition (7.93), and then
apply the Markov property to complete the proof. O

In view of the above results, to obtain exact asymptotics for the limiting drift arising
from the g-voter perturbation term as well as the square function of the martingale term,

we will show that ;o F [ftt;tN IN (N, )ds| is negligible for large N.
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Proposition 7.14. Let (65 )n>3 be a positive sequence such that limy_.., dn = 0 and
liminfx_,0o V NSy > 0. For any T, there exists C7.97, depending on T and {én}, such
that for anyt < T, for any N > 3,

t é
BN (Von, €] < Cron (X8 (1) + X8 (1)2) [ow (14 Tog (14 - ) ) + =] (7.97)
ON t+ 0N
The proof of this key result is similar in outline to that of the same result, Proposi-

tion 3.10 in [9], for Lotka-Volterra models, although additional complications will arise in
the present setting. We will prove it in Section 9 below but assume it in what follows.

Corollary 7.15. If T > 0 there exists a constant C; gs depending on T such that for any
t<T,

1 INC NN —1/4/yvN N (12
et N s < Crasliog ) O )+ X (12, .98
Proof. One sets 6y = ty(log N)'/? in Proposition 7.14 and integrates. This is done in
Corollary 3.11 of [9], where we now set 7 = 1/2 in that result to get the above. O
We are finally ready to give the asymptotic behavior of the drifts, D,fv J (®),j=2,3,
and so prove the main result of this Section.
Proposition 7.16. For j = 2,3, any ® : R> — R with ||®||,;, < co and all t > 0,
t
lim E(‘Di\”(@) —o; [ xN@) dsD —0.
0

N—o0

Proof. Let t € (0,T]. Alittle thought shows the above expectation is bounded by

tN AL N N
E [d™7 (s, €., ®)| ds
0

n {E((/tNthN’j(s, N gy~ B(dNI(s, §V,<I>)|]-'Sj\itN)ds>2)r/2

tn

s—tn

tn Vit
+E(/ B (s, €Y, @)\ FY,, ) - OF XN, (0)] ds) (7.99)

tN

(t—tn)T t
vey —ejllelE([ T xN@ds)+iejlielE(]  xYyds).
0 (t—tn)+

—UlN
Proposition 7.6(a) and (7.39) shows the first term is at most
C||®||oo(log N3ty XY (1) = 0as N — oo.

Use an orthogonality argument as in the derivation of (67) in [9] and also (7.39) to bound
the second term in (7.99) by

tn Vi 1/2
Cllollog NP2 [E( [ XN ds)] < Crlolallog N) 121 4+ X3 (1) 5 0

tN

as N — oo, where the inequality holds by Proposition 7.6(b). Since |®§V -0/ =0
(by (7.66) and (7.76)), we may apply Proposition 7.6(a) to see that the last two terms
in (7.99) are bounded by

Cr[|®[| Xy (1[0 — 0] + tny] = 0as N — oc.

Finally we may use Proposition 7.12, Corollary 7.15 and Proposition 7.6(a) to bound the
remaining (middle) term of (7.99) by

COr||®||Lip(log N)~V4(XY (1) + X' (1)?) - 0as N — .

Combining the above displays, we may complete the proof. O
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Remark 7.17. If we keep track of the bounds in the above proof (and drop the |®§V — 0]
term) we get for j = 2,3,

t
E(’D;’V’J(cb) - @jV/ XN (@) dsD < Cr)|®|lLip(1 + X2 (1)2)(log N) /4 forall ¢ € [0,T].
0
(7.100)
Proposition 7.18. For any ¢ : R> — R with ||®||,;p < co and all t > 0,

lim E(‘(MN@))t — 470 /Ot XSN(<I>2)dsD ~0.

N—o00

Proof. Note that ||®| i, finite implies that ||®2|| i, is finite. Arguing exactly as in the
proof of Proposition 7.16, using Proposition 7.13 in place of Proposition 7.12 and (7.48)
in place of (7.66) and (7.76), we get

t t
lim E(’/ X;V(QlogN¢2ng>(.,g;V))ds—/ 47702XSN(<I>2)dsD —0.
N—o00 0 0

Now use (7.50), (7.51), and Proposition 7.6(a) to complete the proof. O

Define (P/,t > 0) as the semigroup of the rate-N random walk on Sy with jump
kernel py. By translation invariance we can have PtN operate on functions on the plane,
even though Sy is the natural state space.

As an application of the control of the drift terms d"+/ given by Proposition 7.16, we
obtain an effective bound on the mean measures of our rescaled g-voter models.

Lemma 7.19. There exists a c7.1901 > 0, and for any parameter T' > 0 a constant
C7.101(T) > 0 so that for all t € [0,T] and any ¥ : R? — R such that ||¥|.;p < T,

E[XN ()] < 10t XN (PN (1)) + Cr101 (log N) " V4HXY (1) + XV (1)?). (7.101)

Proof. Fix T > 0, let t € [0,7] and ¥ be as in the Lemma, and let ¢ € R. Define
® € Cy([0,1] x RY) by ®(s,7) = e~ * PN ,¥(z), so that

B(s,x) = —An®(s,2) — c®(s,2) € Cy([0,1] x R?). (7.102)

Let dV (s, &N, @) = dN-2(s, &N, @) +dV3(s, N, @) and ©F = 05 +6%. By (6.10) and (7.102)
we have

t
E(XN(®(t,-)) = Xo (PN (V) + / E(dN (s,&Y,®) — cX N (®)) ds. (7.103)

0
Now choose ¢ > 1V oV (SHPN253 ON) (recall (7.66) and (7.76)). It is then easy to see
(and in fact is shown in the proof of Lemma 3.5 in [9]-see p. 1232) that ¢ > 1V ¢ implies
1@ < 2¢]|9||Lip < 2¢T, (7.104)

where the last inequality is by hypothesis. Now use (7.100) and (7.104) to deduce that

t t
E( i dN (s, &N @) ds)gA cE(XN(®)) ds+Cr | 9|Lip(log N) "Y1+ X (1)?), Vt € [0,T).

Finally use this in (7.103), noting that ®(¢,z) = e “*¥(z), to complete the proof with
Cr.101 = C. O

8 Convergence to super-Brownian motion: Proof of Theorem 6.1

We assume the hypotheses of Theorem 6.1 whose proof is the objective of this section.
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8.1 Relative compactness

A collection of stochastic processes {Y" : N > a} with sample paths in D(R,,S)
for some Polish space S is C-relatively compact iff for every sequence Ny 1 oo in [a, 00)
there is a subsequence {N]} so that Y Vi converges weakly in D(R,,S) to a process
with continuous paths. The same definition applies to a given sequence of processes.
Proposition 8.1. The set { X N > N(g¢)} is C-relatively compact in D(R*, Mpr(R?)).

To prove this it clearly suffices to show that for every Ny 1 oo (Ni > N(gg)), {X N},
is C-relatively compact. To ease the notation we take N = k as the proof in the general
case is the same. Hence we reduce to the case of showing {X" : N € N, N > N(go)} is
relatively compact. This result will follow from Jakubowski’s theorem (see Theorem 11.4.1
in [31]) and the following two lemmas.

Lemma 8.2. For any ® € C}(R?), the sequence { XN (®), N € N=N(0)} js C-relatively
compact in D(R4, R).
Lemma 8.3. Foranye > 0, T > 0 there exists A > 0 such that

sup P (supXtN(B(O,A)C) > E) <e.
NcIN=N(=0) t<T

Proof of Lemma 8.2. We use (6.10) to establish C-relative compactness of { XV (®) :
N € ]NzN(ao)} by establishing the C-relative compactness of each of the terms on
the right-hand side. For the latter we proceed as in Lemma 6.1 of [9]. Consider
first {DN7(®) : N € IN2N(E0)} for j = 2 or3. Use Proposition 7.6(b) in (7.60) and
min(a, b) < vab for a,b > 0, to see that for ty < s; < 55 < T,

E((D37(®) — DI (®))?) < Or|[@|Iipl(s2 — 51)* + log® Nv/En (s2 — 51)*/?]
x (X3'(1) + X3'(1)%)
< Orl| @121 (X3" (1) + X3'(1)%)(s2 — 51)*/. (8.1)

Moreover, we have from (7.39) that for j = 2, 3,
[N (5,6, @) < [N(log N)?[|@|oe X (1), (8.2)

and so by Proposition 7.6(b) for 0 < s; < s9 < ty,

B(( / 1 (5,62, @) ds) ) < CIVIIIE (X (1) + X3 (1)2)(log NP (s — 1)?

< O]12)1% (X" (1) + X3 (1)*)(log N)* Vi (s2 — 51)*/?
< Ol 212 (X5" (1) + X3 (1)) (52 — 1)/ (8.3)

The C-relative compactness of {DV7(®) : N € IN2N(=0)} is now immediate from D7 =
0, (8.1), (8.3) and Kolmogorov’s criterion.

Turning to the C-relative compactness of {M" (®): N € NZN(0)}, as in Lemma 6.1
of [9], because the maximum jump of MN(CD) goes to zero as N — oo, it suffices to prove
C-relative compactness of {(M" (®)) : N € N=N(0)}, From (6.11), (7.50), (7.51), and
the second moment bound in Proposition 7.6(b), we have for 0 < s; < 59 < T,

(¥ @), — ¥ (®)).,) ") < Orl @l (X5 () + X5 (1)) (55— 1)

+ C||<I>|\§OE((/S2 ZN ds)z), (8.4)

S1
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where
ZN = XN (1og NfSM (€M) <log NXN(1). (8.5)

Using (7.54), the above upper bound, and arguing exactly as in the proof of (104)-(106)
in Lemma 6.1 of [9] (conditioning back in time by ¢ and employing the Markov property)
we can show that for T > so > s1 > iy,

E((/ ZN ds)Q) < Op(XY (1) + XD (1)2) (50 — 1)%/2. (8.6)

For 0 < s1 < s9 <ty we may argue as in (8.3) using (7.51), (7.50), and the upper bound
in (8.5), to see that

2
B(((MY (@), = (MY (@)),,)") < Crll@ftsp (X (1) + X5 (1)2)(s2 — 1)
Combine the above with (8.4), and (8.6) to conclude that for 0 < s; < s9 < T,
2
B(((Y(@))s, — (MY (@), ) ) < Crll@fip (X8 (1) + XY (1)) (52— 5% (87)

The C-relative compactness of { (MY (®)) : N € NN ()} now follows from Kolmogorov’s
criterion.

Finally, the simple argument in Lemma 6.1 of [9] using Proposition 7.6(b) shows for
0<s1<s8,<T,

2((DY'(@) - DY ®))) < Cra(X) (1) + XN (052 - 51> B8

(This is one place where the assumed regularity of ® is used.) The C-relative compactness
of {DN1(®) : N € IN=N(=0)1 follows as usual. As X' (®) — Xo(®) by hypothesis, the
above results give the C-relative compactness of { XV (®)}. O

Proof of Lemma 8.3. Let {h,, : n € IN} be a sequence of [0, 1]-valued functions in C}(R?)
such that
Liaisnt1y < hn(®) < Lgjzsny, and sup ||hy i < C. (8.9)
n

For example, if 4 : R — [0, 1] is C*°, increasing, and 1.~1) < h(z) < 1,50} we can take

hn(x) = h(|x| — n). It clearly suffices to show that for each fixed ¢, 7 > 0,
lim sup P(sup XN (hy) > 5) = 0. (8.10)
MO N>N(eg) LT
By (6.10)
X7 (hn) = M (hn) + Y (), (8.11)
where

t
YN (hy) = X (hy) + / XN(Axhy)ds + DYN?(hy) + DN? (hy).
0

Now argue as in the derivation of (110) in the proof of Lemma 6.1 in [9], using (6.11),
(7.50), (7.51), the second inequality in (8.9), and (7.54) to conclude that for some e — 0,
independent of n,

B(MY (ha))r) < e+ L OrB(XY () ds < ex + / Conx) (PN (2 ds. (8.12)
0 0

In the last inequality we used Lemma 7.19 and absorbed some of the constants and
terms there into the Cr and . Chebychev’s inequality (recall (8.9)) shows that for any
K >0,

lim  sup sup PN (h,)(x) =0.
MO N>N(eo) |#|<K,s<T
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The tightness of { X'} now shows

lim  sup sup X{ (PN (h,)) =0, (8.13)
n=0 N> N(go) s<T
and so the integral on the righthand side of (8.12) approaches 0 as n — oo, uniformly in
N. For each N fixed it is elementary to use (6.12) to see that lim,, E((M™ (h,,))7) = 0. It
now follows from Doob’s strong inequality L? and the above that

lim  sup E(sup M} (hn)?) = 0. (8.14)
"0 N>N(eg) LT

To prove (8.10), by (8.11) it now clearly suffices to show

lim  sup  P(sup |V (hy)| > €)= 0. (8.15)
n—oo NZN(EQ) t<T

This is (115) in the proof of Lemma 6.1 in [9] for the Lotka-Volterra model, and the proof
given there now goes through without change in our more general setting. The required
inputs are (8.1), (8.3), (8.8), (8.14), Lemma 7.19, and (8.13). O

8.2 Identification of the limit

Proof of Theorem 1.11. By the C-relative compactness, established above, it remains
only to show that the sequential limit points of {X} coincide. By the Skorokhod
representation theorem we may assume that for a sequence Ny 1 oo, N > N(gg), we
have

XM 5 X € O(Ry, Mp(R?)) as.

We will take limits in (6.10) and (6.11) to see that the law of X satisfies (MP), the
martingale problem characterizing the law of SBM (X, ,47w02,02,0). To see this, fix
® € C}(R?). By Lemma 2.6 of [6] we have

[An® — (6°/2)A®|| — 0 as N — oo,

and therefore by Proposition 7.6(a) for all ¢t > 0,

lim E(‘/t XN (Ay®)ds — /t XN ((02/2)Ad) dsD —0. (8.16)
0 0

N—o0

One now can use Propositions 7.16 and 7.18, and (8.16) to argue exactly as in the proof
of Proposition 3.2 of [10] and take limits along {N.} in (6.10), (6.12) to see that X
satisfies (MP) and so is SBM (Xj,,4m0?,0%,0). (Only the last two paragraphs of the
proof there are used.) The other inputs needed there are the C-relative compactness of
{XN(®)}, {MN(®)}, and { DN (®)} for j = 1,2, 3, established in the proof of Lemma 8.2,
as well as (take s; = 0,55 =T in (8.7))

E((M"N(®))r)?) < C(T,®) forall N.

The latter allows one to conclude that the limiting M (¢) is a martingale with the appro-
priate square function. O

9 Proof of Proposition 7.14

We need an elementary bound for pV (z) :== NP(B" = 2):

N (z) §%forallt>0,x€SN,N23. (9.1)
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For example, see (A7) in [6].
Assume 6 > 0 converges to zero, and also satisfies

lim inf V NSy > 0. (9.2)

Fix T' > 1 and consider 0 < t < T. Let pYV*(x) = p¥ (2 — z) and ¢ = pfﬁjHN. Argue
as in the proof of Proposition 3.10 in Section 5.2 of [9], using the semimartingale
decomposition (6.10) to see that for a universal constant Cy 3 we have

E(//1{o<|x-y|gm}dXtN(x)dXtN(y)) < CoslTo+Ti+ T+ Tal, ©.3)
where
é
To = WN (Xo (pt+6N )2 = //&vp%mm(y—x)dxéV(x)dXév(y)’
zESN
7—1 = —N MN ¢Z)>1 t)
Af eSn
1)
o= 2 B(MY(6))2)
zESN
3 N , |
ZW Z ((/0 d™ (s, ¢ ,¢Z)ds) )= ST,
j=2 €Sy 2
By (9.1),
7o < THO X3 (1)2 (9.4)
© =t 4 on : ‘
For 73, Nz, €M) = [dN2 (2, V)], 1Mo (x, EN)] = |dN 3 (2, €N),

Chapman-Kolmogorov and (9.1), to conclude that

7 < W / O S 5 v (o= [ )]+ 100, ] )

TESN zESN

< c%vaogzv)sE( | gomatt= s+ 0 X 103+ 06 ds).

€SN

(9.5)
From the bounds in (7.2) we have
1 : gl y
= S @ < TS ST e @) = Il IVIXN (1),
€SN TESN eeNn

Use the above in (9.5) and conclude from Proposition 7.6(a) that

dn(log N)* ' c N (log N)*
Ty < 8 E(/O PR (1)d5) < Oron X (1 )log(lJra)T (9.6)

Turning to 77, from (6.12) and Chapman-Kolmogorov, we have

Ti = b log NE( / P O] X paly - ) @E ) + 8 @Y )] ds)

z,yeSN
<Cg75NlogN/ (t—s+dn)~ (N’ Z Z pn (e (x—l—e))d 9.7)
e€ENN z€SN
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where the last inequality is by (9.1). Set uy = %N A (log N)~P for some p > 11. Note
that (9.2) shows that u satisfies (7.12). Recall that F denotes expectation with respect
to our system of coalescing Brownian motions. If ¢V € {0,1}°~, define

GN(EN) = —Z > pn(e)eN (@)EN (z +e),

eENN zESN

and for s > uy, let

An(s) = [B@VENF )~ B3 XX pw(eel,, (BYAED, (B

eENN zESN
(9.8)
The Markov property and coalescing duality for the voter model show that
An(s) = |Eex , (GN (&) — Bex | (GN(E™M)]- (9.9)

We assume that ¢V, EN (the biased voter model with rates as in (7.6)), and V'™ are
constructed as in (6.2) and (7.11), all starting at g?\, (with finitely many ones as usual).
Now use the elementary inequality

m+k m m-+k m-+k
|H§N xz H €N Iz H Il H 77 xl | < Z |§ xl -1n (351)‘ (9.10)
i=m-+1 1=1 1=m-+1

V£N7T)N S {Oa l}SNa x; € SN7

with m = k = 1, and the coupling 7" v £l < EN

—= Sun’

to conclude that for all s > uy,

An(s) < Bex, (1GV(€),) = 6N EN™))
<Fev, (37 3 pv(e) 3 I@0 ) ~ @) + @y + ) — &z + o))
eeNN z€SN
+ [Eay () = €27 (@) + (€0 (0 + €) — €207 (z + )
< 2By uN(2Y;VN(1) — XN (1) = XX¥(1)) < Clog N)*PX N, (1). (9.11)

The last inequality holds by Lemma 7.1. For small s in (9.7) we will use the crude bound
N/ > > (@ @& (@ +e) < XN (1), (9.12)
eeENN zESN
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Use (9.8), (9.11) and (9.12) (the latter for s < uy) in (9.7) to see that

un ANt
T1 <Cén logN/ (t—s+0n) "E(XN(1))ds

un Vit unVt
—I—CéNlogN/ t—s+(SN)_lE(AN(s))ds+C§N10gN/ (t—s+0n)""
XE( < Z Z pN s— UN B1]J.VNI) S—Un (B{L\’Nx+e)>)d5
e€ENN z€SN

un At
SCTéNlogNXév(l)/ (t—s+dn)""ds
0

unVt

unVt
+C’6N(logN)4’pXN(1)/ (t—s+0n)" ds+C’5NlogN/ (t—s+6n)"

( (N, Yo D pn(eE L (BRI N(:E,x+e)>uN)))ds

eeENN zESN
=T+ T2+ T3, (9.13)

where the mean mass bound from Proposition 7.6 (a) is again used in the second
inequality. For s < un (< dn/2) we have s < dy/2 < (t+ dy)/2 and so

)
Tia < Cronlog NXg' (Dun2(t +0n) "' < CrXg (1) +N5 . (9.14)
N
We also have
Ti2 < Con(log N)*PXN(1)1(t > uN)log(1 + 5i) (9.15)
N

Next use translation invariance of the coalescing walks, Proposition 7.6 (a), and (1.7) to
obtain

unVt

1
Tis < Coy logN/ (t—s+ 6N)‘1E(ﬁ >l (w)

wESN

X Z pn(e Z (BNO—w N(O,e)>uN)) ds

eENN TESN

N tVun

<05N10g1v[z pn(e)P(o (o,e)>uN)]/ (t—s+on) T E(XN, (1) ds
eeNN uN
log N t—un+90n

< xNa)—=—""1 log(—— X
< CronXo'( )log(NuN) (t>un) 0g( oN )
< CTéNXéV(l)log<1 n i). (9.16)

on

In the last line we have used dy > ¢N~!/2 for N large (which we may assume), and
hence the same for uy. Use (9.14)-(9.16) in (9.13) to conclude

Ti < Cr X' (1) o log(1+ 5*) + ting} (9.17)
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We next decompose 75” ) as

tVun

70 S%WN > 5(( / AN (s, €N, %) — B(dN (s, €Y »¢Z>\fﬁw>d8)2)

zESN uN

- %TN B(( / T B e ,¢Z>|fﬁw>ds)2)

zESN N

N MTN E</OuN/\t {/051 dN’j(Slyfﬁ,gbz)dN‘j(sQ, 92’¢ )dsz] dsl)

zZESN
=T+ T3) + T (9.18)
Equation (7.2) implies,
1 N, C N
> (e < Z K > e —&-e))} < Co10XN(1). (9.19)
rESN €SN eeENN
Recall that
) [(])
dV(s, &), 07) = 2 pl sy (2= @)dN (2,60, (9.20)
xESN

For 75 5, use (9.20) (take absolute values and use the triangle inequality), do the sum
over z first, and then apply Chapman-Kolmogorov and (9.1) to conclude that

5 unAt S1 1 N
T < 2N 6 / B NC oa(2(t+6x) — 51— 82) " (9.21)
0
x Z > B(|dN (wy, )] [N (w2, €1)]) dsads: .

z1€SN T2€SN

An application of (9.19) and the second moment bound (7.42) now gives

75(33) < Con(log N)(XN (1) + XV( / / t+0N) — 51— s2) ' dsadsy
< Con(log N)*P(XN (1) + XV (1)?), (9.22)
where the last inequality is by a bit of calculus.
For 73(31) first use the orthogonality

2

BT (50,6, 6%) = B(a™ (50,6, %) FY_0))) = 0f 2 — un > s

i=1
to see that

2

‘ unVt situn .
e e[ ) Heveesn

zZESN =1
+E(|dN’J(sZ,§S L% |‘ N ,uN)) d52]dsl).

Argue just as in (9.21), but now with a different product inside the integral, to conclude
that

unVt S1t+un 1 L
7&1 <Cén(log N) / / N Z N’ Z 2(t +0n) — 81— 82)~

1ESN z2€SN

(ﬁﬂdw M)+ B(d™ (i, €I FN )| ) dsadsi,

i=1

EJP 30 (2025), paper 9. https://www.imstat.org/ejp
Page 68/86


https://doi.org/10.1214/25-EJP1267
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The g-voter model and voter model perturbations in two dimensions

Now bring the sums through the expectation and product and apply (9.19) to conclude
that 75,(]1) is

<onntion)® [ [T 0 o) - - s B (AW BEIFL,))

uN S1

* (XN + BEEIFY,)) ) dsa]dsy

<Coy(losN)* [ / TR SRR
< B (1) + X, (D)X (M) + XY, (1)) dss | dsi,

where in the last line we have used the Markov property and mean mass bound from
Proposition 7.6. The second moment bound (7.42) from the same result therefore shows
that

unVt 1
2(t — s1 +5N) —UN
2(t+0n) — 3uN>

79 <Cron (XY (1) + X2 (1)) (log N)uy /

uN

<Cron (XY (1) + XV (1)%)(log N)*P1(t > uy) log(

d31

20N —upn
<Opdn (XN (1) + XV (1)?)(1og N)*P 1og(2(t+N5N>) (recall uy < dx)
=Cr(XY (1) + XY (1)) (log N)~ sy {logQ + log(l + %)} . (9.23)
Turning to 7})(] ), for j = 2,3 introduce
HNI (&g u) = Egpe (™7 (2, €)), (9.24)

and recall from (7.20) that N7 (¢), z,u) := By (a7 (x,€')) satisfies
AN wun) = D0 PV UVNAEIN (r,un, A,6))),
D#ACNN

N3 un) = Y PN (WNAB(INT = 1Y) (2, un, A,€))).

D#ACNN

(9.25)

The Markov property of ¢V and then Chapman-Kolmogorov imply that for j = 2,3,
tVun S1
() _ 90N E( / [ / }
7572 N u UN )

N
X HHNJ Sk— qumkauN)dSQ}dsl)

tVuy g(])
:65NE(/ {/u Z Z p2(t+6N) o1—s5 (T2 — 1)

uN leSN z2€SN

171€SN ToESN ZGSN i=1

X H HN’j(fst_UN,xk,uN) d82:| d51>.
k=1

The bound (9.19) and Proposition 7.6(a) show that

7 S )| < By (5 3 1Y ,€2,)1)

TESN TESN

< CEex (X2, (1) < Coz6Xp (1) (9.26)
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Similarly we have

1 .
g D HENIEY 2 un)| < CoarX(' (1). (9.27)

TESN

Now use (7.16), the coupling from (7.11), and the triangle inequality to conclude that

[N (€)= dNT (@ €N < €N (2, (1) — €N () — E0™(y) for j = 2,3,
yEx+Nn
This implies that

1 ; SN N
N o ENIE v un) = HNI (&G v un)| < CE(2X,,, (1) - X7 (1) = X7™(1))

zESN
< C(log N)*PXx}(1). (9.28)
In the last we used Lemma 7.1. For j = 2,3, define

7 =oonn( ][

UN

—51— 52( 2—%1)
xlésNﬁczesN

X HHN’J S uN,$k7UN)d52]d51>.

Use (9.1), and then (9.26), (9.27) and (9.28), to conclude [T, — 7;3)| is

tVun S1 i
SO(SN/ / (5%))2(2(154’51\[)751752)71

N/ Z Z ‘E<HHN7J Sk uN7xk’uN HHNJ Sk— uN,l‘k,UN )‘d82d81
k=1

CEIGSN CEQGSN
tVun 1
SOéN(logN)G/ / (2(t+5N)f51752)*1E<[ﬁ Z HNI (N uNaxlqu)@
o “ r1ESN
1
x [ﬁ Z |HNJ( sz uN’anuN) HNJ(582 uN,J?Q,’U,N)|:|)d828d81
r2ESN
tVun 1
+ Con(log N) / / (t+6N) — 51— 82)~ IE([W Z |HN](S2 UMI%UN)@
T2ESN
1
x [ﬁ Z |HNJ(€S1 uN’xlaU’N> HN’j(fsl uN,$17’U/N)|:|)d828d81
r1ESN

tVun
< OéN(logN)6(logN)3’p/ / (2(t+6n) — 51— 82) 7"

x B(XYN_ (V)XY _ . (1))dsyds;

S1—UuN So—UuUN
tVun
< Crén(log N) 2 (X (1) + X' ( / / 2(t+6n) — 51 — $2) " 'dsadsy.

In the last line we have again used Proposition 7.6(b). The above integral is uniformly
bounded in N and ¢t < T, and so for j = 2,3,

ITa3) — T35 < Cron (X (1) + X (1)?)(log N) 2. (9.29)
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Next consider 75(2). Fori € {2,..,|N|} and 0 # A C Ny, recall the notation IiN’jE
from (7.26), and let
A (& wun) = E(Y (@, uy, A, 6)) = IV (2, un, ALE)).

Then from (9.25) and (7.27) we have

IV
N3N wun) Z Z VNA) fYA(fév,m,uN). (9.30)
i=2 (AACNN

Leti € {3,...,|N|}and 0 # A C Ny. On {BN#+A c ¢, BY.=+Na\A - e \BNI+NN|

uUN

i}, there are distinct points by, bz, b3 € Ny so that & (BY.™1) = 1 and o2/ (b1, by, b3) >

un. The same conclusion holds on {BLY:* V™A eV, BYat+A c gV, | BNaHNN| = ). 1t
follows from (3.32) that

V|
YooY P VNAHNE v un)]
1=3 Q#ACNN

<C > B (BN 1)1 (0 (b1, ba, b3) > un)). (9.31)

b1,b2,b3 €Ny distinct

In the right-hand side of the above, sum over the possible values of quv&””rbl, as in the
proof of Lemma 7.8(a), and then use (1.7) with n = 3 and (9.1) to conclude that for all
z1 € SN,

|V
Z pé\thr(sN)fSlng(xz _xl)[z Z ‘TN,S(\/NA)H;YA(££\277UN’x27uN)|
z2E€ESN =3 (#ACNN
< 09.32(1OgN)_3(2(t+6N) — 81 —82) Xg UN( ) (9.32)

The same reasoning as above gives for all s > uy,

IV

N/ Z [Z Z |TN8 \/7A)H ( s— UN7I7UN)|:| S6’9-33(10g]\7) 3X£VuN(1)
z€SN =3 (0AACNN
(9.33)

Next consider the contribution to 7;(‘3) from the ¢ = 2 term in (9.30). Foruy < s; <t,
r; € Sy 6 =1,2), and k = 1, 2, define

@(53,%1'371@)(8]“ LL'k) = pé\EtJr(;N)fsk—ss_k(mk - x3*k) = pé\étJr(;N)*Sl*SZ (1‘2 o 561).
By Lemma 2.1 of [9], we have
(| @33+ (51, ) |lLip < C 9.34(2(t + On) — 51 — 52)7>/2. (9.34)

For k = 1,2, by the definitions of Flév’?’ in (7.29) and IA{éYA, and (7.28) we have,

Ll —1) Y rNI(VNAHY(EN . wr un)

TR ESN D#ACN

— (log N)_3|ﬁév’3(féi7uN7uN7 @(szmwsz)”

< Cos5(2(t +0n) — 51— s2) 72X (1)(log N)7#/2, (9.35)
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where in the last line we used (7.33) and (9.34). For each ) # A C Ny we choose a € A.
A much cruder calculation than that above shows that,

N/ Z Z e \/>A H2A(€s:1 uN7x17UN)|

$1€SN 0#£ACN
||T‘|| - N N,x1+a N,z
S W Z Z E((&sl—uN(BuA’/ )+§sl 'LLN(B'LL]\,] ))
1ESN 0AACN

1(|Bi\fl\,7x1+A| _ |Bi\fl\,fx1+NN\A| BN z1+a £ BN acl))

" D a
A % Z fﬁ,uN(w) Z [P(Bi\;’, :’lU—LL'l,O'N(O,a) >UN)

weSN z1ESN

+ ﬁ(fo\’ro =w — xl,UN(O,a) > uN)}

=2|r|| XY (l)P( N(0,a) > uyn) < Cy, 36)(81 uy (D) (og N) 7, (9.36)

S1—UN

the last inequality by (1.7) with n = 2 and uy > cN—1/2 (by (9.2)). Now argue exactly as
in the derivation of (89) in [9] following the derivation there from just below (88) to (89).
Here the hypotheses (85)-(88) of that argument are provided by (9.35), (9.36), (9.32)
and (9.33), respectively. From this derivation we may conclude that

tVun 1
3
|74 74 )| <66y (log N) / / N’ Z N Z pé\étJr(;N)_sl_Sz(xz — 1)

r1ESN z2€SN
2

|V
X H[Z Z Ne(VNAHY ( sp—un 1 Thy UN ])’d82d51

k=1 i=20 ;éA N,

e BN, (DXN (1)
< (5 S1—UN 82 uUN d d
C N/ /u (20 + 0n) = 51 — 52037 S2dsy

N

x (log N)57P/2((log N) ™' + (log N)~%)

tVun s1
+C§N/ BXY_ (XN _ (1)(2(t+0n) — 51— s2) 'dsadsy
u UN

< Cron(XY (1) + XV (1)?). (9.37)

In the last line we have used (7.42).
The corresponding bound on 7})(22) is much simpler. The analogue of (9.31) is

Z > PN UVNAET T (2,un, A, 6Y) < CXF (1) (log N)
1=2 0#£ACN

Now proceed as in (9.32) using the supnorm bound on pé\EHéN_SI_SZ (z1 — x2) to see that

R tVun
72| < Con / / (2t +6x) — 51— 52) " BXN_, ()XY, (1)) dsyds
uN uN
< Cron (XY (1) + X (1)?). (9.38)

Finally use theA d_ecomposiAtiQns (9.3) and (9.18) along with the bounds on 7g, 72, 71,
Tos Tos [T3y — 723, and |T49)| from (9.4), (9.6), (9.17), (9.22), (9.23), (9.29), (9.37)
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and (9.38), respectively, to see that

E(//1{o<|x—y\s\/deZV(x)dXiV(y)) < Cr(XY ) + XY (1))

SN X (1 +log(1 + %) + (t+6N)‘1).

The result follows by noting that log(l + %) + (t + 6n)~ ! is bounded away from 0
uniformly in N, ¢ > 0 and so we can drop the initial 1 on the right-hand side. O

10 Proof of Theorem 4.10

We assume the hypotheses of Theorem 4.10, and work in the setting of Sections 4
and 6, so that the monotone, asymptotically symmetric voter model perturbation, {& [e] .
0 < e < go} is constructed as in Proposition (4.3)(a), along with it’s associated measure-
valued process X" in (6.5). For real numbers Ky, > 2 and L' > 3, let I = [-L', L"),
I = (~KyoL', KoL')?, and recall the notation Ii., = +L'e; + [-L' +1,L' — 1], i = 1,2,
from (4.18). Recall also that N is chosen as in (3.17). We construct our killed processes
§[5] as in (4.5), where killing is done when |z| > M, := L\/NKOL’J (x € Z?). We define
N (z) = €E¥(VNa) for » € Sy as in (4.16), and let &Y (z) = £} (v Nu) for = € Sy as
in Section 6. The killed measure valued process KN is defined as in (4.17) and so the

killing here is done for |z| > KoL’ (x € Sy). By Proposition 4.3 (a), (b) our processes are
therefore coupled so that

¢V < ¢V and hence XV < X7V, (10.1)

Recall from Section 7 that (P}¥,t > 0) is the semigroup of a rate N random walk on
Sn with step kernel py. For z € Sy let BY:# denote a random walk starting at x € Sy
with semigroup (P}).

A key step in verifying condition (4.18) is to show that the killed and unkilled pro-
cesses are close on certain time scales through the following version of Lemma 8.1 of
[9]. We stress that for now Ky and L’ are arbitrary real parameters.

Lemma 10.1. There is a positive constant ¢y and a nondecreasing function Cyg.5 :
Ry — R4 so thatift > 0, Ky > 2 and L' > 3, and Xév = X[ is supported on I, then

XY (1) = XY (1)] < X3 (1) [er0 262 P (sup | BY

> (Ko — 1)L — 3)
+Clo.2(t)(1\/XéV(1))(1ogN)*1/6] (10.2)

The Lemma is proved below but we first turn to the main result of this Section. Given
Lemma 10.1, the proof of Theorem 4.10 is done just as the proof of Lemma 6.2 of [13]
(for Lotka-Volterra models). We outline the argument below for completeness.

Proof of Theorem 4.10 (sketch). Recall that we must show, after perhaps reducing &g,
that

Thereare 7’ > 1, K,J' € Nwith K > 2, and L' > 3, so thatif 0 < € < ¢,
then for L = [VNL'|, X)([-L', L']?) > J' implies
P(XN.(I.) > J forall e € {e;,i = 1,2}) > 1 — 6 2CK+D*, (10.3)

Note first that our hypotheses imply that Theorem 6.1 holds. The limiting super-Brownian
motion in that result has drift O, + O3, which is positive by hypothesis, and therefore
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will continue to grow exponentially up to time 7" with high probability if it has a large
enough initial mass. It is therefore not hard to prove an analogue of (10.3) for this
limiting process (see (6.7) of [13]). By the convergence theorem (Theorem 6.1), the
same bound will hold for X% if N is large enough, and so ¢ is sufficiently small. This is
where we may need to reduce ¢y. Here we also use monotonicity to reduce to the case
where X}V is finite and apply a subsequence argument to assume these initial measures
converge and so the convergence theorem holds. To derive the same bound for X”, and
hence gain the necessary spatial independence required for our comparison to oriented
percolation, we need to show X%, is close to X2,. This is where Lemma 10.1 is needed.
The inputs required to carry out the proof of Lemma 6.2 of [13] are Lemma 10.1 and
the weak convergence of the rescaled process to SBM with a positive drift, given here
by Theorem 6.1. Our definition of I, for e = +e; is slightly different from that in [13]
but it results in only a trivial change. Also we have been a bit more careful in choosing
integer parameters here. So once K € IN and L’ > 3 are chosen as in the proof of
Lemma 6.2 of [13], one takes N large and sets L = L\/NL’j (as in (10.3)), and then
chooses K, = Ko(N)(> 2) so that KoL'v/N = KL. (In this way K is comparable to K.)
This equality ensures killing for the unscaled process outside (— K L, K L)? corresponds to
killing X N outside I as in Lemma 10.1. (Note that Ky may depend on N in Lemma 10.1.)
The rest of the argument is now identical to that of Lemma 6.2 in [13]. O

Recall from Section 7 that {BN® : z € Sy} is a system of rate wy N coalescing
random walks in Sy with step kernel py. Let T, = inf{t > 0: B} ¢ I}, let A denote a
cemetery state, and define a “killed” coalescing random walk system, {Egv * x €Sy}, by

Ne | BT ift<T,
B, = .
A ift>1T).

~ N,z
We define the killed random walk B° "~ (recall the step rate here is NV and there is no

coalescing) in the same way and denote its associated killed semigroup by (Biv ,t>0).

Of course, B = BN’I = Afor all 2 ¢ I. We will use the convention that £(A) = 0 for

all ¢ € {0,1}~.

Proof of Lemma 10.1. We follow the proof of Lemma 8.1 in [9] for 2-dimensional Lotka-
Volterra models, but some modifications are needed. Assume X' (and hence & = f )
is supported on I = [-L', L’} and T’ > 0. Let f : Sy U {A} — R with f(A) = 0 and set
®(s,x) = PN . f(z), s < t. We will assume ¢ € [0,7"] in what follows. The killed analogue
of (6.10) is derived as in the proof of Lemma 3.2 of [11] where a general class of voter
model perturbations is considered. The argument there uses a different representation
for the perturbation but applies to our representations without change and gives (see
the last display on p. 113 of [11])

XN =XV PN+ / ZdN’J &N, @)ds + MY (D), (10.4)
where M} (®) is a square-integrable, mean zero martingale. Next, choose h : RZU{A} —
[0,1] such that h(A) =0 and

[~KoL' +3,KoL' —3]* C {h =1} C Supp(h) C [-KoL' +2,KoL’ —2]*, |h|iip <1,

and define, for s < t and = € Sy, ¥(s,z) = PY ,h(z). By Lemma 8.4 in [9] there is a
constant Cig.5 > 0 such that

I¥||xy < Cro5 forall N. (10.5)
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By (7.103) (with ¢ =0 and & = 1), (10.4) (with ® = ¥ and f = h), the inequality h < 1
and X}V = X', we have
EXN(1) - X (1)] < BIXN(1) = XY ()]

3
=X (1 -PY(n)) + E[/Ot Z(qu,j(S,g;V, 1) - dej(s,éiV,\I/)) ds].
j=2
’ (10.6)

It follows that
EXN) - XN Uy + Uy +Us + Us + Uy, (10.7)

where

Up = Xg' (1= Py (h)),

tnAt 3
=B [T @6 )~ g W) as],
j=2

tVty 3
Z/{ng[/ Zdef’(s,g;V,l—\y)ds},
tn =2
tVin
U= B[ [ @56 ) - ¥ (s, €Y W) ],
tn

tVin

U= E [ @5, 1) - V5,6 W) .
tN

The labeling matches that of (127) in [9].

_ We claim that there is a positive function Cig.9 : (0,00) — (0, 00) and positive constants

K, c10.10 such that for any ¢t < T”, if | - |, denotes the L> norm on R¢, then

ol < X5 (V)P (sup |BY e > (Ko — 1)L’ =3), (10.8)
u<t
[Us| < Cro.90(T") X5 (1) (log N)’tw, (10.9)
Us| < XV (1) [Clo_wec wwtﬁ(sup IBNO| > (Ko — 1)L — 3)
u<t
+ Cro(T')(1V X3 (1)) (10g N) /4], (10.10)

t
U] < Croo(T")(log N)VOXY (1) + X3 (1)°) + K / BIXN(1) - XN (1)lds, j = 3.4.
0
(10.11)
Assuming (10.8)-(10.11) for now, and recalling that ¢tx = (log N)*19, we see that for

some function C : (0,00) — (0,00), and all t <77,

XY (1) = XN (1)] < X3 (1) [ero0e” 0 P (sup | B

s<t

o > (Ko — DI 73)

+o(T)(V Xév(l))(logN)*l/G} + 2K /t EIXN(1) - x¥(1))ds.
0

By replacing C(7”) with infp>p C(T) we may assume that C(-) is non-decreasing.
Now take 7" = t in the above and use Gronwall’s inequality to complete the proof
of Lemma 10.1.

Thus, our remaining task in this section is to verify (10.8)-(10.11). Equation (10.8) is
(128) of [9] (which uses the fact that Xév is supported on I and so applies here as well).
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Equation (10.9) follows from (8.2) and its counterpart for § N (the proof is the same), the
mean mass bound Proposition 7.6(a), and KN < XNV,

The derivation of (10.10) follows that of (130) in [9]. Since it does not involve gv we
can apply the bounds from Section 7. We have

o

v 3
<|=([ S (B 5, 1 - W Fa) - O XY (1 W) ds)|
tN j=2

tVin
HlE([ T @F T XY, (- vy ds)

tn

For A, first use Proposition 7.12 and (10.5), and then Corollary 7.15 and Proposi-
tion 7.6(a) to see that for some Cig.13(7") (and all ¢t < T")

|AL] < Cro13(T")(log N)"V4(xY (1) + XY (1)?). (10.13)

For A, use (7.66), (7.76), and Lemma 7.19 (recall |¥s_; ||Lip < Ci0.5 by (10.5) and take
T' > C9.5 to apply Lemma 7.19), and then use Psf\itN Uty > Biv_tN\Ils_tN = Bivh to see
that for some constants ¢; > 0,

tVin
Dol e [ e TP RY (1= W) ds

tN

+ Cra01(T)(log N)~V4(X{V (1) + X' (1))

tVtN
< 01/ er1ot =) XN (1 = PYR) ds + Crio1(T") (log N) 74 (X3 (1) + X3'(1)%)

tN
< cpem10 XN (1) P(sup | BY0| o > (Ko — 1)L — 3)
u<t
+ Cr101(T)(log N)~V4H(X Y (1) + XV (1)?), (10.14)

where (10.8) is used in the last line. So by (10.12)-(10.14), we have (10.10).

We turn now to the more involved proof of (10.11). Recall from Section 7.1, that dv’vm
denotes a rescaled voter model on Sy with rate function NwycNV"(z, €). Let éN '™ denote
the corresponding killed voter model, which has rate function NwycN¥"(z,€)1(x € I)
and initial condition §év supported on I. We will assume ¢V¥™ has the same initial
condition and so by the monotonicity of the voter model, just as in (10.1), we may assume

ghovm < gNom (10.15)

We will also use the following killed duality equation which is a special case of (9.36) in
[12]:

For §év supported in I and finite disjoint A, B C Sy,

B[ TT &V [T - on] = B[ TT ¥ @ [T -/ BF)].  ao.1e)
acA

beB acA beB

In view of the above we assume for now that §év is supported on the larger set I.
Recalling (9.25), for v > 0 and j = 2,3 we define

H (€ ) = By (4% (2, €"). (1017
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By (10.16) and just as in the derivation of (7.20),

EN’2(§3V,CU,U) _ Z rNa \/>A ( H 5 BN 1+y H (1 _éé\’(ﬁﬁf@-&-z»)

0#AACNN yeEA 2ENN\A
o N,3 s o x T4z
H (N, vu)y= > (\/NA)E(HQ])V(EQI’ oy I - Bt
P#ACNN yeA 2€NN\A
Co-gue I Se)
yeA 2€NN\A

With the definitions (7.21) and (7.22) in mind we also introduce

~ N,j .
ﬂ (5(1)\/’ N Z féV,SC,U), J = 273
TESN
As for (7.23), (10.16) implies for j = 2, 3,
. ~ N,j
Eé[])v [dNJ(S’éuN,Vm’\II)] :E (éév,u, \Ijg)

The next result is a killed version of Lemma 7.3. We give the proof at the end of this
section.

Lemma 10.2. There is a constant C1 15 such that for j = 2,3, allT' > 0, ® € C,([0,T"] x
R?) and all s € [tn,T"],

[Bex [0 (5, X ONFN, ] = H (€t @uiy)

< C10.18/|® |12,y (log N) /2 XY, (1). (10.18)

Let us assume again that 5(])\7 = §év is supported on the smaller set I (as opposed to D,
and for j = 2,3 write U, = >, V;;, where

tnVt

Vii :E[/ CARICR AN JECHAD Gl tN(\IJ)}ds], (10.19)
t
" tnVt

Vg = @;VE{/ X,y () —gs,m(q/)]ds], (10.20)

tn

tnVE

vj,ng[/ (OF X, (@) = ANI(EN  tn, Wyy,)ds], (10.21)
tN
tn Vit .

V],4:E|:/ [HN’J(gs tN 7tN7\I}87tN) H (gs N 7tN7\IjsftN)]dS:|7 (1022)
tN
INVE NG N N.,j N

Vis :E[/ [N, v, Uiy) —dN (5,6, W)]ds. (10.23)
tN

We bound these one at a time.
By (7.91) and (7.98),

(t—tn) T
[ (g B+ tos ) BN @))ds 10.2)

< Cran | ¥ll [Cr.os(T7) 0g N) /4 (X (1) + X5 (1))

Vil <

(t—tn)T
+ (log N)—1/2/ E[XN(1))ds
0

< Cho.25(T")(log N)~ /4 (XON(1) + X(])V(l)2) , (10.25)
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where we have used Proposition 7.6(a) and (10.5) in the last step. Recalling that § iv <N,
letting K = sup y (|0Y] + |©)|) < 0o and using ||¥|| < 1, we get

o=t T
V2] < K/ E[X,(1) — X (1)]ds. (10.26)
0

Change variables in V; 3 to rewrite it as an integral over [0, (t — tx) "], set u = s and
replace ¢JY with £ iv in Proposition 7.10 and Proposition 7.11 to obtain

(t—tn)*t

(e BV ()] + (tog M) 2B (1)])ds,

3l < C(T)||v
il <@y [ (o

which is the same as the right-hand side of (10.24), but with §iv instead of g;V . Since
¢ < ¢, (10.25) gives

[Vial < Crozsllog N) 74 (x5 (1) + X0 (1)?). (10.27)

By (10.5), Lemma 10.2, XN(I) < X¥(1) and Proposition 7.6(a),

(t—tn)T
Visl < Cro.asl|¥|l1/2,n(log N)_13/2/ E[XY(1)]ds < Cho.08(T")(log N) 132XV (1).
0
(10.28)

Turning to V; 4, we use ¥, =0 on (/)° and ||¥| - < 1 to obtain

A nr o N,j
HNJ(éiVathll/s) -H ](§57tN7\Ils)

(log N)?

< =2 7
= N,

s . N.j
Z|HN7J(§2va7tN)_ﬂ (éivaxatN”
zel

(10.29)
For x € Sy we may use (7.16), the coupling (10.15), and then duality (recall (10.16)) to
see that

E[N7j(§ivax7t]\f) - EN7](§2V)$71:N>‘ = ’Eéi\l [le'j(ngANyvm) - dN,j(-r7§i\1{\;vm)]‘

tN
<2frlBey | D2 (€@ +y) = €@+ )]
. yENN
ol S BN (B — VBT, (1030
yeENN

Now define

A@0)={zeSynI: inf |t—y| <6} and A(S) ={zeSynI: inf |z—y|>d}.
ye()e ye()e

We will decompose the sum in (10.29) into sums over z € A(t}v/S) and z € A(t%g)’.
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By (10.30),

log N3 . N.j
foa )’ fv,) ST ENIEN wty) — HU(EN 2ty
T A(tN?)

< 2”r||(logN) 3 [ S V(BN }

e AR  yeENN

o BN S S ) 3 PBEY = w— )

TeA(tY®) wESN yeNN
(logN) N A 1/3 N N
<2rli=5—| Y. &) > P(B Yl >ty )+ N > &V (w)
we A(2t3 ) yeNN weA2tY?)
< Cho.31|N|(log N)? [va(l)(N +tn)ty? +XN(A(2t1/3))}, (10.31)

for some constant C'o.31. In the last line we used X" < X and Chebychev’s inequality,
and in the next to last inequality we noted that for w ¢ A(2t\*) and = € A(ty)'/3, we
must have |w — z| > tl/ To bound E[ XN (A(2t }\{3))] we will need a bound on the mean
measure similar to Lemma 7.19, but now in terms of the L' norm of ¥ : Sy — Ry,
W[l = ¥ X,es, ¥(x). The result we need is

1 ,
BOCY (W) < X0 (RN (0) + Co X (1) 1og NP9 1+ log (1 1)) s < T

This follows easily from (7.103) (with ¢ = 0) and (7.2) as in the proof of Lemma 8.6 of [9].
Use this with ¥ = 1{A 2t1/3 } to take means in (10.31), recalling that Xév is supported
on I to bound XY (PN(\I/)) and obtain

S

log N)3 (t—tn)T . N,j

%/ S B[N i) — BN )] ds
0 2eA(tY?)

< Cio.32(T")X{ (1) (log N) ™1/, (10.32)

See the derivation of (141) in [9] for the details.

Ifz € A(tl/g) and y € Ny, then fN(BN"Hy) - §N(BN’”‘”) # 0 implies that BN»>+v

exits I before ¢y, and hence moves a distance exceeding t N/ from z by time t5. There-

fore (10.30) implies

AN o ty,) = B (€Y, ty)|

<2lrl 3 [ BNW)1{ sup |BNotHy — x|>t1/3}].
UGNN ustn

EJP 30 (2025), paper 9. https://www.imstat.org/ejp
Page 79/86


https://doi.org/10.1214/25-EJP1267
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The g-voter model and voter model perturbations in two dimensions

With this bound, using Proposition 7.6(a), we have

(log N)? / S B[N wt) — € ) s

N/
; E.A(fl/g)’

s ey DYDY o

wWESN EA(t1/3)’ yeENN

XIS(BZ\L’ =w —x, sup |BMY| >t1/3>}ds

u<tn

< 2frfl(log N)* 3 B(sup | 1) / BIXY(1))ds

’yGNN u<tn
< 2|r||Cr.6t Xy (1)(log N)? Z P(sup |BN¥[2 > 12/%)
7 u<tn
yeENN
< Cho.33(T") X3 (1) (log N) 1/, (10.33)

where the weak L' inequality for nonnegative submartingales is used in the last line.
Use the above and (10.32) in (10.29) to obtain

[Vl < Cro34(T")(log N)~ YO X (1). (10.34)

The inequalities (10.25), (10.26), (10.27), (10.28) and (10.34) imply (10.11), and we are
done. O

Proof of Lemma 10.2. From Section 7.1 we may recall the bounding biased voter model
fN with rate function &V:® as in (7.6), constructed as in (6.2). We then construct the
killed version of ¢, denoted § using the same equation with rate function

M(2,8) =M@, )Lz € I).

We assume all these processes have the same initial state §év = ¢}V, supported on I,
as our previous processes. In Section 7.1 we verified condition (6.3) for the rates of
(6N, €N) and for the rates of (¢VV" ¢V). The same condition is then immediate for the
corresponding killed processes as one simply multiplies the required inequalities by
1(z € I ). So we may now apply (6.4) for the killed processes to conclude that

¢V <g and V<l (10.35)
IFX, =3 Yiesn & 5 (2)05 and ¢ = ||7||(2 + p~!), then we may use the last display on p.
113 of [11]to conclude that
N logN =N =N
BIXY (1)] = XY (PN (1) + o / S Py —E@) Y E s
0 zESN yeENN
(10.36)

To see this, first note that the setting in [11] is for a general class of voter model
perturbations. This includes our biased voter model with (the notation is from [11])
Sy =0, and By ({y}) = co(log N)? for y € Ny, while By is zero otherwise. The above
formula then follows from p. 113 of [11]. Now take the difference of (10.36) with (10.4)
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and use (7.39) to conclude (recall (10.35))

B, ) - X3 =5 [ [ (o B0 T P @0 -6 3 &)

€SN yGNN

- 23: dN’j(x,ﬁiv, 1)) ds}

=2

Seo [ ton ) BLEY (1) 4 2 (1) ds
0

tN 3
< ¢o|\|(log N)? / [eeolos N)*s X N (1) 4 XN (1)) ds
0

< C(log N)"1° X (1), (10.37)

where Lemma 4.1 of [10]), and Proposition 7.6 (a) are used in the next to last line. The
same reasoning (in fact it is simpler as there are no drift terms) gives

BlX, (1) - X,""(1)] < Clog N)~'0X ' (1). (10.38)

L tN

Now argue exactly as in the proof of Lemma 7.2, using (10.37) and (10.38) in place
of Lemma 7.1, to obtain the following killed version of Lemma 7.2 (recall now p = 19
from the definition of ¢y):

There is a C.39 so that for j = 2,3, all 7" > 0, s € [0,7'] and all ® € C([0,T”] x R?),
By 1075, @) — (5, €17, @) < g [Bllog N) X5 (1), (1039

The proof of Lemma 10.2 is now completed using the Markov property just as in the
derivation of Lemma 7.3. O

Proof of Corollary 1.17. By Theorem 4.10 and Theorem 1.15 we have the percolation
condition (4.18). The required result now follows by a comparison to supercritical
oriented percolation and Theorem 1.15 itself, as in the proof of survival in Proposition 5.3
of [11]. In fact, the derivation is now a bit easier as the uniform bounds proved there are
not required. O

11 Appendix 1 The |[NV| =8 case of Lemma 3.3

Recall that for |NV| =8,

M(k,j)= Y (Z><|]§_Z]) 1< k,j<8, (11.1)
0dd i<jAk
q

az—<§>, 1<r<8. (11.2)

Our goal is to verify that if & = aM ! then there exists a ¢y < 1 such that
ar(q) >0V qo<g<1, 1<L<8. (11.3)

The conclusion of Lemma 3.3 then follows as described in Section 3.1.

EJP 30 (2025), paper 9. https://www.imstat.org/ejp
Page 81/86


https://doi.org/10.1214/25-EJP1267
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The g-voter model and voter model perturbations in two dimensions

It is straightforward to check that M given by (11.1) is

T 2 3 4 5 6 7 8]
7 12 15 16 15 12 7 O
21 30 31 28 25 26 35 56
35 40 35 32 35 40 35 O
35 30 25 28 31 26 21 56
21 12 13 16 13 12 21

[N}
.
w
()
—
S oo O

Using maple, we obtain

- s 0 1 1
64 32 64 64 32 64 16
_T . L 1 X T _
64 32 64 32 64 32 64 32
-7z 1 3 0 -3 _1 e 7
64 32 64 64 32 64 16
5 3 5 35
M-l = 0 64 0 T 64 0 64 0 T 64
e 1 _3 0 3 -1l _7 7|
64 32 64 64 32 64 16
T L 1 1 1 e 7
64 32 64 32 64 32 64 32
o “mo om0 Tmom w1
i _ 1 1 _ 1 i _ 1 1 _ 1
L 128 128 128 28 128 128 128 1284

and it is straightforward but tedious to check that this is indeed correct by verifying that

the product of the above matrices is the identity matrix.

Given M~! and a as above, a = aM ! is given by

an(q) = -2 T T TGN TGS 37, L
N
T
R

1T (1)1 314 54 (3\4  (7\4
o o e
=8 T T

Ly? L)1 314 514 3\4 7\a
e

1\49 1\¢ 3\ g 1\g S\ 4 3\ N
LGRS Jhls S hiy SAS SN Ik

By pairing off terms it is easy to see that a;(q) > 1/128 > 0forall 0 < ¢ < 1. As
described in Section 3.1, to prove (11.3) it remains only to verify (3.13), so we consider
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ay(g),2 < ¢ < 8. By differentiating, plugging in ¢ = 1 and simplifying, we obtain

ah(1) = %SlogQ %log3+%log5 g%log7
aé(l)*alog2+%log3 5—15210g5+5—z210g7
ag(l):—%lg Jr%Slog?)
0/5(1)*—1g275%10g3+5f15210g575—1210g7
ag(l) = %logQ %log?) %logf)—kg?fjlog?
an(1) = @10g2+%10g3—%10g5—5210g7
ag(l):—%lg2+ﬁlog5+§78log7

We need only verify that each of the above are strictly negative. Resorting again to
maple, the above derivatives can be written in the form

a,(l)____41710 92235661
2007 7956 %8 \ 7200000

, 30517578125
as(l) =
“512 %% \ 5692320216
/ 1 -
(1) = ~ o og( )
A 11816941917501
5 & \ 7812500000000
61509375
b(1) =~ 1
a6(1) ©8 (52706752)
(1) — [ 1625582413058072472208552062511444091 796875
7T 7512 %8 \ 1258458428839311554156984626190 103821 156352

(1) = ——— 2535301200456458802993406410752
sV T 7198 198 \ 2306825584582084447479248046875

This completes the proof of (3.13) for the case |[N| = 8, and so we are done.

Remark 11.1. For 8 < |[N| < 20, maple can be used to obtain M~! and the «y, but
verification of (3.13) seems unmanageable. However, floating point arithmetic indicates
, a1(q) is nonnegative on [0, 1] and a,(1) = 0 and /(1) < 0for2 < ¢ <
|AV|]. Thus the cancellative property should hold for these N for ¢ < 1 close to 1.

12 Appendix 2 The proof of (6.17) in Example 6.2

If eg = 0 and we use the formulae for @i(A) from (1.10), the required equality (6.17)
becomes

Y1 — 3o = E(K3(eo, e1,e2)1(e1 # e2)), (12.1)
where
A o
Z Z WKg(N\A,Al,AQ)
0A£ACN {A1,A2}eP(A)
and e
SRS 3 ||N|2K3(A,A1,A2).
DAACN {A1,A2}eP(N\A)
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In the first sum defining ¥, first replace |A| with |A;| + |A2|, and then, instead of A, sum
over Ay = N\ A which is a subset of N/ containing 0. Finally, instead of summing over
partitions {A;, A>} of N\ Ap, sum over non-empty disjoint sets (A1, A2) whose union is
N\ A and add a factor of 1/2 due to the obvious double counting. We conclude that

1 Ayl +|Az))?
21 == § Z Z WK3<A07A1aA2)-
0€AoCN A, A, disjoint non-empty, A;UA;=N\Ag

Now interchange the order of summation in the above, noting that (A;, As) uniquely
determines Ay = N\ (A; U Ay), to see that

1 (JA1] +]A))? -
o = > 2(|1|N,|22|)K3(N\ (A1 U Ap), Ay, A). (12.2)
Aj,As disjoint non-empty in N

Turning to ¥, we can replace the summation over partitions {A4;, A>} of N'\ A with
pairs of non-empty disjoint sets (A;, A2) whose union is A"\ A and 0 € A;. The latter
means there is a bijection between these index sets and so

Se= Y > wK(AA Ay)
2 |N|23 y A1, A2).

D#ACN 0€A;,0#A5 disjoint, A;UA=N\A

Now sum over (A, A,) first and note these are disjoint non-empty subsets of A" and that
A; =N\ (AU Ay). By the symmetry of K3 this gives

Yy = >

A, As disjoint non-empty in N

AP
NP2

K3(WV'\ (AU Ag), A, Ay).

Replace the dummy index A with A; in the above and use the obvious symmetry in
(A1, As) to finally obtain

5, — 1 (AP + [A49f)
? 2 NP

A1,As disjoint, non-empty in A/

K3(N\ (A1 U Ay), Ay, Ay). (12.3)

This and (12.2) together give

Aq]|A -
T -5 = > ||j\|/_|22|K3(N\ (A1 U Az), Ay, A). (12.4)
A1,As disjoint non-empty in N

Consider now the right-hand side of (12.1). Let Ag, A1, A> be disjoint non-empty sets
in A" with 0 € A4y. If

then

P(a(eo,eheg) > t, [ei]t =A; i= 0, 1,2)
= P(0(Ag, A1, Ag) > t,7(Ag, A1, Ag) < te; € Ay, i =1,2) (12.6)

because under (12.5) the events on either side of the above equality are equal. (With-
out (12.5) the event on the right-hand side of (12.6) will only imply e; € A; C [e;]+.) On
the other hand if (12.5) fails, then we may choose a € A\ (4g U A; U Ay) and conclude
by (1.7) that

P(o(ep,e1,e2) > t,[es] = A; i =0,1,2)(logt)?

< P(o(eo,e1,e2,a) >, e, e1,ey and a all distinct)(logt)® — 0ast — co.  (12.7)
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By (1.7) we have

E(K3(eo, €1, e2)1(e1 # €2))
= lim P(o(ep,er,e2) > t, e1 # ea)(logt)®
t—o0

= lim E P(U(eg,el,eg) >t, [ei]s = As, i =0,1,2)(logt)3,
t—o00 _
Ap,A1,A> disjoint non-) sets in N, 0€ Ag

(12.8)

where disjointness of A; and A, allows us to drop the condition e; # e; in the last line.
First use (12.7) to see that in (12.8) we need only sum over Ay, A, As satisfying (12.5),
and then employ (12.6) to conclude that

E(K3(60,61,62)1(61 7£ 62))
= lim > P(o(N\ (A1 U Ag), Ay, Ay) > t,

t—o00
Aj,As disjoint non-empty, in N

TN\ (A1 UAz), A1, As) <t e; € Aj i = 1,2)(logt)?

M| 4s] .
_ 5 j\|/|22|K3(N\(A1UA2),A1;A2)7

Aj1,As disjoint non-empty in N

where the last line follows by (1.8). Clearly (12.1) follows from the above and (12.4).
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