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We consider measure-valued processes X; that solve the follow-
ing martingale problem: For a given initial measure Xy, and for all
smooth, compactly supported test functions ¢,

Xi(e) = Xole) + 5 [ Xu(do)ds+0 [ Xrds— [ Xu(Lpyas+ o).

Here L,(z) is the local time density process associated with Xy, and
M, () is a martingale with quadratic variation [M (¢)]: = fot X, (p?) ds.
Such processes arise as scaling limits of SIR epidemic models. We
show that there exist critical values 6.(d) € (0,00) for dimensions
d = 2,3 such that if § > 6.(d), then the solution survives forever
with positive probability, but if 0 < 6.(d), then the solution dies out
in finite time with probability 1. For d = 1 we prove that the solu-
tion dies out almost surely for all values of §. We also show that in
dimensions d = 2, 3 the process dies out locally almost surely for any
value of 0, that is, for any compact set K, the process X;(K) = 0
eventually.
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1. Introduction.

1.1. Epidemic models and their continuum limits. The use of stochastic processes to
model epidemics can be traced to McKendrick (1926) and Kermack and McKendrick (1927),
who proposed a simple continuous-time, mean-field model of an SIR (for susceptible-infected-
removed or susceptible-infected-recovered) epidemic. The corresponding discrete-time model
(known variously as the Reed-Frost or the chain-binomial model — see Daley and Gani
(1999) for background) was proposed several years later, in 1928, by Reed and Frost in
lectures at Johns Hopkins University. In these models, an infected individual remains infected
for a certain period of time, during which he/she can transmit the disease to susceptible
individuals, and then recovers, after which he/she is immune to further infection. Both
models are mean-field models: the rate of infection transmission is the same for all pairs of
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infected and susceptible members of the population. The Reed-Frost model is of particular
interest not only because of its use in modeling epidemics and epidemic-like processes but
because of its close relation to the Erdds-Renyi random graph model. In particular, given a
realization of an Erdos-Renyi graph, whose vertices are marked either S or I, a realization
of the Reed-Frost process can be obtained by defining I,, the infected set at time n, to
be the set of all vertices at (graph) distance n from the set I. The union of the connected
components of the Erdés-Renyi graph that contain vertices in the set I = I consists of all
individuals ever infected during the course of the epidemic.

Spatial versions of the above models have a rich history in both the mathematical and
biological literature. Bailey (1967) considered a spatial version of the Reed-Frost model
and Mollison (1977) is a good source of information about a range of related stochastic
spatial models. Cox and Durrett (1988) prove a shape theorem for a related continuous
time/discrete space model in two dimensions which is clearly similar in spirit to our main
theorems below on survival and local extinction for a continuum model in two and three
dimensions.

The SIR models differ qualitatively from SIS and SIRS models, such as the stochastic
logistic model, in that the progress of the epidemic depends on an exhaustible resource
which is gradually consumed. This leads to interesting critical behavior, as was discovered
by Martin-Lof (1998) and Aldous (1999). Martin-Lof proved, in particular, that at criticality
(when the probability of transmission from an infected to a susceptible individual is p =
pe = 1/N, where N is the size of the population) then as N — oo, after suitable scaling,
the total number of individuals ever infected converges in law to the first passage time of a
Wiener process to a parabolic boundary. Dolgoarshinnykh and Lalley (2006) subsequently
showed that for suitable initial conditions the Kermack-McKendrick epidemic process, after
rescaling, converges weakly as N — oo to a continuous-time process I; that satisfies the
stochastic differential equation

(1.1) dI, = (M, — ILRy) dt + /T, dW; where
dR; = I, dt.

The proof can easily be adapted to show that the Reed-Frost process has the same limit. The
parameter A € R represents the transmission rate of the disease: it is related to the infected-
susceptible transmission probability p in the Reed-Frost model by p = 1/N + A/N*/3. It is
not difficult to see (using well known facts about Feller’s diffusion) that for any value of A
the process I; defined by (1.1) is eventually absorbed at 0.

The subject of this paper is a stochastic partial differential analogue of the system (1.1)
that arises as a scaling limit of a spatial version of the Reed-Frost process proposed by Lalley
(2009) as a crude model for an epidemic in a geographically stratified population. In this
model, populations of size N (“villages”) are located at each lattice point of Z9; the rules of
transmission are the same as in the Reed-Frost model, except that infectious contacts are
permitted only for infected-susceptible pairs in the same or neighboring villages. (The model
is described in more detail in Section 2.2 below.) Large-population (N — oo) limit theorems
for near-critical versions of these spatial SR processes were proved for d = 1 in Lalley (2009)
and for d = 2,3 in Lalley and Zheng (2010). The limit processes are now continuous finite
measure-valued processes X = (X;);>0; for each time ¢, the random measure X; represents
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the infected set (more precisely, its distribution in space), and R; = fot X ds the recovered
set. The dynamics of the model are specified by the following martingale problem. For any
Radon measure 1 on R? and any integrable or non-negative measurable function ¢ : R* — R,
write p(p) or (u,¢) for the integral [ ¢ du. Then for any initial mass distribution Xo = p
and any test function ¢ € C2(R?),

(12 Xile) = o)+ /0 X,(A)ds + 0 /0 X, (i) ds - /0 X, (Lyg) ds+ My(p).

Here C?(R%) stands for the space of compactly supported twice differentiable with contin-
uous second derivative functions on R, M;(p) is a continuous martingale with quadratic
variation [M(¢)]; = fg Xs(¢?) ds, and Ly(z) is the Sugitani local time density process of X,
that is, for each ¢ > 0 the function L:(x) is the density of the occupation measure Ry.
(Throughout this article, unless otherwise specified, the martingale M;(y) in a martingale
problem such as (1.2) will be a martingale relative to the minimal right continuous filtration
of the process X, i.e., Fi¥ := Ny>10(Xs, s < u)). Dawson’s Girsanov formula (Section 2.1
below) implies that on a suitable probability space there exists a solution to (1.2), that solu-
tions are unique in law, and that the law is absolutely continuous on finite time intervals with
respect to the law of super-Brownian motion (see the definition below in Subsection 1.4).
However, because the Sugitani local time process L; depends on the entire past of the spatial
epidemic X3, solutions X; will not generally be Markov (although the vector-valued process
(X, L) will be). Henceforth, we shall call a measure-valued processes X satisfying (1.2) a
spatial epidemic process with transmission rate 6 and initial mass distribution p.

The martingale problem (1.2) is a natural spatial analogue of the stochastic differential
equation (1.1). In both problems, the key qualitative feature is a “resource depletion” term:
in (1.1), it is the integral fg IsRs ds, whereas in the martingale problem (1.2) it is the
integral f(f Xs (Lsp) ds. Tt seems likely that processes X; governed by (1.2) — or similar
equations incorporating depletion terms — should also arise as continuum limits of models for
various other physical (combustion), chemical (reaction-diffusion), and biological processes
(foraging) in which there is an exhaustible resource upon which the process depends. In fact,
Mueller and Tribe (2011) have suggested (see their Remark at the end of Section 6) that
they should also occur as scaling limits of certain stochastic reaction-diffusion systems.

1.2. Main results: survival. A measure-valued process X survives if X;(1) > 0 for all
t > 0; it dies out, or becomes extinct, if X; = 0 for large enough ¢. For processes governed by
equation (1.2), the question of whether or not there is survival or extinction is of fundamental
importance. Mueller and Tribe (2011) (see again the Remark at the end of Section 6) have
conjectured that there is a critical value 6. = 6.(d) € (0, 00) for the transmission rate below
which extinction is certain and above which survival has positive probability. Our main
result states that under a mild restriction on the initial measure g this is true in dimensions
d = 2 and d = 3, but that in d = 1 extinction is certain at all values of the parameter 6.
The restriction on the initial measure is as follows:

ASSUMPTION 1.1. The measure p has compact support and finite total mass, and when

imsart-aop ver. 2011/05/20 file: phase_transition_SIR.tex date: February 5, 2013



A PHASE TRANSITION FOR MEASURE-VALUED SIR 5

d =2 or 3, its convolution u * q; with the integrated Gauss kernel

o—lal?/2t

(13 al@) = [ pi@yds, where i) = G

is jointly continuous in (t,x) € [0,00) x RY,

Theorem 2 of Sugitani (1989) asserts that in dimensions d = 2 and d = 3 a super-
Brownian motion with initial mass distribution u satisfying Assumption 1.1 has a local time
density process Ly(z) that is jointly continuous in t > 0 and z € R?. Since the law of
a spatial epidemic X is absolutely continuous relative to that of super-Brownian motion,
spatial epidemics must also have jointly continuous local time processes in d = 2,3. In
dimension d = 1, the existence and continuity of the local time process follows from the
fact that the state of a super-Brownian motion at any time ¢ is absolutely continuous with
respect to Lebesgue measure, with a jointly continuous density. Thus, the equation (1.2)
makes sense in all dimensions d < 3, and so henceforth we assume that d < 3.

THEOREM 1.2.  There exist critical values 6, = 0.(2) > 0 and 6, = 0.(3) > 0 such that
the following is true: If d = 2 or d = 3 and X is a spatial epidemic process in R¢ with
transmission rate 8 and initial mass distribution p satisfying Assumption 1.1, then

(a) if 0 < 0. then X dies out almost surely, but
(b) if 0 > 6. then X survives with positive probability.

If X is a spatial epidemic in R' with any transmission rate 0 and any finite initial mass
distribution p then X dies out almost surely.

Thus, in dimensions 2 and 3 a spatial epidemic can survive if the transmission rate is
sufficiently high. However, since the process feeds on a substrate which is gradually consumed
in infected areas, it is natural to conjecture that the epidemic should survive in a transient
wave which sweeps through space. The following result partly establishes the validity of this
picture.

THEOREM 1.3. Let X be a spatial epidemic with arbitrary transmission rate 0 € R and
initial mass distribution satisfying Assumption 1.1. For any compact set K C R?, with
probability one,

(1.4) Xi(K)=0 -eventually.

Consequently, with probability one the local time L;(x) at any point z is eventually
constant. Since the local time L;(x) is jointly continuous in its arguments, it follows that
Loo(z) := limy_, oo Ly(x) is finite and continuous in x almost surely.

1.3. Proof strategy and heuristics. The proofs of Theorems 1.2-1.3 are rather techni-
cal, largely because of difficulties that will arise in carrying out comparison arguments for
measure-valued processes defined by stochastic partial differential equations in which the
entire histories of the solutions (e.g., local time density) influence the coefficients. However,
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6 S.LALLEY, E.PERKINS, AND X.ZHENG

the ideas behind the results can be explained, at least roughly, in simple terms. Consider
first the assertion of global extinction in one dimension. If the epidemic process X were
to survive with positive probability, then on this event its total mass X¢(1) would diverge
to oo, since otherwise the process would be presented with infinitely many opportunities
to become extinct (see Lemma 2.15). In addition, by a large deviations calculation on a
dominating super-Brownian motion with drift 6 (see Pinsky (1995)), there exists ¢ < oo
such that Supp(X;) C [—ct, ct]? for all large t. Therefore, for d = 1, on the event of survival
and for large t, the average value of L;(-) must satisfy

(2¢t)"! /Ct Lo(w) da = (2et) Y| Lully = (2¢t)~ /Ot X.(1)ds — .

—ct

If (1.2) were valid for the function ¢ = 1 (it is only assumed for compactly supported
functions), then it would follow that for large ¢ the drift term in (1.2) for the total mass X;(1)
would eventually turn (very) negative, making it impossible for X;(1) to remain positive.
The formal proof in Section 4.3 makes this heuristic argument precise.

A local variation of this argument (which is harder to justify rigorously — see Section 7)
explains the strong local extinction asserted in Theorem 1.3. We will show that in order for
Xi(K) > 0 to occur at indefinitely large times, for some ball B centered at the origin, it
must be the case that X;(3B) integrates to oo. This, however, would imply that the local
time in 2B\ B would grow indefinitely, eventually making the drift in the equation (1.2) for
X:(B) negative.

A different line of argument makes it at least plausible that in dimensions d > 2 the epi-
demic X might survive with positive probability when the transmission rate 8 is sufficiently
large. If 6 is large, then equation (1.2) implies that when the infection first enters a region K
of space it will, at least for a while, grow at least as fast as a super-Brownian motion with
a large constant drift. Thus, with high probability, the total mass X;(K) will become large
long before the local time L; becomes appreciable in K. In particular, for a cube K, if the
size X;(K) of the infected set reaches a certain threshold before the local time exceeds a
fraction of this level, then the epidemic will have high probability of spreading to neighbor-
ing cubes quickly, and the infection in these cubes will have similarly high probability of
spreading to neighboring cubes, and so on. Since high-density oriented site percolation in
dimensions d > 2 has infinite clusters, with positive probability, it should then follow that
the epidemic will reach infinitely many cubes with positive probability. It will take some
work to implement this plan. This is done in Section 5 after some important groundwork is
laid in Sections 2 and 3.

For the extinction assertion of Theorem 1.2 we will adapt the corresponding argument of
Mueller and Tribe (1994). For small § > 0 it is possible to rescale X so that the total mass
process can be dominated by a subcritical branching process which dies out. The actual
implementation of this idea is carried out in a slightly different manner in Section 6 (see
Proposition 6.1). A key observation, used here and elsewhere in this work, is that if the
initial state is split up into pieces, then one can couple the epidemics so that the survival
probability is dominated by the sum of the survival probabilities corresponding to the pieces
(see Lemma 2.19).
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1.4. Epidemics with suppression. Our results extend to a somewhat larger class of measure-
valued processes that incorporate location-dependent local suppression. Let K : R* — R,
be a bounded, continuous (or, more generally, piecewise continuous), nonnegative function;
call this the suppression rate. A spatial epidemic with local suppression rate K, transmission
rate 0, branching rate v > 0, and inhibition parameter 8 > 0 is a solution to the martingale
problem (M P)z’ggy

(15) Xu(p) = ) + /O X, (Ap/2+ 0p — Kip— BLy(X)@) ds + AMi(), € C2RY),

where X; is a continuous finite measure-valued process, M;(y) is a continuous martingale
with quadratic variation [M(p)]; = fg X(p?) ds and Ly(x) is the local time density of X;.
When K =0 and f =60 =0 and v = 1, a process X satisfying (1.5) is a super-Brownian
motion; more generally, when K =0 and g = 0, it is a super-Brownian motion with drift 0
and branching rate ; and when 8 = 0 it is a super-Brownian motion with killing, with local
killing rate K, drift § and branching rate . Theorems 1.2 and 1.3 extend to all processes
governed by (1.5) with 8 > 0; the critical values 6. will depend on the parameters, but not on
the suppression rate function K if we restrict K to be compactly supported. In the interests
of simplicity we shall prove our main results only in the case K = 0. However, solutions of
the martingale problem (1.5) will be needed in the proofs of the main results even in the
special case K = 0 as they will arise naturally in the Markov property of solutions to (1.2).

1.5. Relations with scaling laws for contact processes. As noted above, in STR epidemics,
unlike ST1S and STRS epidemics, the population of susceptible individuals is gradually
depleted during the course of the epidemic. It is this that accounts for the depletion term
- fot Xs (Lsg) ds in the martingale problem (1.2), which in turn is responsible for the local
extinction asserted in Theorem 1.3. Spatial models of SIS and STRS lead to measure-valued
processes with different qualitative behavior. One such model that has been studied in some
detail is the long-range contact process, cf. Bramson et al. (1989), Mueller and Tribe (1994),
Durrett and Perkins (1999). In this model, only one individual, who can be either infected
or susceptible, inhabits each lattice point, but infectious contact is allowed at distances up
to L (usually the £ metric is used). Scaling limits obtain for the limiting regime L — oo
(see Mueller and Tribe (1995) and Durrett and Perkins (1999) for details). Bramson et al.
(1989) determined the long-range functional dependence of the critical value A.(L) on L
(but not the precise constants): in dimension d = 1, they showed that for large L,

(1.6) 0<cL™?3 <A (L)—1<CL™%5.

The long-conjectured (but still unresolved) link between the discrete and continuum settings
in d =1 is that

(1.7) Ae(L) =1 ~ 0.L72/3,

Durrett and Perkins (1999) established weak convergence of long-range contact processes
to a super-Brownian motion in dimensions d > 2, while for d = 1 Mueller and Tribe (1995)

imsart-aop ver. 2011/05/20 file: phase_transition_SIR.tex date: February 5, 2013



8 S.LALLEY, E.PERKINS, AND X.ZHENG

showed that the scaling limit of the long-range contact process is governed by the stochastic
PDE
"
(1.8) Ou _ WL gy a2 4 3.
ot 6
In this equation the local time density in the third integral of (1.2) is replaced by the
density, uy, of X;. This reflects the fact that in the contact (and other STS) processes, the
susceptible population is depleted locally by the current size of the infected set. The results
of Durrett and Perkins (1999) show this effect induces a killing term with a known constant
rate. Mueller and Tribe (1994) showed that there is a phase transition in equation (1.8) in
that there is positive probability of survival for 8 above a critical #. > 0 and a.s. extinction
below it. By contrast, the martingale problems (1.2) have solutions in up to 3 dimensions,
whereas (1.8) only makes sense in one spatial dimension (since super-Brownian motion has
the property that the mass distributions X; at positive times are absolutely continuous only
in dimension 1).
The discrete STR models underlying our continuous models are described in Section 2.2
below. The analogue to (1.6) in this discrete setting is also described in Section 2.2.

1.6. Plan of the paper. The remainder of the paper is devoted to the proofs of Theorems
1.2-1.3. The plan is as follows. In Section 2 we discuss existence and uniqueness of solutions
to a class of martingale problems including (1.2), weak convergence of certain discrete pro-
cesses to spatial epidemics, and basic comparison principles. In Section 3 we discuss some
regularity properties of (supercritical) super-Brownian motions and their local time densi-
ties. In Sections 4.2 and 4.3 we prove that the critical values 6. in dimensions 2 and 3 do
not depend on the initial mass distributions, and we prove that spatial epidemics in R! die
out almost surely at all values of the transmission rate 8. In Section 5 we prove that spatial
epidemics in dimensions 2 and 3 can survive if the transmission rate 6 is sufficiently high;
and in Section 6 we prove that at low values of 6 extinction is certain. We prove a weak
form of local extinction in Section 4.1, and finally, in Section 7, we prove Theorem 1.3.

Standing Notation. For any a > 0, [a] stands for its integer part. For any Borel subset
D C R% let M(D) be the space of finite Borel measures on D, equipped with the weak
topology, and let M (D) be the subset consisting of all measures with compact support
in D. These spaces are partially ordered in a natural way: we write u < v to mean that for
all nonnegative, bounded functions ¢,

/wwé/ww-

For a measure u € M(D) and a nonnegative measurable function f : D — R, we shall con-
tinue to use the shorthand notations p(f) or (u, f) to denote the integral of f against u and
also write || for z4(1), the total mass of u. Let Cy(R%) be the space of bounded and continuous
functions on R?, endowed with the sup-norm topology, and let Cc(Rd) be the space of com-
pactly supported continuous functions on R?. Furthermore, for any =z = (z1,...,24) € R?
and any r > 0, let Q,(x) = [x1—r/2,z1+7/2) x ... X [x4—7/2,24+7/2) be the (half-closed,
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half-open) cube of side length r centered at x, and, for notational ease, Q(z) := Q1(z).
Finally, let Cp(Rd,R+) be the space of non-negative piecewise constant functions on RY
satisfying the following conditions: each such function is supported by U;Q(x;) for finitely
many z; € Z% and is constant on each cube.

Conventions. Throughout the paper, C, ¢, C1, etc. denote generic constants whose values
may change from line to line. The notation Y,, = op(f(n)) means that Y, /f(n) — 0 in
probability; and Y,, = Op(f(n)) means that the sequence |Y,|/f(n) is tight. Also, for any
a,b € R, a Ab:=min(a,b) and a V b := max(a,b). Finally, we use a “local scoping rule” for
notation: Any notation introduced in a proof is local to the proof, unless otherwise indicated.

2. Preliminaries on the epidemic processes.

2.1. Dawson’s Girsanov Theorem; existence and uniqueness. Existence and uniqueness
of solutions (in the weak sense) to a class of martingale problems similar to (1.5) was
established in Mueller and Tribe (2011) using Dawson’s Girsanov theorem. Existence in the
special case K = 0, § = 0 was also proved in Lalley (2009) and Lalley and Zheng (2010),
by weak convergence methods, which extend trivially to the general case. Nevertheless,
since Dawson’s Girsanov formula will be of crucial importance in many of the arguments
to follow, we begin by reviewing the essential facts. We first state a variant of Dawson’s
Girsanov Theorem (Theorem IV.1.6 in Perkins (2002)) tailored to our needs.

Let Q = D(]0, 00); M(R%)) be the canonical path space for compactly supported measure-
valued processes, with coordinate maps X; : Q@ — M.(R?%) and associated filtration F =
(F{)¢>0. Fix a probability measure P on (£, 72 ), and suppose that there is a linear mapping
Y+ (My(1))i>0 from the space C2(R?) to the space of F—adapted, continuous martingales
such that My(y)) = 0 and such that M (v) has quadratic variation [M(¢)]; = fg(Xs, V?) ds.
This mapping extends to an orthogonal martingale measure dM (s, z) (see Walsh (1986)).
For any previsiblexBorel process B : Ry x Q x R* = R, we say that B is L?—admissible if

t
(2.1) / (Xs,BY ds < oo forallt>0 P — almost surely.
0

If B is L?—admissible, then the stochastic integrals

(2.2) / /R Bu(x) dM(s,a)

exist and constitute a continuous, F—adapted local martingale with quadratic variation
process f(f (X, B2) ds. Consequently, for each v > 0, the process

(2.3) e —exp(\f/ /Rd ) dM (s, z) — le /Ot<XS,B§> ds),

is a continuous local martingale.
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10 S.LALLEY, E.PERKINS, AND X.ZHENG

LEMMA 2.1.  (Dawson’s Girsanov Theorem) Let P be a probability measure on (€2, Foo)
such that under P the coordinate process (Xi)i>o satisfies the following martingale problem:
For some uniformly bounded L?—admissible integrand A, for all 1 € C?(RY),

e

20 X0)=Xow)+ [ ududst [ (X Aw) dst VIMEG)

where MF (1) is a continuous F;* -martingale with quadratic variation [MF (1)), = fg X, (2p?) ds.

(a) Suppose that Q is another probability measure on (0, FX) such that under Q the coor-
dinate process (Xi)i>0 satisfies the martingale problem

25) X = Xo@)+ 5 [ (X a0) dst [ (X (A Bw) ds+ VTV (W),

for all ¢ € C2(R?), where B is a uniformly bounded L?—admissible integrand and MtQ(w)
is a continuous martingale (under Q) with quadratic variation [M®()]; = fg X(p?) ds.
Suppose also that the restrictions of P and Q to the c—algebra ]-"5( are equal. Then for each
t < oo the measures P and Q on F{X are mutually absolutely continuous, with likelihood
ratio

dq

- — B
(2.6) iP x &

In particular, Q is uniquely determined on F by the martingale problem (2.5).

(b) Conversely, if Q is the probability measure determined by the likelihood ratios (2.6), then
under @ the process X satisfies the martingale problem (2.5).

We next apply the above to prove that the martingale problem (1.5) is well-posed. Recall
that for each z € R?, Q. () stands for the cube of side length 7 centered at x, and Q(z) =
Q1(z). For any continuous path X; valued in M.(R%), define

t
L X.2) = LX) = L (2) = tim sup 0.2 Fl)
el0

When there is no confusion, we shall suppress the dependence on X and abbreviate L; (X, x)
as Ly(z). If X is an adapted process on the filtered space (£2,F) then L(¢, X, x) is nonnega-
tive, nondecreasing in ¢, and P x B*— measurable, where B¢ is the Borel o-field on R? and P
is the previsible o-field. If X has a local time density, L(¢, X, z) will be a jointly measurable
version of it.

THEOREM 2.2. Let u € M.(R?) satisfy Assumption 1.1 and let K € Cp(R%,Ry). For
any fizred 0 € R and v > 0, denote by P, = Pﬁ”é)’W the law of a super-Brownian motion with
initial mass distribution p, drift 6, and branching rate -y.
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A PHASE TRANSITION FOR MEASURE-VALUED SIR 11

(a) If X solves the martingale problem (1.5) with initial value Xo = p then the law P, k :=
Pﬁ’%7 of X on the canonical path space is unique and given by

(2.7) Byxe = &P where B(s,w,z) = —(K(z) + BL(s, X, x))
by, FX

and dM (s,x) is the orthogonal martingale measure under P,. Conversely, if P,k is the
probability measure specified by (2.7) then under P, k the coordinate process X; satisfies the
martingale problem (1.5).

(b) The mapping (1, K) — P, i is jointly measurable with respect to the appropriate Borel
fields.

(¢) Under P, i the local time process Ly(x) is jointly continuous in (t,z) and almost surely
1s the density of the occupation measure Ry = fot Xsds.

(d) Under the measure P, i the process (X, L) is strong Markowv, that is, for any F{X -stopping
time T,

P, (Xri. € A|F;) = Px. rci51,(A)  almost surely on {1 < oo} for all A € F.

(e) For any pair K,K' of suppression rate functions, the probability measures P, i and

P,k are mutually absolutely continuous on FiX, with likelihood ratio
dP, k' { 1 /t / ,
— =expq — K(z) — K'(z))dMg (s,
i | 7= | [ (@) K@) vt

(2.8) _217 /0 t / (K () —K’(x))2Xs(d:c)ds},

where dMk (s, x) is the orthogonal martingale measure under P, k.

REMARK 2.3. Assertion (b) guarantees that if Xo and K¢ are random and FX —measurable
then the random probability measure Px, g, is ]:OX —measurable. Similarly, if X, and K,
are FX —measurable then Px_f_ is F:X—measurable. Moreover, since Px, f, is a regular
conditional distribution on the canonical path space given .7-'5( , it follows from (d) that
the strong Markov property holds when the initial condition Xy and the suppression rate
function Ky are random.

REMARK 2.4. Since the local time density L; is not uniformly bounded on finite time
intervals, the exponential process StB is not a priori a martingale. Part of the assertion of
the theorem is that in fact & is a martingale, and hence that (2.7) defines a probability
measure on F;\.
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12 S.LALLEY, E.PERKINS, AND X.ZHENG

PROOF OF THEOREM 2.2. (a) First we claim that any solution X; to martingale prob-
lem (1.5) has the property that its local time density L;* (z,w) is bounded in (¢,z) for ¢ in
finite intervals and for every ¢t < oo has compact support in x for almost every w. This follows
because on some probability space a version of X; can be coupled with a super-Brownian mo-
tion X; with drift # and branching rate  such that X; > X; for all ¢ > O almost surely See
Proposition IV.1.4 in Perkins (2002) which we apply with D = 0, Cy(¢ fo Xp)ds,
and only to the first coordinate of the pair of processes considered there. To apply the above
result we need to show that ¢ — Cy is a continuous M (R?)-valued process. For ¢ € C2(R?),
C¢(y) is continuous by the martingale problem. It is easy to extend the martingale prob-
lem to ¢ = 1 by taking limits and the continuity of ¢ — Cy(1) follows. This establishes
the required continuity. Since super-Brownian motion has a continuous local time process
with compact support in any finite time interval, by Sugitani’s theorem, it follows that the
process X also has a local time density L;X(x) with the advertised properties.

Unfortunately, we cannot directly apply the previous lemma to conclude (2.7), because L%X
is not uniformly bounded in w. To circumvent this problem we use a localization argument.
Fix 0 < b < 00, and consider the exponential process 55\7(1)), where

7(b) = inf{t : max |Bi(z)| > b}.

By Lemma 2.1, the process 5 Ar(b) is a martingale, and so under the probability measure Q°
specified by equation (2.7) (Wlth the stopped exponential martingale as the likelihood ratio)
the process X satisfies the martingale problem (1.5) with K(z) + BL(s, X, x) replaced by
its stopped value. But the preceding paragraph implies that for each t, Qb(T(b) <t)— 0 as
b — oo, ie., limp_ oo F (55\7( )1T(b)§t) = 0. Therefore

Eu(gtB) > Eu(gtBlr(b)>t) (55\7( )1r(b)>t)
(gt/\T(b)) Eu(gg\r(b) rby<t) = 1.

On the other hand, by Fatou’s lemma, E,(£f) < 1, and so E,(F) = 1. It follows that
EP is a martingale under P, and that under the probability measure defined by (2.7) the
process X satisfies the martingale problem (1.5).

(b, c) These are easy consequences of (a), the continuity of ;1 — P, and Sugitani’s theorem.

(d) It suffices to consider a finite-valued 7. By (c), the local time L, is the occupation density
of X under P, g, so it follows that

L (X,2) = L (X,2) + Li(Xr4., ) for all (¢,x) almost surely.

If Q(w) is a regular conditional probability for X . given F;, then it follows easily from this
that almost surely under Q(w) the coordinate process satisfies the martingale problem (1.5)
with K replaced by K + L,. Therefore, by the uniqueness in law of solutions, Q(w) =
Px, (w),K(w)+8L, (w) almost surely. The strong Markov property now follows.

(e) This follows immediately from (a). O

In the course of proving (a) we have also established the following:
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A PHASE TRANSITION FOR MEASURE-VALUED SIR 13

PROPOSITION 2.5.  Let X; be a solution of the martingale problem (1.5) where u and K
are as in Theorem 2.2. Then on some probability space a version of X can be coupled with a
dominating super-Brownian motion X, with the same initial mass distribution p, and drift
6, so that X; > X; for allt > 0 a.s. We will call X the super-Brownian motion envelope.

REMARK 2.6. Lemma 2.1 holds equally well on the larger space of continuous M (R%)
-valued paths (as in Perkins (2002)). The proof of Theorem 2.2 also holds on this larger space
if one starts with compactly supported initial conditions. That is, the solutions necessarily
have compact supports for all ¢ by the domination in (a). This slightly strengthens the
uniqueness part and may be used implicitly below without further comment. The main
reason for restricting to compactly supported measures is the use of Proposition 2.9 below
in the proof of our main result Theorem 1.2.

2.2. Discrete epidemic models. Measure-valued processes that satisfy the martingale
problem (1.2) arise naturally as weak limits of discrete, finite-population stochastic models
of spatial epidemics. Here we describe one such class of models, following Lalley (2009) and
Lalley and Zheng (2010). Several of the couplings we shall develop later in the paper involv-
ing measure-valued epidemics will be constructed by first building corresponding couplings
for discrete epidemics, then using the weak convergence of the discrete to the measure-valued
processes to prove that they extend to the measure-valued setting.

The discrete SIR-d epidemic models take place in populations of size N located at each of
the sites of the integer lattice Z¢. We shall call N the village size. Each of the N individuals
(or particles) at a site x € 7% may at any time be either susceptible, infected, recovered, or
removed. Infected individuals remain infected for one unit of time, and then recover, after
which they are immune to further infection. The rules governing the transmission of infection
are as follows: at each time i = 1,2, ..., for each pair (i, s,) of an infected individual located
at « and a susceptible individual at y, i, infects s, with probability py(x,y), where

1+6/N>
(2.9) pn(zy) = pi(z;y) = (2;i|—+/1)N if ly—z| <1 and =0 otherwise,

where |z| is the Euclidean norm of z and
a=a(d)=2/(6—-4d)

is the critical exponent, see Theorem 1 in Lalley (2009) and Theorem 2 in Lalley and Zheng
(2010). For the SIR-d model with village size N, define

XN (z) : = set of infected particles at z at time 3;  X7¥ (z) := |XN(z)[;
K™ () : = set of removed particles at x (at time 0); K (z) := |KV (2));
RN (z) : = set of recovered particles at z at time n; R (z) := |RY(z)|; and
XN = U XN), KV :=uKV(z), and RY :=U,RY(z).
Theorem 1.2 and Proposition 2.9 below suggest, after an interchange of limits, that the

critical infection probability p.(N) for the SIR model satisfy
(2.10) 0<cN < (2d+1)N -p.(N)—1<CN™“ for large N and d = 2, 3.
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14 S.LALLEY, E.PERKINS, AND X.ZHENG

This would be consistent with the result (1.6) for the long-range contact process. Whether or
not there is a stronger relation (as in (1.7)) involving the exact constants 6, in Theorem 1.2
is another interesting open question.

The Standard Construction. We now describe a way to construct this process using
a percolation structure. Connections between SIR epidemics and bond percolation go back
at least to Mollison (1977) (see p. 322) in the continuous setting and were used extensively
by Cox and Durrett (1988), again in the continuous time setting. The construction we use
is a modification of the constructions in Lalley (2009) and Lalley and Zheng (2010). We
shall call this the Standard Construction. The percolation structure is a random graph with
vertex set Z¢ x {1,2,...,N}; the vertex (x,7) represents the ith individual (or particle) in
the “village” V, situated at location x € Z%. For each pair (x,i) and (y, j) of vertices whose
spatial locations differ by at most 1 (that is, |z —y| < 1) a py—coin toss determines whether
or not there is an edge between (x,7) and (y, 7). (As is often the case in such constructions,
it is useful, for comparison purposes, to assume that these coin tosses are realized using
independent Uniform-[0, 1] random variables.) Thus, the resulting random graph G = GV
has edges only between vertices in the same or neighboring villages.

The spatial epidemic is defined by a deterministic algorithm on the random graph G.
Since the village size N is fixed in this algorithm, we shall omit all superscripts N in
the specification of the algorithm. The colors green, blue, red, and black will be used to
denote susceptible, infected, recovered, and removed vertices in each generation. For the
Oth generation, designate K (z) vertices at location x as black; the set of black vertices will
not change during the course of the epidemic. Next, color Xo(x) vertices in V, blue, and all
remaining vertices green. (Thus, in generation 0 there are no red vertices.) Now define a time
evolution as follows. In generation n + 1, the set X, 1(x) of blue vertices will consist of all
vertices that were green in generation n and were connected by edges of the random graph
to blue vertices (that is, vertices in X,, = U,X,,(y)). Finally, all vertices that were blue in
generation n become red in generation n 4 1, and remain red in all subsequent generations
(that is, Ry41(z) = Ry (2) UX,(2)).

The virtue of this construction is that all quantities of interest can easily be described
in terms of the geometry of the random graph G’ = G \ K obtained by deleting all black
vertices from G. The set X,,(x) consists of all vertices at site = at distance n in the graph G’
from the set of vertices that were colored blue in generation 0. Similarly, the set R, (x)
consists of all vertices at site x at distance < n from the blue vertices in generation 0. The
set R, of vertices that are ever infected during the course of the epidemic is the union of
the connected clusters of the blue vertices of generation 0 in G’. It is immediately obvious
from this that the recovered sets R, (x) are non-increasing in the initial condition K(-), and
non-decreasing in Xo(-) and the transmission parameter 6.

O
Denote by
(2.11) P = (Pu(2,Y)zyezs = (Puly — )y yeza

the transition probability kernel of the simple random walk on Z¢, that is, P* = P P""! is
the nth convolution power of the one-step transition probability kernel given by

(2.12) Pi(xz,y)=1/(2d+1) for |y—z| <1,

imsart-aop ver. 2011/05/20 file: phase_transition_SIR.tex date: February 5, 2013



A PHASE TRANSITION FOR MEASURE-VALUED SIR 15

and let 02 = 2/(2d + 1) be the variance of the distribution P;(0,-). Let Gy(z,y) be the
assoclated Green’s function

Gu(z,y) = > Piz,y), Gnlx):=Gn(0,z),

1<i<n

and for any finite measure p on Z? denote by uGyp(z) = (u * G,,)(x) the convolution of u
with G,,.

Next, we explain the re-scaling of the discrete epidemics that gives weak convergence to
the measure-valued epidemics determined by the martingale problem (1.5).

DEFINITION 2.7. The Feller-Watanabe scaling operator Fy scales mass by 1/N% and
space by 1/v/ N@o2, that is, for any finite Borel measure p on R? and any test function ¢,

(2.13) (o, Fp) = N@ / o (a/VN"?) (dz).

DEFINITION 2.8. The Sugitani scaling operator Sy scales mass by l/NO‘(Q_d/Q) and space
by 1/vV Nc?2, that is, for any function f,

f(VNeg? x)

(2.14) (Snf)(x) = Na@—d/2)

When the function f is only defined for = € Z4, define (Sy f)(z) for = € Z4/[V N2o?] as
above and extend it to a continuous function on R¢ by a suitable piecewise linear interpo-
lation.

The following weak convergence theorem is a slight variant of the main results in Lalley
(2009) and Lalley and Zheng (2010).

PROPOSITION 2.9.  Assume that d < 3, and suppose that the initial configurations p =
Xév and KN are both supported by finitely many integer sites and are such that for some
measure p satisfying Assumption 2.10 below and some K € Cp(Rd,R+), the following con-
ditions are satisfied, where = denotes weak convergence on the respective spaces:

(a) if d = 1, then uN(VNeo2 -)/\/N@ are supported by a common compact interval, and
(after linear interpolation to be continuous functions on R)

pN(VNoo? x)

(2.15) e = Xo(z) € C.(R);
(b) if d =2 or 3, then
(2.16) FyuN = p,
(2.17) SN(,uN * G[Nat}) = pxq € Cp([0,00) x Rd),

where the second convergence is in D([0,00); Cy(R?));  and
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16 S.LALLEY, E.PERKINS, AND X.ZHENG
(c¢) in all dimensions,
(2.18) KN (z) = [N*C~9/2) . K(2/[VN6?))], for all x € Z°.
Then we have the following weak convergence
(2.19) (FNX{Near)s SN RiNay) = (X, Li(2))

in D([0,00); Mc(R%)) x D([0, 00); Cp(RY)), where the limit process X has initial configuration
Xo = p, solves (1.5) with v =1, =1, 6 as in (2.9), and suppression rate K, and L(x) is
its local time density process.

AssUMPTION 2.10. The finite measure i has compact support. When d = 1, u has a
density Xo(x) € Ce(R), and for d = 2,3 for some C, > 0, p satisfies

Cu(log1/r)=3 ifd=
(2.20) ;;151 w(B(z,r)) < {C;L v (log1/r)2  ifd— for all r € (0, 1].

REMARK 2.11. It is easy to see that Assumption 2.10 implies Assumption 1.1. Take the
case d = 3 for example. For any (¢, z,) — (¢, x), we want to show that fy qt, (y—zn) du(y) —

f qt(y — x) du(y). Since p({z}) = 0, we have

at,(y — xn) = q(y — x) for p-a.a. y,

and hence it suffices to show that {¢, (y — z,)} is uniformly integrable with respect to p,
which in turn reduces to show

fimsup [ g o) duy) =0,
ly—an|<6

6—0 n

To see this, let M(r) = pu(B(xy,r)) for r > 0. The elementary bound ¢ (z) < C|z|~! and an
integration by parts lead to

/ at,(y — o) du(y) < C ly — x| ™" dua(y)
ly—zn|<6

ly—xn|<6

—C/ r~tdM (r

(2.21) 5
= Cr~ M (r)|§ + C'/ r—2M(r) dr

C(log(1/6)) 72 + C'/ Y(og(1/r))~2 dr,
which goes to 0 as 6 — 0. A similar argument applies for d = 2.

REMARK 2.12. For any u € M.(R%) and any fixed § € R,y > 0, by Theorems I11.4.2
and II1.3.4. in Perkins (2002), if X is a super-Brownian motion with initial mass distribu-
tion p, drift 8, and branching rate 7, then Assumption 2.10 is satisfied by X; for all ¢ > 0
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almost surely. Furthermore, for any K € C,(R% R;) and 8 > 0, by the absolute continuity
between the laws Pg:g” and ng{’, the same is true for a spatial epidemic with initial mass
distribution u, local suppression rate K, transmission rate 8, branching rate + and inhibition
parameter 3.

REMARK 2.13. For pu satisfying Assumption 2.10 there are rescaled counting measure
u? satisfying the hypotheses of the above theorem and hence Proposition 2.9 implies, among
other things, that for any suppression rate function K € Cp(Rd,R+), the measure-valued
epidemic process X satisfying (1.5) is a weak limit of appropriately scaled discrete SIR
epidemics. When d = 1, for each x € Z/V N2o2, let uV(2vV/N2o?) = [N - Xo(z)]. Then
(2.15) is obvious. When d = 2 or 3, the required sequence {u'V} satisfying (2.16) and (2.17)
can be built as follows. Recall that for each = € Z%, Q(z) stands for the (half-closed, half-
open) unit cube centered at x. R? can hence be decomposed as a non-overlapping union of
Q(z)’s for x € Z?, and so for any y € R?, we can find a unique x € Z? such that y € Q(x),
and with a slight abuse of notation, denote such an x by [y]. Next, let {X;} be a sequence
of i.i.d. random variables with probability distribution p/|u|, and let

[N ]
N
/"L = Z 6[Xi‘/NO‘0'2]'
i=1

(Note that @ < 1 and on each integer site there are N vertices, so for all N large enough,
pV can be realized as a counting measure on the graph Z¢ x {1,2,...,N}.) One can then
show that {u} satisfies (2.16) and (2.17) almost surely. In fact, (2.16) holds trivially by
the strong law of large numbers (SLLN), the uniform continuity of test functions, and the

simple bound

1

— /*NOC 0'2 )

The verification of (2.17) is given in the Appendix.

for all 7.

— A

(2.22)

[}(iv_p]aOQ}
Nag2

REMARK 2.14. The arguments of Lalley (2009) and Lalley and Zheng (2010) are based
on the fact that each of the discrete SIR epidemics has law absolutely continuous with
respect to the law of a critical branching random walk with the same initial condition. The
Radon-Nikodym derivatives can be written explicitly as products, and these can be shown to
converge to exponentials of the form £ appearing in (2.7). Since branching random walks,
after rescaling, converge to super-Brownian motions, it follows that the rescaled discrete
SIR epidemics converge to processes related to super-Brownian motion by (2.7), that is,
processes that solve the martingale problem (1.2).

Routine modifications of these arguments can be used to establish weak convergence for a
variety of discrete processes similar to or related to the discrete SIR epidemics constructed
above. In particular, the convergence (2.19) can be extended to joint weak convergence for
coupled SIR epidemics with suitable initial conditions. For example, let p™V*4, u™¥'B be initial
conditions satisfying the hypotheses (2.15)-(2.17), and let XV4 XN.B XN he discrete SIR
epidemics all constructed using the same percolation structure GV, with the same initially
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18 S.LALLEY, E.PERKINS, AND X.ZHENG

removed sets KV (z), in such a way that the sets Xév A (z) and Xév () are non-overlapping,
with cardinalities ™ (x) and ™ (x), and such that

(2.23) XN (z) = X3 (@) uXYE (2).

Then after rescaling, the processes XV4, XN:B and XN converge jointly in law to (depen-
dent) measure-valued epidemics XtA,XtB , and X, with initial mass distributions pu?, u?,
and u? + uB, respectively, whose local time densities satisfy

(2.24) LAVIE <L, <L+ LB

(The arguments that follow will not rely in an essential way on this joint convergence,
however. All that is needed is that subsequences converge jointly, as this is enough to guar-
antee the existence of coupled measure-valued processes satisfying the same monotonicity
properties (such as (2.24)). Joint convergence along subsequences follows trivially from the
weak convergence of marginals, since this implies joint tightness.)

O

2.3. Comparison lemmas. The construction of the measure-valued spatial epidemic pro-
cess as the weak limit of discrete epidemics and the Girsanov formulas (2.7)-(2.8) lead to
a number of basic comparison principles that will be used in the proof of Theorem 1.2. We
formulate these as couplings, in which two epidemic processes (or super-Brownian motions)
are constructed on a common probability space in such a way that various functionals of the
processes (e.g., the limiting local time densities Lo (2)) are ordered.

LEMMA 2.15.  Suppose that X; has law Pﬁ:}(’v for some K € Cp(Rd, Ry) and some initial
condition p that satisfies Assumption 1.1. Then

P(X survives) = P <lim / Ly(z)dx = oo) = P(lim |X{| = c0).
Rd t—00

t—o00

PROOF. This uses the existence of a coupling between the measure-valued epidemic X;
and its super-Brownian motion envelope (Proposition 2.5). If Z, := | X;| is the total mass at
time s, then limy_, fRd Li(x)dx = fooo Zsds. Because Z is continuous and 0 is an absorbing
state (e.g. by the strong Markov property in Theorem 2.2), if fooo Zs ds = 0o then X; must
survive. On the other hand, if liminf; ,., Z; < 0o, then there exists M € N and an infinite
sequence of stopping times 7, — oo such that

(2.25) Tnt1 > Tn + 1, and Z,, < M.

Consider the time period [7,, 7, + 1]. By the strong Markov property and the existence of
a monotone coupling between a spatial epidemic and its super-Brownian motion envelope,
the process Zii,, is dominated by Feller diffusion with drift # and initial total mass less
than M. This dies out in the next one unit of time with positive probability, independent
of n, hence so does Xy, for ¢t < 1. It follows that with probability 1, if X survives then
limy o0 Zy = 00. As the latter trivially implies fooo Zsds = 00, the proof is complete. O
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LEMMA 2.16. Fiz 6 < 0* and v > 0. For any initial mass distribution p that satisfies
Assumption 2.10 and any K € Cp(]Rd,R+), there exist on some probability space epidemic
processes (X, X*) € D([0,00); Mc(R%))2 with laws Pg:}(ﬂ and Plf:;’(lﬁ and local time densities
Ly, Ly, respectively, such that almost surely, for everyt >0,

(2.26) Ly < L.

PROOF. This follows from the weak convergence result (2.19) and the Standard Con-
struction. Recall that in the standard construction of the discrete SIR epidemics, the evo-
lution is determined by the random graph G’ in which edges are present with probabilities
pn(zy) = p?v(a;;y) given by (2.9). These probabilities are increasing in 6. Consequently,
it is possible (using auxiliary Uniform-|0,1] random variables) to simultaneously construct
random graphs G’ and G, with percolation probabilities p?\,(x; y) and p?\; (z;y), respectively,
in such a way that the edge set of G’ is contained in that of G.. This forces

R, () CR:(z) foralln >0 andz € Z%

and hence also R, (x) < R} (x). This inequality will be preserved upon taking weak limits,
so we obtain (2.26). O

REMARK 2.17. It follows immediately from (2.26) and Lemma 2.15 that
(2.27) P(X survives) < P(X"* survives).

LEMMA 2.18. Let K, K* € C,(R% R, be suppression rate functions such that K < K*.
Then for any . satisfying Assumption 2.10, there exist spatial epidemics (X, X*) € D([0,00); M.(R%))?

P9717'y

with marginal laws Pﬁ”}p and e and local time densities Ly, LY, respectively, such that

almost surely,
(2.28) Ly >L; forallt>0,

and P(X survives) > P(X* survives).

PROOF. The existence of the coupling follows directly from the weak convergence (2.19)
and the Standard Construction, because in this construction, increasing the removed sets K
decreases the sizes of the connected components. The assertion about survival probabilities
follows from (2.28), by Lemma 2.15. O

LEMMA 2.19. Let pg,vg be initial mass distributions satisfying Assumption 2.10, and
w = o + vo. Then on some probability space there exist epidemic processes (X, X', X?) €

D([0,00); Mo(R%))3, with initial conditions p, o, and vy and marginal laws Pli’ol’ﬂ’, Pﬁ(’)ly(’;’,

and Pf(;,l(f respectively, such that

(2.29) max(Li(z), L3 (z)) < Ly(x) < L(z) + L?(z), for all t>0 and x € R%.
Consequently,

(2.30) P(X survives) < P(X' survives) + P(X? survives) and

(2.31) P(X survives) > P(X" survives), for eachi=1,2.
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PRrROOF. This follows by the same argument as the preceding lemma (see Remark 2.14).
O

Lemma 2.19 describes the effect of adding infected mass at time 0. The next lemma
concerns the effect of introducing additional infected mass at a time t, > 0 after the epidemic
has already begun. Let pu, po, o be initial mass distributions satisfying the hypotheses of
Lemma 2.19. Say that X/ is a measure-valued epidemic with immigration at time t, if it
satisfies the following martingale problem: For all ¢ € C2(R?),

(2.32) Xi(p) = po(p) + L, 00) ()vo(p)

t
+/ X (Ap/240p — Ko — BL5p) ds + /M (p),
0

where M} is a continuous martingale with quadratic variation [M*(p)]; = fo ) ds and
L* = LX" is the local time density of X*. Existence and unlqueness of solutlons to (2.32)
follows from Theorem 2.2 and the Markov property.

LEMMA 2.20. Let pg, vy be initial mass distributions satisfying Assumption 2.10, and
= o + vp. On some probability space there exist a solution X; to (1.5) with initial mass
distribution p and a solution X to (2.32) such that

(2.33) LX>LY Vt>0 and LY =1L%".

PRrROOF. This is by discrete approximation, using the Standard Construction of the dis-
crete SIR epidemics. On each percolation structure G = G, we construct a pair of epidemics.
The first, denoted by X = XV is constructed using initially infected sets Xo(z) = X}’ ()
such that both (2.16) and (2.17) hold. The second, denoted by Y = Y/ has initially infected
sets Yo(z) € Xo(z) such that after Feller-Watanabe rescaling the initial mass distributions
converge to o (see Remark 2.13 in Section 2.2). This second epidemic Y has spontaneous
new infections at time [N%¢,]: in particular, all individuals in the sets

Xo \ Yo := Uz (Xo(2) \ Yo(z))

who are not yet recovered become infected. Thus, the time evolution of the epidemic Y,
is determined by the random graph G’ := G \ U;K(z) as follows: (1) For n < [N°t,], the
recovered set R% consists of all vertices at graph distance < n from the initially infected set
Uz Yo(). (2) For n > [N“t,], the set RY consists of all vertices v such that either the graph
distance of v from U;Yg(x) is < n, or the graph distance of v from Xg \ Y¢ is < n — [Nt,].

From the construction above and the Standard Construction described earlier, it is clear
that

(2.34) for all n >0, RY DR, and Ry CRY, yvay -
Set
YV = Fn|Yiyey| and R = SN|R Negls

where Fy and Sy are the Feller-Watanabe and Sugitani rescaling operators.
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CLAIM 2.21.  The vector-valued process (YN, RY'"N) converges weakly to a process (X*, L*)
such that X* solves the martingale problem (2.32), and L* = LX" is the local time density
of X*.

By passing to a subsequence, if necessary, it follows from Proposition 2.9, the above Claim,
and (2.34) that
LY <L} <L%, forallt >0 a.s.

This clearly implies (2.33).

PROOF OF THE CLAIM (SKETCH). This is done by following the likelihood ratio strategy
described in Remark 2.14. As used in Lalley (2009) and Lalley and Zheng (2010), this
strategy was based on the fact that each discrete SIR epidemic considered had law absolutely
continuous with respect to the law of a critical branching random walk with the same initial
condition. The bulk of the proof consisted of showing that the likelihood ratios converged
in law, under the branching random walk measure, to the Radon-Nikodym derivative of a
measure-valued epidemic relative to the law of super-Brownian motion. For the processes
considered in this claim, the appropriate comparison processes are not standard branching
random walks, but rather branching random walks with immigration in which new particles
are introduced at times [N“t,] in such a way that after Feller-Watanabe rescaling the mass
distributions of these new particles converge to ry. The laws of these processes converge,
after rescaling, to the law of super-Brownian motion with immigration at time t,, that is, a
process Y* satisfying the martingale problem (2.32) with 5 = 0 and K = 0. (This follows
easily from the standard convergence theorem for critical branching random walks, because
the effect of the immigration is simply to superimpose an independent branching random
walk shifted in time by [N“t,].)

Consider the likelihood ratios for the law of the epidemic process YV relative to that of
the corresponding branching random walk with immigration. These are products of factors
indexed by (discrete) times ¢ and lattice sites x € Z? (see Lalley (2009), eqn. (53)). For
t < [N“t,] the factors are exactly the same as in the case where there is no immigration.
Beginning with time ¢ = [N%t,], new factors are introduced; these indicate the relative
likelihood ratios for the newly introduced immigrants and their offspring. Under the law of
the branching random walks with immigration the immigrants and their offspring evolve
independently of the progeny of the original (time 0) particles. Using this fact, one can
show, in much the same manner as in Lalley (2009) and Lalley and Zheng (2010), that the
likelihood ratios converge weakly (under the branching random walk with immigration laws)
to the Radon-Nikodym derivative of the process X* relative to super-Brownian motion with
immigration. In carrying out this final step, the main hurdle is showing that in the epidemics
with immigration, the numbers of individuals in the sets Xg \ Yo who are infected prior to
time [Nt,] is of order Op(1). Here is a brief synopsis of the argument: Since the local time
densities, after rescaling, converge, the maximum number of recovered individuals at time
[N°t,] at any site is of order Op(N*(2=4/2)). Consequently, because Xg \ Yo has cardinality
on the order N®, the number of individuals in Xy \ Yy infected prior to time [N®t,] is of
order

OP(Na(Q—d/Q))
>< -

(2.35) O(N®) ~

=Op(1),
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since a = 2/(6 — d).
O

This completes the proof of Lemma 2.20. O

In the proof of Theorem 1.2 it will be necessary to compare the evolution of a measure-
valued epidemic X with a coupled process in which additional infected mass is introduced
at a random time. Say that X[ is a measure-valued epidemic with immaigration at time 7 if
it satisfies the following martingale problem : For all ¢ € C2(R%),

(2.36) X[ (¢) = po(p) + Liro0) (H)ro(p)

t
+ /0 X7 (Ag/2 +0p — Kip— BLTg) ds + M (9),

where 7 is a finite stopping time relative to the filtration X", M} is a continuous martingale
with quadratic variation [M*(¢)]; = fg X*(¢?) ds, and L* = LX" is the local time density.

LEMMA 2.22.  Let ug, v be initial mass distributions satisfying Assumption 2.10, and p =
to+vo. Then on some probability space there exist epidemics (Xy, X;) € D(]0, 00); M (R?))?
such that (1) X; solves the martingale problem (1.5) with initial value Xy = p; (2) X; solves
the martingale problem (2.36); and (3)

(2.37) LY >LX, forall t>0 and LY =LX".

PROOF. By the usual continuity (weak convergence) arguments, it suffices to prove this
for stopping times 7 that take values in a finite set. By a routine induction on the cardinality
of this finite set, it suffices to consider stopping times that take values in a two-element set
{0,t.}. For such stopping times, the result follows from Lemma 2.20, since this can be
applied conditionally on Fy. O

Now the results of Lemmas 2.18, 2.19, and 2.22 can be combined, allowing us to couple
the measure-valued epidemic X with a measure-valued process X* in which the infected
mass is decreased and the suppression rate increased at a random time 7. Here we will use
the strong Markov property (Theorem 2.2(c)) and Remark 2.3. The process X* will satisfy
the following martingale problem: for every ¢ € C2(R%),

(2.38)

Xi(p) =
¢
to(p) +/ X (A@/Q +0p—Kp— BLf*go) ds + /YM; (@), for all t < T,
0

t
Y, () + / X; (Bp/2+ 00— Kip = BLY @) ds + yA(M; (9) = Mi(p)), forallt >,

where LY is the local time density and

(i) 7 is a finite FX -stopping time;
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(ii) Y, is an FX —measurable random measure satisfying Y, < X*_ + vp;
(iii) K7 is an X' —measurable random element of C,(R?% R, ) satisfying K* > K; and
(iv) M; () is an FX -continuous martingale with quadratic variation [M*(p)]; = fot X*(p?) ds.

PROPOSITION 2.23.  Let g, vy be initial mass distributions satisfying Assumption 2.10,
and p = po + vo. Then there exist epidemics (X;, X;) € D([0, 00); M(R%))? such that
(i) X solves the martingale problem (1.5) with initial value Xo = p;
(1)) X[ satisfies the martingale problem (2.38); and
(7ii) the local time densities of X and X* satisfy

LY > LY forall t>0.

This proposition can be used iteratively, using the strong Markov property and standard
arguments, so as to allow immigration and increases in the suppression rate K* at increasing
stopping times 0 = 79 < 71 < 79 < --- < 00. The associated martingale problem is as follows:
for every ¢ € C2(R%), and for all 7; <t < 7441,

(2.39)
X7 () = pil)

+/_ X (Bp/24 00 = Kip — B(Ls(X") — Ly, (X7))p) ds + (M (p) — M7 (),

where

(i) for each ¢ = 1,2,..., u; and v; are fffi—measurable random measures satisfying
Assumption 2.10 and such that

pi +vi < X7+ v

(i) K5 =0, and K} € C,(R%,Ry) is, for each i, an FX " —measurable random function
such that
K > Koy + B(Ly(X") = Ly, (X7)); and

(iii) M is a continuous FX —martingale with quadratic variation [M*(p)]; = fot X*(p?) ds.
The existence of a solution to this martingale problem follows from the strong Markov

property (Theorem 2.2 (d)). Proposition 2.23 and a standard induction argument now yield
the following comparison result.

PROPOSITION 2.24.  Let pg, vy be initial mass distributions satisfying Assumption 2.10,

and p = po + vo. Then on some probability space there exist measure-valued processes X
and X* such that (i) X solves the martingale problem (MP);‘%’V specified in (1.5); (i) X*
solves the martingale problem (2.39); and (iii) the corresponding local time processes satisfy

LY > LY forall t>0.

2.4. The Sandwich Lemma. The discrete SIR-d process X is naturally associated with

a branching envelope. This is a nearest-neighbor branching random walk Yf:] with initial
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condition Yév = X} and offspring distribution Bin((2d + 1)N, p%/(0,0)) that dominates
X,JZV, that is, such that for each n > 0 and z € Z¢,

XN (@) <X, (a).

See Section 1.6 of Lalley (2009) for details concerning the construction. Since branching ran-
dom walks, after Feller-Watanabe rescaling, converge weakly to super-Brownian motions, the

vector-valued processes (X1, YN), similarly rescaled, have marginals that converge weakly.

It follows that after rescaling the laws of the vector-valued processes (X ,YN) are tight.
Hence, any subsequence has a weakly convergent subsequence, and the limit process (X, X)
must satisfy X; < X;. The component processes X and X of any such weak limit must
be a measure-valued epidemic (that is, a solution of the martingale problem (1.5) with
v = 1) and a super-Brownian motion with drift 6, respectively. This gives another proof of
Proposition 2.5. Next is a result which also gives a lower bound on the epidemic process.

LEMMA 2.25.  For any measure u € M.(R?) satisfying Assumption 2.10, any r > 0,
0 € R, and any function K € Cp(Rd,R+) there exist, on some probability space, measure-
valued processes X, X, X with common initial state Xg = X = X = p such that

X, <X, <X; foralt<r,

where

7 = inf {t >0: (maxK(w)) + <m3XLg((ZL‘)> > /‘i} )

T

with the following laws:

(i) Xy is a spatial epidemic with local suppression rate K, transmission rate 6, branching
rate v = 1 and inhibition parameter =1 ;
(ii) X is a super-Brownian motion with drift 0; and
(i1i) X, is a super-Brownian motion with drift 0 — k.

The proof will once again be based on discrete approximations. We shall build approx-
imating discrete epidemic processes that satisfy the analogous sandwich relationship. The
construction makes use of the following lemma. First, observe that in a discrete SIR epi-
demic, when two infected individuals simultaneously attempt to infect the same susceptible
individual, all but one of the attempts fail; call such an occurrence a collision. (Hence, for ex-
ample, when three infected individuals simultaneously attempt to infect the same susceptible
individual, then the number of collisions would be (g) =3.)

By slightly modifying the proof of Lemma 9 in Lalley and Zheng (2010), in particular, by

noticing that the statement right above equation (62) therein also holds for the way that we
count the number of collisions here, we get the following

LEMMA 2.26 (A slight variant of Lemma 9 and equations (62) — (64) in Lalley and Zheng
(2010)).  For each pair (n,z) € N x Z9, let ' (x) be the number of collisions at site x and
time n in the SIR-d epidemic with village size N. Assume that the hypotheses (2.16)-(2.17)
of Proposition 2.9 are satisfied. Then for any fixed T > 0,

(2.40) E Y > TN(@) =o(N).

n<NeT x
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A direct consequence of the previous lemma is that if we define a Modified SIR process
in the following way:

Modified SIR process: At any site/time (z,t), each particle produces Bin((N — K™V (y) —
RN (y)), p% (2, y)) number of offspring at neighboring sites y, where RY (y) = >, XN (y),

then the Modified SIR process can be constructed together with the original SIR process,
in much the same way as for the branching envelope with the original SIR process, such
that: (1) the Modified SIR process always dominates the original SIR process; and (2) the
discrepancy D;(xz) > 0 between them at site  and time ¢ satisfies

(2.41) max Y Dy(x) = op(N®).

Therefore after the Feller-Watanabe scaling as in Proposition 2.9, the modified SIR process
will converge to the same limit as in Proposition 2.9.

(To show (2.41), observe that if we let D, := > D,(z), and D,, = D, /(1 + 0/N®)",

then D, is a sub-martingale: F(Dj4+1|F,) > Dy, with the inequality due to collisions at
generation n + 1. Further note that for any 7" > 0,

g E2n< @ ((1+9/Na)[NQT]7n Z:p FTJY(‘%))
E(Dpyer) < == (1+ 0/Na)IN°T]

=0 (E| > Y V() || =o@d.

n<NeT z

(2.41) then follows from the Doob’s martingale inequality.)

We now prove Lemma 2.25.

PROOF OF LEMMA 2.25. We shall build approximating particle systems that satisfy the
analogous sandwich relationship. Choose X{¥ and K¥ such that (2.16)~(2.18) are satis-

fied. The super-solution Yiv (z) is a nearest-neighbor branching random walk with initial
configuration XV and such that at any site/time (x,t), each particle at site 2 produces

Bin(N, p% (z,y)) number of offspring at neighboring sites y. By Watanabe’s Theorem, xV
converges to the desired X. As noted above, the Modified SIR X}V will approximate X;.
Define the stopping time

7V = min {t >0: (m;ix KN(a:)) + (mﬁx Riv(gg)) > ,{N(Q(Q—dﬂ))} .

We may assume that x > sup, K(x) (or the result is trivial). The sub-solution X1 (z) is
a nearest-neighbor branching random walk with initial configuration Xév and such that at
any site/time (z,t), each particle at = produces Bin([N — sk N*?=4/2)] p? (x,y)) number of
offspring at neighboring sites . By Watanabe’s Theorem X” converges weakly to the super-
Brownian motion X. It is clear that before time 77, the three processes xV (z), XN (z) and
XN (2) can be built on a common probability space such that

gi\’gXtNgYiV for all t < 7V,
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By Skorokhod’s representation theorem and Proposition 2.9 we may assume lim infy 7V > 7
a.s. Here we use max, KN (z)/N(@2=4/2)) _ max, K(z) and the fact that there is a greater
than or equal to sign in the definition of 7. By taking limits in the above, along a subsequence
if necessary to get joint convergence, we complete the proof. O

2.5. Scaling. It will be necessary, in some of the arguments to follow, to rescale time
and /or space. When a super-Brownian motion, or more generally a solution to the martingale
problem (1.5) is rescaled, its diffusion rate may change, that is, the Laplacian in (1.5) may
be multiplied by a constant «. The resulting martingale problem is as follows:

(2.42)

o [t t t
Xil) = Xolo)+G [ Xu(dg)dstd [ Xo(e) ds— [ (XK@Y, (L)) dsy/7 M),
where a, 3,7 > 0 and 6 € R are constants, K € C,(R?, RT), and M,(y) is a continuous
martingale with quadratic variation [M(p)]; = fg X,(p?) ds. As usual, L; is the local time
0,8,v,«
K

density of the process X. We shall refer to this martingale problem as (MP) and

continue to write (MP)Z’%V if a =1.

LEMMA 2.27. Let X solve the martingale problem (MP)%%’Y’O‘. For any constants a,b,c > 0,
define a new measure-valued process U by

(2.43) Ui(y) = c/ Y(bx) Xq¢(dx), for all bounded measurable ¥ on R%

Then Uy solves the martingale problem (MP)Z,’%’,W,’Q’ with parameters

/ / a’b'p / ' 2 /
0 =ab, B = , Y =acy, o =ab’a, K'(xr)=aK(z/b),
c
and initial measure defined by [(x)p/(dx) = ¢ [(bx)pu(dx). The local time densities
L =LY and LY are related by

(2.44) LY(x) = %Las (%) , forall x,t.
a
PRrROOF. This is by routine calculations. O

REMARK 2.28. Based on the above result, one can show that by choosing a,b and ¢

appropriately, the scaling as in (2.43) would transform the martingale problem (M P)Z’g’v’o‘

into (MP)Z,’B’M; in other words, the model is a one parameter model.

3. Preliminaries on (supercritical) super-Brownian motions. In this section we
present some regularity results for super-Brownian motions and their local times. The results
are only of interest, and only will be used, for d > 1 and so we assume d = 2 or 3 throughout
this Section.
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3.1. Uniform regularity of super-Brownian motions. In this and the following subsection,
let V; = Yf“ be a (driftless) super-Brownian motion with initial state Yy = p, and let

P, = PS:S’ be its law. Denote by B,(y) the open Euclidean ball in R? centered at y of
radius r, and for any measure p € M(R?), define
(3.1) D(p,r) = sup{p(B,(y)) : y € R}

For any function ¢ and any measure i € M(R?), set o = px, where * denotes convolution.
In particular, for any ¢ > 0,

(up) () = / P — yuldy), and  (ug)(z) = /0 / pa( — y)u(dy) ds,

where p; and ¢; are the Gauss kernel and the integrated Gauss Kernel in (1.3) respectively.

For r € (0,1] let
h(r) =4/rl ! d o(r) ——1"2<1—|—1 71)2
r 0 an 0 .
g J g

Finally, for T, 7o, C; > 0 introduce the event
Gr(ro; C1,C2) ={DYs,7) < C1 (D(upt, Cor) + @(r))  forall r <rgpand t <T}.

The following lemma is an easy consequence of the proof of Theorem 4.7 in Barlow et al.
(1991).

LEMMA 3.1. If K > 1 there are constants C1,Co > 0 (depending on K ), and for any
T > 0 there is an ro(K,T) € (0,1] such that for all X > 1 and any p with |p| = A,

(3.2) P, (GT (roe*)‘; Cl,C’2>> >1—e KA

ProOOF. This is a quantitative version of Theorem 4.7 of Barlow et al. (1991). The proof
of that result shows for K > 1 there are constants C1,Cs,Cs > 1 such that for all A > 1,
T >0,n €N and p with |u| = A,

(3.3) Pu(Gr(h(27™);C1,C2)¢) < C3(T + 1)(A 4+ 1)27 K™ 4 C3027 5" < C5(2T + 3)A27 5",

Here one has to chase constants a bit to check that the constant co9 in the proof of the
above Theorem in Barlow et al. (1991) may be taken to be as large as you like at the cost
of our Cy and their ¢4.5 being large. The latter can then be handled in the key bound in the
proof of Theorem 4.7 in Barlow et al. (1991) by taking our C; large enough. Now choose
ng > 2 in N so that

(34) 03(2T+ 3)2—Kn0 < e—K)x)\—l < 03(2T+ 3)2—Kn0+K'
The above definition implies

KA\ -1\ /2K) o N
h(27") =272 (nglog 2)'/? > <2K03(2T_|_3)> [210g2]"/? > ro(K, T)e ™,
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where in the last inequality we used the simple fact that for all A\, K > 1, AYVEE) > A1 >
exp(—A/2)/2. Therefore (3.3) and (3.4) imply that

PM(GT(TQG_)\; Cp,C9)°) < e KA

To formulate the next result we introduce the following

DEFINITION 3.2. For any positive constants A, A, and rg, with rg < 1, and any measure
p € M(R?), we say that p is (A, X, 70)—admissible if

1\ 2
D(u,r) < Ar? ()\rd*Z + <1 + log ;) ) =4(r) forall 7 <rge .

COROLLARY 3.3. For any fired K > 1 and T > 0, there exist positive constants A =
A(K,T) and ro = 1o(K,T) < 1, such that for all A > 1 and p with |u| = A,

(3.5) P, (Yr is (A, \,r0)-admissible) > 1 — e 5,

PrOOF. This follows from Lemma 3.1 by noticing that
D(upr, Caor) < Cy(T)A re.
O

3.2. Local time densities of super-Brownian motions. Recall (equation (1.3)) that p:(x)
and ¢;(z) are the Gauss kernel and the integrated Gauss kernel, respectively.

LEMMA 3.4.  Suppose that u € M(R?) satisfies |u| = X and is (A, \, 7o) —admissible for
some constants A and ro. For any 0 < <2 —d/2 and any fivzed T > 0, define

T
(3.6) =1(T) = max (ugr) (x), and Zo(T) := mgx/o /sﬂ/st(:v — ) u(dy) ds.

Then there exists a constant A" = A'(A,rg, T, 8) > 0 such that for both i = 1,2 and for all
A>1,

37) 24T) < maN) AN whend=2
. By K =
' = A'X%e*  when d = 3.

PRrOOF. We shall only prove the result for = (7'); the proof for Zo(T) is similar. Let
7o = roe~*. We first deal with the integral for t € [Fg/g,T]: to do so, for any fixed 2 € R?
we cover R? with balls B; of radius 7y and with center of distance d; = k7 to = for some
k € Z>p. Then for any t > 0,

z— yl?
i) = [ 2 exp (-2 tan)

. L ~ 2
<>, / t~ % exp (—mm(o’dl 7o) > p(dy).
. yeB; 2t

]
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The balls can be chosen in such a way that for any k& > 3 there are at most C(k — 2)¢~!
balls with center of distance kry to x. It is then easy to see that there exist constants Cj

such that
2
Y N LI
/t exp ( 2% > ,u(dy)
<Ot () + O 3t e (BB iy
- = 2t
) 22
<Cit~2() + Cotr) [t exp (<25 ) da
1
<Cya (7o)t~ + Csp(70)y @
_ O + Co(A+ (1 +log(1/70))?) when d =2
Crp(To)t 32 + C3(A + (1 + log(1/70))? /To) when d = 3.
Therefore

[ fevon (5 v

< { Cup (7o) (log T +10g(1/70)) + C5T (A + (1 + log(1/70))*)  when d =2
Cap(Fo)iy Y + CHT (A + (1 + log(1/70))? /70) when d = 3.

which can be bounded by k4(A) for all A > 1 for an appropriate choice of A’. Now we deal
with the integral for ¢t € [0, MS/B].

*y!2
/ /’5 Mep( > p(dy) dt
12
_/ / —i—/ %2 exp <—‘$ vl > p(dy) dt
0 o—y|<t3/8  J]o—y|>13/8 2t

~8/3

~8/3
o e 38 o 1
§/0 = 4h(t )dt—|—)\/0 t exp { — o1 dt

<Cs + CgA.

The following lemma is implicit in Sugitani (1989).

LEMMA 3.5. Suppose that p € M(R?) and for all t > 0, Z1(t) < oo, and for some
0<p<2—d/2andallt >0, E9(t) < 0o, where 21 and 2y are defined in (3.6). Define

Zy(x) = Li(x) = (pge)(2).

Then for any T > 0, there exist constants ng = no(B,T) > 0,C; = Ci(B,T) > 0 such that
forallO<n<mng andt <T,

(3.8) E, exp (U(ths)__bgt(b))) <exp (C1E2(2t) -m), forall0<l|a—0b| <2
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and

(3.9) E,exp (nZy(a)) < exp (CaZ1(2t) - 1), for all a € R%.

PRrROOF. The second claim (3.9) follows from Lemma 3.4 in Sugitani (1989).
To prove (3.8), following (3.34) in Sugitani (1989), for a random variable X we say that

Eexp(nX) = exp (Z cnn”)

n=1

holds formally if for all & > 1, E|X|* < oo and

o (o0 (Shsr))

EXF =
dnk

n=0
By (3.38), (3.45) and (3.48) in Sugitani (1989), we have formally

(3.10) By exp(n(Zi(a) - Zi())) = exp <2§ (3)" twvatt, ~>>) ,
n=2
where for n > 2, and z € R,
B e < by la— b @ | Y P2 py(a - ) 4 palb - ) ds
and {b,} are defined inductively as follows:
by =Cy > 0; b, = 05712_:1 brbp—k.
k=1

Using the proof of Lemma 3.4 in Sugitani (1989), if we let f(n) = > b,n", then for some
4 >0,
1—+1-— 4C4C5T]

(3.12) fn) —Cm=Csf(n)?*  f(n) = e <Cn for0<n<d.

This shows that >, b,n™ has a positive radius of convergence, and the formal equation (3.10)
is indeed an equation when 7 is sufficiently close to 0 because the Taylor series for the analytic
function on the right-hand side is given by the left-hand side. Relation (3.8) then follows
easily from the upper bounds (3.11) and (3.12).

O
COROLLARY 3.6. Under the assumptions of the previous lemma, for any fixed T > 0,
there exist constants ny = no(5,T) > 0,C; = Ci(B,T) > 0 such that for all 0 < n < no,

n|Lr(a) — L7 (b)]
la —b|#

(3.13) E, exp < > <2exp (C122(2T) 1), for all0 < |a—0b| <2;

and

(3.14) E, exp (nLr(a)) < exp (C2Z1(2T) 1), for all a € R%.
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PROOF. Relation (3.14) follows easily from (3.9). As for (3.13), by (3.8) and the elemen-
tary inequality el*l < e? +e~%,

|L7(a) — L1 (b)| ~ (@) — ()
E, exp <77 T|a — b|gT ) < 2exp (C1Z2(2T)n) - exp (77 Hqr o b’;qT )

By (3.44) in Sugitani (1989) we have for all z,y and ¢ > 0,

pe(x) — pe(y)] < c(B)t 2|z — yIP (pou(@) + pu(y)),

and so

T
(ugr) (@) — (uar)(®)] < Cla — b’ / / £5/2(pay(a — ) + pau(b — 2)) p(d) ds
0 x
< Cla — b|P=5(27).
O

LEMMA 3.7.  Suppose that Y(x) is an almost surely continuous random field on RY such
that for some n >0 and 8 > 0,

n|Y(a) =Y (b)|
FEexp <\a—b|5

Eexp(nY(a)) < Ca, for all a € R%.

)SCl, for all0 < |a—b| <Vd; and
(3.15)

Let My, = max,eq, (o) Y(a) (QL(0) is the cube of side length L centered at 0). Then for all
LeNandm >0,

(3.16) P(My, > m) < (C1e*/8 1 0y) L exp <_17T’y> :

where v = 8d°/2. In particular, for any K > 0, there exists C' > 0, depending only on K,
C4, Cy and B, such that for all L>1 and X\ > 1,

A+logL
(3.17) P (ML > C’+Og> < e KA,
n
PROOF. The inequality (3.17) follows by plugging C’% as m into (3.16) and noticing

Cx  CloglL
2(14+7) 1+~

[(C1e2¥B 4 Co) L4~ for all A, L > 1. Furthermore, it suffices to prove (3.16) for L = 1 as
the results then follow trivially by dividing Q1 (0) into unit cubes. We apply Lemma 1 of

Garsia (1972) with p(u) = u?, ¥(u) = exp (ZZJ,—%) ,Q1 =Q1(0) and
_ n|Y(z) = T(y)|
B Jy e ()
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It is easy to check that this B satisfies the hypothesis of Lemma 1 in the above reference.
That result, or more precisely (10) in the proof, implies

M; < T(0) +8/01 gt (;;) d(u?)

1
<0(0)+ 2 [tog(B) + 24 /0 log(1/u) d(u”)
= Y(0)+  [log(B) + (24/ )]
Therefore for x > 0,

P(My > (14 v)x) < Cyexp(—nz) + P(log(B) > nz — (2d/B))
< Cyexp(—nz) + E(B) exp((2d/B) — nz)
= (Cy + C12YB)e™,

which is (3.16) for L = 1, and where (3.15) is used to see that E(B) < C]. O

Combining Lemma 3.4, Corollary 3.6 and Lemma 3.7 we obtain the following for the local
time L of the super-Brownian motion Y;.

PROPOSITION 3.8. ForanyT >0, M >0, K >0, A> 0 and ro > 0 there exists a con-
stant A”, depending only on (T, M, K, A, ry), so that for all A > 1 and all (A, \, r9)— admissible
p € M(RY) satisfying || = A, the local time, Lt (x), of the super-Brownian motion Y} sat-
isfies

P, < max Lp(x) > A"\ ﬁd@\)) <e KA
|z|<Mer

where k() is defined in (3.7).

PrROOF. By Lemma 3.4 and Corollary 3.6, for any fixed 0 < n < nq, if we let n(\) =
n/kq(A), then for some fired C1 and Co, for all A > 1, the assumptions (3.15) hold for the
random field Lp(x) and 0 < 8 < 2 — d/2 by replacing n with n(\). The conclusion then
follows from (3.17). O

3.3. Local time densities of supercritical super-Brownian motions. In this and the fol-
lowing subsection ¥; = Y} is a super-Brownian motion with drift one starting at an initial
state p, let Pl} = 1 0 ! be its law. Further denote by P0 = POO ! the law of a (driftless)

super-Brownian motlon starting at p. By Lemma 2.1 we have

dP}

- —<I>t—exp< /]Y|ds>
7

dPy

where M denote the martingale measure under P/i, 1 =0, 1, and therefore
(3.18) MP(1) / |Ys| ds.
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LEMMA 3.9. Forany K >1, T >0, A>1 and pp € M(R?) with |u| = A,

5el
(3.19) EY (ch : 1(%26m)) <2

PRrOOF. Using (3.18) we see the above expectation equals

1 t
E [ ®p-1 :P1<M11+/ sts>K)\>
0| @7 (M%_% gmuszm) | My (1) 2/, |Ys|ds >
1 T
ABL ()2 | B (5 1% ds)
= K2)\2 K\
T _ T T
:4/\(6 1) n Ae' —1) < 5i.
K2)2 KX ~— K

O

ProPOSITION 3.10. For any fixed T > 0 and any € > 0, there exist constants A =
A(T,e) > 0 and ro = 1o(T,¢) € (0,1] such that for all X\ > 1 and all p with |u| = A,

(3.20) Pj (Y7 is (A, \,70)-admissible) > 1 — .

PROOF. Let G ) denote the event in (3.20). For T, ¢ as above choose K = K(g,T) > 2

so that .
10
T@ + €_K/2

and then choose A and 7 as in Corollary 3.3 for this choice of K and T, so that they depend
ultimately on T" and e. Then the previous Lemma and Corollary 3.3 imply that

<e,

P, (Gfy) = Ep(®r - 16, )
<10e” /K 4+ e M2 < ¢,

where the choice of K is used in the last inequality. O

The same reasoning, but now using Proposition 3.8 in place of Corollary 3.3, gives the
following:

PROPOSITION 3.11.  For any positive constants T, M and ¢, A > 0 and rg > 0 there
exists a constant A", depending only on (T, M, e, A,rg), so that for all X\ > 1 and all
(A, )\, r0)—admissible p € M(R?) satisfying || = N, the local time, Lr(x), of Y} satis-
fies

P, (le%A Lr(z) < A"\ md()\)> >1—e.
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3.4. Propagation of supercritical super-Brownian motions. We continue to let YV; = Y}
be a super-Brownian motion with drift one starting at u, and let PI} denote its law. Recall

that for z € Z¢, Q,.(x) denotes the cube of side length r centered at x, and Q(z) := Q1(z).

LEMMA 3.12. For any T > 1 and ¢ > 0, there exists a constant M = M(T,e) > 0 such
that for any A\ > e and any p satisfying || = X and Supp(u) C Q(0), we have

P (Supp (Y[0,7]) C QM@(O)) >1—e¢
PRrOOF. This is a direct consequence of Theorem A in Pinsky (1995). O

Write N'(0) = {x € Z% : ||z||; = 1} for the nearest neighbors of the origin in Z?. Fix a T
sufficiently large such that

3.21 min min e (Lo * -
( ) z€N(0) y€Q(0) ( Q(x) pT) (y) =

where p;(x) is the Gauss kernel in (1.3), and * denotes convolution.

LEMMA 3.13. For any e > 0 and T as above, there exists \g = A\o(T,e) > 0 such that
for any p satisfying Supp(p) € Q(0) and |u| = A > Ao,

Py (Yp(Q(z)) > A for all z € N(0)) > 1 —¢.

PROOF. By a well-known moment formula (see, e.g., Exercise 11.5.2 in Perkins (2002)),
together with the assumption that Supp(u) C Q(0) and (3.21), for any = € N(0),

EYr(Q(x)) = e (1, 1@ * pr) = 2|p| = 2),
and

T 2
Var(Yr(Q(x))) < ¢ (1, /0 (Low) *Pir—s)” *ps ds).

Consequently, by the Chebyshev inequality,

P(2(Q() < 3) =P (1Y2(Q() - B¥r(Qa))] = 5 E¥(Q()) )

<4€2T</J’7 fOT (1Q(m) *p(Tfs))2 * Ps d8>
- (21)°
SCT)\fl.

The conclusion follows. O

4. A weak form of local extinction and its consequences.
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4.1. A weak form of local extinction. Let Vy = n%2/T(1 + d/2) be the volume of a unit
d-dimensional ball.

PROPOSITION 4.1. There exists k < oo such that for any 6 € R,y > 0, and K €
Cp(RYERY), if X solves (MP)Z’lf’g and p satisfies Assumption 1.1, then for any N > 1,

2
(4.1) B{Loo, 1py(0)) < - +|’;|9+ + Va(k +20%)(N + 1),
and
(4.2) B(L3, 1y (0) < 4lpl + Va(k +20%)*(N +1)7.

PROOF. First, observe that there exists k > 0 such that for any N > 1 there exists a
function ¢ = pn € C? such that

(4.3) |Ap| < ko and g ) <@ <1p,. ()

For example, set ¢(z) = 9¥(|z|) where ¢ = ¥y : R — [0,1] is a smooth, even function
bounded above and below by the indicators of [-N — 1, N + 1] and [—N, N], monotone
on [-N — 1,—N] (and therefore also on [N, N + 1]), and such that (for instance) ¢ (x) =
(x+N+1)* forz € [-N —1,—N —1/2]. Because ¢ € C%(R%), the martingale identity (1.5)
applies (with 8 = 1), so after taking expectations we obtain

1 t
E(Xi,0) = (4, ) + §E<Lt,A<p> +O0E(Ly, o) — E{Ly, Kp) — E/ (X5, Lsp) ds.
0

A routine integration by parts shows that

t
1
| XeiLug) ds = 5220

Since |Ag| < ky/p and (X¢, ) > 0, it follows that

(4.4) —2(u, ©) < KE(Lt, /@) + 20" E(Ly, ©) — E(L7, )
< (k+207)B(Ly, \/p) — B(L}, o)
< (k+207)E(Le, /o) — (Vi (N + 1)) (B(Ly, /0))?

the last by Cauchy-Schwartz and the fact that ¢ has support contained in By 41(0). This
clearly gives an upper bound on E(L, /) that is independent of ¢. In fact, (4.4) implies
that

2
(E(Lt, Vo) — %Vd(N + 1)k + 29+)) < %(Vd(N + N2 (k4 207)2 + 2(p, ) Vy(N + 1)4

IA

2
(;Vd(N + 1%k +207) + (:S’:;gi)) )
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and hence

B(Lo,/B) < ValN + 1) +26) + (;vduu 19k + 260%) + W)

(k+20%)
2p()
_ + a . 209
=Va(k+207)(N +1)" + PRy
Letting t — oo yields
+ i, 2np)
(4.5) E(Loo, o) < Va(k +207)(N + 1)+ ————

K+ 20+

Relation (4.1) follows, since /¢ bounds the indicator function of By(0). Finally, by the
second inequality in (4.4),

E(L%,,¢) < 2|ul + (k +207)E{Loc, /).
Relation (4.2) follows from (4.5). O

REMARK 4.2. The above Proposition easily shows that each of the terms on the right-
hand side of (1.2) converges a.s. as t — oo. Therefore X;(¢p) converges a.s. as t — oo and
clearly the limit must be 0 by the above. This shows that X;(K) approaches 0 as ¢ — oo
for all compact sets K a.s. Our Theorem 1.3 asserts a much stronger result, namely that
X(K) = 0 for large enough ¢ a.s.

4.2. Unwversality of the critical values 0.. For any p satisfying Assumption 2.10, if X
solves (1.2) with 6 < 0, then P(X survives) = 0 because X is dominated by a critical
super-Brownian motion (by Proposition 2.5), which goes extinct almost surely (see, e.g.,
Eqn (5.7) in Feller (1951) or (I1.5.12) in Perkins (2002)). Lemma 2.16 and Remark 2.17
therefore imply that for any such p and any function K € C, (R%; R, ) there is a critical value
0.(1, K) € ]0,00] so that a spatial epidemic X with suppression rate K and transmission
parameter 6 (see (1.5)) survives with positive probability if 8 > 6.(u, K) and with zero
probability if 6 < 0.(u, K).

PROPOSITION 4.3.  The critical value 0.(p, ) depends only on the dimension d and not
on the choice of 0 # u satisfying Assumption 1.1 or K € Cp(Rd; Ry).

PROOF. In this argument 6 will be fixed and v = 1, so we suppress the dependence
of the laws Pg:}{’ on @ and 7. By Theorem 2.2, for any measure p € M..(RY) satisfying
Assumption 1.1 and any two suppression rate functions K, K’ € Cp(Rd; R, ), the laws P, i
and P, g are mutually absolutely continuous on F;, with Radon-Nikodym derivative (2.8).
Since K and K’ both have compact support, inequality (4.2) of Proposition 4.1 implies that
the integrals in the likelihood ratio converge, so that

dP, i
lim (“’K) =Y
t—ro0 dP,u,K b
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exists and is positive P, x—almost surely. Hence, by Fatou’s lemma,
Pyscr(X survives) = Iim Py (13 > 0) > Byie (Y1(x survives) )

It follows that if X survives with positive P, ;¢ probability then it also survives with P, r
probability. Reversing the roles of K and K’ shows that the reverse is also true. Therefore,
the critical value 0(u, K) does not depend on K.

To complete the proof, it suffices, in view of the preceding paragraph, to prove that if X
survives with positive probability under P, o then it survives with positive probability under
P,y for v # 0. By the Markov property (Theorem 2.2 (d)),

P,o(X survives) = E, o(Px,,1, (X survives)),
and similarly for P, . By the argument of the preceding paragraph,
Px, 1, (X survives) >0 <= Py, o(X survives) > 0,
so for both w = p and w = v,
P,o(X survives) >0 <= E, o(Px, o(X survives)) > 0.

But the laws of X; under P, and P, are mutually absolutely continuous. (This can be
seen as follows. First, by the absolute continuity results in Evans and Perkins (1991) (see,
for example Theorem II1.2.2 in Perkins (2002)), if P, and P, are the laws of super-Brownian
motions with initial conditions y and v, then the distributions of X; under P, and P, are
mutually absolutely continuous. Second, by Theorem 2.2 (a), for any initial measure w the
measures P, and P, o are mutually absolutely continuous.) Therefore,

P,o(X survives) >0 <= P, o(X survives) > 0.

O

Note that the above arguments do not require p to satisfy the stronger Assumption 2.10,
instead just the original Assumption 1.1.

4.3. Extinction in dimension one.

PROPOSITION 4.4. If d = 1 then for every 8 € R and every initial measure p that
satisfies Assumption 1.1, the solution X; of the martingale problem (1.2) dies out almost
surely.

PRrROOF. First, by Proposition 2.5, on some probability space there is a version of the
process X and a super-Brownian motion X with drift # such that Xg = X¢ = p and
Xi < Xiforallt>0.

By a result of Pinsky (1995), there is a positive constant C' = Cy < oo such that almost
surely the support of the random measure X is eventually contained in the interval [-Ct, Ct].
Since X dominates X, the same is true for X. Now by Lemma 2.15, on the event that X
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survives, the total mass of the measure X; must diverge. Because this mass is (eventually)
contained in [—Ct, Ct], it follows from L’Hospital’s rule that on the event of survival, the
occupation density process L;(x) must satisfy

1 Ct 1 t
/ Li(x)dx = / | Xy | du — 0.
tJ-ct tJo

Hence, if there is positive probability of survival then

1 Ct
E/ Li(x) dx — 0.
tJ-ct

But this contradicts (4.1) in Proposition 4.1. O

5. Proof of survival when d = 2 or 3. In this section we prove that in dimensions
2 and 3, for all sufficiently large values of the transmission rate 6, spatial epidemics —
that is, solutions of the martingale problem (1.2) — survive with positive probability. By
Proposition 4.3, the critical value 6, for survival in dimensions d = 2, 3 does not not depend
on the initial mass distribution pu, hence it suffices to prove that for some finite measure
there is positive probability of survival. The proof will make use of an auxiliary 3—dependent
site percolation process: this will be constructed in such a way that if percolation occurs with
positive probability then the epidemic must survive with positive probability. We will show
that by taking @ sufficiently large, we can make the density of the site percolation arbitrarily
close to 1. Since percolation occurs with positive probability in a site percolation process
when the density is near 1 (see, e.g., Theorem 4.1 of Durrett (1995)), it will follow that for
large values of 6 the epidemic process will survive with positive probability. We refer the
reader to Chapter 4 of Durrett (1995) for terminology and a general framework for such
comparison arguments.

5.1. Scaled process. We assume d = 2 or 3 throughout this section. Let X; be a spatial
epidemic process with transmission rate 6 and initial mass distribution p, that is, a solution
to the martingale problem (1.2). It will be convenient to work with a rescaled version of the
spatial epidemic defined as follows: for any 6 > 0,

Ur(4h) = 0X,/0((V0 ), for all € C2(RY).

The effect of this rescaling is described by Lemma 2.27: in particular, U; satisfies the martin-

gale problem (MP)};’,g’l with 8 = 0(@=6)/2 and fi defined by [ (x) dji(x) = 0 [(V0z) du().
For notational ease, we will use the notation

(5.1) B=p(0) =9/

in this section, and we will drop the tilde on the initial measure u. We will show that when
0 is sufficiently large, for a suitable initial condition pu, the process U survives with positive
probability.
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5.2. Sandwich Lemma. By Lemma 2.25, a spatial epidemic process can be bounded
below and above by super-Brownian motions with different drift terms up to the time that
its local time density exceeds some threshold. We now explain how the result of Lemma 2.25
translates to the rescaled processes.

For any pu € M_.(R?) satisfying Assumption 2.10, and any function K € C,(R% Ry),
let U be a solution of the martingale problem (M P)lll’ﬁél, i.e., the spatial epidemic with
transmission rate 1, branching rate 1, inhibition parameter 3, local suppression rate K, and
initial mass distribution . In addition, for any fixed constant x > 0, let Uy and U, be
super-Brownian motions with drift 1 and drift 1 — 8- k respectively. Denote by M and M,
the orthogonal martingale measures associated with U; and U,, respectively.

LEMMA 5.1.  Versions of the processes U, U and U, all with the same initial condition pu,
can be built on a common probability space in such a way that

U, <U<U; forallt<r,

where

7 = inf {t >0: (mng(x)) + (mg?xﬁLt(U, x)) > ﬁ/ﬁ} .

PROOF. This follows by first rescaling U, U and U as in Lemma 2.27 so that the j3
parameter becomes 1 and the drift parameters (or transmission rates) of U and U become
6(1 — Bk) and 6, respectively. Then one may apply Lemma 2.25 to the rescaled process.
Finally undoing the scaling leads to the required conclusion. O

By Lemma 2.1(a), the law of U is absolutely continuous with respect to that of U, and
the likelihood ratio on F; is

2.2 ot
(5.2) LR} = exp {—ﬁfth(l) - 5; /0 |U | ds} .

5.3. Percolation probability estimates. Recall that Q,(x) denotes the cube of side length r
centered at x, and, as before, we abbreviate Q(z) := @Q1(x). The auxiliary site percolation
processes will be constructed by partitioning the space R? into cubes Q(x) of side length 1
centered at lattice points z € Z?, and then using the behavior of the superprocesses in the
cube Q(x) to determine whether the site 2 will be occupied or not in the auxiliary percolation
process. Roughly, a site  will be occupied if, within a certain fixed amount of time T' < oo,
the measure-valued process U started from a certain initial mass distribution supported by
Q(x) manages to generate a sufficiently large total mass in each of the adjacent cubes Q(y)
while simultaneously not accumulating too much local time. The objective of this section is
to develop estimates that will allow us to conclude that if € is large (hence f is small), then
x is occupied with high probability.

Define the grid I' to be Z2 when d = 2 and Z% x {0} when d = 3, where Z2 := {z =
(x1,22) € Z%: 2; >0, i =1,2}. For ,y € ', we say that

{ if )y < |lyls or
N

(5.3)
z|[1 = [ly[l and z1 < y1.
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Here ||z||1 := >, |z;| is the ¢;-norm. This defines a total order on I', and so the points of
the lattice can be enumerated as 0 = (1) < #(2) < .... The notation x < y is understood
as x < y or x = y. Define A(z) to be the set of y € I" such that z < y and ||z — y[|; = 1.
In other words, when d = 2, for any (z1,y1) € Z2, A((z1,11)) = {(z1,y1 + 1), (z1 + L, y1) };;
and similarly for d = 3. We shall call any y € A(x) an “immediate offspring” of z, and x an
“immediate predecessor” of y.

Fix T so large that (3.21) holds. For any ¢ > 0, let A(e) = A(T,¢) and ro(e) = ro(T, )
be the constants specified in Proposition 3.10. For any measure-valued process X with local
time density Li(X), and for any x € ', M > 0, x > 0, A > 0 and € > 0, define the following
events:

FY(M; X,z) = {Supp(Lr(X)) € Qu()};
F?(x; X) = {max Lp(X, y) < x};
(5.4) 4
F3(X,2) = {X1(Q(y) > | Xol, for all y e A(z)};
Fi(e; X) = { X7 is (A(e/4), | Xo|, r0(g/4))-admissible}.

Observe that these events depend on the choice of T'. For brevity we will write

1 3

F' (M) = FY(M;T,0), F’(x) = F2(x;U), F* = F3(T,0), and F'(¢) = F(s;T).

Define functions

6'/2  when d = 2
5.5 0) =
(5.5) fa(6) { logf when d = 3,

and

(5.6) M =DM(M,0) = [M\/log fa(0) + 1], and x = x(A",0) = A" f4(8)ra(fa(0)),
where rk4(-) is the function defined in (3.7).

LEMMA 5.2. For anyeg > 0, there exist positive constants 6y, M and A”, depending only
on T and eg, such that if 0 > Oy then for any initial measure p supported by Q(0), of total
mass |p] = fa(0) and (A(go/4), f4(0),70(0/4))-admissible, the super-Brownian motion U,
with drift 1 and initial mass distribution p satisfies

1

(5.7) P (F M) NF(x)NF° mF4(aO)> >1— &

PRrROOF. This is a direct consequence of Lemma 3.12, Proposition 3.11, Lemma 3.13, and
Proposition 3.10. More specifically, by Lemma 3.12, there exists constant M = M (T, ¢eq)

such that P(FI(M)) > 1 —€9/4. Moreover, by Proposition 3.11 with € = g¢/4, there exists

A" such that P(F2(X)) > 1 —¢eo/4. (Note that by Proposition 3.11, A” only depends on
(T, M,ep, A, 19), and in our case the M, A and r( all only depend on (T, &), so ultimately
A" only depends on (T,ep).) Next, by Lemma 3.13, there exists 6y > 0 such that for any
0 > 0y,

(5.8) P(F’) > 1 —ep/A.
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Finally, by Proposition 3.10, as long as 6 is such that f;(0) > 1, P(F4(€0)) >1—¢ep/4.
O

The next result explains the choice of f4(6).

COROLLARY 5.3.  For any positive constants 8, M and A", let U, = Qf’“ be the super-
Brownian motion with drift 1 — Sk and initial mass distribution u, where

(5.9) K = M*x = [M+/log fa(8) + 1% - A” f4(0)ka(fa(9)).

Then for any o € (0, 1), there exists 0y > 0 such that if @ > 0y and if the initial condition p
is supported by Q(0) and of total mass |u| = fq(0), then

(5.10) P (F*(U,0)) > 1 - 3eo/2.

PROOF. Let F(gg) = {LR% < 1+e} for the likelihood ratio LR} defined in (5.2). Using
the fact that My(1) = M,(1) — B [, |U,|ds, we have

EY(LRS - 1(55(24))c)

T
—pU <—55MT(1) — (ﬂ2m2/2)/ \Uslds > log(1 + 80))
OT
(5.11) =pU <55MT(1) + (52;@2/2)/0 \U,|ds > log(1 + 50)) .

Here and below we use EU and PU (EQ and PY, resp.) to indicate that the expectation
and probability are taken with respect to the law of U (U, resp.). Since for any s > 0,
EY(|U,|) = |Uylet=P%s (see, e.g., Eqn (5.4) in Feller (1951)), we have that

T T
¢ wlds< o) [ e as < crfato)

This and the definitions of 3 (in (5.1)), x and f; imply that EY(3%x> fOT |U,|ds) =0(1) as 0
goes to infinity. Since SxM (1) has square function 32> fOT |U,| ds, we see from the above
that both terms inside the PY-probability in (5.11) approach 0 in probability as § — oco.
It follows that there exists 6y > 0 such that for any 6 > 6, EU(LR% “L(ps(eg))e) < €o-
Therefore by (5.8), the complement of the event F3(U, 0) has probability bounded above by

350

U K £
o+ BV (LR Lumgrse - 1gey.) S 20+ (Lhe) - < 58

0 <
7 S

Combining the sandwich lemma (Lemma 5.1) and the previous two results we obtain
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PROPOSITION 5.4. For any €9 > 0 there exist positive constants 0o, M, A" such that,

for any 60 > 0y, any initial condition u satisfying the hypotheses of Lemma 5.2, and any
K € Cp(R% R, such that

K(z) + Bx - 1g_(0)(x) < Bk, forallz € R,
the process U solving (MP)L%1 satisfies
(5.12) P (Fl(M; U,0) N F2(x; U) N F3(U,0) N F4(eo; U)) > 1 3¢,

where the events F* (i = 1,2,3,4) are defined as in (5.4) by replacing X with U and x
with 0.

2

PROOF. On the event Fl(M) NF(x),

Lp(U,z) < x-1g_(0) (%)
Therefore by the assumption on K and Lemma 5.1,
U,<U, <T,, forallt<T on F (M)NF (x).

The required bound now follows from Lemma 5.2, Corollary 5.3 and an elementary argument.

O

5.4. Proof of survival.

PROPOSITION 5.5. For some finite measure p and some 6 < oo, if Uy solves (MP);%’1
with B = 00=D/2 then
P(U survives) > 0.

PROOF. Fix a T so that (3.21) holds. Fix €9 > 0 small enough such that any 3-dependent
oriented site percolation process on Zi with density at least (1—6¢p) has positive probability
of percolation. For this g, let 8 > 6y, where 6y is as in Proposition 5.4. Then choose a
measure u so that it satisfies the hypotheses of Lemma 5.2 with ¢ specified as above. Let
Li(z) denote the local time density of U, and let Loo(x) = limy_yoo L¢(x) for all z € R By
Lemma 3.12 and (a scaled version of) Proposition 2.5, almost surely,

Lo is not compactly supported = U survives.

It therefore suffices to show that L. is not compactly supported with positive probability.
To do so, we will specify an algorithm that produces a (random) set €2 consisting of integer
sites such that

(i) Loo(Q(x)) > 0 for all z € ; and

(ii) €2 is infinite with positive probability.
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The set €2 will be the connected cluster containing the origin in a 3—dependent site perco-
lation process with density > 1 — 6¢g.

Let us first give an overview of the algorithm. Recall that the grid I' is defined to be Zi
when d = 2 and Z2 x {0} when d = 3. Initially all sites x € I are designated vacant (that
is, Q = (). Our algorithm relies on the comparison in Proposition 2.24. Starting from the
origin, following the total order 0 = x(1) < x(2) < --- on I' introduced in (5.3), we shall
define stopping times 7;, random measures ji;, v; and suppression rates K. Proposition 2.24
allows us to couple U with another process U*, which, on any time interval between two
successive stopping times, is a usual spatial epidemic process. The set 2 will be determined
by U*. Proposition 2.24 ensures that LY > LY”, which will be used to ensure property (i).
Depending on how U* behaves for t € [1;_1,7;], we may change the status of site z = x(7)
from vacant to occupied, and add z to the set §2. Roughly speaking, this will be done if
and only if the spatial epidemic U} for ¢ € [1;_1, 7] succeeds in (1) putting enough mass in
adjacent cubes at time 7;; and (2) accumulating only a small amount of local time. On the
event that the status of site = is changed to occupied, for each successor y € A(zx) we will
be able to extract a “nice” mass distribution ¥ in such a way that if a spatial epidemic is
initiated by pY then it will have high probability of making the two events (1) and (2) occur;
in other words, so that site y will also be added to {2 with high probability. By keeping this
probability above the percolation threshold we will ensure that the random set €2 consisting
of all the occupied sites will be infinite with positive probability.

We now introduce some notation. In addition to 6y, assume M, A” are as in Propo-
sition 5.4, so that (5.12) holds. In the algorithm, we will repeatedly use stopping rules
7 =71(Y;4; R) defined as follows: for a measure-valued process Y € C([0,00); M.(R9)) with
local time Lf, a threshold ¢ > 0, and a region R C R?,

(5.13) 7(Y;0;R) :=inf{t : max L} (z) > ¢ or Supp(L)) Z R} A T.

We will also repeatedly use the notation F!,..., F* as introduced in (5.4) to define the
so-called “good events”. For notational ease, for each i = 1,2,..., associated with site x(7)
in the above overview, we write U} = Uty , for t > 0 (i.e., the process U* shifted and
restricted to t > 7;,_1), and

(5.14) G = FY (MU', (i) N F2(x; U N F3(U?, 2(i)) N F(e0; UY).

The event G will be called a “good” event. In plain language, ignoring the technical restric-
tion F4, on such a good event, before time T, the spatial epidemic U? has not accumulated
local time density more than x - 1Q1\7(z(i))’ and in the meanwhile, at time T, it spreads at
least |Ug| amount of mass in all the cubes Q(y) for y € A(z(3)).

Now we describe our algorithm in detail. In order to apply Proposition 2.24, we need to
define four sequences: random measures f;, v;, suppression rate functions K; and stopping
times 7;. The random measures p; and v; will be defined through an auxiliary random

measure sequence w;. The suppression rate functions K;* will be deterministic functions as
follows: K5 =0, and for 7 > 1,

(5.15) Kf =Bx-Y_1q.6)-
j=1
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Observe that for each ¢, K is a summation of moving windows, and is bounded by Sk
everywhere (recall that « is defined in (5.9) and note each point is covered by at most M?
cubes of the form Q7(z;) for centers in our 2-dimensional grid).

We start with site (1) = 0. The 79, po and vy are all deterministic: 79 = 0, up = p and
vg = 0. Let 71 = 7(U%; x, Q47(x(1))). By Proposition 5.4, the good event G' occurs with
probability > 1 — 3gg. Observe also that 71 > 0 almost surely and 7; = 7" on G'. If the good
event G' occurs, then we change the status of site 0 to be occupied. Further define

|:u| * : 1
E U5 _(-NQ(2)), if G* occurs;
(516) wl = zEA(ac(l)) UTlf(Q(z))

0, otherwise.

We now work with site y = 2(i) for i > 2. We proceed according to whether the site y is
an immediate offspring of some occupied site or not.

Case [. Site y is an immediate offspring of some occupied site. Define

(5.17) (ti—1,vi1) = (wi—1(- N Q(Y)), wi—1(-NQY)%))-
fa(

Then p;—; is a measure supported by Q(y), of total mass || = f4(0), and (A(eo/4), fa(0),ro(e0/4))-
admissible. Let 7, = 7,1 + 7(U%; x, Q77(y)). By Proposition 5.4 (with an apparent spa-

tial translation), the good event G* occurs with probability > 1 — 3eg. Observe also that

7; — Ti—1 = T on G'. If the good event G* occurs, then we change the status of site y to
occupied. Moreover, according to whether G* occurs or not, we define w; as follows:

. |14 ) L |
(5.18) w; = et Zy U: _(Q(2)) UL (N Q(2)), if G* occurs;

Vi—1, otherwise.

where B
A(y) ={z € A(y) : 2z ¢ A(u) for u which is occupied and < y}.

Case II. Site y is not an immediate offspring of any occupied site. Then we set (p;—1,v-1) =
(0, wi—1), 7 = Ti—1, and w; = w;_1.
In either case at time 7; we proceed to site z(i + 1).

It is easy to see that such defined pu;,v;, K7 and 7; satisfy the conditions of Proposi-
tion 2.24, and therefore the processes U and U* can be coupled such that

LV > LV, forallt>0.

Now if we let Q be the set of all occupied sites, then by the algorithm above, for any
x=xz(i) € 0,

L (Qx)) > LT (Q(x)) — LY~ (Q(x)) > 0,
and hence Q satisfies the condition (i).

We now show that () is infinite with positive probability. Define a site percolation on I' as
follows: for each = € T, if = is occupied, then we let £(z) = 1 if both y € A(z) are occupied,
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and = 0 otherwise; if  is vacant, then we let {(z) be a Bernoulli(1 — 6¢¢) random variable
that is independent of everything else.

We know that the origin is occupied with positive probability. We claim that on the event
that the origin is occupied, €2 contains the collection of sites reachable from the origin. We
may assume that £(0) = 1 since otherwise we are done. But when 0 is occupied, £(0) = 1
implies that both y € A(0) are occupied. By induction the conclusion follows.

It remains to show that the above defined site percolation is a 3-dependent site percolation
with density at least (1 — 6eq), i.e., we need to show that for any n > 1 and any 1 < i; <
. < /iy, such that ||z(i;) — z(ix)|[1 > 3,

P(&(xz(i;)) =0forall j =1,...,n) < (6g9)".

Since when a site x is vacant, {(z) is a Bernoulli(1 — 6¢() random variable independent of
everything else, we need only to show

(5.19) P(&(z(ij)) =0forall j =1,...,n | all 2(i;)’s are occupied) < (6g¢)".

Let us first consider the n = 1 case. When z := z(i1) is occupied, by construction, each
y € A(x) is occupied with probability at least 1 — 3gg, hence the probability that both
y € A(x) are occupied is at least 1 — 6eg. (5.19) follows.

In general, for each m > 0, we define G,, to be the o-algebra generated by {U;
0 < t < 7u} Then for each i > 1, the good event G’ is measurable with respect to
Gi, and hence the Bernoulli random variable £(z(7)) is measurable with respect to G, where
¢ is the index of the second y € A(z(i)). Now since x(i;)’s are at least distance 3 from each
other, if we let ¢; be the index of the second y € A(x(i;)), then

;< t,—2, forall j<n.

Hence by further conditioning on Gy, 2, (5.19) reduces to the n = 1 case and hence holds. [

6. Proof of extinction when d = 2 or 3. As the title suggests we shall assume d = 2
or 3 throughout this Section.

6.1. Scaled process.

PROPOSITION 6.1.  Suppose Uy is such that for each ¢ € C2(RY),

(61) Uu(w) = Uo(u) + 5 /0 U,(AY) ds-+e / ¥) ds— B / ¥) ds+yTM(e),

where M;(¢) is a martingale with quadratic variation | e = fo s(¥?) ds. There exist
positive constants g and ¢ such that if the initial condztwn Uy belongs to the class

(6.2) C = {p satisfying Assumption 2.10, Supp(p) C Q(0), and |u| = 2},
and the positive parameters a, e, 8 and vy satisfy Assumption 6.2 below, then

P(U dies out) = 1.
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ASSUMPTION 6.2.

2
1
e < p max 5797£ <e¢gg, and min ﬁ,ﬁ—,—,é > (.
g e’ edy vy

We denote by Pﬁ"s’ﬁ’W the law of U, satisfying (6.1) with Uy = p € C. Then we can
rephrase the conclusion of Proposition 6.1 as

pa75757’y — 0’

where

(6.3) p*P7 = sup PE"E’B”(U survives).
nel

When there is no confusion about the initial configuration p, we omit p and write P27
and sometimes just write P. Note that P*®%7 denotes the law of a Dawson-Watanabe
process without any local time killing, and P®%07 the law of driftless Dawson-Watanabe
process. By (a scaled version of) Proposition 2.5 we see that when 5 > 0,

(6.4) Uoz,s,ﬁ,w < Ua,s,O,'y’

where U%%#7 has law Pﬁ"s’ﬁ"y, U0 has law Pﬁ"g’o’ﬂ’ and the above notation means we

can define versions of these processes on the same space with U™ < U297 for all £ > 0
almost surely. Furthermore, by Lemma 2.1, the laws Py’ =07 and Py 007 are related to each
other via the likelihood ratio

dP355707’y

(6.5) dP570707’Y

U)] = exp <\;Mt(1) - ;/Ot U] ds> .

We introduce the following notation:

Vi =|Uyl; 75 =inf{t:Supp(L{) Z Q3(0)},

Fi

and for any continuous real valued process X and any ¢ € R, we let T.(X) be the hitting
time:

T.(X) = inf{t: X; = c}.
Finally, define 7 to be the first time that V4 hits 0 or 4 or that Uy exits Q3(0), i.e.,
(6.6) T =To(V) ATy(V) A Ts.
LEMMA 6.3. 7 < oo almost surely.

PROPOSITION 6.4. There exist constants €9 and  such that if the parameters a,e, 3
and vy satisfy Assumption 6.2, then

(6.7) sup P20 (V; > 0) <
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We will prove these results in the next sub-Section. Proposition 6.4 is analogous to
Lemma 2.3.1 in Mueller and Tribe (1994). Once we have the Proposition, we can prove
Proposition 6.1 by constructing a sub-critical branching process as in Mueller and Tribe
(1994), or more directly as follows.

PROOF OF PROPOSITION 6.1. Suppose that the positive parameters «, , 8 and ~ satisfy
the assumption of Proposition 6.4. Let

_ SWpec Pﬁ“’e"g"y(VT > 0)
Pc

Ty <1

By the definition (6.3) of p®=#7, we can find a y € C such that

1
(6.8) Pﬁ"s’ﬂ”(U survives) > %pa’e’ﬁﬁ.

Let Uy satisfy (6.1) with Uy = p. For this U, at time 7, on the event that V, > 0, U; is
contained in (3(0) with total mass no greater than 4. We can then decompose it into no
more than 2 x 3¢ parts:

4
U-=> Ul t<2x3%,
=1

each of whom has support contained in a unit cube, total mass at most 2, and satisfies
Assumption 2.10. To see this last property, the domination in (6.4), the absolute continuity
in (6.5), and the finite propagation speed of the super-Brownian motion (see, e.g., Theorem
I11.1.3 in Perkins (2002)) show that it suffices to prove that if U is the super-Brownian motion
with law Py 007 “then U, satisfies Assumption 2.10 a.s. The last claim follows directly from
Theorem II1.3.4. in Perkins (2002).

By the Markov property of the joint process (U, LY) (see Theorem 2.2(d)), Lemma 2.15,
and (a scaled version of) Lemma 2.18,

PS’S’B"Y(U survives) < F (1(VT>0) . P((}‘T’E’B"Y(U survives)) :

Here we are “throwing away” the killing due to LY. By Lemma 2.19 and translation invari-
ance, the right-hand side is bounded above by

¢ ¢
E (1(VT>O) . ZPOZE,B,V(U survives)) <PV,>0)-E (Zpa,é‘ﬂﬁ) < Tlpa,e,ﬂ,y.
=1 i=1

Combining this with the previous inequality and (6.8) we get

1+r
Tlpa787ﬁ7’y S r’nlpavaaﬁ7’y,

hence p®&A7 = 0. O

imsart-aop ver. 2011/05/20 file: phase_transition_SIR.tex date: February 5, 2013



48 S.LALLEY, E.PERKINS, AND X.ZHENG

6.2. Proof of Lemma 6.3 and Proposition 6.4. In the arguments below, U; is a process
satisfying (6.1) with a fixed initial condition u € C. The bounds in Lemmas 6.6 — 6.9 below
hold for all 1 € C, and hence will lead to the uniform bound in Proposition 6.4.

First we note that V; = |Uy| satisfies the following SDE for some Brownian motion W:
(6.9) dVy = eVidt — BULLY ) dt + 7/ Vi dW;.

By an integration by parts,

! U _B U2V doe
o [ vty as=5 [ @) an

When t < 73, by Cauchy-Schwartz we get that

(6.10) B/Lt 2*8 ;(/L?(x)da:>2:pcﬁ</ot%ds>

We now prove Lemma 6.3.

2

PROOF OF LEMMA 6.3. Suppose otherwise P(T = oo) > 0, in particular, P(73 = o0) > 0.
By (6.9) and (6.10), on the event {73 = o0},

t t 2 t
(6.11) Vt§2—|—€/Vsds—pcﬂ</Vsds> —i—ﬁ/ Vs dWy, for all t > 0.
0 0 0
Define a sequence of stopping times {r;} by r9 = 0 and for i > 0,

T + 1 if ‘/’r'rkl S 27
o
i inf{t >r;+1:V, =2} otherwise.

CLAIM 6.5.  For all i, r; < oo almost surely

Suppose for some i, r; < 141 = 00. Then V; > 2 for all ¢ > r; + 1. Therefore (6.11) shows
that on {73 = oo} the continuous martingale /7 fg V'V ¢ dW, approaches 400 as t — 00, an
event of probability zero. This proves the claim.

For each i Proposition 2.5 allows us to bound V; above on [r;, 7; + 1] by a Feller diffusion
with drift € and initial value 2 which does hit 0 in the next one unit of time with probability
g > 0. This shows P(V hits 0 on [r;,7; + 1]|F,) > ¢ > 0 and we therefore conclude that V
will hit 0 almost surely, again a contradiction to our supposition. O

Next We prove Proposition 6.4. Define a continuous random time change

[0 STl Vds} [0, To(V)] by

(6.12) 1nf{ / v, ds_t}
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and let 17,; = V;,. Then ‘N/t satisfies
To(V)
V}—Q—i—gt—ﬁ/ ds—l—th, fortg/ Vs ds,
0

where B, = [ \/VodW; for t < f To(V) Vs ds and may be extended, if necessary, to a
standard Browman motion. If

(6.13) Y; = 2 + et — p.fSt* + /7B

then by (6.10)

- Td/\T()(V)
(6.14) Vi <Y, fort< / Vs ds,
0

since the upper bound on ¢ implies 7; < 73.

We want to bound P(V; > 0) where 7 is defined in (6.6). Using the comparison above,
noting that by Lemma 6.3 7 < oo almost surely, we get that

PV, >0)

<P(13 < To(V), 13 < Ty(V)

<P(r3 < 1/(4¢)) + P(1/(4¢
(6.15) <P(r3 < 1/(4e)) + P(T1(V)

+ P(To(Y) > 1/(8e)) + P(Ta(Y) < To(Y)),

where in the last line we used that
P(Ty (V) >1/(8),To(V) > 1/(4e) and 13 > 1/(4e)) < P(Tp(Y) > 1/(8¢)).

This holds because V; = 2, and hence on the event on the left-hand side
T3/\T0(V) 1/(85)
/ VsdsZ/ Vs ds > 1/(8e),
0 0

which implies 7; /) < 1/(8¢), and by (6.14), for all t < 1/(8¢), Y¥; > Vi = Vi, > 0 (since
To(V') > 1/(4e)). Proposition 6.4 will be proved if we can show that all four probabilities in
(6.15) are small.

LEMMA 6.6. There exists a constant C > 0 such that
2
P(13<1/(4e)) < C’\/Eexp <\8[> + 2y/eexp < ﬁ) .
i Y v

PROOF. By the domination (6.4), it suffices to show the lemma for P®*%7 which is then
analogous to Lemma 2.1.9 in Mueller and Tribe (1994) where the conclusion for the d = 1
case is proved. We give here a slightly simpler proof for all d < 3.
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Following Mueller and Tribe (1994) and using (6.5), we get that

(6.16) P07 (13 < 1/(4¢))

9

. c 2 T3

<pe0a (1{73§1/(45)ATE_1/2(V)} " eXp (ﬂMrg(l) apw /0 Vs dS))
+ PUSONT 0 (V) < 1/(4e))

</ P00 (15 < 1/(4e))

2e g2 [T
(617) . \/EO(,0,0,’)/ <exp (ﬁMTS(l) - ")//0' ‘/s d8> . 1{7’3§1/(48)/\T51/2(V)}>
+ Pa’a’O’W(TE—UQ(V) < OO)

A scale function (see, e.g., Proposition VII.3.2 and Exercise VII.3.20 in Revuz and Yor
(1999)) for V when 8 = 0 is given by s(z) = v(1 — exp(—2ex/v))/(2¢) and so

a,e,0,y 00) = 8(2) — S(O) _ 1-— exp(—45/'y)
P (Te12(V) < 20) s(="172) —5(0) 1 —exp(—2v/Z/9)
(6.18) < i/ — 2\Eexp(2vE/).

(2v/2/7) exp(—2+/€/7)

We will use Theorem 1 of Iscoe (1988) to bound P*%%7 (5 < 1/(4¢)) < P*907 (73 < o0).
To do so, we make another scaling: let

2y

Uy (1) = v @ <7 - >> for all ¢ € C2(RY),

then by Lemma 2.27 U, satisfies the assumptions of Theorem 1 in Iscoe (1988), and

2
«

U (Q5(0)) > 0 < U, (Q;\/»(O)> > 0.

Hence by Theorem 1 in Iscoe (1988) and the fact that Uy € C,

9

— 2 —
3 /2
(32
where e; is a unit vector and wu(z) is the unique positive (radial) solution of the singular
elliptic boundary value problem

3 5

(6.19) PO (13 < 00) < . (u ((3 %>71 >> < Cu <2€1> E

Au(z) = u?(z), x € B(0,1); and u(x) — oo as |z| — 1.
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NeE

(being a non-negative local martingale),

Next denote by A = 2. Since Z(t) = exp ()\Mt(l) - ’\72 fg Vsds) is a supermartingale

g2

o 2e ™
E00y (GXP <ﬁMr3(1) - 7/0 Vsd5> : 1{T3S1/(4E)/\T€_1/2(V)}>

B AQ T3
= Eoz,O,OKY (Z(T3 A (4{5) 1) exp <4/0 Vs ds> . 1{T3§1/(4E)/\TE_1/2(V)}>

2 1
< exp (A ) E007(Z)

4 4g3/2

6200 —ew (L),

4y

where optional sampling is used in the next to last line. Now insert (6.18), (6.19), and (6.20)
into (6.16) to complete the proof. O

LEMMA 6.7. There exists a constant C > 0 such that
P(T1(V) < 1/(8¢) and To(V) > 1/(4e)) < C%.

PROOF. Recall that V; satisfies (6.9). Applying Proposition 2.5 again, on {71(V) < oo}
we may define an Fr, 1)1 4-adapted solution V of

t t
vt:1+g/ v, ds+ﬁ/ JVoaw,
0 0

where W' is an F1,(v)+¢-Brownian motion and V> Vi, (v)4¢ for all £ > 0, almost surely on
{T1(V) < oo}. Therefore

P(T1(V) < 1/(8¢) and To(V) > 1/(4e)) < P(To(V) = 1/(8¢)).

By Exercise 11.5.3. in Perkins (2002) the last term equals

l—e —2¢ < 2e
— €ex .
P =e ) e

Recall that Y is defined in (6.13).

LEMMA 6.8. There exist constants C1,Co > 0 such that for all Be=2 > 20000 and
0<e< 1/4,

P(Ty(Y) > 1/(8)) < Crexp <—6’2§;> .
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PROOF. Assume f3,¢ are as above and recall that p. = (1/2)37¢

P(To(Y) > 1/(8¢)) < P(Y1/(s¢) > 0)

—P(BMH )
1

The result follows.

LEMMA 6.9. There exists C > 0 such that if ¢ < min (1/2,p.0), then
1
P(Ty(Y) <Tp(Y)) < Cexp <_8’y> + exp <—2pc§> )

PROOF. Recall that Y; satisfies
Yy =2+ et — peSit + /By

Hence if we define Y; by N
Y =2 +et+ /By,

then Y; < Y;. Note also that
P(Ty(Y) < To(Y)) < P(T3(Y) < 1) 4 P(T3(Y) > 1, Ty(Y) < To(Y)).
We first estimate P(T3(Y) < 1):
P(T3(Y) < 1) = P(max(et +v/7B;) 2 1)

1—¢
< >
(621) <P (mypn=t7)

provided that € < 1/2, where C' > 0 is some constant independent of € and 7.
We now work with P(T5(Y) > 1,T4(Y) < To(Y)). Define
Y, =Y1 —p.St+ /7B,
where By = Byy1 — By. If e < p.3 and t > 1, then
Yi=Yi+e(t—1) =peB(t* = 1) + 7Bia
=Y+ (t—1)[e —pB(t+1)] + VYBi1

<Y+ (t — 1)[]766 - 2pc/8] + \ﬁgt—l
=Y.
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Furthermore, since Y; < Y;, on the event {T3(Y) > 1}, ¥; < 3 and T4(Y)) > 1. Therefore

P(T3(Y) > 1,T4(Y) < To(Y)) < P (3 — pcft + /7By hits 4 before 0) .

The latter probability can be explicitly calculated using scale functions: if we let

_ xX Y 2p.f _ v - 2p.f3 _
s(:c)—/oep</0 S dz) dy 2p66<ep( ; a:) 1),

then

SN—
|
w
(e}
N—
@
>
T
/~
DO
2[F
I
w
N———
|
—

:s(3

2

P <3 — pels -t + /7By hits 4 before 0)

O

PROOF OF PROPOSITION 6.4. The hypotheses of the above four Lemmas are satisfied
under Assumption 6.2 for small enough ¢y and large enough (. The bounds obtained in all
four Lemmas can also be made as small as we like, again by taking ¢y small enough and ¢
large enough. By inserting these bounds into (6.15), we obtain Proposition 6.4. O

6.3. Proof of extinction for the original equation. By Proposition 4.3 and Proposition 6.1,
in order to show extinction for X; defined by the original equation (1.2), it suffices to show
that when 6 > 0 is sufficiently small, there exists a scaling as in Lemma 2.27 such that the
parameters in the scaled equation satisfy Assumption 6.2. This is the content of the next
lemma.

LEMMA 6.10. For any fized constants 0 < eq < (, for all 6 > 0 sufficiently small, there
exist a scaling of X, as in Lemma 2.27 with K = 0, such that the parameters in the scaled
equation satisfy Assumption 6.2.

PrOOF. By Lemma 2.27 we want to find positive constants a,b and ¢ such that

de
(6.22) a=ab®, £ =ab, 5:%, and v = ac

satisfy Assumption 6.2. We will only look at power functions, i.e.,
a=06%b=40Y, and c = 67,

and show that for appropriate (real) choices of x, y and z, Assumption 6.2 is satisfied provided
that @ is sufficiently small. We have that

=0 e =gtT g =g¥td=2 and 4 = g7
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Looking back at the conditions in Assumption 6.2, we see that it is sufficient that

1+z>2r+dy — 2z,

1+z>0, 24+2y—(z+2) >0, (1+z)/2—(x+2) >0
r+dy—z)—2(1+2x)<0, 2Q2x+dy—2)—31+z)—(z+2) <0,
r4+2<0,2c+dy—z—(x+2) <0,

ie.,
1+ 2z>z+dy,
z>—-1,2y>z 1—2>2z2
dy —z <2, 2dy < 3z+3
r+2<0, z+dy < 2z.
There is an abundance of choices, for example, z = —3/4 and y = z = 1/2 will do. O

7. A strong form of local extinction. Theorem 1.3 is a direct consequence of Propo-
sition 4.4 and the following result.

THEOREM 7.1. Assume that d = 2 or d = 3. If the initial mass distribution p satisfies
Assumption 1.1, then for any value of 0 the epidemic X; (the solution to the martingale
problem (1.1)) dies out locally, that is, with probability one, for every compact subset K C R?,

(7.1) Xi(K) =0 for large enough t.

The remainder of this section will be devoted to the proof of this theorem. Observe at
the outset that it suffices to show that the property (7.1) holds when K is a ball of radius
0 = 0(f) > 0 centered at a point with rational coordinates, because any compact K is
covered by finitely many such balls. Moreover, it suffices to consider only balls centered
at the origin, because the initial mass distribution p can always be re-centered. Thus, our
objective is to prove that the epidemic dies out in K = B,(0).

7.1. Re-infection at large times . The proof of Theorem 7.1 will have three parts: First,
we will show that (7.1) could fail only if the ball B,(0) were re-infected from outside the
ball B3,(0) at indefinitely large times. Second, we will show (in Section 7.2 below) that
boundedness of E Ly (B3,(0)), by Proposition 4.1, implies that the mean mass flux through
the sphere of radius 2p is finite. Finally, we will show (in Section 7.3) the finite total mean
mass flux through the sphere of radius 2¢ will imply that reinfection of B,(0) from outside
Bs,(0) at arbitrarily large times cannot occur.

To give precise meaning to the notions of “re-infection from outside” and “mass flux
through a boundary” we must bring in the historical process H associated with the spatial
epidemic X . (For a rigorous development of the basic theory, for Dawson-Watanabe processes
without interaction, see Dawson and Perkins (1991), for interactive processes including our
setting see Perkins (1995), and for an overview of both see Perkins (2002)). Recall that for
each time ¢ the state H; is a random measure on the space of continuous paths C([0,t], R%)
that projects to X; via the time—t evaluation mapping. As in the above references, for w €
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C := C([0,0), R?%) we set w'(-) = w(-At) and identify C([0,t], R?) with {w € C([0, 00),R%) :
w=wt}.

Theorem 5.11(a) of Perkins (1995) gives a version of Dawson’s Girsanov Theorem for
historical processes. It is then easy to adapt the proof of Theorem 2.2 to see that The-
orem 5.11(a) of Perkins (1995) will apply with the drift function g there equal to 6 —
L¥(ws). This gives a solution H; to a well-posed historical martingale problem so that
Xi(p) = [ o(w)Hy(dw) is the unique solution to (1.2). It also shows that the law of H is
absolutely continuous to the law of the historical process associated with super-Brownian
motion on the filtration up to time ¢, for each ¢ > 0.

For a fixed g > 0 let
n(w) = ne(w) = inf{t >0 : |w;| > 30}

be the exit time of the path w from the interior of Bs3,(0). At time ¢ color the path (ws)s<¢
red if n <t and otherwise color it blue. This gives a decomposition

(7.2) Hy(-) = H{*(-) + HP (-) = Hy(- 0 {n < t}) + Hy(- 0 {n > t}).
Projecting via the time—t evaluation we obtain the decomposition
Xi() = X{C) + XP () = Hf (wp € ) + HY (wy € 1),

PROPOSITION 7.2.  For each value § € R there exists o = o(0) > 0 such that for any
initial mass distribution u satisfying Assumption 1.1, the process HP in the red/blue decom-
position (7.2) will die out with probability one.

PROOF. Arguing as in Proposition IV.1.4 of Perkins (2002), but using historical processes,
one can construct our historical epidemic process H and the historical process H for a drift-6
super-Brownian motion, X, on a common probability space so that Hy = Hg and H; < H;
for all t > 0. We decompose H = B+ H” asin (7.2), thus inducing a corresponding
decomposition, X = x" + X" Then X7 will be the drift-0 superprocess associated with
Brownian motion killed when it exits the interior of Bs,(0). Therefore if (), is Wiener
measure starting at  and 7, is also the corresponding exit time for the Brownian path, then
for t > 0,

(7.3) E(X/|) = 69t/Qx(t <ng)du(z) < e|u|Qo(t < 1,).

(A careful proof of this could use the appropriate version of Proposition 7.4(c) below with
1, in place of 7, and H in place of H.) For ¢ > 0 sufficiently small (how small will depend
on ) this expectation decays exponentially with ¢, by elementary estimates on the transition
kernel for killed Brownian motion. (In particular, 3p > 0 must be small enough that the
first eigenvalue of —A/2 with Dirichlet boundary conditions on 0Bs,(0) is strictly greater
than 6.)

It remains to show that the exponential decay of £ ]Yf | implies that X" dies out almost
surely. Let Z; denote a Feller branching process with drift 8. For n € N, the fact that the
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total mass process |YB| is dominated by the total mass process without killing on 0B3,(0)
implies

%)

P(IX )| > 0) < B(Pgo([X7] > 0)) < B(Pgs (21> 0)) = E[1 - exp(T——5

X |

(7.4) < COE(X,)),

where Exercise I1.5.3 of Perkins (2002) is used in the next to last line. The exponential decay

in the mean on the right-hand side now shows that FB, and hence the smaller HZ, dies out
a.s. by a Borel-Cantelli argument. O

For future reference we state a time shifted version of the above. Let T' > 0, define
(7.5) or =1inf{t > T : |w¢| > 3p},

and for t > T set
HPT () = Hy(- 0 {or > 1}).

PROPOSITION 7.3.  For u, 6 and o(f) as in Proposition 7.2, the process HPT will die
out with probability one.

PROOF. One proceeds just as above but conditional on the past up to T, Hy,t > T
will be the historical process associated with a drift-f super-Brownian motion starting at
Hpr = Hry. O

Assume for the remainder of the proof that o = p(f) > 0 is small enough that the
conclusions of Propositions 7.2 and 7.3 hold. Then for any fixed T > 0, all mass in the
spatial epidemic X; will eventually be descended from the mass in X outside of B3,(0).
This obviously implies that if local extinction (7.1) fails for K = B,(0) then the ball B,(0)
must be re-infected by mass from outside B3,(0) at arbitrarily large times.

7.2. Finite mass flur. We will control the re-infections of B,(0) from outside Bs,(0)
by bounding the total “mass flux” (to be made precise below) through 9B3,(0). For any
continuous path w in R? define vy < 71 < 11 < --- to be the successive times of passage
between the spheres 0Bs3,(0) and 0B, (0) (that is, vy is the first hitting time of B3,(0), 71
the first hitting time of 9Ba,(0) after vy, and so on). Now for each k = 1,2,... define Hf
to be an associated historical process in which historical mass frozen at time 7, is collected
as 7, occurs for 7, < t. For general superprocesses these are the historical random measures
constructed by Dynkin (1991) (Theorem 1.5) using log Laplace equations. We will follow
Theorem 2.23 and Remark 2.25 of Perkins (1995) which gives a recipe for their construction
and associated stochastic analysis, using historical stochastic calculus, and does so in a more
general interactive framework which includes our spatial epidemic processes.

Cl? (R%) denotes the space of bounded continuous functions on R? with bounded continuous
partials of order 2 or less.
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PROPOSITION 7.4.  For each k € N, there is a non-decreasing continuous M (C)-valued
process, H*, and hence an associated random measure on [0,00) x C (also denoted by H¥),
satisfying HY = 0 and the following properties:

(a) w=w™, Tp(w) =t, and so w; € IB2y(0), for H* — a.a. (t,w) a.s.
(b) If ¥ is a bounded measurable function on C, then with probability 1 for all t > 0,

[ w1 Hi) / [ 6@y (5,0

/ / B0V L (g [0 — LY (ws)] Hy(duw)ds + HE (),

where M is the orthogonal martingale measure associated with H.
(c) If XF(") fo 1 (wr, ey H¥(ds, dw) and ¢ € CE(R?), then with probability 1 and for all
t>0,

[ ettt = [ f w(wsmm) AV (s, w)

/ / o | 22 (ws) + p(ws) (0 — LX (wa))] Ha(dw)ds
+Xt

(d) For any fized t > 0 and bounded Borel ¢ : C — R, if

[e.9]

ty) = Z L ) /w(wm)l((i1)2—”<Tk<i2—”)Hi2—”(dw)a

i=1

then A,(t,v)) — HF() in probability as n — oco. If A, also denotes the measure on
[0,00) X C associated with Ay (t+,1), there is a subsequence {n;} so that Ay, |jo1)xc — H"
in M([0,T] xC) for allT >0 a.s.

PROOF. The above result is implicit in Remark 2.25 in Perkins (1995) and carried out
for the total mass in Theorem 2.23 of the same reference. We will sketch how the latter
construction is easily extended to the measure-valued process H.

Let 1» > 0 be a bounded Borel function on C and in the setting of Theorem 2.23 in Perkins
(1995), set

(7.6) Ct,w,w) = Y(w™)1sr (w))-

The above setting includes our historical epidemic process with the function § on page 9 of
this reference equal to 6 — L (w,w,) and the integrator Z° on page 12 given by

dZz°(s,w) = dM* (s,w) + 0H,(dw)ds — LX (ws) H,(dw)ds.

Therefore for 1) fixed, Theorem 2.23 in Perkins (1995) implies (b) and the first conclusion
in (d) for some non-decreasing left-continuous process HF (1) satisfying HE(¢)) = 0. To
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derive (c) from (b) (with ¢(w) = ¢(w5,)) we need to show that

/ () — P(tn )1 (150 Ho(duw) = /0 / (p(ws) — P(wr)) L sryy AZ°(s, )
trA
+/0 /;p(ws)l(s>7k)Hs(dw)ds,

and this follows easily from the historical stochastic calculus in Chapter 2 of Perkins (1995).

Consider next the continuity of HF (1) in ¢ for ¢» > 0 bounded and Borel. By (IV.48) of
Dellacherie and Meyer (1982), it suffices to show that if 7;, | T" are bounded (F;)-stopping
times, then

lim E(Hf, () — Hy(¥)) = 0.

n—o0

Arguing as in (2.44) of Perkins (1995) this reduces to showing

(7.7) li_>m E(Hr, (T <7, <T,)) =0,
and
(7.8) li_)m E(Hs(m; =T)) =0 for each s > 0.

We consider only (7.7) as the proof of (7.8) will then be clear. Using the weak continuity
of H one easily sees that
(7.9)
lim_)supE(HTn (T <7, <Tp)) < E(Hr(lwr| = 20,7 <T)) < E(Hr(lwr| = 20)10<1)),
n—oo
where we used 7,(w) > 0. Theorem III.5.1 of Perkins (2002) and our absolute continuity
of X with respect to super-Brownian motion show that

(7.10)  P(H(Jwe| = 20) > 0 for some t > 0) < P(X;(0B2,(0)) > 0 for some t > 0) = 0.

This implies the right-hand side of (7.9) is zero and so (7.7) is proved, thus giving the
continuity of HJ (1) for each ¢ as above.

Next we construct H* as a measure-valued process. Choose a countable determining class
D of bounded continuous functions on C containing the constant 1. For each ¢ € D there is
a subsequence {n;} so that

(7.11) ?Eg | An; (t,9) — HF(1)| =0 for all T > 0 a.s.

This holds by the first part of (d), monotonicity in ¢ and the a.s. continuity of the limit.
By diagonalization we assume the same subsequence works for all ¢ € D. It is then easy to
check that Ay, [0 7xc g>Hk|[07T]XC as finite measures on [0,7] x C for all 7' > 0. Formally
we may use Jakubowski’s theorem (Theorem I1.4.1 of Perkins (2002)) and the fact that
the required compact containment condition follows easily from the modulus of continuity
for the historical paths of super-Brownian motion (Theorem II1.1.3 of Perkins (2002)) and
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the usual absolute continuity argument. Implicit in the above notation is the fact that the
limiting random measure HF is related to the processes H” (1) constructed earlier by

/t/w(w)Hk(ds, dw) = HF (1) for all t > 0 a.s.
0

This gives the existence of the required process H* satisfying properties (b)-(d).

We have 7(w) < t, w = w(- A7), and so wy € 0Bg,(0) for A, (dt, dw)-a.s., and taking
weak limits in n we obtain (a) except with 7, < t H¥-a.s. To see that 7, = t H"-a.s., it
suffices to fix t > ¢ > 0 and show HF((t —e,t] x {1, <t —¢€}) = 0 a.s. This is easily derived
from (b) with ¢ = 1(;, .;_.) and a bit of historical stochastic calculus. O

We may repeat the above construction with minor changes for the stopping times vy in
place of 7, and so obtain continuous non-decreasing M (C)-valued processes {fl k. keN}
and their projections { X* : k € N} which are M(R?)-valued processes supported on dBs,(0).
We identify X* and X* with the corresponding random measure on [0, 00) x R,

For future reference we state a truncated version of Proposition 7.4(c). For ¢ > T > 0

define .
Xk’T(.) :/T/l(wyke-) 1(TSTk)IjIk(d87dw)‘

PROPOSITION 7.5. IfT >0 and ¢ € Cg(]Rd), then with probability 1 for allt > T':
(112 [ pwlaen < Hild
t
= [ [1aencaptosant s

! A
[ [1trenca 52+ 00— 1) o) Hutaw)ds + (xF - X))

(713) /@(wt)l(T<Tk,uk<t)Ht(dw)
t
:/ /1(T<7’kﬂ/k<s)‘p(w5)dMH(37w)
T
t
A .
[ [ trsnines |52+ 60— 1] () Hidw)ds + XE7(p)

PROOF. For (7.12) start with Proposition 7.4(b) with ¢(w™) = ¢(wr,)1(7<s,) and then
proceed as in the derivation of (c) above. The fact that 7, = s for H*-a.a (s,w) is used to
get the form of the final term. The proof of (7.13) is similar. O

The total flux measure on [0,00) x 0B2,(0) is X™ = 332, X* and similarly we define
X7 =322 X* on [0,00) x B3,(0). At present these measures may be infinite.
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As was already noted, our plan is to control the re-infections of B,(0) from outside B3,(0)
by bounding the total flux, |X7|, through 9B,(0). We next bound this flux in L' as a
consequence of Proposition 4.1 and Proposition 7.4(c) above.

Color a path w yellow at time t iff 7, < t < vg, for some k > 1, that is, iff at time ¢t w
is engaged in an excursion from 0Ba,(0) to 9Bs3,(0). Let HY be the restriction of H; to the

yellow paths at time ¢, that is, H) (A) = [14(w) [220:1 1(Tk<tSVk)] Hy(dw), and let X} be

the corresponding time-t projection.

PROPOSITION 7.6. E(|X7|) < o0 and E(|X"]) < 0.

PROOF. We only prove the first conclusion as the proof of the second is similar.

By differencing the decompositions in Proposition 7.4(c) for times 74 and vy, we see that
for p € CZ(RY),

(110 [ ol cicn) dHi(w)
t
:/ /Qp(ws)l(m<sguk) dMH(va)

[ [ 1oz (B + o0~ 1) Huldwds + XE() - XE(e).

Let 0 < g < 1 be as above with support in the interior of B3,(0) and so that ¢g = 1 on
Ba,(0). Then XF(po) = 0 and X[ (o) = | XF| for all k, t. Take expectations in the above
with ¢ = ¢g and then sum over k to conclude that

B (o) = B( [ [ S8 0w0 + oo — 1] 1 (w)ds) + BX(0,8 % ).
Rearrange the above and use X;” < X; and then (1.2) to see that

E(X7([0,t] x C)) < E(X¢(¢0)) +E</o X, <|A;Po|

< u(po) + E((L*, | Apo| + o ™)).

wo(LY + 07)> ds)

The right-hand side remains bounded as ¢ — oo by Proposition 4.1 and so the result follows.
O

7.3. Local extinction. Recall that n(w) = n,(w) is the exit time of w from the interior of
Bs,(0). For any path w € C, if n <t and |w;| < 2p, then for some k > 1, 7, <t < vy,. That
is, if you exit from the interior of B3,(0) before time ¢ and at time ¢ are back in the interior
of By,(0), then ¢t must fall in one of the excursions from 0B5,(0) to dB3,(0). Therefore if
@1 € C(R?), takes values in [0, 1], has support in B3/2),(0), and 1 = 1 on B,(0), and
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T > 0, then for all t > T,
Xi(p1) = / o1 () Ly Hidw) + 3 / 1 ()L <ty Helduw)
k=1
—XPe)+ Y / 1 (W)L 5y <<ty Hy(d)
k=1

Yy / o1 (W)L (rr, <ty Hil(duw)
k=1

Y, Y,
= XP (1) + X" (1) + X (1)

We have decomposed XY according to whether or not the kth return to Ba,(0) occurs before
time 7" or after it.

We have already shown (Proposition 7.2) that X dies out a.s. Recall the o7 defined
in (7.5). Clearly 7, < T' < t < vy, implies op > t for Hi-a.a. w for all ¢ > T a.s. (recall
(7.10)), and so by Proposition 7.3,

X,}/’T(cpl) < /gol(wt)Hf’T(dw) = 0 for large ¢ a.s. for each T' > 0.

Therefore to complete the proof of Theorem 7.1 it suffices to show the following:

PROPOSITION 7.7.  limp_ P(XtY’T(gol) > 0 for somet >T)=0.

To prove this result we first recall a standard method used to compute hitting probabilities
for a super-Brownian motion X; with drift 6. For A > 0 let U(t,x) = U(t, ) be the unique
non-negative solution of

ou A

(7.15) o = 5 Ui+ 00 - UZ/2+ \p1, Uy =0,

which is bounded on [0,T] x R? for all T (e.g., see Theorem I1.5.11(b) in Perkins (2002)).
The duality for superprocesses (e.g., see Theorem I1.5.11(c) in Perkins (2002)) implies that
for all initial measures v,

(0 (1 [ Xl ds)) = expl-v(02))

It follows that U*(¢,z) increases as \,t — oo to a Borel function U™ (x) > 0 satisfying

(7.16) P,(Xs(p1) > 0 for some s > 0) =1 — exp(—v(U™)).

Next use the fact that X propagates locally at a finite rate 7(see Theorem II1.1.3 of Perkins
(2002)) and dies out in small time with high probability if | X[ is small (recall (7.4)), to see
that for € small,

sup P.s, (Xs(p1) > 0 for some s > 0) <
[z[>20

N
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It therefore follows from (7.16) that

(7.17) sup U™ (z) = C, < 0.
|z[>2¢

PRrROOF OF PROPOSITION 7.7. Fix T > 0. By differencing the decompositions in Propo-
sition 7.5, we have for ¢ € CZ(R?), with probability 1 for all ¢t > T,

(7.18)

RO r—a

t
= /T /1(T§Tk<s§1/k)90(w8)dMH(57 w)

! Ap X k k >k, T
[ lasncsn |50+ 00 - 1)) o) Hdwyds +[XF - xF)(e) - X7 ().

Fix u > T. Arguing as in Proposition I1.5.7 of Perkins (2002) it is easy to extend (7.18) to
time-dependent test functions on [0, u] x R?, including V (¢,x) = UM (u —t, ) (see also The-
orem II1.5.11(b) of Perkins (2002) for the regularity of the above V'). One gets an additional
term involving %—‘{, and so with the above choice of V', the equation (7.15) shows that the
function in the square brackets in the second integral in (7.18) becomes

A 2
N2 v v, = Y g - LYV
Js 2 2

Therefore for T' < t < u,
/W(wt)l(Tgrkqguk)Ht(dw)

t t
:/ ‘/;(ws)l(TSTk<s§Vk) dMH(S,’UJ)—l-/T /1(T§Tk<s§uk)

T

2 t
X [V? — \p1 — LV, | (ws)Hy(dw)ds + / / V() [ X* — XBT(ds, dx).
T

Rearrange the above and sum over k (using Proposition 7.6) to see that if X*T = >"7°  X;»*
then for T' <t < u,
(7.19)

t
XX + / AXYT (1) ds
T

V
:MtYfT(V) /XYT( LXV ds—l—/ / )X (ds,dx) — X”’T(ds,dx)],

where M (V) is a continuous martingale, starting at 0 at time 7T, and satisfying
(MYT (V) = fo xrr (V2)ds. Using Proposition 7.6 we see the last term is continuous
in ¢t and 1t then follows easily that each of the terms in (7.19) is continuous. Now apply
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Ito’s lemma to exp( YT (U} )— A fT <p1 ds) and take expectations at t = u, where
V. = Uy = 0 and note that X%/T = 0 to deduce that

E(1 - exp(—)\ /Tu X;”vT(wl)ds))
= E(/Tu exp (—XX’T(UI)L‘_t) - )\/Tt X;/’T(wl)ds)

x / U (2)[X7(dt, dx) — XV T (dt, dz) — L ()X} ’T(d:z)dt]).

Let u, A T co and drop the last two negative terms to show that
(7.20)

P(/Too XYT (p))ds > o) < E(/TOO / Uoo(a:)XT(dt,da:)) < CLE(X™(IT, 00) x RY).

The bound (7.17) on U for |z| > 2p is used in the last inequality. If we sum (7.18) over k
we may argue as in the analysis of (7.19) to see that Xty T (1) is continuous in ¢. This and
the fact that the upper bound in (7.20) approaches zero as T — oo by Proposition 7.6 imply
the required result. O

A. Appendix: Proof of (2.17) for d = 2,3. The main step is to show that for any
fixed t > 0,

Ne
lim limsup  max SV, xij<e Giyve(@VNaG? — [X;V/Nag2)) B
=0 N P x€Z4 /v Neg? No(2-d/2)
The result would then follow easily by using the monotonicity in ¢, the SLLN and the local

central limit theorems. Using the inequality (19) in Lemma 2 of Lalley and Zheng (2010)
one can show that

Gney(y) < CINOO=42) N (4 /\/Nag?)  for all N and all y € Z,

where ¢V f/ Na)ps ) ds for x € R, and b > 0 and C; = Cy(b) > 0 are both
constants. Hence it sufﬁces to show

N«
: ZL |ul] 1o xi<c 4 N(g— [Xi\/Nao.Q]/\/Nao-Q) B
imlimsup  max =0

e—0 N z€Zd /\/Nog? N«

Let h(r) = 1/r when d = 3, and h(r) = log(1/r) when d = 2. Routine calculations show
that there exists a constant Cy > 0 such that for all 0 # |z| small and for all IV sufficiently
large,

(A.1) 1/Cy h(lz]) < ¢"(x) < Co(h(|a]) A R(NT/2)).

It follows that there exists C'5 > 0 such that for all € > 0 small enough, for all N large
enough, for all |z| < 2¢,

(A.2) N (2) < C3 ¢ (v), forall |v—z <1/VNes2

imsart-aop ver. 2011/05/20 file: phase_transition_SIR.tex date: February 5, 2013



64 S.LALLEY, E.PERKINS, AND X.ZHENG

Combining this with the bound (2.22) we see that it suffices to show

(N [ul] Ny _ X
(A.3) lim limsup sup Qév(sc) =0, where Qév(x) = Lit [p—Xil<e 4 z).
e—0 N R N«

Next, for each j = 1,...,[N%|u|], let

[N|pl]
QN() =N Y Lx,xypeeh(Xi = X)) AR(NT).
i=1,ij

LEMMA A.1. There is a Cy so that for all € small enough and all N large enough

. —a/2
[ max Qé\é(j)+M.

sup QN (z) < C
P e () < Ca J<IN®|ul) Ne

zE€R4

PROOF. The upper bound in (A.1) shows that for e small enough and N large enough
(which is assumed in the rest of this proof),

N|p
Q@) < CuN™® | 2 | 1, x|z — Xil) AR(N~2).

i=1

Fix z € R? and choose j € {1,...,[N®|u|]} so that | Xj — x| = minj <;<[yayy) | Xi — 2|. Then
X — Xj] < 1Xi — 2 + |2 — Xj] < 2|X; — =,
and so, |z — X;| < e implies | X; — Xj| < 2¢, and therefore,
[N“|ul]
(A4) QN (z) < CyN™° Z Lx;-x;1<2e [h(|XZ~ — X;|/2) A h(N~Y/2)].
i=1

We may assume ¢ < 1/4. It follows that in the above summation h(|X; — X;|/2) < 2h(|X; —
Xj|) for d = 2 and this is obvious for d = 3. Therefore by (A.4),

h(N—a/2)

QN (@) < 202 | QX G) + “ .

where we have separated out the ¢ = j term in the summation on the right-hand side of
(A.4). The result follows with Cy = 2C5 upon taking the max over j on the right. O

Therefore to show (A.3), it suffices to establish

A. lim li )N =o0.
(A.5) fmy limsup, e g @ (=0

Let C, f4(r) denote the function arising on the right-hand side of (2.20). Let 7, = 27"
and define

Myj =40 # j + |Xi = Xj| <}
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If Ky = [N%|u|] — 1 and
pu(z) = P(| X1 — 2| < 1) < Ca(rn)

(by (2.20)), then conditional on X, M, ; is binomial(Ky, pn(X;)). Therefore a square func-
tion inequality for martingales (see Theorem 21.1 in Burkholder (1973)) implies that for any
q > 0 there is a Cj, so that

(A.6)

(Mo = Knpn(X,)|7| X;) < Cp( (KnpalX;) (1=pa(X;)7241) < Cy (N9 fa(ra) /2 +1).

Choose ng so that r,, < N—/2 < Tno—1 and define Ay to be the complement of
no

U{ o 10405~ Kvpa(X))] > N falr) .
n=1 "~

Use (A.6) and Markov’s inequality, and then fy(r)~! < c(log(1/r))3r=! for r € (0,1/2]
to see that

P(Ay) < CZO:NQW N7 fy(rn) 1 (Naq/Zfd(Tn)q/2 + 1)

n=1
no
< N0 3 (N2 fy )2 + fara) )
n=1
no
< N0 YD (N2 2 log(1/r) 4 4 7y los(1/r))*).
n=1

Recalling the choice of ng we can bound the above by

eNU=D (log(1/rp, )3 (Naq/22noq/2 + 2n0q> < eN*1=9) (Jog N34 <N3aq/4 + Naq/2>
< eNOU= /) (1og N3,

So choose ¢ large enough so that a(1—(q/4)) < —2 to conclude that for all N large enough,
(A7) P(A§) < ON72

Now for % > e > N2 choose ny € {2,...,mn0} so that 27™ < e < 217 On Ay, for
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1< j < [N9u) we have (use h(r) fa(r) = Cylog(1/7)72)

QN (j)=N"" [Nfzj L, e (BOX: = X51) A R(N2/2)
i=1,i%]
<c (]ggﬁh( o) 4 nozl ’]thJrl))
< o( R pug (X)) H(N~/2) . fd<rno>h<N*a/2>
+ ioz_;(ﬁjpmj)h(m + Ja(ra)h(rn)))
<c(fd(rn0 (rng) noz:l fa(rn)h n))
<e 3 (logl/r)?
(A.8) < m:l:?l;c(log 1/e)7t

By (A.7), the Borel-Cantelli Lemma and (A.8) we conclude that with probability 1 for all
N large enough we have

AN ( -1 —a/2
max Q < c(logl/e for N <e<1/2.
1<<IN&| ] 5 (]) = ( g / ) /

This implies (A.5) and we are done. O
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