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Abstract

We study the behaviour of the rescaled minimal subtree containing the origin and K
random vertices selected from a random critical (sufficiently spread-out, and in dimensions
d > 8) lattice tree conditioned to survive until time ns, in the limit as n goes to infinity. We
prove joint weak convergence of various quantities associated with these subtrees under this
sequence of conditional measures to their counterparts for historical Brownian motion. We
also show that when K is sufficiently large the entire rescaled tree is close to this rescaled
skeleton with high probability, uniformly in n. These two results are the key conditions
used in [5] to prove that the simple random walk on sufficiently spread-out lattice trees
(conditioned to survive for a long time) converges to Brownian motion on a super-Brownian
motion (conditioned to survive).

The main convergence result is established more generally for a sequence of historical
processes converging to historical Brownian motion in the sense of finite dimensional distri-
butions and satisfying a pair of technical conditions. The conditions are readily verified for
the lattice trees mentioned above and also for critical branching random walk. We expect
that it will also apply with suitable changes to other lattice models in sufficiently high
dimensions such as oriented percolation and the voter model. In addition some forms of
the second skeleton density result are already established in this generality.

Keywords: Lattice trees, weak convergence, random subtree, historical Brownian motion,
super-Brownian motion.
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1 Introduction and main results

Various critical lattice models have been shown to converge to super-Brownian motion, when
the dimension is larger than a certain critical dimension for the model. Examples include
the voter model, oriented percolation, the contact process and lattice trees (discussed below)
[8, 6, 17, 16, 18, 15]. Each of these models comes with a natural time parameter, and the
convergence is phrased in terms of the random process conditioned on survival until time ns
(where s > 0) in the limit as n — oco. The state of each of these processes at time ¢ is
a measure on RY, and after rescaling space and time, the limit is a measure-on-R%valued
diffusion (conditioned to survive until time s) called super-Brownian motion (SBM). In the
case of oriented percolation and the contact process, the statement is weak convergence of
the finite-dimensional distributions while for lattice trees and the voter model convergence on
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path space has been established. Each of the above lattice models also comes with a notion
of genealogy (e.g. who infected who in the contact process), that is not encoded in the above
measure-valued processes.

In recent years much progress has been made in the context of a model for branched
polymers called lattice trees [12, 18, 15, 19], in dimensions d > 8. Most relevant for the context
of this paper is the result that historical lattice trees conditional on survival until time ns
converge weakly to historical Brownian motion (HBM) [7] conditional on survival until time
s. The state of the historical process at time t is a measure on genealogical paths of duration
t, and thus the historical objects encode the genealogy of the model. It is also known in all
of the models mentioned above that, above a critical dimension, the conditional ranges (the
random set of spatial points visited by the process) converge weakly to the conditional range
of SBM [22]. As well as living in spatial dimensions d > 8, the lattice trees considered here
and in the above references are sufficiently spread-out in the sense that edges between vertices
in the tree may be long (up to some distance L that is fixed and large). The random tree is
selected according to a critical weighting scheme. This description will be made more precise
in the following sections.

Random walk (RW) in random media has been studied intensely in recent decades, see for
example [3, 23]. Among the kinds of results that have been frequently studied is the setting
where one has a sequence of random graphs with a weak limit, often described as a metric
measure space, and one is interested in the scaling limit of a random walk on such graphs.
In Ben-Arous et al [5] and [4] (see also Croydon [9]) sufficient conditions (on the underlying
sequence of graphs) are given for weak convergence of RW on the graph to Brownian motion
on some limiting fractal.

We study properties of the minimal subtree in a random lattice tree 7 connecting the origin
0 to K uniformly chosen points in 7, conditional on the tree 7 surviving until time ns. Our
results show that for d and L as noted above, if time is scaled by 1/n and the spatial vertices
are scaled by 1/4/n, then, as n — oo, the rescaled ancestral tree with the rescaled graph metric
converges weakly (as a metric space) to the ancestral tree of K uniformly chosen points from
a SBM cluster (conditional on survival until time s). Here the “ancestral tree” refers only to
the K leaves, root and internal branch points in the subtree. We also show that under the
same scaling and conditioning, uniformly in n, the original subtree is, with high probability, a
good approximation of the whole tree if we take K sufficiently large. These results establish
Conditions (G)ijmco and (.9), respectively, in [5], which are needed there to verify that RW
on lattice trees conditional on survival to ns converges to Brownian motion on a SBM cluster
conditional on survival, as defined in [9)].

The convergence of the historical processes to HBM in [7], described above, plays a central
role in the weak convergence result. In fact we prove an abstract convergence result where the
historical convergence is the main assumption. To study the limit of the rescaled ancestral tree
we will also augment the historical convergence to obtain convergence of the finer branching
structure. To illustrate the general methodology we also use it to obtain a similar result
for critical branching random walk (BRW) (in any dimension and for any L > 1), where
the underlying Galton-Watson (GW) tree is conditioned to survive until time ns and the K
individuals are chosen uniformly at random from the entire GW tree.

To verify that the subtree is a good approximation of 7 when K is large, we will also use the
range convergence results [22], including the so-called uniform modulus of continuity therein.
Some of these results apply to the general setting of [22] and we think that our general approach
may be applicable to this setting and so include other models such as the voter model, oriented
percolation, and the contact process.

For a Polish space E, let Di(F) be the space of cadlag E-valued paths on [0,¢] with the
Skorokhod topology, and Du(E) be the same but with R, in place of [0,¢]. When E = R? we



Wns

will write D for Do (R?) and for n € N define rescaling maps p,, : D — D by p,(w)s = N We

also write p,(w) = (pu(w1), ..., pu(wr)) for w = (w1, ..., wx) € DX. Let Mp(E) denote the
set of finite measures on the Borel sets of E equipped with the topology of weak convergence.

1.1 Branching random walk

Let Y be a Z-valued random variable with mean 1 and variance v € (0, 00), such that
E[Y?] < oo for each p > 0. (1.1)

If neN, weset [n]={1,...,n}. Write I = {0} U{0c; ---a, :n € N,a; € NVj € [n]} for the
countable index set of potential individuals of a GW tree. Let I,,, = I'N ({0} x N™) (I = {0})
denote the set of such potential individuals in generation m € Z, set Iy = I|;) for t > 0, and let
la] = m iff a € Iy,. Let (Ya)aer be independent random variables with the same distribution
as Y. We define a random tree 7T recursively as follows: 0 is a vertex in 7T, and

Oay---ami €T, ifandonlyif a=0a; -y, €T andic€ [Y,]

We then construct the GW tree by inserting an edge between each such vertex Oy - -+ i € T
and its parent Oaq - --ay,. The individuals in 7 of generation m, i.e. those that are tree
distance m from the root 0 in this random tree, are denoted 7y,. For ¢ > 0 define 7 = 7.
The ancestors of & = Oa - - - vy, are the individuals/vertices Oay - - - @5, j < m along the unique
path in this tree from « to the root 0.

Fix d > 1, L € N and let D(-) be the uniform distribution on a finite box Z? N [~L, L]?\ o,
where 0 = (0,...,0) € Z%. Let (As)acs be independent random variables (also independent of
(Yj)jer) with distribution given by D under a probability measure P. We set ¢(0) = o € Z¢
and associate to each o = 0aq - - - oy, € I\ {0} the spatial location

0(@) = Aoay-ay- (1.2)
j=1

In other words, we sum up i.i.d. increments with law D associated to o and each of its ancestors
(excluding the root). Associated to each a = O« - - - oy, € Iy, is the path w(m, «) defined for
¢e€{0,1,...,m} by

we(m, o) = p(0aq - - - ap). (1.3)

For u > 0, set wy(m, a) = w|y|am(m, a). Note that the second argument of w is the label of
the individual and so multiple occupancy is allowed unlike the lattice trees discussed below.

For t > 0, n € N and a € I,; define the rescaled history of o, w™(t,a) = w})(t,a) € D,
by

Wns([nt], @)
N4D
In particular, if o € Tpy, then wy™ (¢, a) = p(a)/y/n is the rescaled spatial location of this par-

ticle in the (nt)" generation of the BRW. The rescaled measure-valued and historical processes
associated with the BRW are defined for n € N by

wiM(t,a) = = pn(w([nt],a))s, fors>0. (1.4)

1
D SR A— 5 R? 1.
£ T m QZGTM wf (1) € MERY) (15)
n 1
Ht( ) = —n E 6w(")(t,a) € MF(D) (1.6)
v aETnt



(Adding y~! to the renormalization allows us to take branching rate one in the limiting HBM
described below.) Note that X" assigns mass to “locations of particles” in R? (but does
not encode the genealogy) whereas Hém assigns mass to genealogical paths leading to those
particles. If 1o f~! denotes the pushforward of a measure p by a measurable map f, it follows
from (1.4) that

o1 _
H{" = ~H{) o py;" forall t > 0 and n € N. (1.7)

1.2 Lattice trees

A lattice tree is a finite connected set of lattice bonds containing no cycles. We will be con-
sidering lattice trees on Z? (with d > 8) consisting of bonds of £, length at most L, for
some L > 1. To be more precise, let d > 8 and let D(-) be as above. For a lattice tree
T 3> 0 € Z% and for m € Z,, let T,, denote the set of vertices in T of tree distance m
from o. In particular, 7o = {o} (the root of T'), and for any x € T,, there is a unique path
w(m,z,T) := (wj(m,z;T) : 0 < j < m), from o to = in the tree, of length (number of bonds)
m. For t > 0 define Ty = T};.

We now describe how to choose a random tree T (w), which is defined on some underlying
space (Q, F). For a lattice tree T > 0 and z > 0 define W, p(T) = 2/ [I.cr D(e), where the
product is over the edges in 7" and |T'| is the number of edges in T'. There exists a critical value
zp such that p = > ;0 W., p(T) < co and E[|T]] = oo, where P(T = T) = p~'W., p(T)
for T' > o (see e.g. [18, 14]). Hereafter we write W (-) for the critical weighting W, p(-) and
suppose that we are selecting a random tree 7 = T (w) 3 o according to this critical weighting.

Therefore, for m € Z; and any = € T,,, the unique path in 7 from o to = is w(m,x) =
w(m,z;T), and in particular wo(m,z) = o and wy,(m,z) = x. For u > 0, set wy,(m,x) =
Wy Am (M, ), and for ¢ > 0 define w™ (t,x) = w(t,z) € D by

wiM(t,x) = UW = pn(w(|nt],z))s, fors>0. (1.8)

There are constants Cy, Cyy > 0 (depending on d, D) such that [18, 14]

EH%H — CA: (1.9)
and
nP(T, # @) — 2/(CaCy) as n — oo. (1.10)
Let Cy = C4Cy and
1 1
m __ L1 _ 1 .
1
(n) _
Ht —m Z 6w(”)(t,x) € MF(D), (1.12)

€ Tnt

respectively, denote the (rescaled) standard and historical “processes” associated with the ran-
dom lattice tree 7. We may again use (1.8) in (1.12) and conclude that

1
Ht(n):ﬁHfil)tJ op;1 forallt > 0 and n € N. (1.13)



1.3 Scaling limits

For ¢ : E — C and Y; € Mp(E) write Y;(¢) = [ ¢dY;. In either of the above settings we have
H™ (1) = X (1), and we define the survival /extinction time as

S =inf{t > 0: X(1) = 0} = inf{t > 0: H™(1) = 0}. (1.14)

Then for both GW and lattice trees (the latter for d > 8 and L large enough) we have that
there exists C7 > 0 such that

nB(Ti| # ) = nB(H™ (1) > 0) = nP(S™ > 1) 6’21t 85 1 — 00, (1.15)
For GW C} = ~ (this is Kolmogorov’s classical result). For lattice trees C; = C4Cy by (1.10).
Let B denote a d-dimensional Brownian motion, with covariance matrix 08 times the iden-
tity. Then the path-valued process (B|(p 4 )i>0 is a (time-inhomogeneous) Markov process in .
According to [24, pages 34, 64], for any 08 > 0, there exists a sigma-finite measure N, = Niﬁ
on Doo(Mp(D)) with Ny (H(1) > 0) = 2 such that Ny is the canonical measure associated
to the (Bl|o)i>0-superprocess, (Ht)i>0, with branching rate 1. In fact the random measures
H,,t > 0 are all supported on the space, C, of continuous R%valued paths Ny-a.e. and H. is a
continuous Mg (C)-valued process Ny-a.e. (see Sections I1.7, I1.8 and V.2 of [26].) (C is given
the topology of uniform convergence on compacts.) We call H historical Brownian motion or
the historical process associated with B. Let S denote the extinction time of H, that is,

S =inf{t > 0: H(1) =0}. (1.16)
Then by the above and the fact that the historical process sticks at 0 once it hits 0,

Ny (S >1t) =2/t. (1.17)
Let N3, () = N}g{’gg(-) = N‘;}g(- |S > s) and P5(-) = P(-|S™ > s). It is proved in [7] that for
lattice trees in dimensions d > 8 (with L sufficiently large) and for all s > 0

2
PS(H™ € ) —5 N;°(H € ) (1.18)

as probability measures on Doy (M (D)), where o3 = (d, D) can be expressed in terms of an
explicit infinite series (see e.g. [18, (3.49)], with our o2 being equal to vo?/d in the notation
of that paper). The corresponding historical convergence for BRW (with no restrictions on d
or L) is much easier and can be proved as in the proof of Theorem I11.7.3 and Remark I1.7.4
in [26] which includes the historical setting by Section II.8 of [26]. In this case the limiting
variance parameter o = o3(d, D) is just the common variance of each coordinate under D.
Remark I1.7.4 of [26] actually includes the case where D is replaced by a normal law with
covariance 031 by taking independent Brownian motions as the spatial motions considered
there. The martingale problem arguments underlying the proof readily adapt to the setting
where the iid displacements have finite 4th moments and hence include our D.

1.4 Choosing individuals at random

We continue to work in the lattice tree or branching random walk setting on our (2, F,P). Our
main results require us to enlarge our underlying space (2, F,P) to include an i.i.d. sequence
of random quantities with some law depending on w € €). For both lattice trees and BRW we
choose K individuals uniformly at random from the random tree 7.



Let v be a probability on some measurable space (€, Fp), and let M : Qy — Mp(QG)
denote a Fp-measurable random measure on a measurable space (G, G) such that M # 0 a.s.
We can enlarge 2y so that we also have a sequence (Z;);en of random elements of G with the
property that v-a.s., given w € Qo, (Z;)ien are i.i.d. with law L(w) := M (w)/[M (w)(G)] (define
L(w) to be a convenient law on G on the null set where M (w) is zero). This can be achieved as
follows. For each w € Qq, let P, be a probability measure on the product space (G, GY) under
which the coordinate variables (Z;);en are i.i.d. with law £(w). Measurability of P, (B) in w for
B e GV is elementary and so we may define a probability 2(M) on (Qq, Fo) = (Qox GN, Fox GN)
by

v(M)(Ax B) = / P,(B)dv(w). (1.19)

A
Then P, is a regular conditional distribution for (Z;);en given II(&) = w, where II : Q0 — Qo
is the projection map. Often we write v for ©(M) if the choice of M is clear from the context.

For n € N and u > 0 we introduce

[u]n, = [nu]/n, (1.20)
and if w € D, we let
£(w) = inf{u > 0 : w is constant on [u,00)} € [0,00] (inf® = o) (1.21)

be the “lifetime” of w.
Note that for lattice trees if x € Ty, then it follows from D(0) = 0 that

L(w(m,z)) =m is the tree distance from z to the root at o. (1.22)

Similarly (with £(w(m,«)) = m for a € Tp,) in the case of BRW. In each case it follows by
scaling that if = € T,; then

L(w™ (t,z)) = L(w(|nt],z))/n = [t], is the rescaled graph “distance” from z to the root.
B B (1.23)
Let D =Ry x D and define random a.s. finite measures on D by

["(A x B) = /O - / L a () (w) HO (dew)du,

and

I(Ax B) = /000 / 14(u)lp(w)Hy,(dw)du,

Let O 3 denote the zero measure and define the measure-normalising function £} : M F(f) —
Mp(D) by

Oar, if = 0py,
Fi(p) = L, otherwise. (1.24)
(D)

We set J™ = Fy(I™), which is a probability on D since o € T, and J = Fy(I), which is a.s.
a probability on D because the excursion measure N, assigns no weight to the zero path. The
fact that H,, is supported on paths in C starting at 0 and constant on [u, 00) Ny-a.e. (for the
latter properties use (I1.8.6)(a) of [26] to see the mean measure of H, under Ny is a Brownian
motion starting at 0 and stopped at u) implies

J is supported on Co = {(u,w) € Ry x C: wp = 0 and w is constant on [u,00)}.  (1.25)



Note that for either BRW or lattice trees, given T,

J(A x B) = ’,1“ S S L@ ). (1.26)

teZy/n € Tnt

Therefore J™ (R4 x -) is the law of the rescaled path associated to a uniformly chosen point
in 7. Enlarge the probability space (€2, F,P) as above so that given T, (‘EE"),Wl(”))ieN are

7

i.i.d. with law J™ under P(J™), where W™ = (W ?);>0. Let V" = W‘(T:)(W(")) € R,
) = 1, f

The same construction and results hold with PJ in place of P leading to probabilities

{B5(J™): s> 0,neN}.
Remark 1. We note here that for BRW, (T;"), W ™);en are the paths associated to uniformly

(]
chosen points (&;)ien in 7. That is, given T we first choose the (&;);en as independent uniform
points from 7, then define

W = wns(|és], 61)/v/n, i €N (1.27)
(as in (1.4) with o = &; and nt = |&;]), and set T\ = |d;|/n (recall (1.23)). <

We §nlarge the probability space (Q, Fy, N$,) for our HBM as well so that under a prob-
ability N7, (J),

given (I, J,S), (T;, W;)ien are i.i.d. in Cq (recall (1.25)) with law J. (1.28)

(We usually drop the J and write Ni) Then elementary properties of HBM (see Lemma 34
below) imply T; = £(W;), NZ—almost surely. The collection of the continuous paths (W;)i<k,
truncated at the times (%;);<x respectively, can be viewed as a skeleton to K points chosen
ii.d. “uniformly” from the SBM cluster.

1.5 Shapes and Graph Spatial Trees

We largely follow Section 7 of Croydon [9] to introduce the space of graph spatial trees, although
due to our more specialized application, we will be able to work in the simpler setting of
graph spatial trees with non-degenerate shapes. After introducing the abstract definitions we
specialize to the setting we will use: the graph spatial tree of K continuous paths. We begin
with a definition from the lace expansion literature (e.g. see Definition 2.5 in [7]).

Definition 2. Let K € N and T be a finite rooted tree graph with K + 1 labelled vertices,
0,1,..., K, where 0 is the root, and all of them are leaves (hence have degree one). We assume
the the remaining vertices are all binary branching vertices (hence have degree 3), that is,
they each have one parent (closer to the root) and two children. We call T a non-degenerate
shape. We let Y denote the set of such non-degenerate shapes where isomorphic shapes
(isomorphisms must also preserve the labelings) are identified. <

Remark 3. A simple induction on K shows that a shape T in X has K 4+ 1 leaves, K — 1
vertices of degree 3, and 2K — 1 edges in E(T'), the edge set of 7. There is one shape with
K = 2, three shapes with K = 3, and in general (for K > 2) H]K:Q(Qj — 3) shapes in Y. If
vi,v2 € T (formally we mean they are vertices of T'), let [[v1,v2]] denote the unique path of
non-overlapping edges from v; to wve. <

Definition 4. If T' € ¥k and ¢ is a strictly positive function on E(T'), we call £(e) the length
of edge e and define a metric d = dg on T by d(v1,v2) = 3 ccfu, 00 £(€)- Embed (T d) in a
metric space (T,d) by adding line segments along the edges of T, and linearly extend d to a
metric on T, so that the line segment along edge e is isometric to [0,£(e)]. If ¢ : T — R? is
continuous and maps the root to the origin, we call (T, d,¢) a graph spatial tree (gst). The
space of all gst’s together with a distinguished additional point Ok is denoted by Tgs. |



Figure 1: A non-degenerate shape T € 37 also showing some of the corresponding edge labels.
If ¢: E(T) — (0,00) is given then the corresponding metric space (T, d) has e.g. the distance
between the midpoints of eg and ej2 equal to £(eg)/2 + £(e11) + £(e12)/2

Remark 5. The definition of (T, d) applies to any rooted tree T equipped with a metric d. <«

Remark 6. (a) In practice the point @k will represent gst’s, defined as above, but arising
from a shape T" which is degenerate, that is, a rooted tree which does not satisfy the degree
assumptions in Definition 2.

(b) In [9] it is assumed that the edges of T € Y are labelled as ej,...,eax—1. In our
non-degenerate setting this can be easily done using the labeling of the leaves. We label the
K — 1 remaining branching vertices (those of degree 3) as K +1,...,2K — 1 in the order you
encounter them when moving from the root to vertex 1, then continue the labeling as you
encounter new branching vertices when you move from the root to vertex 2, and so on up to
vertex K. For any labeling of the vertices, if v is a non-root vertex we let e, be the unique
edge between v and its parent. See e.g. Figure 1. In particular in the above labelling we have
labelled the edges as e1,...,eax_1. Note that any graph isomorphism preserving the labeling
of the K 4 1 leaves, will preserve this labeling of all vertices and edges. Hence we usually will
just identify T' € X i with the tree with vertices {0,...,2K — 1} and edges e1,...,eax_1, thus
(as in [9]) avoiding explicit identification of isomorphic trees. However the above edge-labelling
convention can be used for any labelling of the leaves.

If T is a shape and i A j is the greatest common ancestor of ¢ and j in 7T, then every
branching vertex v in T' can be written (non-uniquely) as i A j for i # j € [K] U {0} (choose
i, 7 which are descendants of the two children of v). In practice we will often use this labelling
of branching vertices. <

Let (T,d,¢),(T",d,¢') be (non-0x) gst’s, and let £ and ¢ be the edge-length functions
corresponding to d and d’, respectively. If T = T" define

&\ ((T,d), (T, d")) = LS [(ei) = £'(ed),

and if T # T the above distance is defined to be co. It T' =T " we have a homeomorphism
Yaa : (T,d) = (T",d") which maps a point z, which is d-distance « € [0, £(e)] along the edge e
(measured from the endpoint closest to the root), to the point 2’ which is d’-distance a’(e) /¢(e)

along the edge e. Let || - | be the Euclidean norm on R? and define
da ((T, d, (b)v (Tla dla d’l)) = sup ||(Z)(IL’) - (Z)/(Td,d’(x))”'
zeT



Set the above distance to be oo if T'# T'. We define a metric on Ty by

D((T,d,¢),(T",d',¢)) = (d ((T,d), (T",d)) + do (T’ d, ¢), (T",d', ¢))) A 1,

D((T,d,¢),0x) = 1, and D(0g,0x) = 0. If (T',d) = (1",d') then Y4 is the identity, and
so D((T,d,¢),(T",d,¢")) = 0 implies (T,d,¢) = (T",d’,¢'). In fact, (Tys, D) is a separable
metric space (see Section 7 of [9] and the references cited there).

We next introduce the non-degenerate shape and gst associated to a collection of K paths,
each starting at the origin. If w,w’ € D, let

7(w,w') = inf{t : wy # w;} € [0,00] (inf @ = c0), (1.29)
and define the branch time of w and w’ by
T(w,w') = F(w,w') A Lw) A L(w'). (1.30)

For K € Nand w = (wy,...,wk) € DK, let 7(w) = (7; j(w)) be the K x K branching matrix
given by
7ij(w) = 7(wi, w;).

Let O be the set of w = (wy, ..., wx) € CX such that w;(0) = 0 and £(w;) < oo for all i < K.
The following is clear for any 7 € Rx = {7(w) : w € Ck}:

0< Tij = Tji < Tii NTj5 < 00 and Tig NTjk < Tik for any i, 7,k € [K] (1.31)
For w € D and u > 0, let w|, be the restriction of w to [0, u].

Definition 7. We say 7 € Rk is non-degenerate iff
for all distinct 4, j € [K], 7; € (0,75 A Tjj), (1.32)

and
there are no distinct i, j, k € [K] such that 7, ; = 7 = 7j 1. (1.33)

Otherwise we say T is degenerate. If 7 = 7(w), where w € Ck, we also say w is non-degenerate
or degenerate, according to the status of 7. <

Intuitively speaking, the first condition ensures that for 7 = 7(w), in “the natural tree
associated with w”, the “ends” of paths are associated to leaves in the tree and the second
condition ensures the remaining vertices will have degree three.

Let w = (wy,...,wk) € Cx. We now construct a number of objects which depend on this
fixed w. Our definition of the associated shape will in fact depend only on 7 = 7(w) but we
will often interpret definitions in terms of w as well for clarity. Assume 7 is non-degenerate.
Let T = T(7) := UK {i} x [0, 7] and define an equivalence relation (the transitivity uses the
last property in (1.31)) on 71" by

(t,u) ~ (j,v) iff u=v <7, that is, iff u=v and w;|, = wjlu. (1.34)
We let [i,u] be the equivalence class containing (i,u) and set T = T'(7) = T(7)/~, that is,
[i,u] = {(k,u) : 7 > u} = {(k,u) : wg|uy = Wilu} (1.35)

See, for example, Figure 2, where [1,u] = [2,u] = [3,u] for u < 72, while for u € (712, 711]
2,0] = [3,u] # [1,u].



1,1 72,2 T33 (2,3) 2=(2,2)

—///<\ 0 = (0,0) 3=(3,3)
0 !

1=(1,1)

Figure 2: Left: a depiction of 3 paths (w2, ws,w; from top to bottom) for which the associated
T is non-degenerate. Close parallel lines depict parts of paths that exactly coincide. Right:
The corresponding shape T'(7) (labels 2 and 3 can be swapped without changing the shape).
Edge lengths are differences of .. (e.g. the edge adjacent to 2 has length £(e(29y) = 722 — T2,3)
and these edge lengths define d on T'(1).

A non-negative function d = d, on T is defined by

u+v—27;, if min(u,v) > 7

dT(H’“]?U?”D = { (136)

lv — ul, otherwise.

Later (below Lemma 9) we will see that (7', d) is a real tree (and in particular d, is a metric)
as defined, e.g., in Section 2.1 of [9]. We will not use the notion of a real tree, but instead will
be primarily focused on the finite tree graph consisting of leaves and branch points of i which
we will denote by T'(7) and define next. We introduce (use (1.35) in the second equality below)

(6, 9) =i, 7] = {(k,7ij) : Tige = 75, k € [K|} = {(k,7ij) : wglr, ; = wil, ;. k € [K]}, (1.37)
for 4,5 € [K], and (0,0) = (7,0) = (0,4) := [¢,0] (for any i € [K]).

From the symmetry of 7; j, the fact that w;|,, ; = wjl|., ; and the last equality in (1.37) we see
that (i, j) is symmetric in ¢ and j. We set

i:=(i,i) ={(4, 1)} fori € {0,1,..., K}, (1.38)
where the last equality holds by definition and non-degeneracy of 7. By (1.34),
<’L,j> = (k‘,f> iff Ti,j = Tkt S Tik- (139)

The vertex set of T'(7) is {(i,7) : 4,7 € [K] or i = 5 = 0} which we also denote by T'(7). We
call (0,0) the root of T'(T).

To define the edges, set 79; = 7,0 = 0 for all ¢ € {0,... K}, and then for ¢, j € [K], choose
m(i,j) € {0,..., K} so that

Tim(ij) = max{Tig : Tip < Tij, b =0,..., K}(< 7i5). (1.40)

The above set is non-empty because 7,0 = 0 < 7;; by non-degeneracy. If there are multiple
choices of m(i, j), choose the smallest, although this choice will not affect 7; ,,(; ;y or (i,m(3, 5))-
(The first is obvious and the second is then easy to see from (1.39).) We define (for 7, j € [K])
the parent of (i, 7) to be

7({3,9)) = (i, m(i, 7). (1.41)
One easily checks that 7 : T'(7) \ {0} — T(7) \ {1,..., K} is well-defined (see Lemma 21 and
recall that i = (i,7)). Let e ;y denote an edge between 7((i,j)) and (i, j) for all 4,5 € [K].
The edge set E(7) for the tree T'(7) is the set of these edges for i,j € [K].
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Proposition 8. If 7 € Ry is non-degenerate, then T'(T) is a non-degenerate shape in Y .

This should be clear now as the points of T'(7) are the K leaves, 1,..., K, corresponding to
the “endpoints” of the paths wy,. .., wg, the branch points of these K paths (which are always
binary by non-degeneracy), and the root, 0, which will have degree one by non-degeneracy.
The straightforward proof is in Section 2. It is not hard to see that iAj = (7, j) (see Remark 26
below and recall Remark 6(b) above).

By definition we have 7; ; = 7y j» whenever (i,7; ;) ~ (i, 7y j/) and so can define 7; jy = 7; ;.
We define an edge weight function ¢ = ¢, on E(7) by

E(‘?(i,j)) = T(5) — Tr((i,5)) > 0 for 1,7 € [K] (1.42)

We can then use 12 to define a metric dy on the vertices of T as in Definition 4. Recall the
function dr on T'x T from (1.36). The next elementary result is proved again in Section 2.

Lemma 9. The metric dy is the restriction of d+ to T x T.

Henceforth we will use d in place of dy. Note that
d+((i,7),0) = d-([i, 75 4], [i,0]) = 73 ; for all 4, j € [K]. (1.43)
If u,v € [Tr(iij)), T(i,j)], then since u,v < 7;; < 7;; we have from (1.36) that
d-([3,ul, [i,v]) = |v — ul.
In particular we see that
[i,u] is the point a distance u — 7 ((; ;1) from 7((4, j)) along the edge e(; ;. (1.44)

The line segment L 5y = {[i,u] : u € [Tr( ), Tu ]t rans from 7((3,5)) = [i, Tr( )] to
(i,7) = [i,74,5)]- By the above, Ly, jy with the metric d is isometric to the interval [0, £(e(; j))],
and d; on this line segment is the linear extension of d, on T'x T to T x T. Hence we may use
(T,d,) as a realization of (T, d) in Definition 4. (As noted in Section 7 of [9], (T,d,) is a real
tree.) Henceforth we therefore use the notation T = T(7) in place of T(7).

Recall that w € Ck. Define ¢, : T — R? by

O ([2, u]) = w;(u). (1.45)

One easily checks ¢, is well-defined. We have ¢,,(0) = ¢y, ([i,0]) = w;(0) = o0 and the continuity
of ¢, is shown in Lemma 27(b) in Section 2. We conclude from this, Proposition 8, and
Definition 4 that

for non-degenerate w € Ck, Bx(w) := (T(T(w)), dr(w), Pw) is a graph spatial tree.  (1.46)

Definition 10. Let w € Ck. If w is non-degenerate define By (w) by (1.46), and call B (w)
the graph spatial tree of w. If w is degenerate, set Bx(w) = 0 € Tys. <

Remark 11. Let (T, d) and (77, d’) be shapes equipped with edge-length metrics. In the defini-
tion of a shape we identified these metric spaces if they are linked by an isometric isomorphism
(recall from Definition 2 this means the leaf-labellings are preserved). This meant we could
assume the labelled leaves were 0,1,..., K, where 0 is the root and then could in fact label
the branch vertices as K +1,...,2K — 1 in a canonical fashion (see Remark 6(b)). At times
it will be convenient to work explicitly with distinct leaf-labellings underlying a gst, connected
as above by an isomorphism mapping one leaf-labelling to another. Let ¢ : (T,d) — (T',d’)
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be an isometric isomorphism. Let 1 : (T,d) — (T”,d') be the unique isometric extension of v,
that is, 1 maps the point z which is d distance a € [0,£(e)] along the edge e (measured from
the endpoint closest to the root) to the point 2/ with is distance « along the edge ¥ (e). If we
make obvious changes in the definition of D to accommodate different labellings of T" and T
(using the edge-labelling from Remark 6(b)), then

(T,d,¢) and (T",d’, ¢') are equal in Ty iff there is an isometric
isomorphism v : (T, d) — (T”,d') such that ¢/ = ¢ o). (1.47)

<
Turning to the limiting HBM, recall from (1.28) that W = (Wy,...,Wk) € Ck, Ni-as.
We in fact have (the proof is in Section 3.1):

Lemma 12. W is non-degenerate N‘;I-a.s. and so NZ(BK(W) =0g)=0.

For the rescaled BRW and lattice trees in Section 1.4 the paths W™ = (W,"),<x chosen
according to J™ will have jumps at lattice points k/n, k € N. To get paths in Ck, as required
in Definition 10, we will need to introduce continuous interpolation operators x, : D — C
satisfying n(w)g/n = wy/, and interpolated linearly on each [k/n, (k + 1)/n], for k € Z,. We
abuse notation and also let &, : DX — C¥ be the above map applied componentwise for any
K € N. Therefore we have k,(W™) € Ck.

1.6 Main results

We can now state our first main result, which gives joint convergence of the (embedding of the)
minimal subtree in 7 containing the root and K uniformly chosen points.

Theorem 13 (Joint weak convergence). For
(i) branching random walk in dimension d > 1 and any L > 1; and
(ii) lattice trees in dimensions d > 8, for all L sufficiently large (depending on d),

ifs>0, Ke N, W = (W{,....W{) and W = (W,...,Wk), then the following hold as
n — o0: R
Ps (kn(W™) non-degenerate) — 1, (1.48)

and
Pg((ﬂ”),J<”),S("),W("),T(W(")),BK(/@“(WW)) c ) (1.49)

BN N ((1, J,8, W, (W), Bic(W)) € ) in Mp(D)? x Ry x DF x RUE?) T,

We next use the scaling properties of H™ for branching random walk and lattice trees
((1.7) and (1.13), respectively) to reinterpret the above convergence. For w € Ckg, let

BR,K(w) = (T(T(w))v d'r(w)/na ¢w/\/ﬁ) S ’]Tgsty (150)

if w is non-degenerate, and let it be 0 € T, otherwise. Define p, : D — D by py(u, w) =
(u/n, pp(w)). Recall that o f~1 denotes the pushforward of 4 by a measurable map f.

Theorem 14 (Rescaled Joint weak convergence). For

(i) branching random walk in dimension d > 1 and any L > 1; and
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(i) lattice trees in dimensions d > 8, for all L sufficiently large (depending on d),

ifs>0, Ke N, WO = (W, ..., W) and W = (Wy,...,Wk), then the following hold as
n — 00: A
P (ﬁl(W(l)) non-degenemte) — 1, (1.51)

and

son (10000 S0y o -1 S wy TE(WD)) 1)
1 ((TJ Opn (W), —— =, Bk (k1 (W )))e-) (1.52)

IR\ (([, J, 8, W, (W), B (W)) € ) in Mp(D)? x Ry x DK x RUE?) x Ty,

Remark 15. (The Limit Law) The convergence result in Theorems 13(ii) and 14(ii) is not
expected to hold for lattice trees in dimensions d < 8, while for d = 8 one at least expects the
same limit with logarithmic corrections in the scaling. The limiting historical Brownian motion
is a tree in dimensions d > 8, by the lack of super-Brownian double points in these dimensions
(Theorem 1.6(a) of [10]). On the other hand, the skeleton (W7,...,Wk) connecting the root
to K uniformly chosen points in the historical BM is almost surely a tree in dimensions d > 4.
Indeed, these paths will have disjoint ranges once they separate by the lack of double points
in the Brownian path for d > 4 (see, e.g., Theorem 9.1(a) in [25]) and the absolute continuity
result (3.8) below. The latter is potentially useful to deduce other qualitative properties of the
weak limit (W, T, Bg(W)).

In [1] (see (13)) one can find a simple description of the joint law of the tree shape and
edge lengths of the tree generated by the K randomly chosen particles conditional on the total
mass of I being one. Conditioning on S > s does not seem to lead to such explicit formulae.
Nonetheless, a simple consequence of f.d.d. historical convergence is that for lattice trees for
d > 8 and L large, the unique path in the tree from the root to a uniformly chosen vertex
in 7 (conditional on 7|, being non-empty) converges to a Brownian motion on [0, ] [19,
Theorem 1.3]. By comparison, in Theorem 13(ii), we are sampling K points from the entire
tree, conditional on survival beyond time s. When K = 1, it is still easy to show that for the
historical limit, the law of the randomly chosen path W given £(W) = ¢ is a Brownian motion
stopped at time ¢. Extensions of this to K > 1 are also possible (see [20]) (This is easy to
understand from the fact that for the approximating BRW, the branching and spatial motion
variables are independent). Nonetheless, even the law of £(W) for K = 1 under Nj is a bit
complicated. Tt is not hard to show that for ¢ > 1, NL(£(W) > t) = 1/(2t), whereas for ¢ < 1
an explicit non-trivial series expansion for its distribution function is found in [20]. Although
the explicit law of 7 seems a bit complicated, the absolute continuity (3.8) allows us to derive
simple quantitative properties of W such as the tree property above. A special case of it will
also be used to derive the non-degeneracy of 7 for general K in Lemma 12. <

Theorem 14 is perhaps a bit more transparent than the version without scaling, but we
will prove a more general version of Theorem 13 (Theorem 46 below) in which no scaling
property is assumed, and so it was natural to first state the particular application in this form.
Theorem 46 only assumes a pair of abstract conditions, Conditions 38 and 45, on a general
sequence of historical processes, H™, under which the conclusions of Theorem 13 hold. The
main part of Condition 38 asserts weak convergence of the finite-dimensional distributions of
H™ to those of historical Brownian motion (historical convergence). Convergence of H™ to
H does not in general imply the convergence of 7; (W) to 7; ;(W), and Condition 45 gives
additional conditions on H™ to insure weak convergence of 7(W™) to 7(W). Condition 38
is verified for branching random walk and lattice trees using known results, most notably
the weak convergence of rescaled historical lattice trees to historical Brownian motion in [7].
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Theorem 13 is derived from Theorem 46 by verifying Condition 45 for lattice trees (our main
model of interest) and branching random walk, in Sections 3.3 and 3.4, respectively. We also
give a more general version of Theorem 14 under the two conditions noted above and the
rescaling relation (1.13) (see Theorem 47 below).

Remark 16. We believe the general results, Theorems 46 and 47, could also apply (with suit-
able changes in the continuous time setting) to the general class of models from [22], including
oriented percolation, the contact process and the voter model. The f.d.d. historical convergence
underlying Condition 38 was proved for lattice trees in [7], even for convergence on path space
(this stronger result is not needed here), and f.d.d. historical convergence was recently proved
for the voter model in [2], using similar methods. We also believe that the second condition,
Condition 45 (implying convergence of branch times), will hold for all of the above models. <

Example 17 (Lattice trees). Let us examine more closely the gst component arising in The-
orem 14 in the lattice tree setting of Section 1.2. We set aside the simple scaling factors in
(1.50) (n and y/n), and recall that, given J®, W ... W\’ € D are i.i.d. paths in 7, chosen
according to JP. Let W = ri(W®) € Cx and T = T(7(W)). We will see that it is equal
to the natural gst embedded in Z¢ arising from the tree generated by K randomly chosen
points from the random lattice tree 7. First we recap the construction of W. Condition 7T to
survive beyond generation ns (that is, choose it according to P{®). Choose points V;,i < K
independently and uniformly from the vertices in 7 and let k; € Z. be the graph distance
of V; from the root o of 7. Let W;(j), 7 = 0,1,...,k;, be the unique path of vertices in T
from o to V; and set W;(j) =V, for j > k;. Extend W; to [0,00) by linear interpolation. We
see from (1.26) that this does give a description of the construction of W. By Theorem 14,
P5 (7 (W) non-degenerate) — 1, and so we may assume 7 (W) is non-degenerate, and thus have
a gst
Br(W) = (T, drw), dw)

with labelled leaves i = (i,i), i =1,..., K, root 0 = (0, 0), vertices (7, j), and edges e j.

Now let 7V denote the subtree of 7 with vertices {Wi(m) : m = 0,...,k;,i € [K]} in
7%, edges between “consecutive” vertices W;(m — 1) and W;(m) (1 < m < k;), root o (also
a leaf), and labelled leaves V; = W;(k;), i = 1,..., K. Equip TV with the graph metric dr.
Then the leaves 0, V7,..., Vk have degree 1 in ’T‘?, the branch points {W;(7;;) : 4,5 € [K]}

have degree 3 by non-degeneracy, and the remaining vertices have degree 2. Let Tj; denote

the subtree of TV obtained by erasing each degree 2 vertex (in any order), and each time
collapsing the two edges into a single edge. Then Ty; has vertex set {Wi(r ;) : i,j € K} U {o},
also denoted Tj; (note that 7;; = k; and so Wi(7;;) = V;). Thus in T there is an edge
between W;(7;m) and Wj(7; ;) iff there are no times 7,0 € (7im, 7 ), which means the only
edges are between W(7; ;) and Wi(r; ;) for all i, j. By its definition, ¢w ((i,)) = Wi(7 ;)
so ¢pw = T — Ty is onto. If Wi(r;;) = Wi(7yj), then by the tree property of 7 we must
have 7;; = 7y y and Wyl , = Wy, ;. This implies (i, j) = (', ') by (1.39). This shows ¢w
is a root-preserving bijection between the vertex sets of 7" and Tj; which maps the labelled
leaves 1,..., K to the respective labelled leaves Vi,..., Vi of Ty;. The above description of
edges in Ty shows it also is a graph isomorphism (recall (1.41)). We give T}; the distance d
it inherits from d7. So the length of the edge between W;(7; ;) and its parent, Wi(7; p( ), is
Tij = Tim(iy) = dr ({7, J), (i, m(7, j))). The preservation of edge lengths implies that

¢w is an isometric isomorphism from (7', d, ) to (T3, d7). (1.53)

TT; has a line segment of length 7; ;—7; ,,,(; ;) inserted along edge e; ;y/, while W has 7 j —7; (i 5)
edges of length one (from W;(¢ — 1) to Wi(£), £ = Tjm(ij)»---»Tij — 1) inserted between the
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same endpoints. So we can define an isometry from (TT;, d) to (7"7, d7) which is the identity
on Ty;. This allows us to identify these two metric spaces and it will be convenient to work

with 7V in what follows. Let id v ﬁ — R? be the identity map on 7"7, extended linearly

along the added unit line segments in TV to the image line segments in R, giving us the gst:
(TV7 da ZdTV)

Recall the definition of the isometric extension of ¢y, ¢w : (T,d,) — (ﬁ, d), from Remark 11.
Note that for 7; ;) < m < 7, ow ([i,m]) is the point in 7V which is graph distance

M = Tjm(ij) from Wi(7; ;i j)), and hence is Wi(m). So we conclude that id v o ow ([i,m]) =

(]
W;(m) for all m < k;. For u € (m — 1,m) both sides are extended linearly in R? and we have
proved that o -
idry o ow([i,u]) = Wi(u) = dw([¢,u]) on T.

From this, (1.53), and Remark 11 we conclude that (recall d is just the restriction of d to Ty;)
Bx(W) == (T, drw), dw) = (T, dr,idry) in Tge, where V = (Wiki))i<k- (1.54)

Thus, if we prefer, in the lattice tree setting of Theorem 14 we may replace B, x(£1(W®)) in
(1.52) with (T}, dr/n,id g //n), where V is as in (1.54).

Note that for other models, such as branching random walk, this alternative construction
of B (W) will not be available because ¢y will not be injective. See Example 51 for a rein-
terpretation of the weak convergence result in the setting of BRW. |

Remark 18 (Condition G). We may use the continuity theorem to see that in the lattice tree

setting, Theorem 14 implies

@in((ngl),l%nx(m(w@)) c ) v, §8 ((1<1>(1),BK(W)) c ) in Ry x Ty

A simple calculation gives I®V(1) = (|E(T)| + 1)/Co where |E(T)| is the number of edges in

the random tree 7. Therefore we have

BT
]P)in (( ’ C(()n2)| s (T</€1(W(1))), dT(m(W(l)))/n, (le(W(l))/\/ﬁ)) c )

5 K570 ((109(1), Be(W)) €) in Ry X T

This is Condition (G)‘;’io ¢, 1n [5] (see the previous Example) which was required therein to

derive convergence of rescaled RW on 7 to Brownian motion on SBM (see [9] for the latter). <

We continue to focus on lattice trees. For K € N recall from Example 17 that TV is
the minimal subtree of the lattice tree T consisting of the vertices and edges along the paths
joining the origin to K uniformly chosen vertices Vi,..., Vg from 7. Here V = (V1,...,Vk).

For x € T, let mx(x) denote the point in 7V which is closest to x in the graph metric, d, of
T. One can readily check that

for any = € T, 7 (x) is the most recent ancestor of z in 7. (1.55)

Here is our second main result. B(v,r) denotes the open Euclidean ball about v of radius r.

Theorem 19 (Approximation by the subtree). For lattice trees in dimensions d > 8, for all
L sufficiently large (depending on d) the following holds:
For any any €,s > 0,
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(a) limsup sup Py <T ¢ UK BV, a/ﬁ)) =0, and

K—oco neN

(b) limsupsup ]f’”fs(max dr(z,mg(z))/n>¢€) =0, and
K—00 neN z€T

(¢c) limsup sup]f”?s(max |z — g (2)|/v/n > ¢€) = 0.
K—oo neN zeT
Parts (b) and (c) of Theorem 19 constitute the main part of Condition (S) of [5] in the
context of lattice trees. There (S) was needed to establish the weak convergence of RW on
lattice trees to Brownian motion on SBM.

Remark 20. A general class of lattice models with a notion of ancestry is introduced in [22].
This class includes lattice trees, critical oriented percolation, critical contact processes and
voter models. The lattice tree 7 is replaced by an abstract space-time graph in Z, x Z<.
Under Conditions 1-7 of that reference, Theorem 2 of [22] proves weak convergence of the
rescaled ranges to the range of SBM in the Hausdorff topology. For the discrete time setting
(I = Z4 in the notation of [22]) these conditions include sufficiently spread out lattice trees for
d > 8 and sufficiently spread out oriented percolation for d > 4. Using this weak convergence
of the ranges and the compactness of the range for SBM one can easily derive Theorem 19(a)
under Conditions 1-7 of [22] in the discrete time setting, and hence for the spread-out lattice
trees (d > 8) in the statement of (a) above. Although (a) is similar in spirit to parts (b) and
(c), we omit its simple proof because the result is not used in the proofs of (b) and (c), and it is
the latter results that are used in [5]. The proof of (b) can also be adapted to the discrete time
setting of [22] under Conditions 1-7 of [22], where d7 becomes the graph metric associated with
the aforementioned space-time graph in Zy x Z¢. In particular (b) also holds for sufficiently
spread out oriented percolation with d > 4. We only prove it in the setting of lattice trees,
as stated above, where the argument simplifies. Whether or not (c) remains valid under these
general Conditions remains unresolved. <

Theorem 19 (b,c) is proved in Section 4. The proof of Theorem 19 does not use historical
processes per se, although a notion of ancestry plays a key role.

2 Some Elementary Results on the Graph Spatial Tree of w

We start by proving a number of results stated in Section 1.5 without proof. Throughout this
section w € Ck and T = 7(w) is non-degenerate. Recall the definition of m(¢, j) from (1.40).

Lemma 21.

(a) Let i,j,i',5 € [K]. If (i,5) = (7,7}, then m(i,j) = m(¢,j), Tim(ij) = Titym(it,j7), and
(i,m(i,j)) = (&', m(i’, j')).

(b) m:T(r)\ {0} = T(m)\ {1,...,K}.
Proof. (a) Assume (i, 7) = (7', j') for 4, 5,4, 7’ € [K]. By (1.37) we have
Vk € [K], Ti k > Tij iff Til ke > Tit j' = Ti j

or equivalently,
VEk € [K] U {0}, Tik < Tig iff 7y <70y =75 (2.1)

Note also that by (1.39) we have 7;; > 7 ;. This and (2.1) show that 7, < 7;; implies
Tyt k = Tik since wilr, . = wy/|y, ;. The definition of m(i, j) in (1.40) and the above imply that
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m(i,j) = m(i',§') and 7, @5y = T m@r - BY (6,5) = (', j'), an application of (1.39) gives
Tiit 2 Tij > Tim(ij) = Tit,m(i',j7), Where the strict inequality is by definition of m. This last
conclusion implies that (i, m(i, 7)) = (', m(¢’,j’)) by another application of (1.39).

(b) If 7((i,5)) = k € {1,..., K}, then since (k, k) is a singleton (by (1.38)), i = k = m(i,J)
which contradicts 7; ;,,(; j) < 7i,; < 7ii (by definition). This gives (b). [ |

Lemma 22. T(1) is a tree graph.

Proof. 1If (i,7) € T by taking iterates of m we obtain a sequence of neighbouring edges starting
with e(; jy and following a sequence of vertices (i, jn) With 7; ;, decreasing at least by a minimal
amount § > 0 at each step. This must end at 0 after a finite number of steps, proving
connectivity of 7. The definition of the edge set in T'(7) implies that

for any non-root vertex (i, j), 7((i, j)) is the only neighbour, (i, ), of (i, j) s.t. 7 j» < 7,

and it satisfies 77 j < 7; ;, and the root (0,0) has no neighbour s.t. 7, ;s < 70,0. (2.2)

Suppose that there is a cycle. Choose a vertex in the cycle, (i, j), so that 7/ ;y is maximal over
all vertices in the cycle. Then it has two neighbours (i, j') with T gy < Ty, contradicting

the above. Hence T' contains no cycles and is a tree. |
Define a partial order, <, on T = T(T) by
[i,u) < [j,v] iff u <wvandu <7, that is, iff uw < v and w;|y = wjlu.

It is easy to check that < is a well-defined partial order. We also write < for the restriction of
this partial order to T' = T'(7), that is, for ¢, j,7, 7' € {0,1,..., K},

e

(i/,jl> S <Z,]> iﬁ [il, Ti’,j’] S [i, Tz‘,j] iff Ti’,j’ S min(n,j,n,i/) iff Ti’,j’ S Ti,j and wi/‘ﬂ",j’ = wi|(7i,7j)
2.3
The relation < will mean < but not equal to. By (2.3) and (1.39) for 4, j,4,5" € {0,1,..., K},

<i/,j/> < <Z,j> if Tyl 5! < Ti,j and Til 5 < Tl - (2.4)

We also introduce the ancestral ordering < on the tree 7', that is (¢/, ') < (i,7) iff (//,5') =
7% ({(i, 7)) for some k € N, where 7* is the k-fold composition of 7.

Lemma 23.
(a) If (@', 5') < (i,4), then (i',j") = (i, i) or (i, j").
(b) The orders < and < agree on T.

Proof. (a) By assumption, (2.3) and symmetry (interchange i’ and j') we have
Ty < Tiy and Ty jr < min(Ti,i/,Ti,j/). (2.5)

Assume 7; 7 < 7; 7. Then by the last inequality in (1.31), 7y = min(7; 7,7 5) < 79 5. We
also have 7; y > 7, j» by (2.5) and hence 7; 7 = 7y ;. It follows from the definitions now that
(@, 4" = (@',i) = (i,). If 1, > 7, j, analogous reasoning (interchange i’ and j') leads to
(i", ") = (@, 7).

(b) To show that v; < vy implies v1 < v, note first by transitivity of <, it suffices to show
7(ve) < we, which follows from (1.39)-(1.41). Assume now that (i’,5’) < (i,j). By (a), we
have (i’,j') = (i, k) for some k. We have 7, < 7 ; which implies by definition of m(, ) that
Tik < Tim(ij)- This in turn easily implies (7', j') = (i, k) < (i,m(3,5)) = 7((i, ). If equality
holds here we are done since then (i, j') < (i, j). If not, continue this process until we arrive at
(i', 5" = 7™ ({4, 5)) (it must stop after finitely many iterations) and conclude {7/, j') < (i,7). W
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Henceforth we will write < for the strict ancestral ordering and drop the notation <. Recall
that if vy, v are vertices in the tree T', v1 A vo denotes their greatest common ancestor with
respect to < on T, and [[v1, v2]] is the unique path of non-overlapping edges from v; to vs.

Lemma 24. For any i,j,k,¢ € [K], if min(7;k, 7j¢) > 75, then 70 = 75 ;.

Proof. The hypotheses imply that for some § > 0 we have w|., .15 = wi|r, ;15 and wj|r, ;15 =
wg|7i,j+5. It follows that wj, and wy separate at the first time at 7; ;, whence the result. |

Lemma 25.
(a) If 7k < min(7 5, Tky), then (i,7) A (k,€) = (i, k).
(b) Assume 7; ) > min(7; j, The)-

(i) IfTZ‘Vj < Th,05 then <Z,j> AN <k,€> = <Z,j>
(ii) If Tij = Tk, then <Z,j> A <k,€> = <k,£>

Proof. (a) Apply (2.4) with ¢ = i’ to see that 7, < min(7; j,7;;) implies (i, k) < (i,7) and
(i,k) < (k,€). Assume that m,n € [K] satisfy (m,n) < (i,7) and (m,n) < (k,¢). Then
by (2.3), Tmm < min(7Tm, Tmi) < Tix (the last by (1.31)). In addition by (2.3), wilr,, =
Win |t = Wklr.,- The last two results imply (use (2.3)) (m,n) < (i, k), and this is trivial if
m =0 or n = 0. From the above results we conclude that (i, j) A (k,¢) = (i, k).

(b)(i) We have 7; ; < min(7; i, 7¢), which by (2.3) implies (i, j) < (k, ).

(ii) follows from (i) by interchanging (7, j) and (k,¢). [ |

Remark 26. It follows from (a) that i A k = (i, k). If i = k this is trivial. For ¢ # k, we have
Ti ) < min(7;;, 7 ) by non-degeneracy. We can therefore apply (a) with j = ¢ and k = £ to get
the required equality. |

Proof of Proposition 8. By Lemma 22, T is a finite tree graph and we designate 0 as
the root. Suppose i is the parent of (k,f). By (2.4) we have 7;; < 70 and 7;; < 7. The
last inequality and the non-degeneracy of 7 imply that ¢ = k. So the first inequality implies
Tii < Ti¢, which is impossible. Hence the labelled vertices 1,..., K have no children and are
all leaves of degree 1 (each has a neighbouring parent 7(3)).

Consider next the root 0. By definition it has no parent. Choose (ig,j0) € [K]? such
that 7,4, = min{r; : 4,5 € [K]} > 0. It follows by definition that m(ig,jo) = 0 and so
0 is the parent of (ig,jo). Suppose now 0 is the parent of (i1,j1). By the choice of iy, jo,
Tig.jo < Min(7, j,, Tig.i1 ), and so by (2.3), (io,jo) < (i1, j1). Lemma 23(b) implies that for some
k € Zy, (io,jo) = 7*({i1,71)). If k > 0 then since 7({(i1,j1)) = 0 we get (ig,j0) = 7 1(0)
which is impossible. Thus k& = 0, whence (g, jo) = (i1, j1) and 0 has degree one.

Now consider (i,j) for i # j in [K]. Define c(i,j) € [K] by 7; o j) = min{7ix : 7o > Tij}
where we choose ¢(i,j) minimal if there is more than one k. Note that the minimum is over
a non-empty set because it contains ¢ by the non-degeneracy of 7. The definition of 7 easily
gives m((i,c(i,7))) = (i, 7). Interchanging ¢ and j we also see that 7((j,c(4,4))) = (i, 7). These
two children of (i, j), (i,¢(7,7)) and (j,c(j,7)), are distinct since otherwise by (1.39) we have
Tij 2 Tic(ij) = Tje(ji)» Which contradicts 7; o jy > 7i; (from the definition of ¢(3, 7)).

Finally, assume that a parent has three distinct children (i, j,) (for r = 1,2,3) in T.
Consider any pair of these siblings, say (i1, j1) and (ia, jo). Neither is a descendent of the other
because they are distinct siblings, so by Lemma 25 (b) we must have 7;, ;, < min(7, j,, Tiy j»)-
By Lemma 25 (a) their most recent common ancestor is (i,72). Since the greatest common
ancestor is the common parent, we conclude that the parent is (i1,42), and so we also have
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i1 # 2 by Lemma 21(b). Applying this for each pair of siblings gives that the common parent
is (i1,12) = (i1,13) = (i2,143), and 41,42 and i3 are distinct. This shows that 7;_; for r # s are
all equal. This violates the non-degeneracy condition (1.33) and so the proof is complete. W

Proof of Lemma 9. If v; and ve are distinct vertices in the non-degenerate binary tree T,
the path [[v1,v2]] is the sequence of neighbouring edges going down from vy to v; A ve, followed
by the sequence of neighbouring edges going back up from v; A va to vy. Therefore (recall
Definition 4)

de((3, 5), (k, £)) = > Uey) + 3 Ue). (2.6)

e €[[{G.7) A kL), ()] ev€[[(@0) A (k,0), (k.0)]]

Here [[v,v]] = 0 and so either of the above sums may be empty.
Case 1. T(i k) < min(T(i,j>,T<k7g>).
By Lemma 25(a) and £(e,) = Ty — Tr(y), the right-hand side of (2.6) telescopes to give

de((i,7), (K, €)) = Tl gy + Ty — 2T k) -

Case 2. T(i,k) 2 min(7‘<i,j>,7'<k7£>) = T(i,j)'
By Lemma 25(b)(i), the first summand in (2.6) vanishes and the second telescopes to give

de((i,5), (K, 0) = Tioy — Tiig) = | Tty — Tiijy -

Case 3. T(i,k:) 2 min(’i‘(i’j>,7’<k75>) = T(k,Z)-
As in Case 2 we get

de(i, ), (ks £)) = Tl gy — Tike) = [T(e0) — Tiag) -

To summarize the three cases, we have

o Ty + T — 274y, if min(7y; T > T
4G ). (5, ) :{ (@ ¥ Tl = 2Tk T Two) > Tk )

1 T0,0) — Tii g | otherwise.
On the other hand, we have that
dr({i, ), (k. £)) = dT([@T(i,j)L [k77—<k,2>])7

and the last expression equals the right-hand side of (2.7) by (1.36). [ |

Recall our standing assumption that w € C.

Lemma 27.

(a) For any [i,ul, [in, un] € T(T),
dr([in, un), [i,u]) = O iff up, — u and for large enough n, [in,u] = [i,u].
(b) If ¢ : T — R% is given by ¢ ([i,u]) = w;i(u), then ¢y, is continuous.
Proof. 1t is easy to check from the definition of d, that
for any [i,u], [j,v] € T, |u—v|<d.([i,u],[],v]). (2.8)

Let [in, un] — [i,u] in T. By the above we have u,, — u. Let i’ be a limit point of {i,}, so that
we may choose a subsequence s.t. i, = ¢ for all k. Therefore we have

i, Uy ] = [ing, Un, ] — [i,u]. (2.9)
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We claim that v < 7; ;. Suppose not, that is u > 7; #. Then u,, > 7; ;» for k large since u,, — u.
Therefore we have from (2.9),

0= lilgn d([i’ un, ), [, u]) = liin Un, + U — 27 5 = 2u — 27; 1.

This implies u = 7; ;+, a contradiction. We conclude that for any limit point 7' we have u < 7; ;r,
which implies by (1.34) that [i', u] = [i,u]. It follows that for n large enough, [iy,, u] = [i, u].
Conversely assume u, — w and for n > N, [in,u| = [i,u]. By (1.34) we have for n > N,
u < 7, ; which implies that dr([in,uy], [i,u]) = |un — u| — 0.
(b) We have already noted in the Introduction that ¢, is well-defined. If [iy, u,| — [4, u] in
T, part (a) implies for large enough n,

|Pw ([in, un]) — Gw([i, ul)| = [Pw([in, un]) — Pw([in, u])|

= |w;, (up) — w;, (v)] < max |w;(uy) — w;i(u)| — 0 as n — oo.
T

Lemma 28. Assume T and T’ are non-degenerate in Ry such that
for any i,j k.0 € (K| 7 < Tpe= T{yj < T]/C’Z. (2.10)
Then T(T) = T(7') in the space X of non-degenerate shapes.

Proof. Let T = T(7) and T" = T(7'). We write (i, )’ for points in 7", and write <" and <’
for the ancestral relations in 7”. By non-degeneracy we may extend (2.10) to allow i,j,k, ¢ €
[K]U{0}. Take the contrapositive in (2.10) to get

for any 4,7, k, £ € [K]U{0} 77, <7 ;= The < 7. (2.11)
The characterization (2.3) and the above show that for all i, 5, k, ¢ € [K] U {0},
(k, 0)" <" (1,7) = T < min(7] 4,7 5) = Tre < min(7 4, ) = (k, 6 < (i, 7). (2.12)
By the antisymmetry of the partial order < on T we conclude that (k,¢)’ = (i,7)" implies
(k,¢) = (i,7) and so may define f : 7" — T by f({(i,j)") = (i,j). Clearly f is onto, and since
T and T’ both have 2K vertices, f is a bijection, and so for all i, j, k, ¢ € [K] U {0},
(k, €)' = (i, 5)" iff (k,€) = (3, ). (2.13)
This and (2.12) show that for all ¢, 5, k, ¢ € [K] U {0},
(k, 0) <’ (i,5)" = (k, £) < (i,4)- (2.14)

Conversely assume (k,¢) < (i,7). By Lemma 23(a) (k,¢) = (i, k) or (i,£), so assume without
loss of generality that

(k,0) = (i, k). (2.15)
Therefore 7, = T,y < 75 j, the latter by our assumption. This implies TZ-’JC < Ti/’j by (2.10).
An application of (2.4) with ' = ¢ and j' = k gives (i,k)’ <’ (i,7)". By (2.13) and (2.15) we
have (k,¢) = (i, k)" and so from the above, (k,¢)" <’ (i,j)'. So we have proved the converse
implication to (2.14) and hence f preserves ancestral ordering, that is,

F((k,0)) < f(Gs5)) M (K, £) < (i, 7)-

From this we readily see that f maps the parent of (i, j)’ € T'\ {0} to the parent of (i,j) € T'\
{0}, and so is a (root preserving) graph isomorphism which clearly preserves the labelling. W
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Let || - || denote the Euclidean norm on the space RE*X of K x K real matrices.

Proposition 29. Let 7 € Ri be non-degenerate. There is a § > 0 so that if T/ € Ry satisfies
|7 — 7| <6, then
(i) 7' is non-degenerate, and

(ii) T(m) =T(7") in k.

Proof. The space of degenerate branching matrices, 7, is

z;ﬁ]{T Tij = 0 or Ti,jg — Ti z} UU gk dlstmct{T Tij = = Tj, k}

This is a finite union of closed sets, so there is a d; > 0 so that |7/ — 7| < 01 implies 7’ is
non-degenerate. Let

1
0y = gmin{ﬂ',j — Tkt i Tij > Tkt 5, k, 0 € [K]},

and take § = min(dy,d2) which is strictly positive. Assume 7' € Ry satisfies |7/ — 7| < 6.
Then 7' is non-degenerate by the choice of d;. Assume 7;j > 75, 4. Then

TiIJ — T]gj > Tij — Tkl — 20 > 369 — 20 > 0.
Lemma 28 implies T'(7’) = T'(7) and the proof is complete. |

Cr is given the subspace topology it inherits from C¥, so w™ — w iff w{™ — w; uniformly
on compacts for each i < K.

Proposition 30. Assume w € Ck is non-degenerate, w™ — w in Ck, and T7(w™) — 7(w) in
REXEK " Then for n large T(w™) is non-degenerate, and B (w™) — By (w) in Tys as n — oo.

Proof. Let 7" = 7(w™), 7 = 7(w), and T™ = T(7"). Proposition 29 implies that for n >
N, 7" is non-degenerate and 7™ = T(7). Recall the distances d; and dy from Section 1.5.
Henceforth assume n > N. We have

dy ((T", dzn), (T(7),dr)) = sup (7} = i) = (Tig = Tam(i))|
i,j€[K]
<2sup|7}; — 4] — 0. (2.16)
.3

Let d" = dmn, d = d-, let £" and ¢ denote their respective edge length functions, and let
[i,u], and [i,u] denote points in T, and T(7), respectively. Recall the map Ygg4n arising in
the definition of dy in Section 1.5. If [i,u] € T(w) \ {0}, we may choose j € [K] so that u €
(Tw((ij))s T(ijy]- Then, recalling (1.44) for both d and d", we see that g qn ([¢,u]) = [i, un (i, u)]n,
where

" (e gy)
e )

n Tag) ~ Trl(ig))
7—71' 7,7 +(u s )
(e I gy = Ty

un(i7u) = Trr(( 7)) + ( )

Write u = T4 jy) + (4 — Tr((i,5))) and do a bit of arithmetic to see that

[un —u| < 3sup |7 = Tigl < 37" — 7. (2.17)
7/7‘7
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Therefore by the definition of da, for n > N (we clearly may restrict z # 0 in the definition),

da(Br (w), B (w™)) = sup  [Jw([i,u]) = w™ (T gan([i,u])]]
[¢,u]€T'(T)\{0}
= swp Jwi(u) — ) (un (i, )|
[i,u]€T(T)\{0}
< sup sup [[wi(w) —wi™ (v)]].
€[K]  |u—v|<3||Tn—7|,u<lT;;

The last expression approaches 0 because w" — w; and ||7™ — 7|| — 0. This and (2.16) imply

the required convergence result. ]
Here are some semicontinuity properties of £ and 7.

Lemma 31. Assume that fori=1,2, (w“ JneN are sequences in D such that w(") — w; in D.

(a) L is lower semicontinuous on D, that is, liminf, . L(wi") > L(w) (i =1,2).

(b) 7 is upper semicontinuous on D?, that is, limsup,,_, . 7(w{™, w§") < F(wy, ws).

(¢) If L(w™) — L(w;) as n — oo fori=1,2, then limsup,,_, . 7(w{", w§”) < 7(wy,ws).

Proof. (a),(b) We leave these as easy exercises.
(c) This is now immediate from (b). [ |

Let Dy = {w = (w1, ..., wg) € DX : w;(0) = 0 and L(w;) < oo for all i € [K]}.

Lemma 32. Assume w € Cg and w'™ € Dk satisfy w™ — w and 7(w™) — 7(w) asn — oo,
Then as n — 0o:
(a) Wi — w; and ky(w™) = w; in the supremum norm for each i € [K],

() (s () = 7(w).

Proof. (a) The convergence of w'™ to w; implies uniform convergence on compacts since w;
is continuous. This and the convergence of L(w\") = 7 ;(wi™) to L(w;) = 7i;(w;) implies
uniform convergence of w(") to w;. The second convergence is now an elementary calculation.
(b) It follows easily from the definition of £, that £(r,(w{")) < L(w;™)+ L. This and our hy-
pothesis imply limsup,_ . L(kn(wi™)) < L(w;). By (a) and Lemma 31(a),
lim inf,, 00 £(kn(w™)) > L(w;), and we conclude that

|L(kn(w ™)) — L(w;)] — 0 as n — oo, (2.18)

(2.18) gives the convergence in (b) for the diagonal entries of 7. Now consider i # j in [K].
A simple calculation using the definition of 7(wj, w’) shows that

n n = n n 1
() 2 P ) -

T (kin(w; J i J n’

Use this with (2.18) and our convergence hypothesis on 7; j(w™) to see that
lim inf 7 (f,, (wi™), nn(w;.">)) > 7(w;, wy).
n—oo

On the other hand, part (a) above, (2.18), and Lemma 31(c) imply

hmsupT("{n(w( )) ’{n( J(n))) < T(wiawj)'
n—00

The last two inequalities complete the proof of (b). [ |
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Recall the rescalings p, : DX — DX from Section 1. An elementary calculation shows that
for any w € D 7(pp(w)) = 7(w)/n. (2.19)

It follows that
for any w € Cx  w is non-degenerate iff p,(w) is non-degenerate. (2.20)

If w € Ck and n € N, recall the definitions of Bx(w) and B, x(w) (in Tgs) from Definition 10
and (1.50), respectively.

Lemma 33. If w"V € Ck, then for alln € N,

B (pn(w™)) = By, (w™). (2.21)

Proof. Let w™ = p,(w™®). If w™® is degenerate, so is w™ by (2.20), and the result is immediate
by definition. Assume w®, and hence w™ for any n, is non-degenerate. Let [i,u], (i €
[K]1U{0},0 < u < 7;;/n) denote generic points in T := T(w™), and let (i, ), = [i,7i;(w™)]n
(i,7 € [K]U {0}) denote generic points in 7" := T(w™). Define v, : T ST by

Yalli, ul1) = [i, (u/n)]n. (2.22)

It is easy to check 1, is a well-defined injection, and it is surjective by (2.19). It follows from
the above definition and (2.19) that if 1, is the restriction of 1, to T, then

lbn(<%.7>1) = <Z7]>n (2'23)

Therefore 1, is an injective map from 7' to T", and as these vertex sets have the same
cardinality, 1, : T' — T™ is a bijection. Clearly it preserves the root and preserves the labelled
leaves 1,..., K. Let <, and <, denote the ancestral orderings in 7. Another application of
(2.19) shows that

(i, uly <1 [, vl 3 (7, uht) <n Ya((s 0]h)- (2.24)

In particular, 1, is a graph isomorphism between 7' and T". Turning next to the metrics,
note that

d-r(w(n))(d;n([iv uh)a QLTL([L v]l)) = dT(w("))([i7 u/n]nv []7 v/n]n) = nildT(w(l))([iv u]lv []7 2}]1),

where in the last we have used (2.19) and the definition of d, in (1.36). Therefore

U, (Tl,dT(wu))/n) —(T", dr(pmy) 18 an isometry.

This shows ¥, : (T, dr(w)y/n) = (T", dr(,m))) is an isometric isomorphism, and ¥y, is the
unique isometric extension of 1, to (Tl, dr()y/n), denoted by Y, in Remark 11. We have

Gy © U ([iul1) = Gy ([1, (u/n)]) = wi™ (u/n) = wi” (u)//n = &, (i ul)/V/n.

By Remark 11 the result follows. |
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3 General Convergence and the Proofs of Theorems 13 and 14

3.1 Proof of Lemma 12
Lemma 34. For every s > 0, N§ [J({(u,w) : £(w) # u})] = 0.
Proof. 1t suffices to show for each u > 0, N§, [H,({w : £(w) # u})] = 0, and this follows from

Ny [Hy({w : £(w) # u})] = 0. (3.1)

The mean measure of H, under Ny is the law of a Brownian path stopped at w (this is an
elementary consequence of (I1.8.6)(a) of [26]) so (3.1) reduces to showing that if B is a Brownian
motion starting at 0 and B"(t) = B(t A u), then £(B"*) = u a.s., which is obvious. |

To prove Lemma 12 we need a moment formula for H which is implicit in [7]. Using notation
from [7], we let r € N, £ = (t1,...,t,) € (0,00)", F € %, be a non-degenerate shape, and <
denote the ancestral relation on F. Consider a metric, d, on F satisfying d(i,0) = t; for the
leaves i = 1,...,r, and let @ = (£, up41,...,us_1) where u; = d(i,0) for the interior vertices
i >rin F (recall Remark 6(b)). Hence the set of possible values of (upy1,...,u2,—1) is

MEF) = {(trs1,...,u2r—1) : if u; = t; for i < r, then for all k, £ < 2r — 1,

k < ¢ implies uy < ug} (if 7 = 1, the set is empty),
and d = d(@) is uniquely determined by @. Then (W& . W%/ denotes a tree-indexed
Brownian motion with variance parameter o2 on T(F , ) := (F,d(@)) (see Definition 2.8 of
[7]). This means {W;"™ ¢t € [0,4;] : i < r} are correlated Brownian motions, starting at o,
(variance parameter o2), where for i # j W& = W34l on [0, u;p;], and WSS and WoHeF
evolve independently after time w;s;. Here, for v > 1, i Aj € {r+1,...,2r — 1} is the most

recent common ancestor of leaves ¢ and j with respect to <. We write du for integration with
respect to (Upi1, ..., Uzr—1).

Lemma 35. Fizrd € N. Ifr € N, £ € (0,00)" and ¢ : C" — R, is Borel then

N, [/.../¢(w1’_,_7wr)dHtl(w1)...Htr(dwr)} = > /M(EF)E[é(WkaF,,..,Wﬁff)}dﬁ.

FeX,
(3.2)
Proof. Tt suffices to prove (3.2) for ¢ > 0 a Borel function of (w!|41),...,w"|4) where each
50 = (s(e), . .,s(z) ) is a finite dimensional set of times 0 = s << 59 = te. (For
0 m®) 0 m®

this recall that w;(- A t;) = w; for Hy-a.a. w;.) In this finite dimensional case both sides of
(3.2) are integrals of ¢ with respect to a finite dimensional finite measure and so equality of
these measures will follow from equality of their characteristic functions. This is established in
Propositions 2.6 and 2.9 of [7], and we are done. ]

Corollary 36. Let r € N22, i€ (0,00)" and ¢ : Ri(i’j)e[r]x[r]:Kj} — R be Borel. Then

NH|:/"‘/1[)((7-(71)1'7wj))i,je[r],i<j)dHt1(w1)"‘Htr(dwr):| = Fér /M@F)@Z’((Umj)iqér)dﬂ.
(3.3)

Proof. Let r, t and f € ¥, be as above, and @ € M(f, F). By definition this means that
uin; < min(t;, t;). By definition and elementary properties of Brownian motion,

Uinj = T(WZ/#ZF, W]AQ;JF) for alli,j € [r], i < j a.s. (3.4)
Let 1) be as above and apply Lemma 35 with ¢(w1, ..., w,) = ¥ ((7(wi, w;)); je[r,i<;) and then
use (3.4) to complete the proof. |
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Proof of Lemma 12. By the definition of non-degeneracy and simple union bounds, it suffices
to show the following:

(0) for K =1, N3, (1(W1,W1) =0) =

(a) for K =2, N3, (1(Wy,Wa) =0) =

(b) for K =2, Ng, (1(Wy, W) = E(Wl)) =0

(c) for K = 3, N§, (r(Wy, Wa) = (W1, W) = 7(Wa, W3)) = 0.

Item (0) is immediate from Lemma 34. In each of (a)-(c) we want to show a result of the form
Ng (Wh,...,W,) € A) =0, i.e.

f((),oo)r Hy x - x Hy (A)dty . .. dtr] 0

( Jiooo) Ht(l)dt)r

Elementary arguments show it suffices to to prove that Ny [Hy, x -+ x Hy, (A)] = 0 for every
t1,...,tr > 0.

By (3.1) we have Ny-a.e. that £(w;) = t; for Hy,-a.a. w;. Therefore to prove (a) and (b) it
suffices to show that for fixed ¢1,t2 € (0, 00),

NS, (3.5)

Ny [Htl X Ht2 (T(wl, wg) ¢ (O,tl A tz))] = 0. (3.6)

To see this apply Corollary 36 with r = 2. Recall that ¥y consists of a single shape F corre-

sponding to a single internal binary branch, and v € M(t, F) iff 0 < u < min(t1,t2). So this

and Corollary 36 show that the left-hand side of (3.6) equals |, min(t1,t2) 1 {ug (0,min(t: t2))} At = 0.
Turning to (c), let t; € (0,00) for i = 1,2,3. As for (3.6) 1t suffices to prove

NH [Htl X HtQ X Ht3(T(w1,w2) = T(’lUQ, wg) = T(wl, w3))] =0. (3.7)

In this case we take » = 3 in Corollary 36 and recall that X3 = {F; : i = 1,2, 3} has 3 shapes.
For each shape, the event in (3.7) reduces to equality of the two internal branch times w4, us,
that is, by Corollary 36 the left-hand side of (3.7) equals

3
1 UL N2 =UIAS=U dU4dU5 / 1 Ua=1 dU4dU5 =0.
;/M(EF {uin2=uirs=u2ns} Z MEF {us=us}

) 2

Let 7 ;(F, @) = uipj if i # j and 7;(F,4) = t;, extend WH%E to be constant on [t;, 00),
and then let W% = (W»%/),. € C,. Then by (3.4), 7(F,4) = T(W%") = 7. The
construction of T(VVﬁ"r ), and in particular the construction of 7, in Section 1.5 easily gives
F =T(W%). Remark 26 and (1.43) show that d,(0,i A j) = 7;; = uir; = d(@)(0,3 A j) (there
is now no ambiguity in interpreting ¢ A j), and therefore d(@) = dr. These equalities imply
that I = T(W% ) and so ¢y a.r ([i,v]) = VVf"L (v) is an embedding on F. We conclude that
(F,d(i0), ¢yyar ) is a non-degenerate gst. As in Corollary 36 we can use the above identifications
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to see that if Zs, = (s/2)1(Hy(1) > 0) [fo“’ Hi(1) dt} " then (recall @ = (£, trp1, ..., uzr—1))
N3, (W, 7( W))€-)
=Ny (2 // W).B,(W)) € ) dHy, (Wh) ... dH, (W;)d)

<<NH / / L((W, (W), B.(W)) € -)dHy,(W1) ... dHtT(WT)dtj

)X

The above absolute continuity result allows one to deduce qualitative properties of the
left-hand side as was done in the proof of Lemma 12.

/MW <(W“F T(F i), (F,d(d), cbwa,f))e-)da]di (3.8)

Ri res,

3.2 A Convergence Theorem For General Historical Processes

We start with a simple abstract result on weak convergence of a sequence of samples selected
according to a sequence of weakly convergent random measures. For a Polish space Es, let Fi :
Mp(E) — Mp((E2)X) denote the normalised K-fold product measure, i.e. for u € Mp(Fs),

Onr. i u(1) = 0
Frelp) = q < otherwise. (3:9)
px

Lemma 37. Fizx K € N and let E1, Eo be Polish spaces. Assume for each n € N, we
have a random vector (Z™,M™) € E; x Mp(E2) with M™(E2) > 0 a.s., and conditional
n (Z™M,M™), {V\" : i < K} is a collection of i.i.d. random vectors with common law
M™ M™(Ey). Assume also (Z,M) € E; x Mp(E2), M(E3) > 0 a.s., and conditional on
(Z,M),{V;:i < K} are i.i.d. with law M /M (Es). If (Z™, M">) — (Z, M) in By x Mp(Es),
then (Z™ M VY 2 (Z M, V) on By x Mp(Ey) x (Bg)X

Proof. Let ¢1 : E1 x Mp(E2) — R and ¢9 : (EQ)K — R be bounded and continuous functions.
Define ¢ : 1 x Mp(E2) — R by

0(z0) = [01(20) [ adBi)] Loy

Then 1 is a bounded function which is continuous at all points (z,v) with v(1) > 0. Note that
M(E3) > 0 a.s., and M™(E3) > 0, a.s., and that

Bloa(V )M, 2] = [ adFic(M®™), and Ega(V)IM. 2] = [ éudFic(D).
We may conclude from the assumed weak convergence that
Jim E[¢1(Z™, M™)ga(V™)] = lim E[y(Z2™, M™)]

=E[y(Z, M)
=E[p1(Z, M)pa(V)].

The result follows. |
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In this subsection we work in an abstract setting that includes our rescaled historical pro-
cesses for BRW and lattice trees. Assume that for each n € N, (H{™,t > 0) is a stochas-
tic process with sample paths in Do (Mp(D)) on some probability space (2, F,P). We let
St = inf{t: H™ = 0} and assume throughout that

0<S™ < oo, and H™ =0 forall t > S™ and n € N a.s. (3.10)

This is clear for both BRW and lattice trees with H\" defined as in Sections 1.1 and 1.2,
respectively. The first part holds by (1.15) and because there is an individual of generation 0,
and the second part is obvious. Condition 38(i) below will imply that P(S™ > s) > 0 for all
s > 0, which will allow us to introduce P$ = P(-|S™ > s). We may define I™ and J™ as
before in this setting, that is, I is the finite (by (3.10)) measure on D defined by

I™(Ax B) = /OOO / Ta(u)lp(w)HS (dw)du,

and J™ = F;(I™). For t > 0, let I["”(G) = I™(G N ([0,t] x D)), and J¥ = Fy(I{"). Note
that J™ and J{™ are probabilities for all t > 0, n € N a.s. because 0 < I,"”(D) < I™(D) < oo
for all t > 0 a.s. by (3.10). For the limiting historical Brownian motion we also introduce
L(:) = I(-Nn([0,t] x D)) € Mp(D) as., and J; = Fi(I;) which are probabilities on D for all
t > 0 a.s. We suppress dependence on the spatial variance 0(2) of the limiting HBM. Recall the
definition of the lifetime £(w) of a path w € D from (1.21).

Condition 38. The following hold for every s > 0:
(i) Jep > 0 such that lim sup [ntP(S™ > t) — ¢o| =0, and P(S™ > s) >0 Vn € N,

n—oo tZS
(ii) as n — oo,
PS(H™ e ) L Ne (H e ), (3.11)
(iii) for every t > 0,
supsup E} [H{V(1)] < oo Vp € N, (3.12)
neN u<t

(iv) for every n € N, Es [J™ ({(u,w) : £(w) # [u],})] = 0.
Lemma 39.

(a) Assume that S™ has the same law as S /n and that limy_,o tP(SY > t) = ¢ for some
co > 0. Then Condition 38(i) holds.

(b) If Condition 38(i) holds then for each s > 0 there an ng = no(s) € N so that

S 3s
<PS(S™ >t) < —/— It > nyg.
3GV S S(S > )_s\/t’ for allt >0, n > ng

Proof. (a) Let s > 0. Then sup;s [ntP(S™ > t) — co| = supys [ntP(SY > nt) — co| — 0 as
n — oo. Also the given convergence implies S has unbounded support and so the same is
true for SW /n.

(b) By Condition 38(i) there is an ng so that for n > ng, sup;s, [ntP(S™ > t) — co| < co/2.
Therefore for n > ng and t > s we have

_ S 3s

P(S™ > t) s 3s
S (n) _ —
FalS >t)_IP’ [ }_[3(5\/15)’5\/75'

76 —,
(S >s) = L3877

For ¢t < s the probability in the Lemma is one and the bound is trivial. |
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Condition 38 holds both for lattice trees with d > 8 and L large, and for BRW. In either
case, (i) follows from (1.15) and Lemma 39(a). Part (iv) holds (again in either case) by (1.23),
and the validity of (ii) was discussed at the end of Section 1.3. For lattice trees, (iii) is well-
known (see e.g. [7, Lemma 2.13]), and for BRW, (iii) is readily proved using a predictable
square function inequality of Burkholder as in Exercise 11.4.1 of [26] (recall (1.1)).

Lemma 40. Suppose that Condition 38 holds. Then for any t,s > 0, under P; we have
Ps (1", i, 8™) € ) =5 N& (I, Ji, S) € ) in Mp(D)? x Ry as n — oo.

Proof. Let s,t > 0. The weak convergence of I\ to I; is proved as in Lemma 2.2 of [22] using
the method of moments and Condition 38. Although only minor changes are needed in that
argument, we sketch the proof below. Let p € N, uy,...,u, € [0,], and ¢ € Cy(D). Then
(3.11), (3.12) and a uniform integrability argument give

p

lim ES [H H( uz,-))} — NS, [H Hui(¢(ui,.))}. (3.13)

n—00
=1 i=1

A simple Fubini argument together with (3.12), (3.13) and Dominated Convergence then implies

Tim IES / H™ (¢(u, - p / Hy( H (3.14)

Taking p = 1 and ¢(u, w) = P(w) gives

ES [/Ot Hfj)(-)du} LN [/Ot Hu(-)du] in Mp(D).

This implies tightness of {EZ[I{™ ()] : n € N} on D, and so if € > 0 we may find a compact set
K C D so that

t
supE} [/ H™(K°) du} < e
n 0

By Markov’s inequality we obtain
t
sup P}, (Ié”)(([(),t] x K)¢) > 5) <supE; [/ H{(K°) du} /e <e. (3.15)
n n 0

A simpler argument gives tightness of the total masses f(f H(1)du = I (1). By a well-
known characterization of tightness for random measures (e.g., take constant processes in The-
orem I1.4.1 of [26]), the compact containment in (3.15) and tightness of the total mass now
implies tightness of the laws {Ps (1, € -) : n € N} on Mp(D).
Let I; denote a subsequential limit point of these laws (under a probability ). It follows
from (3.12) and a uniformly integrability argument that for ¢ € Cy(D)
s [y T P

Jim B [1;(6)°] = E[1(¢)"],
and so by (3.14) we have )

E[(6)7) = N3 [L(6)?] ¥p € N, (3.16)

Use the fact that N%,[e?7()] < oo for small § > 0 (e.g. see the proof of Lemma 2.2 in 22]) to
conclude that P(I;(¢) € -) = N5, (I;(¢) € -) for every ¢ € Cy(D), and in particular IE[ —Ii( ¢’)} =
N?,[e~1#(9)] for all such ¢. Tt follows (e.g. see Lemma I1.5.9 of [26]) that P(I; € -) = N5,(I; € -)
and hence we get P (1™ € -) =% N5, (I; € -) on Mp(D).
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Note that Fy : Mp(D) — Mpg(D) is continuous except at 0p; which has zero probability
with respect to N¥,(I; € ), and so by the continuous mapping theorem we conclude

Ps (L™, J") € ) =5 N5, (I, ;) € -) for all s > 0. (3.17)

It remains to accommodate S™ but this is implicitly contained in the above since s > 0 is
arbitrary, as we now show. Let 1 : Mp(D)? — R be bounded and continuous and ¢ > 0. Then

E W(Iffn)a Jt(n))ﬂ{s("bsvt}}

E; [o (1", Jtn))]l{s(nbtﬂ =

P(S™ > s)
s o P(S™ > sVt
= B3 (L7, )] M
— N b (I, Jy)] as n — 0o, (3.18)

s
where we have used (3.17) and the survival asymptotics Condition 38(i). Now argue as above

and use the survival probability (1.17) to see that the right side of (3.18) is N3 [ (I, Ji) L{g>¢})-
The result now follows easily. ]

Corollary 41. Suppose that Condition 38 holds. Then for any s > 0,
Ps((I™,J™,8™M) e ) =5 N5 ((I,J,8) €:) on Mp(D)* xRy asn — oo.

Proof. Let ¢ : Mp(D)?xR,; — R be bounded and continuous. Now observe that on {S™ < ¢},
we have I™ = I\’ and J™ = J{™. So by Lemma 39 we have for n > ny,

B3 [0 (1, 7, 8) = w1, 3, 5|

< B, [$(I™, ™, S™) 1 g5y ‘

Efl [w(Ién)7 ']t<n)7 S(n))]]-{S(")>t}] ‘ +
3s
sVt

< 2[[¢loo

Similarly, since for all s,¢ > 0, N3, (S > t) = 2% (by (1.17)), we have

S
85 (00, 51.8) = (L, 1. 9)] | < 2o i
Choose t large enough and apply Lemma 40 to finish the proof. |

Fix K € N. We use the same notation as in Section 1.4, so that under P%, given (I, J™ SM),

(T W™);<k are ii.d. random vectors distributed according to the (given) probability J™.
We set W™ = (T W) i<k € D™ The above prescribes the law of (I™, J™, 5™ W™ on
Mp(D)? x Ry x D" under PS5 . Similarly the joint law of (I,.J, S, W) on Mp(D)? x Ry x D"

under N7, is such that, given (I,J,9), W = (%;, W;)i<k are ii.d. with law J. In fact, under
N¢, (I,J,8,W) is supported on Mp(R; x C)? x Ry x (R; x C)¥, where C C D is the space
of continuous functions from Ry to RY (see Section 1.3).

Remark 42. Note that S™ = inf{t : I ([t,00) x D) = 0} and S = inf{t : I([t,00) X D) = 0},

and so in the above conditioning we are really only conditioning on I™ and I, respectively. <

Lemma 43. Suppose that Condition 38 holds. Then

PZ((I("),J(”),S("),W(H)) €)= N‘;((I, J,S,W)e-) in Mp(D)* xRy x D* asn— .

29



Proof. We apply Lemma 37 with Z" = (J™ S™) 7 = (J,S8), M = I, M™ = I™  and
Ve =W, Corollary 41 provides the weak convergence required to use Lemma 37, and the
a.s. strict positivity of 1™ (D) and I(D) was noted in Section 1.4 when defining J™ and J. B

In view of this and the fact that the weak convergence is for random vectors in a Polish
space we may use Skorokhod’s representation and work on a new probability space (€2, F,P?)
where we have

(I, J™ S W™y 5 (1,0,5, W), Pb-as. (3.19)

Recall the definition of the branch time 7(w,w’) of w,w’ € D from (1.30) and let K € N.
Condition 38(iv) and Lemma 34 imply that

Vi< K, [Z"],=£LW™)<oco ¥n, and T;=2L(W;)<oo, P-as, (3.20)
and therefore
(W, W) <TATY < oo and 7(W;, W)) < TiAT; < oo, Vi,j < K,neN as. (3.21)
It follows from (3.19) and (3.20) that

(100, T, S (W), W™)ick) = (I, 7,8, (£(W), Wi)ick) as. in Mp(D)® x Ry x D'
(3.22)
Our goal is to add the branch times, T(W(") W(")) to the above convergence.

Lemma 44. Suppose that Condition 38 holds. Then for any s,n > 0 there is a ¥ > 0 such
that Ps (I (1) <) <n for all n € N.

Proof. Given s,n > 0 we may choose ¥ > 0 so that N, (I(1) < 29) < n/2. The result is now
immediate from Corollary 41 (for n large enough) and from (1) > 0 P?-a.s. (for remaining
n by readjusting ©). [ |

To continue with the proof of Theorem 13, we need the following additional condition. Part
(i) states that for large n it is unlikely that the branch time between two randomly chosen
paths is close to one of the lifetimes. Part (ii) shows it is asymptotically unlikely that two such
randomly chosen paths separate early enough but remain close for a while after branching.
Part (iii) will ensure that s, (W™) € Cx P5-a.s. (recall s, from the end of Section 1.5).

Condition 45. For every s,ty > 0,

(i)
to to
/ / //:H'{TU)LWZ >(u1 Aug)—3 }Hz(ﬁ)(dwl)H&;)(dWZ)duldu2 =0,
(3.23)

lim lim sup EJ
00 n—oo

(ii) for every 0 >0,

to to
lim lim sup EJ, 1
el0 n%oop {lwl 7 (wy,we)+8 ~W2 1 (w, w2)+5|<€}

X L (g w2) < (ur Aiz) 5y HG, (dwn) H ) (dwa) dus duQ] =0. (3.24)

(iii) For all n, ES[I™ ({(u,w) : wo # o})] =
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Theorem 46. Assume (3.10) and Conditions 38 and 45. Then the conclusions, (1.48) and
(1.49), of Theorem 13 hold.

Proof. We work on the probability space on which (3.22) holds. We first fix i, 7 and show
s, K
T(W W) 55 w(Wi, W) as n— oo, (3.25)

s, K
If i = j this amounts to £(W ™) = £(W;) which we know by (3.22), so assume i # j.
Let 6 > 0. It suffices to show that

Jim_ PSE (r(W™, W) > 7(W;, W;) +6) =0, and (3.26)
lim PSR (r(W™, W) +6 < (Wi, Wj)) =0. (3.27)

Lemma 31(c) and (3.22) imply that

lim sup T(W;"),Wj(")) < T(Wi, W), PoF —as. (3.28)

n—oo

Thus,

lim sup P*% (T(Wi("), W](">) > (Wi, W;) + 5)

n—oo

< lim sup P*X (Uio:n{T(Wi(k), Wj(k)) > (Wi, Wy) + 5}>

n—oo

< psK <lim sup 7(W;™, VV;")) > (Wi, Wj) + 5) =0. (3.29)

n—0o0

This proves (3.26), so it remains to show (3.27).
To prove (3.27) it suffices to fix n > 0 and show that for sufficiently small 6 > 0 and all n
sufficiently large, depending on 4,

PE (r (W, W) 48 < m(Wi, W) <. (3.30)

(Here we can restrict to small  because the left-hand side is decreasing in 4.) By Lemma 39(b)
and Lemma 44 we can choose ty = to(n) large and ¢ = {(n) > 0 small so that

sup P (8™ > 10/2) + sup P* (1™ (1) < 2¢) < 1/10. (3.31)

n>ng
Fix such a ¢ty and ¢. Then (3.22) implies
PSE(S > tg) + PSE(I(1) < ¢) < n/10. (3.32)

Recall that 7 and j are fixed. Let W;; € R? denote the location of the path W; at time ¢.
We claim next that for any n € N, §,e > 0, up to sets of P*-probability 0,

E:={S" <ty,S <to} N { sup [W — Wi 4| < E,sup \WJ(Z) — Wil < E}
t<to i<ty P 4
N{r (W, W) +6 < 7(Wi, W)}
(n) _ (n) (n)
< {‘Wi,f(wf"kwj”))w Wj,T(Wi("),W]-(n))-&-J‘ < 5} NS <tok (3:33)

Assume that the event E on the left-hand side of the inclusion (3.33) holds. By Lemma 34 and
the fact that J is supported on [0, S] x D we see that

T(W W) 46 < 7(Wi, W) < 8(Wi) < 8 <.
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Therefore E implies that

(n)
W - W,

k(W W) 46 | <e/4 fork=ij. (3.34)

(W W)+
In addition, 7(W;™, W](")) +6 < 7(W;, W;) implies that

M/i,T(Wi(n),Wj(n>)+5 - Wj,f(w}">,w;”))+5‘

This and (3.34) allow us to use the triangle inequality to conclude that

g — W <5 +5<e
i r (W™ W) ts WM wiMssl T 4 4

This proves the claim (3.33). This latter inclusion implies that for any €, > 0 and n € N,
P (r (W, W) + 6 < 7(Wi, W)
<SPS = 1) + P(S™ 2 1) + P (1) SO+ Y P (sup (W) — Wil > e/4)
t<to ’

k=irj
S (n) _ (n) (n) (n)
+ P (’Win(Wi(n)’Wj(n>)+6 Wj,T(Wi(n)ij(n))"l‘&‘ <e, 8" <ty, 1" (1) > {)
n ) ) (n) () )
< IP’S( _ ™1 .
=5 + ‘Wi,T(Wi(">,W]("))+5 Wj,T(Wf"),Wj("))-i-é‘ <g, 8™ <to, I'"(1) > ¢ (3.35)

where the last line holds for n > ng V ni(e) by (3.22) (recall Wy, is continuous a.s.), (3.31) and
(3.32). Let p, = pn(0,€) denote the probability arising on the right-hand side of (3.35).
By definition of W,im, we have that

to [t (n) (n)
< | 0O 0O f f ]]'{|w1,7-(w1,w2)+5_w2,r(w1,w2)+5|<5}Hu1 (dwl)Hu2 (dw2)du1du2 1
Pn < By I (1)2 {1t (1)>¢}

to to
S Efl [/O »A C_Q / / ]l{|w1’7—(“’1v“’2)+57'u)277'<w1qw2)+6|<5}H'£g) (dwl)H&Z)(dWQ)dUIdUQI .
(3.36)

The expectation above is at most

to to
<2E;!/0 /0 //]]'{|w1,7(w1,w2)+5_w2,7(w1,w2)+6|<5}]]'{T(wl7w2)§(ul/\“2)—5}Hl(g)(dwl)Hl(tg)(dw2) duldu?]

(3.37)

to to
+CT2ES /O /0 //H{T(wl,w2)>(u1AuQ)—5}H&’{)(dwl)Hé";(dW)duldu2]- (3.38)

By Condition 45(i) there is a dg > 0 so that for each 0 < § < ¢ there is an ny = n2(d) € N
for which (3.38) is at most n/4 for n > ny. By Condition 45(ii) for each ¢ as above there
is an ;7 = €1(J) so that for 0 < ¢ < e; there is an n3 = n3(d,e) for which (3.37) is at
most 7/4 for n > nz. So for 0 < § < §y we may set ¢ = €1(J) and then conclude that for
n > n4(0) :=ng Vni(ei1(0)) Vna(d) Vns(d,e1(5)), we have (3.35) with p,, < n/2. This proves
(3.30) and the proof of (3.25) is complete.

In view of (3.22) and (3.25), to complete the proof of (1.49) it suffices to show that

]P)S,K

Brc (kn(W™)) 25 Bie(W). (3.39)
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To prove this, first apply Lemma 32 (use the convergences in (3.22) and (3.25)) to see that

]P)S,K

(kn (W), 7 (50 (W) — (W, 7(W)). (3.40)

Now use Lemma 12 and the above to apply Proposition 30 with w™ = k, (W) and w = W
to establish (3.39) and also (1.48), thus completing the proof. [ |

Theorem 47. Assume (3.10), Conditions 38 and 45, and the scaling relation (1.13). Then
the conclusions, (1.51) and (1.52), of Theorem 14 hold.

Proof. By (1.13) and a short calculation we have for measurable ¢ : D — [0, 00),

/(b(u,fw)f(”)(du,dw) = nz/gzﬁo pn(w, w) IV (du, dw), (3.41)
/qb(u,w),]“”(dmdw) = /(;Sopn(u,w)J(l)(du, dw), (3.42)

and
S = 8W /n and so P? = P}°. (3.43)

Let 11,12 be non-negative measurable functions on Mp(D)? x R, and DX, respectively. By
the definition of E2 = E2 (J™) and (3.41)—(3.43) we have

ES [ (1™, J™, S )ho (W™, ..., WD)]
—E [wl(ﬂn), Jm | gy / - / Do (w)J™ (duy, dw;) . .. I (dug, dwK)}
=E}* [¢1 (n_2](1) ) ﬁn_l, ARES ﬁn_l, S® /n) / . / Vo (pn(w)) JV (duy, dwr) ... J (dug, dwK)}
= EP* [ (n 21 0 p, 1, TV 0 5,71 8D n)dba(pn (W), -y o (W)
Therefore (recall W™ = (W™, ..., W»))
P (1™, T, 8™ WMy e.) =B ((n 21V o p, Y, JD 05,71, 8D /n, p (WD) € 1) (3.44)

It is easy to check
fin © pn(w) = pn o k1(w) Vw € DX, (3.45)

By the above and Lemma 33, if B,,  is as in (1.50), then for all w™ € D,
B (tin © pu(w™)) = B (pn © k1 (w™)) = By i (k1 (w™)). (3.46)

We also have from (3.45) and (2.19) that for all w™") € D,

(1)
(1 pa(w®) = (pa(ra(w))) = T (3.47)
Now use (3.44), (3.47), and (3.46) to conclude that
P;, ((I ) J0 SO W (5, (W), B (b (W) € ) (3.48)

=B (0721 0 5,71 T 0 5,7 SO pu (WD), (k1 (W) /1, B (s (W) € ),

as laws on Mp(D)? x Ry x DX x RfQ X Tgst. By (3.40) and (3.25) we may replace 7(W ™)
with 7(k,(W™)) in the fifth component of the weakly convergent vector in Theorem 46 (that
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is, in (1.49)) and still get the weak convergence in Theorem 46. That is, the left-hand side of
(3.48) converges weakly to the historical Brownian limit law in Theorem 46, and hence so does
the right-hand side of (3.48). This proves (1.52). The equivalence in law of the 7 components
in (3.48) implies,

(s (W)

P (11 (WD) is non-degenerate) = ]jm?s<
n

is non—degenerate)
=P’ (7 (kn(W™)) is non-degenerate) — 1 as n — oo,

where (1.48) from Theorem 46 is used in the last convergence. This gives (1.51) and the proof
is complete. |

Theorems 13 and 14 will now follow from Theorems 46 and 47, respectively, once we establish
(1.13), (3.10), and Conditions 38 and 45 for lattice trees with d > 8 and L sufficiently large,
and for BRW. We have already seen that (1.13), (3.10) and Condition 38 hold in both cases,
Condition 45(iii) is obvious, and so it remains to establish Condition 45(i),(ii) in both cases.

Remark 48. Under (1.13) the following slightly simpler conditions imply Condition 38:

(i)
(ii)” For each s > 0, P{"(H™ € -) EE\E %(H € -) as n — o0,

~—

limy 00 tP(S™ > t) = ¢ € (0, 00),

~—

(iii)’ For each p € N, supyez, E[(H,"(1))?]/(k*~' V1) < oc.

(iv)’ For each k € Zy, H”({w: £(w) #k}) =0 P —a.s.

Condition 38(i) follows easily from (i)’ and Lemma 39(a). The other derivations are easy. <«

3.3 Verification of Condition 45(i),(ii) for lattice trees

We work in the setting of lattice trees described in Section 1.2 with d > 8 and L sufficiently
large. In particular Condition 38 holds. For any Borel A C [0,00) and u1,us > 0 we have

5 Y 2 L) w™ ey (3:49)

yl Eﬂzul Y2 67;171.2

(HS x HZ) (1(wy, we) € A)

For y1,y2 € T, we use the notation 7,, 4, (T') to represent the branch time for the paths in T
from the origin to y; and yo respectively. Taking the expectation of (3.49) we obtain

E? [(ng x H®) (T(wl, ws) € A)] (3.50)
= (PS> )= Y Y WD), 0y Lo €, 26Ty} Ly o (Dena)
Il,IQEZd T30
s V1)
> D WD) eyt o26Touy} Lrey oy (T)ena}s (3.51)

x1,22€Z% T>0

where nA = {na : a € A}, and we have used P(S™ > s) > ¢(sV 1)~ for all n and some ¢ > 0
(by equations (1.22) and (1.27) in [22]) in the last line.
We will use the following Lemma to verify Condition 45(i) for lattice trees.

34



Lemma 49. There exists a constant C(d, L) such that for all 0 < my < mg € Z4, and every
Uy, ug > 07 ne N;

Z Z W(T)]]‘{xleTnul 7$26Tnu2}]]‘{7'a:1,x2 (T)E[m1+17m2]} S O(m2 - ml)'

x1,22€Z4 T30

Proof. Let mb = min{ma, |nu; |, |[nuz|}, and write the left hand side of the claimed bound as

m3
Z Z ZZW(T)]l{xleTnul,a:geTan}]l{Tg;l,zQ(T):m}]l{wm(nul,xl):xo}' (3.52)

20€Zd m=m1+121,22 TS0

We can write T as a union of T containing o and x, gy containing zy and 1, Tl containing
xo and x, that are all pairwise disjoint except for the common point z that is in all of them.
Replace the sum over T' with a sum over these various trees and include the indicator 1y 12}
that they are “almost” disjoint as above. Then this becomes

Z 20 Wty 3wy 3. Wy, 65)

m=mi+1 To p[0]5,, T3z TR 52
CC()GT[] :E1€TT[“11 m x2€T‘I[L2u],2 m

Since all summands are non-negative, we may drop 1; 1, ,} to get an upper bound. Once this

indicator is removed we may perform the sum over x; and x9, and then zg to get three terms
(up to translation) of the form ) Z r50: W(T') = pE[|T;|], which is bounded by K, uniformly
€T}

J

in j > 0 (recall (1.9)). Thus (3.53) is at most Y2 K3 < C(mg —my). [ |

m=m1+1

Let us now verify Condition 45(i) for lattice trees (for d > 8 and L sufficiently large). Fix
s,tg > 0. Condition 38(iv) gives an upper limit on 7, and so (3.51) shows the expression,

E;[ [f ]l{T(wl7w2)>(ulAu2)_5}Hq§’{)(dwl)Hf[;)(dw2) , appearing in (3.23), is at most

C(sV1)
- Z Z W(T)]l{zleTnul ,xQETan}]l{TmLIZ(T)E(n(ulAuz)—n5,n(u1Au2)]}' (354)

n
1,22 T30
By Lemma 49 this is at most

C(sVv1)

(s Aws) = (e Au) —8) +1] < Lo+ %).

The constant is independent of u; and wus, and so we may integrate the above bound over
u; < tg and let n — oo and then § | 0 to derive (3.23), as required.
We now turn our attention to Condition 45(ii). Note that for any uj,us > 0,£,6 >0,n € N

(H(’” x H) ({(w, w') : [we (w45 — w;(w7w,)+5| <e, T(w,w') < (ug Aug) —0})

DD

1 67;111,1 X2 E7Tnu2

(n) _(n) Y
g o (7 )5 (MLTD =0 (7 my 48 (U2 B2)I<E Ty g (T) /S (w1 Auz) =0}
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Taking expectation with respect to E; we obtain
E? {(Hfﬁ) x HP) ({(w, w') « [we(u,uw)+s — w;(w’w,)+5| <e, T(w,w) < (ug Aug) — 5})}

(3.55)

_9 [n(uiAuz)—n

5]
§ e
= (nP(S™ > 5)) 7' =2 Z DD WD) g0y Lws €Ty 226 Tn} Ly o (1)=m)

z1,22 T30

x 1 {‘w'm-ﬁ—né (nul 7x1)_wm+n6 (nu2 ,x2)|<\/ﬁ\€}

[n(u1Auz)—nd |

C(sV1)
S n Z Z Z W :H'{wl eTnul ,$2€Tnu2}]]'{Tz1,12 (T):m}]]'{lwm+n6 (nul,xl)fwm+m; (nu2,x2)‘<\/ﬁ5}7

z1,22 TS0
where we have again used equations (1.22) and (1.27) in [22] in the last line.

Lemma 50. For any 6,0" > 0, there is an ¢ = €(8') > 0 and an ng = ny(9, ") such that for
every ui,us > 0: for every m € Z, such that m < n((u1 A ug) —9),

/
sup Z Z W l{xleTnul ,xQETan}]l{Tzl,zQ(T):m}]l{|wm+n5(nu17x1)—wm+n5(nu2,x2)\<\/ﬁa} <94

nzno 1,22 T30

Proof. If 6 > uy A ug then no claim is being made.
Otherwise, the argument of the supremum can be written as

Z Z Z Z ]l{afleTnulv@eTnuz}W(T)]l{ﬁcwz(T):m}l{wm(nulazl)zﬂﬁo}

To 1,22 Y1,Y2 T20

]l{wm+ms (nu1,x1)=y1} 1 {wWm4ns(nuz,x2)=y2} ]l{lyl —yo|<\/ne}" (3.56)

We can write T as a union of T containing o and =z, T containing xg and y, T2
containing y; and z1, T2 containing zo and ys, T2 containing y» and zo that are all
pairwise disjoint except for their common start/end points (e.g. T2 N T = {4}). Replace
the sum over 7" with a sum over these various trees and include the indicator 1z, , ,} that they
are “almost” disjoint as above. Then this becomes

2.2 W@y 3 W@ty 3 WPy iy

o T[0]90 Y1 T[171]9:c0: Y2 T[2 1]9,7,‘04
xoeT[ I " eT[lé,l] yQET[Q’l]
12 2,2
Y% wany Y watthg. 65
7ll, 2]3y1 T2, 2]3y2
2z eT!t? xgET[ 2]
1S n(uy—6)— n(ug—0)—

Since all summands are non-negative, we may drop 17, , ,} to get an upper bound. Once this

indicator is removed we may perform the sum over (z;, T and (x2, T?) to get two terms
(up to translation) of the form ) > 75, W(T') = pE[|T|], which is bounded by a universal
€T}

constant K (recall (1.9)), uniformly in ¢ > 0. Thus (3.57) is at most K? times
0 1,1
Yoo w@ Y owahy Y w(@P)g, e

T0,Y1,Y2 7l0] 50, PIRTIN 72154,
0
2o€TY) yreTHl yo T2
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This is equal to

PP P20 € Ton) Y Ly —yal<yiey PW1 — 20 € Tus)P(y2 — 20 € Tng)

Y1,Y2

=p*) Plao € Tm) D Loy sl ymey P21 € Trs)P(22 € Trg)

o 21,22

=C Z IL{|Z1—22\<\/ﬁs}IP)(Zl € 7;16)P(22 S 7;15)

21,22

< C/EH,];L(;‘ Z I[{\21 zz|<f5}]P>(21 S %5)]?(2’2 € 7:15)7 (358)

21,22
where C” is a universal constant (i.e. it doesn’t depend on 4, d’,t1,t2,m,n) and we have again
used the fact that sup,,>oE[|Tm|] < co. Define vy,1(A) = E[|T5]] 71 Y. cp0 Ly,-1/2,e43P(2 €
Tsn) for Borel A € R?, and for Borel R C R? x R? define

Vn(R) = vt X vn1(R) =E[| Tl > D L1201 mpem P21 € Ton)P(22 € Ton)-

21,20€74

Then v, (dependence on ¢ is suppressed) is the law of a pair of iid random vectors (Z,, 1, Zp 2) €
RY x Rd, each with law v, 1.

We know from [18, Theorem 1.12] that [ e**dv;,1(2) = E[|Tsn|] 1 Y cpa e V2 P(z € Tsp) —

02

e k0 (in the notation of [18] we have 03 := co/d). Therefore (Zy, 1, Zn2) converges weakly to

a Gaussian vector (77, Z2) with Z, Z independent, each with characteristic function e—k?005/2

Thus the bound in (3.58) equals
C'E[[Tnsl] ™ Lgpay —apjw it P(21 € Tos)P(22 € Trs)

21,22

= C'P(|Zny — Zna| <€) = C'P(|Z1 — Zo| < €).

Choose € > 0 sufficiently small (depending only on ¢’) so that P(|Z; — Zs| < ) < &'/(2C").
Next, choose ng(d,0’,e(8")) = nop(d,d’) sufficiently large so that

P(|Zpy1 — Zno| <€) < P(|1Z1 — Za| <€) +4'/(2C") for all n > ny.
Then for all n > ng, (3.58) is at most

!

1)
/ . /
P(|Zl Z2’<E)+720, <.

Our earlier bounds, now show that for all n > ng, (3.56) is also bounded by ¢’, as required. B

We can now verify Condition 45(ii) for lattice trees (with d > 8 and L sufficiently large).
Fix s,tgp,0 > 0. For any € > 0, uj,us € [0,t9] we have from (3.55) that the expression,

ES [(Hf[{) x Hipy ) ({(w, w') ¢ [we ()46 — w;(w’w,)M] <e, T(w,w) < (u; Aug) — 6})}, in (3.24)
is at most

n u1 /\ug

C(sV1)
n Z Z Z w(T ﬂ{xleTnul 7$2€Tnu2}]l{7-r1@2 (T)=m} ]l{|wm+n5 (nu1,21) =W ns(nuz,r2)|<y/ne}+

z1,22 T30

(3.59)

Let ¢’ > 0 and use Lemma 50 to find £(¢") and no(d") so that for e < (") and n > ng(d'), (3.59)
is at most C(s V 1)(u1 A ug)d’ uniformly in u; < t9. Now integrate out u; € [0,%o] (i = 1,2) in
this bound and let n — oo, € [ 0 and ¢’ | 0 (in that order) to verify Condition 45(ii).
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3.4 Verification of Condition 45 for branching random walk

We consider the branching random walk setting from Section 1.1. If o, are labels in I let
a A B denote their greatest common ancestor in the tree order on I. For ¢t > 0 let Iy = I;.
Recall that s > 0 is fixed throughout. We first bound the mean of the integral inside the time
integrals on the left hand side of (3.23), where we may assume 0 < u; < ug, and n € N, § > 0
are fixed for now. We have from Condition 38(i), for a universal constant c,

E;, [//ﬂ{T(wl,w2)>u1—5}H&’i)(dwl)H&?(dw2)}
< C

—7]E|: Z ]]‘{Oéle'ﬁml} Z IL{CVQG'TnuZ}]]-{T(w(nu1,al),w(nug,ag))>n(u1—5)}

n
alelnul OCQEIan
[nu1 |
C
~n E{ Z Z Z HaieTnu, i=12, \041/\02\=m}HT(w("m,011)M(W27a2))>n(u1*5)}}
m=|(nu1—2nd)t | c1€lnu; a2€lnu,

+E |: Z Z ]l{aieﬂwi,i:1,2,|a1/\a2|<L(nu172n§)+J}H{T(w(nuhal),w(nuz,ag))—|a1/\a2|> ]—n(ﬂ}:| )

«aq EInul 042617“1,2

= %[E1 + By (3.60)

If Bp € Ij and 8 € NF let By V B € I, be the concatenation of 8y and 3;. Consider aq,
and let m = |a Aagl, as in the sum contributing to F1. We can then set Sy = a1 Aag € I, and
find unique f; € Nl l=m (with differing first coordinates) so that aj = BoV pjfor j =1,2.
Note that

P(aj € 7;Luj for .7 = 17 2) = P(ﬂ() € Tm)P(O \ /81 € ﬁzul—m)P(O \ /82 € ﬁzug—m)
Drop the final indicator in the sum defining F; to see that

[nu1]

Bi<= Y >y S P(Bo € Ta)P(OV B € Touy—m)

m=|(nu1—2nd8)T] Bo€lm B eNlru1l-m g,eNlnuz]-m

Slo

X ]P)(O \ 61 S %ul—m)

[nu1]

=S Y EIT N T, B Ty -

m=|(nu1—2nd)* |

As the critical GW process has constant mean one this shows that
c c 1
—Fp < —(26 1) =c(26 4+ —). 3.61
SEr s —(20n+1) =c(20+ ) (3.61)

Let o; € Iy, for i = 1,2 as in the sum defining Fy and let m = |ag Aag| < [(nu; —2nd) T |}.
Define Sy = wpir(nui, a1) — wyyk(nug, o),k = 0,..., [nu;| —m. Then conditionally on 7
Sj is a simple d-dimensional random walk with step distribution that of X = X; — X5, where
X; are iid with law D. Therefore

P(7(w(nui, o), w(nug, o)) — |a1 A ag| > [nd|}T)
=P(Sp=0fork=1,...,[nd]) <e ",
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for some ¢’ > 0. Use this to see that
C C ’ 1 / /
=By < [T Toualle ™™ < = +yus e < el 4+ (w1 Vug))e™ ™. (3.62)

In the above we use the classical result that E[|7,,]?] = 1 +~m (see e.g. Section 2 of [13]). Use
the bounds on F; and Es in (3.61) and (3.62) in (3.60), integrate out w,us € [0,%p] on the
left-hand side of (3.60), and in the resulting inequality let n — oo, and then 6 — 0 to prove
Condition 45(i).

The proof of Condition 45(ii) proceeds by a similar argument. Now § > 0 is fixed and we
will let & > 0 and n vary. Let S, = wyqx(nuy, a1) — wrip(nug, as),k = 0,..., [nuy | — 7, where
T = 7(w(nu1, a1), w(nug, az)). Since the A, variables in (1.2) are independent of each other,
and 7 is a stopping time, (S'k) is a simple random walk with identical step distribution to (Sg).

Bounding the expectation on the left-hand side of (3.24) and using very similar reasoning
as in the proof of (i), one can reduce (3.24) to showing

lim lim sup P(| S5 < ev/n) = 0.
e=0 pooo
For each § this holds by the central limit theorem. ]

Example 51 (Branching random walk). Recall the branching random walk notation from the
above, Sectiqn 1.1 and Remark 1. To make the latter a bit more precise we define a random
probability J™ on I x D (which projects down to J™ by (1.26)) by

JM(V x Ax B) Z > dy(e L(w™(t, a)).

t€Z+ /n a€Tnt

Then under P = P5(J™), given T, (&i, T, W™);en are iid with law J™. Therefore given T,
&; is uniformly chosen from 7, T\ = |0¢Z|/n and W™ is given by (1.27). Let %(") |&; Nl [,
which is the rescaled generation of the most recent common ancestor of the randomly selected
multi-indices di and &;. (One can easily check that 7 € Rg by constructing an appropriate
we Ck.) If 7’;’ = 7(kn (W ™), /in(W“”))), then the fact that common ancestral lineages imply

common spatial trajectories (recall (1 27)) implies

“(3) < T( " for all 4,7,n € N, (3.63)

but strict inequality is possible if the spatial trajectories coincide for a few steps after

Z7‘7' :
Asymptotically they are the same:
for every i,j € N, and s,& > 0, P? (7 ("> 7A'l-<3>| >¢e) — 0asn— oo. (3.64)

Here one uses the bound on FE5 in the final step of the previous proof, which gives this with
(W™ W<")) in place of 7'“;) and then applies (3.40) and (3.25). To study the true ancestral
tree, one may prefer to work with (T'(7),d.m ) in place of (T'(7™),d n)). The inequality
(3.63) shows that @, ) ([i,u]) = tin (W) (u) is well-defined on T(#) and it is again easy
to verify continuity of ¢, (yym)y. So we may define Bux = (T(+™),dstm), D, (wimy)s if it is non-
degenerate, and () otherwise. One can then use (3.64) and an easy extension of Proposition 30
to show that the weak convergence in Theorem 46 holds with the last two components of
the vector in (1.49) replaced by (7, B, k). Now apply a simple scaling argument as in
Theorem 47 to see that for any s > 0 K € N, as n — oo, Ps"(# non-degenerate) — 1 and if
Bk = (T(1Y),dz0) /1 ¢y (w)/v/0) then

. W o 5 1 g SCONN
By (= Y 0 g 2 (W), T B ) € ) (3.65)

5 N7 (1,28, W,T(W),BK(W)) € ) in Mp(D)? x Ry x DX <RI x Ty,
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4 Proof of Theorem 19(b),(c)

Define a random measure, I;'g), and a random probability, Jé}”, on R, x R? by

I$Y(A x B) / /]1A Yp(2) XM (dr) du:/]leB(u,wu)I(”)(du, dw),
J)(?) _ I(n)/I n) R % Rd)

the last equality since I;}”(RJF x R?) > 0 as o € T. Recall that (Q, F) is the underlying space
on which our random tree is defined. For w € €, let P, be the law on (R x R%)N under which

the coordinate variables ((‘Z;-U, Vj(l>))JeN are i.i.d. with law Ji’(w), and let Prs = I@’?S(J)(?) be

the probability on (Q, F) = (Q x (Ry x RN, F x Borel sets) given by

PP (A x B) = / 14(w)P,(B)dP.

R (1) (1)

For @ € Q we write © = (w,w’). We set ('Z(.") V.(”)) (Tn , ‘if ) for j,n € N, so that by (3.42),
conditional on w, ((‘Z}"), V;.(")))] oy are 1.i.d. with common law .J ¢ (w) under P75, Recalling that
Tt = T4, one easily sees that each V;(l) is chosen uniformly from the vertices of 7, and that

(1)
Vj eT

=0 5O that L‘I}”J = dr (o, V;-(l)). (4.1)

Let T = T /y/n and T, = Tp//n for n € N and t > 0. As in [22] for s; > 0, x; € Z¢,

1=1,2, write
(s1,21) Y (s2,m2) iff x; € T5,, i = 1,2, and x2 is a descendant of z; in T,

and
(s1,1) & 5o iff (s1,21) Y (s2,x2) for some x9 € 74,

We also write (s1,21) iy (s2,x2) and (s1,x1) L gy for s; > 0 and ; € (Z/+/n)? when the
above hold with 7™ in place of 7. For i € Z; and m,n € N as in [22, prior to Lemma 4.6] we
introduce (recall that Cj is as in (1.11))

y) X (i+1)27™

12m

. = {w €Q:yeTy, st. (127"

(i42)2—™ an
and/ [ (127, ) %% (s.2)}lds/(Com) < 2707}
(i+1)2-m

We also slightly modify the notation in [22] and set
2m __
Qp, =Ul,lar.

As s > 0 is fixed throughout this section, we omit dependencies on s in our constants below.
Define i, = ConP, as in [22]. A key ingredient of our proof is the following restatement of [22,
Lemma 4.6].

Lemma 52. There is a cso and for any m € N there is an ns2 € N such that

sup pn($2y,) < 5227

n>ns2
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We note that (1.22) of [22] with m(¢) = Cy(¢ V 1) implies that for some 0 < ¢ < C < oo,

S <P(SY S <P(SY > t) <

Vi > 0. 4.2
vt = > (4.2)

c
1vit
Corollary 53. For some cs3 and all m € N,

sup PPP(Q) < es327™.

n>ns2

Proof. By Lemma 52 and (4.2) for n > nsa(m),

P < o tln) o2

= 5327
— ConP(S™® >ns) = Coc/s €5

We next recall Theorem 1’ from [22] in the context of lattice trees (see Theorem 6 of [22])
where p, is as above and we may set « = 1/4 in the above reference.

Theorem 54. There is a cz4, and for all n € N, a random variable 6, € (0,1] such that
P(d, < o) < Cnﬁe Vo €[0,1), (4.3)
and s1,82 € Ly /n, |1 — s2| < 6, and (s1,51) = (s2,y2) imply |y1 — yo| < csals1 — s2|1/2.
Note that (4.2) and (4.3) imply that for all p € [0,1) and n € N,

C54

ns /
P*(0, < 0) < m@ < C540- (4.4)
Lemma 55. There is a cs5 so that if
n>2m>s"1 m,neN, (4.5)

then
ns 4m —-m
Py (Ogl?gggm Z ﬂ{(nm—m,y)in(iﬂ)z—m} > 2 ) <2

ni2—m
Proof. We let T<; be the subtree of 7 consisting of vertices in U;<;7; and their connecting
edges to the root. Then (9.11) of [22] implies that for m,n as in (4.5), and on {y € T}, for all
1€ Z+,
P((ni2™™,y) % n(i 4+ 1)27" Tepig-n) < (|n(i +1)27™] — [ni2™" )~
< e12mnl,

where the last inequality is by n > 2™ and elementary arithmetic. Therefore under (4.5), for
1€ Ly,

ns
El

Z ﬂ{(ni2m,y)3>n(i+1)2m}]

YET i0-m

< E[ Z P((ni2™™,y) % n(i+ )27 Thig-m) | /P(S™ > sn)

Y€T 0-m

< 12 'E[| Thig-m|]sn (by (4.2))
<com, (4.6)
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where in the last line we used the uniform boundedness of E[|7;|] from (1.9). By Markov’s
inequality we conclude that for m,n as above,

4 2 —4 _
P?S<0§T§§§m[ D Ly Sngisne- m}} > 2 m> SCERT+1)2" <527

Y€ ip—m

Lemma 56. N [Xl exp( )‘fo )] = (116\;)2 <4e V2 WA > 0.

Proof. This is a standard duality exercise in superprocesses. If g(\, ) = (V2A+pu)/(V2A—p),
for 0 < p < V2, then
) VXt _ 1)

v = vt = V2N - (g(A, e
' (g(A, p)eV2X 4 1)

is the unique non-negative solution of

dv — —v?
—=—4+X, t>0 = u.
dt 2 + A, = U, Vo M

Exponential duality (see Theorem I1.5.11(c) and Theorem I1.7.3 (c) of [26]) gives

NH{l—exp —uXi(1 / Xu( du —vl’“.
Now take the right derivative of the above with respect to u at © = 0 to derive the required
equality. ]
Corollary 57. For all m € N satisfying 2™ > 2/s,
2= 4m
lim sup P7* (/ XM(1)du < 2_10m) <8e.e V2 (4.7)
n—o0 0
In particular for m as above there is an nyz(m) € N so that
2—m
sup ]P’?S</ X (1) du < 2*10’") < 24.974m, (4.8)
n>ns7(m) 0

Proof. The last assertion is a trivial consequence of the first.

The weak convergence of P (fOQ_m X (1) du € ) to N%, (fo (1)du € ) (by Lemma 40
or by Condition 6 in [22] for the more general setting considered there) and P§" = P imply
the limsup in (4.7) is at most

N ( 02m X,(1) du < 2710m)

_ NH( o Xo(1) du < 2710 X, (1) > 0)/NH(S > s)
0

S

1
= 2™ . Ny (/ Xo(1)du < 278 Xomy(1) > 0) 3 (4.9)
0
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where we have used (1.17) and scaling (use [26, Exercise II.5.5] and the fact that
Ny (X(1) € +) = limy 00 nPs, /(X (1) € -) therein). Applying the Markov property and [26,
(I1.5.12)] we see that (4.9) is equal to

Ni | Lot x, 1) dusa-sm) [1 B eXp( omg — 1 2

exp<*28m /01 Xu(1) d“) Xl(l)] ' (2’3:i 1)

4m
< 8e- e*‘/i2

—2X1(1))}] 2™

<e-Ny

)

the last by Lemma 56 and 2™s/(2™s — 1) < 2. The result follows. [ |
Proof of Theorem 19(b),(c). Fix 6 € (0,1). By (4.2) for M > s,

s erim P(S™ > Mn) s

Therefore we may choose M7 = Mi(6,s) € N so that

1)
PP (S™ > M —. 4.10
zgg (S > M) < 100 (4.10)

By Corollary 41 (for the more general setting of [22] one could apply Lemma 4.5 of that
reference),

o0 o
]P”fs</ XM(1)du e ) - N‘Z(/ X,(1)du € ) as n — 0o.
0 0
Therefore by tightness there is an M(d, s) € N so that
o

sup P} (/ X0(1) du > M2) < §/100. (4.11)

neN 0
Next choose m = m(d,s) € N large enough so that 2!~™ < §/5 and

2 5
M — 1> M VMV =, and 5327 ™ + ¢5, 2™ 0552 ™ 424270 < = (4.12)
S

Introduce a measurable set Q™ C Q. such that on Q™ we have

(@) Vi<2®™ -1 YyeT(, (i27™y) ¥ (i+1)27™ implies (4.13)
1 ez an 0
/ iz (127, ) 3 (u, 2)} | du > 2-10m
Con J(iy1)2-m
(b) If 6, is as in Theorem 54, then 4, > 2*~™,
4
() oer b Z Ly niz=m ) Sngipryz-—my = 2 ",
T Y€ i0-m
27m
(d) i XM (1) du > 2710m

(e) S™ < My, / XM(1)du < Ms.
0
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If we combine Corollary 53, (4.4), Lemma 55 and Corollary 57 with (4.10) and (4.11), we see
that we may choose a natural number n;(d) > 2™ (recall m depends on ¢§) so that by the choice
of m,

3 ) )
inf P?(QM™) >1—c32™ ™ — L, 24 —ex27™ 24274 >1- . (4.14
() ) (@) 21— cs 54 €95 50 — 25 (4.14)

Fori € Z,,n € Nandy € (Z//n)? introduce

Apy = {(uw,x) € [(1+1)27™, (i +2)27"] x R : (127, ) 2 (u, )},
n={(u,x) €[0,27™] x R : z € T™}.
By (4.13)(a),(e), and the definition of X™ in (1.11), w € Q™ implies

2710m
My

a,n

VO <i<2°™—1Vye TS, suchthat (y,i27™) = (i4+1)27™, (4.15)

Ty (A7) =
and by (4.13)(d),(e), w € Q™ implies

0
JEXOWdu © My

277 X0 (1) du J2iom

JP(AR) = (4.16)

It follows from (4.15) and (4.13)(c) that for w € Q™ and K € N,

a,n

P, (32‘ <22 _ 1 and y € T, satisfying (127", y) 25 (i + 1)277"

so that (‘Z;-m, Vj(’”) ¢ A}, for all j < K)

2—10m ) K

< 92m  odm (1—
< X X T

-K
< exp(VQ_wm + 6m log 2).
2

Therefore we may choose K > K (9) (recall m = m(9) is fixed) large enough so that the above
probability is at most 6/10. A similar (but simpler) calculation using (4.16) shows that for
w e QM and K > K(9),

Pu((Z, V(") ¢ Af for all j < K) < §/10.
We have shown that if w € Q® and K > K(§), then

P, (VO <i<2’™ _1Vye T, such that (i27™,y) ¥ (i +1)27™

i2—m

3j < K such that (3¢, V(") € A7, and 3j < K such that (T, V") € Ag)

=P, (A”’K(w))
>1- g (4.17)

If QK = {(w,') € Q:we Q™ and W € A™K(w)}, then by (4.14) and (4.17) for K > K(9),

Lt s (oK) > (1 - g) (1 . ;5> >1- % (4.18)
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We are now ready to prove (b) of the Theorem. Let n > ni(d). We now show that on
QK max,er dr(x, mg(x))/n is small, where 7 () is the closest point in TV to 2 and V =
(VO V). Fix & = (w,w’) € QK and let x € Ty for some £ € Z,.
Case 1. £ > n2™™.
We may then choose i € Z so that

i+ 1 < L < 1+ 2

2m — o o 2m

Note that (4.13)(e) and (4.12) together with the fact that 7; > = imply

1+1
om

§£§5<">§M1§2’"—1,
n

so that
i< 2P _om _ 1< 2¥m_1, (4.19)

Our choice of i ensures that ni2™™ < £, and so we may let y denote the ancestor of z in 7,,;5-m.
The facts that z € Ty and ¢ > (i + 1)n2~™ show that

(ni2=™ y) 3 (i + 1)n2~™.

(1) (1)
It follows from this, (4.19) and ' € A™%(w) that there is a j < K such that <JT, \%) €

AZy/\/ﬁ’ which in turn implies (recall (4.1))

Vil e T g where T e [(i+1)27™n, (i +2)27"n] and (i27"n,y) = ([T], V). (4.20)

T
Our choice of y ensures that (ni2™™,y) < (¢, z), so that

dr(x, V") /n < [dr(z,y) + dr(y, V") /n
<[(6—ni2™™ + 1) + (n(i + 2)27™ — ni2™™ + 1)] /n
<[2(n(t+2)27™ —ni2™™) +2]/n
=4-27" 427!
<627 <, (4.21)

where we used n > ny(J) > 2" and 10-27" < § (recall (4.12) and the line preceding it) in the
last line. As V}(l) is in 7V (recall j < K), this shows that
dr(z,mr(x))/n <6-27™ <. (4.22)

Case 2. 0 </ <n2™™,
) RSO V4D
In this case w’ € A™F(w) implies there is a j < K such that < L ) € Aj, that is,
1

n o /n
V'j(l) c 7‘\_ where L(Z; )J < n2~™. Therefore

r}:;l)y
dT(aj, ﬂ'K(J}))/n < dT(JI, Vj(l))/n < (dT(w, 0) + d7_(07 Vj(l)))/n
< (+n27™)/n <27 <6 (4.23)
Therefore we have shown by (4.22) and (4.23), that

n>ni(0), K> K(0) and & € QK imply d(z, 75 (z))/n < 6-27™ < 6. (4.24)
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Thus from (4.18), for every d,s > 0 there exist n;(0,s), K(d,s) € N such that for K > K (4, s),

i ziglf(é) PP (dy(z, 7k (2))/n < §) > . ziqullf((s) PrE(QmF) > 1 - g (4.25)
This completes the proof of (b).

Turn next to the Euclidean distance, and work with n,m, K,J, x € Ty, and @ as in (4.24).
Let mx (z) € Tj and recall from (1.55) that mx () is an ancestor of = in 7. Therefore n™!|¢ —
J'l =dr(z,mg(x))/n < 6-27™ < §, (the latter by (4.13)(b)), and we may use Theorem 54 and
(4.24) to conclude that

1/4
< e5a(6 27V < e84, (4.26)

i) el 167
Voo
In view of (4.24), (4.26), and (4.18), we conclude that for K > K(J, s),

inf P7* (sup dr(z, 7k (x))/n < § and sup |tk (z) — z|/vn < 05451/4) (4.27)
n>n1(6) z€T z€T

: ons (N 4
>t FU@E) 21

Now consider n < nj(d). Since |T| < oo P-a.s., we may choose a natural number Mz =
M3(0, s) large enough so that for all n < nq(J),

P (|T| > Ms) <P(|T| > Ms)/P(SV > nys) < §/4. (4.28)

If |7 (w)| < Ms, then for any x € 7 and j € N,

1 1
Pw V(l)zx = 277
V=9 = e 2 5
and so for K > K'(d,s), and w as above,
P, (V:L‘ETEI'<KsothatV-<U::L‘) >1-M [1—L]K>1—§
w ] = j = 3 M3 = 4’

the last by the choice of K'(4,s). It follows from (4.28) and the above that for K > K'(9, s),

. 0
sup PP? (sup |z — 7 (z)] > 0) < - (4.29)
n<ni(0) x€T 2
Part (c) of Theorem 19 now is immediate from (4.27) and (4.29). ]
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Appendix. Proof of Theorem 19(a)

Here we make use of the weak convergence of the range obtained in [22] to verify Theorem 19(a)
holds for lattice trees in dimensions d > 8 for all L > Ly(d). In this section we do not use the
historical processes. In fact we show that Theorem 19(a) holds for the general lattice models
considered in [22] (see Theorem 61), and so, in particular, also holds for critical sufficiently
spread-out oriented percolation in dimensions d > 4.

It is trivial to extend the construction of (X ™, (V"™);cn) under P5 from Section 1.4 to
the general lattice models in [22] in the discrete time setting(i.e. for the index set I = Z4
therein) and the same formulae apply. Let R = Up,cz., Ty, denote the range (set of vertices)
of the random sets T,,,m € Z,, and R™ = n~1/2RM denote the rescaled range. For v =
(1)i>0 € D(Mp(R?)), define the integrated measure Voo(-) = Lis@w)<co} Jo. ve(-)dt, where
S(v) = inf{t > 0: 14(1) = 0}. Recall that X\ € Mp(R?). Let K denote the space of compact
subsets of R? equipped with the Hausdorff metric dy (see, e.g., (1.2) of [22]). Theorem 2 of
[22] gives conditions on random subsets T, m € Zj, of Z? (called Conditions 1-7 there)
which include our rescaled lattice trees (sufficiently large range, d > 8) as well as rescaled
critical oriented percolation for sufficiently large range and d > 4, under which one has weak
convergence of the rescaled ranges R™ to the range R of super-Brownian motion on K (under
the canonical measure, conditioned to survive to time 1). The scaling in [22] implies that if
ro(z) = z/y/n for € R, then

X =, XY or ! for some ¢, >0, S™ =S /n, and therefore supp(X.) = R™. (4.30)

The reader interested only in lattice trees, should work in this setting only (where ¢, = n=2).
Let R = supp(Xs) be the range of the super-Brownian motion X. Note that the closed support
map, supp : Mp(R%) — K, is not a continuous function (with the topology of weak convergence
and the Hausdorff metric respectively). The following apparent extension of Theorem 2 of [22]
is in fact implicit in its proof. As usual s > 0 is fixed. The extension (and its proof) holds

equally well in the continuous time setting (when I = [0, 00) in the notation of [22]).

Proposition 58. Assume Conditions 1-7 of [22] in the discrete time setting there, that is when
I =7 in the notation of [22]. Then as n — oo,

P ((R™, X)) € ) =5 N5 (R, Xoo) € 1) on K x Mp(RY).
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Proof. Lemma 4.5 of [22] states that X% — X, weakly, where it is always understood that
the law for the latter is the canonical measure conditioned on survival until time s. As in the
proof of Theorem 2 in [22], we may use Skorokhod’s representation to assume that X3 = Xoo
a.s., (see [22, (4.17)]). In the same proof it is shown that on this probability space R"™ — R
in probability as n — oo (in the proof of [22, Theorem 2] see (4.23) and the prior display, as
well as the final line of the proof). Tt follows that (R™, X%)) — (R, X.) in probability on
K x Mp(R%), and the result follows. |

Under P%, given X the random variables (‘/;fn))iEN are i.i.d. with law X' / X (1) (equiv-
alently, they are i.i.d. uniform on 7). Given Xo, let (Vi)ien be ii.d. with law Xoo/Xoo(1)
under N§,. For fixed K € N, let V™ = (V... . V) € RHE and V = (14,...,Vk) € (RHE.

Lemma 59. Fix K € N and s > 0. Under the hypotheses of Proposition 58,
BS(R™, X, V™) € .) 5 N5 (R, Xoo, V) €+) on K x Mp(R?) x (RHE as n — 0.

Proof. We apply Lemma 37 with Z™ = R™ M®™ = X Z = R, and M = X,,. The weak
convergence hypothesis holds by Proposition 58. The result follows. |

We leave the proof of the following as a simple exercise for the reader.

Lemma 60. Let p be a non-zero, compactly supported measure on a metric space M and let
(Zi)ien be a sequence of i.i.d. random vectors with law fi = u/u(1) under a probability measure
P*. Then for any ¢ > 0, limg oo P*(supp(u) C UK B(Z;,¢)) = 1.

We are now ready to prove Theorem 19(a), which we restate under the more general con-
ditions of [22].

Theorem 61. Assume Conditions 1-7 of [22] in the discrete time setting there. Then for any
£,0,s > 0 there is a K = K(e,9,s) € N so that

s (R“) c UfilB(Vi(”,ex/ﬁ)) >1-94 for all n € N.

Proof. Fix €,6,s > 0. By Lemma 60, applied conditionally on X, and the fact that R is
a.s. compact, we have

lim N2, (R C UK, B(V,,e/2)] Xoo) =1, N —as

K—o0

It follows by monotone convergence that there is a natural number Ky such that
NG Ko 9
N, (R c uile(v;,g/z)) >1-2. (4.31)

Lemma 59 and Skorokhod’s theorem allow us to work on a probability space (', F',P’) on
which
(R™, (V")i<ko) = (R, (Vi)i<ko), P —as. in K x (RY)Fo. (4.32)

7

If R C Uf{zolB(Vi,s/Q), then (4.32) and the definition of the Hausdorff metric imply that for
large enough n, R™ C R¥/* € U, B(V,™ ) (recall that A° is the set of points within distance
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e of A). This shows that

lim inf P$ (RW c ufSlB(V;"%g)) — liminf P’ (R(”) C U{SIB(V;"’,E))

n—o0 n—oo

> P (liminf{R" ¢ UL BV, )})

n—oo

> (R C U B(V;,¢/2))

Ne, (R c ufﬁlB(mgm))
5

1_7a
2

v

the last by (4.31). It follows by the scaling in (4.30) that for some ng = ng(e,d) € N,
for all n > ng, P7° (R<1> c UKo BV, a\/ﬁ)) — P (R<n> c Ufi"lB(%(">,a)> >1-4. (4.33)
For each n < ng, R™ is P}*-a.s. a finite subset of Z¢ and so limg_,, P7*(R® c UK, B(V," ¢)) =

1. Therefore by increasing K, if necessary, we can find a K so that the conclusion of (4.33
holds for all n € N. n
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