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Abstract

Abstract: We give a sufficient conditions for uniqueness in law for the
stochastic partial differential equation
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where A is an operator mapping C[0, 1] into itself and W is a space-
time white noise. The approach is to first prove uniqueness for the
martingale problem for the operator
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where \; = ¢i? and the a;; is a positive definite bounded operator in
Toeplitz form.
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1 Introduction

Our goal is to obtain a uniqueness in law result for parabolic stochastic partial
differential equations (SPDEs) of the form
ou 0% -

where W is a space-time white noise on [0,1] x [0, c0), suitable boundary
conditions are imposed at 0 and 1, and A is an appropriate operator from
C'[0,1] to C[0,1] which is bounded above and away from zero. A common
approach to (1.1) (see, e.g., Chapter 3 of Walsh [16]) is to convert it to a
Hilbert space-valued stochastic differential equation (SDE) by setting

XI(t) = (e, €5),

where {e;} is a complete orthonormal sequence of eigenfunctions for the
Laplacian (with the above boundary conditions) on L?[0, 1] with eigenvalues
{=N;}, w(:) = u(-,t), and (-,-) is the usual inner product on L?[0,1]. This
will convert the SPDE (1.1) to the ¢?-valued SDE

dX(t) = =N X (t)dt + Y og(Xy)dWY, (1.2)

where {7} are i.i.d. one-dimensional Brownian motions, o(z) = \/a(z),
L., (0?,0%) is the space of positive definite bounded self-adjoint operators on
(% and a : 0 — L, (0% (%) is easily defined in terms of A (see (1.3) below).
(1.2) has been studied extensively (see, for example, Chapters 4 and 5 of
Kallianpur and Xiong [10] or Chapters I and II of Da Prato and Zabczyk [7])
but, as discussed in the introduction of Zambotti [18], we are still far away
from any uniqueness theory that would allow us to characterize solutions to
(1.1), except of course in the classical Lipschitz setting.

There has been some interesting work on Stroock-Varadhan type unique-
ness results for equations such as (1.2). These focus on Schauder estimates,
that is, smoothing properties of the resolvent, for the constant coefficient
case which correspond to infinite-dimensional Ornstein-Uhlenbeck processes,
and produce uniqueness under appropriate Holder continuity conditions on
a. For example Zambotti [18] and Athreya, Bass, Gordina and Perkins [1]
consider the above equation and Cannarsa and Da Prato [6] considers the
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slightly different setting where there is no restorative drift but (necessarily)
a trace class condition on the driving noise. Cannarsa and Da Prato [6] and
Zambotti [18] use clever interpolation arguments to derive their Schauder
estimates. However, none of the above results appear to allow one to es-
tablish uniqueness in equations arising from the SPDE (1.1). In [18] a is
assumed to be a small trace class perturbation of a constant operator (see
(9) and (10) of that reference) and in [6] the coefficient of the noise is essen-
tially a Holder continuous trace class perturbation of the identity. If we take
e;(y) = exp(2mijy), j € Z (periodic boundary conditions) and \; = 27252,
then it is not hard to see that in terms of these coordinates the corresponding
operator a = (ajj) associated with the SPDE (1.1) is

o) = [ AP, ke, (3)

where u =} wje;. In practice we will in fact work with cosine series
and Neumann boundary conditions and avoid complex values — see (10.7) in
Section 10 for a more careful derivation. Note that a is a Toeplitz matrix,
that is, a;; depends only on j — k. In particular a;;(z) = fol A(u(x))(y)? dy
and a(x) will not be a trace class perturbation of a constant operator unless
A itself is constant. In [1] this restriction manifests itself in a condition (5.3)
which in particular forces the a-Hélder norms |a;|ce to approach zero at a
certain rate as ¢ — oo; a condition which evidently fails unless A is constant.

Our main results for infinite-dimensional SDEs (Theorems 2.1 and 10.1
below) in fact will use the Toeplitz form of a (or more precisely its near
Toeplitz form for our cosine series) to obtain a uniqueness result under an
appropriate Holder continuity condition on a. See the discussion prior to
(3.3) in Section 3 to see how the Toeplitz condition is used. As a result these
results can be used to prove a uniqueness in law result for the SPDE (1.1)
under a certain Hélder continuity condition on A(-) (see Theorem 2.3 and
Theorem 2.4).

There is a price to be paid for this advance. First, the Holder continuity
of a in the e, direction must improve as k gets large, that is, for appropriate
6>0

|aij(y + her) — ay(y)] < wsk™7|h]". (1.4)

Secondly, we require o > 1/2. Finally, to handle the off-diagonal terms of a,



we assume that for appropriate v > 0,

Ky

< — 1.5

|ai;(z)

To handle the SPDE, these conditions on the a;; translate to assumptions
on A. The operator A will have two types of smoothness. The more inter-
esting type of smoothness is the Holder continuity of the map u — A(u).
In order that (1.4) be satisfied, we require Hélder continuity of the map
u +— A(u) of order o« > 1/2 and with respect to a weak Wasserstein norm
involving sufficiently smooth test functions (see (2.10) in Theorem 2.3 and
(10.19) in Theorem 2.4). The other type of smoothness is that of A(u)(z) as
a function of x. In order that the a;; satisfy (1.5), we require that A map
([0, 1] into a bounded subset of C7 for sufficiently large ~.

A consequence of the fact that A must be Holder continuous with respect
to a weak Wasserstein norm is that A(u)(z) cannot be a Holder continuous
function of point values u(z+x;,t), i = 1,...,n but can be a Holder continu-
ous function of (u, ¢;), 7 = 1, ..., n, for sufficiently smooth test functions as in
Corollary 2.6. One can of course argue that all measurements are averages of
u and so on physical grounds this restriction could be reasonable in a number
of settings. Although dependence on point values is not a strong feature of
our results, it is perhaps of interest to see what can be done in this direction.
Let {1, : € > 0} be a C* compactly supported even approximate identity
so that 1. * h(z) — h(z) as € — 0 for any bounded continuous h. Here * is
convolution on the line as usual. Let f : R" — [a,b] (0 < a < b < o0) be
Holder continuous of index o > % and z1,...,x, € [0,1]. Then a special case
of Corollary 2.7 implies uniqueness in law for (1.1) with Neumann boundary
conditions if

A(u)(y) = s+ (f (e xulzr + ), e xulzn +2))) (), (1.6)

where U(y) is the even 2-periodic extension of u to R. As §,¢ | 0 the above
approaches

Aw)(y) = f@(z +y), ... @@, +y)). (1.7)

Proving uniqueness in (1.1) for A = A remains unresolved for any a < 1
unless n = 1 and z; = 0. In this case and for the equation (1.1) on the
line, Mytnik and Perkins [13] established pathwise uniqueness, and hence
uniqueness in law for A(u)(y) = f(u(y)) when f is Hélder continuous of
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index a > 3/4, while Mueller, Mytnik and Perkins [12] showed uniqueness
in law may fail in general for @ < 3/4. These latter results are infinite-
dimensional extensions of the classical pathwise uniqueness results of Yamada
and Watanabe [17] and a classical example of Girsanov (see e.g. Section V.26
of [14]), respectively. As in the finite-dimensional case, Mytnik and Perkins
[13] does not require any non-degeneracy condition on f but is very much
confined to the diagonal case in which A(u)(y) depends on u(y). In particular
this result certainly cannot deal with A as in (1.6).

Due to the failure of standard perturbation methods to produce a unique-
ness result for (1.2) which is applicable to (1.1), we follow a different and
more recent approach used to prove well-posedness of martingale problems,
first for jump processes in Bass[2], for uniformly elliptic finite dimensional
diffusions in Bass and Perkins [5], and recently for a class of degenerate
diffusions in Menozzi [11]. Instead of perturbing off a constant coefficient
Ornstein-Uhlenbeck operator, the method perturbs off of a mixture of such
operators. Further details are provided in Section 3.

We have not spent too much effort on trying to minimize the coefficients
and 7 appearing in (1.4) and (1.5), and it would be nice to either get rid of
altogether or produce examples showing some condition here is needed. Our
current hypothesis in Theorems 2.1 and 2.3 require v — oo as a | 1/2. Do the
results here remain valid if the strengthened Holder conditions (1.4), or (for
the SPDE), (2.10) or (2.13), are replaced with standard Holder continuity
conditions? Are there examples showing that o > 1/2 is needed (with or
without these additional regularity conditions on A) for uniqueness to hold
in (1.1)? Most of the motivating examples for [13] from population genetics
and measure-valued diffusions had a Holder coefficient of a = 1/2. (The
counter-examples in [12] are for A(u)(z) = |u(x)|®*/*~¢ and so do not satisfy
our non-degeneracy condition on A.)

The main existence and uniqueness results for (1.2) and (1.1) are stated
in Section 2. Section 3 contains a more detailed description of our basic
method using mixtures of Ornstein-Uhlenbeck densities. Section 4 collects
some linear algebra results and elementary inequalities for Gaussian densities,
and Section 5 presents Jaffard’s theorem and some useful applications of it.
The heavy lifting is done in Sections 6 and 7 which give bounds on the
mixtures of Ornstein-Uhlenbeck process and their moments, and the second
order derivatives of these quantities, respectively. Section 8 then proves the



main estimate on smoothing properties of our mixed semigroup. The main
uniqueness result for Hilbert space-valued SDEs (Theorem 2.1) is proved in
Section 9. Finally Section 10 proves the slightly more general uniqueness
result for SDEs, Theorem 10.1, and uses it to establish the existence and
uniqueness results for the SPDE (1.1) (Theorem 2.3 and Theorem 2.4) and
then some specific applications (Corollaries 2.6 and 2.7).

We often use c¢; for constants appearing in statements of results and use
o, Ch, C3, ¢4 ete. for constants appearing in the proofs.

Acknowledgment. We would like to thank K. Grochenig, M. Neumann,
and V. Olshevsky for acquainting us with the theorem of Jaffard and related
work and M. Neumann for additional help with some of the linear algebra.

2 Main results

We use D; f for the partial derivative of f in the i*" coordinate direction and
D;; f for the corresponding second derivatives. We denote the inner product
in R? and the usual inner product in L?[0,1] by (-,-); no confusion should
result.

Let us say f € 7.2 if there exists an f, € CZ(RF) such that f(z) =
fr(xy, ..., zx) and we let ’2762’0 be the set of such f where f; is compactly
supported. Let 72 = U7 be the class of functions in CZ(¢?) which de-
pend only on countably many coordinates. We let X;(w) = w(t) denote the
coordinate maps on C(R, ¢?).

We are interested in the Ornstein-Uhlenbeck type operator
L) =SS au(e)Dyfe) = Y hwiDif (), (2)
i=1 j=1 i=1
for f € T2. Here {\;} is a sequence of positive numbers satisfying
kai2 < N\ < Ky (2.2)

for all = 1,2,..., where k) is a fixed positive finite constant. We assume
throughout that a is a map from ¢ to £, (£2, (%) so that there exist 0 < Ag <



A1 < oo satisfying

Ao|lw]?* < (a(z)w,w) < Aj|w]®  for all z,w € (2. (2.3)

Later on we will suppose there exist v > 1 and a constant x, such that

Ky

L — 2.4
< T (24)

|ai;(z)

for all z € ¢? and all 7, j. We will also suppose there exist a € (%, 1], >0
and a constant rg such that for all 4,7,k > 1 and y € (2

la;;(y + her) — aij(y)] < kglh|*(1 + k’)_ﬁ for all h € R, (2.5)

where e, is the unit vector in the x; direction.
Recall that a;; is of Toeplitz form if a;; depends only on 7 — j.

A probability P on C(R, (?) satisfies the martingale problem for £ start-
ing at v € (2 if P(X, =v) = 1 and

M) = 5060 - §(0Xo) - [ LF(X)ds

is a martingale under P for each f € 72.

Our main theorem on countable systems of SDEs, and the theorem whose
proof takes up the bulk of this paper, is the following.

Theorem 2.1 Suppose a € (3,1], 8> 3 —a, andy > 20/ (2a—1). Suppose
the a;j satisfy (2.3), (2.4), and (2.5) and that the a;; are of Toeplitz form.
Let v € (2. Then there exists a solution to the martingale problem for L
starting at v and the solution is unique.

It is routine to derive the following corollary from Theorem 2.1.

Corollary 2.2 Let {W'}, i =1,2,... be a sequence of independent Brown-
ian motions. Let o;; be maps from (* into R such that if

Clij(l') = %Zo—ik(x)o—kj(x)>
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then the a;; satisfy the assumptions of Theorem 2.1. Then the (*-valued
continuous solution to the system of SDEs

dX] = oy(X,)dW] — N Xjdt, =12, (2.6)

i=1

s unique in law.

Uniqueness in law has the usual meaning here. If there exists another
process X with the same initial condition and satisfying

dX, =Y 0;(X,) AW, — A X, dt.

i=1

where {W} is a sequence of independent Brownian motions, then the joint
laws of (X, W) and (X, W) are the same.

We now turn to the stochastic partial differential equation (SPDE) that
we are considering:

T t) = -%(x,t) A (@) Wey,  x€[0,1], (2.7)

where u,(z) = u(x,t) and W, is an adapted space-time Brownian motion
on [0,1] x R, defined on some filtered probability space (2, F, F;, P). Here
A maps continuous functions on [0, 1] to continuous functions on [0, 1]. We
impose Neumann boundary conditions at the endpoints. Following Chapter
3 of [16], this means that a continuous C0, 1]-valued adapted process t —
u(t,-) is a solution to (2.7) if and only if
t t
(i) = (o) + [ /s + [ [o@Aw)@ dv, @)
0 0
for all ¢ > 0. whenever ¢ € C?[0, 1] satisfies ¢’(0) = ¢/(1) = 0. Solutions to

(2.7) are unique in law if and only if for a given ug € C[0, 1] the laws of any
two solutions to (2.7) on C(R,, C[0,1]) coincide.

We specialize our earlier notation and let ey(z) = v2cos(krz) if k > 1,
and eg(x) = 1, so that {e,} is a complete orthonormal system for L?[0, 1].
Here is our theorem for SPDEs. It is proved in Section 10 along with the
remaining results in this section.



Theorem 2.3 Assume
un, — u in C|0, 1] implies || A(u,) — A(u)||s — 0. (2.9)
Suppose there exist
1 2a 9 vy
31 - 1> ((5) o) v (55):
O‘€<2 5o PG T Ve,

and also positive constants ki, ko and k3 such that for all u € C10,1],

|A(u + hey) — A(w)||2 < ke |h|*(k+1)7° for allk >0, h € R, (2.10)

0 < Ky < A(u)(z) < Ky, for all x € [0, 1], (2.11)
and .
2 L — >
[(A(u)*, ex)| < 1y for all k > 0. (2.12)

Then for any ug € C([0,1]) there is a solution of (2.7) and the solution is
unique i law.

Here the existence of the solution is in the sense of weak existence.

To give a better idea of what the above conditions (2.10) and (2.12) entail
we formulate some regularity conditions on A(u) which will imply them.

For § € [0,1) and k € Z, ||u||cr+s has the usual definition:

Y

k
A ’u(k)(y) _ u(k)(x),
||| res = ||U(l)||oo + Lis>0 sup
iz:; =0 z#y;z,y€[0,1] ]y - x’(;

where u¥ is the i*" derivative of u and we consider the 0 derivative of u to
just be u itself. C* is the usual space of k times continuously differentiable
functions equipped with || - ||cx and C* = {u € C* : ||ul|crrs < oo} with
the norm ||ul|cr+s.

If f € C([0,1]) let f be the extension of f to R obtained by first reflecting
to define an even function on [—1, 1], and then extending to R as a 2-periodic
continuous function. That is, f(—z) = f(z) for 0 < 2 < 1 and f(z +2) =
f(z) for all z. In order to be able to work with real valued processes and
functions, we introduce the space

Cror = {f € C*([0,1]) : f € C(R)},

per
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that is, the set of f whose even extension to the circle of circumference 2 is
in C¢. A bit of calculus shows that f € C5,, if and only if f € C¢([0,1]) and
f®(0) = f®(1) = 0 for all odd k < ¢. Such f will be even functions, and
consequently their Fourier coefficients (considered on the interval [—1, 1]) will
be real.

The following theorem is a corollary to Theorem 2.3.
Theorem 2.4 Suppose there exist
1 2a — 9 v
G oy 7)) GEm)
« (2 a7 s a2 — )

and also positive constants k1, ke and kg such that for all u,v continuous on
[0,1],

[A(w) = A()lla <k sup [(u—0,9)[% (2.13)
PECher el j5<1
0 < Ky < Au)(z) < Kyl x € [0,1], (2.14)
and
Au) € O, and ||[A(u)||cv < k3. (2.15)

Then for any ug € C([0,1]) there is a solution of (2.7) and the solution is
unique 1 law.

Note that (2.13) is imposing Holder continuity in a certain Wasserstein
metric.

Remark 2.5 The above conditions on «, 3 and ~ hold if v > 2§‘f1 V %, and
B> -1

As a consequence of Theorem 2.4, we give a class of examples. Let a €
(%, 1]. Suppose n > 1 and ¢, ..., p, are functions in Cger for § > % — 1.
Suppose f : [0,1] x R"™ — [0,00) is bounded above and below by positive
constants, and f as a function of the first variable is in C},,. for v > v 2
and satisfies sup,, ., [|f(-;91,.- -, yn)lly < 5. Assume also that f is Holder

.....

continuous of order o with respect to its second through (n + 1)** variables:

|f(x7y1a e Yie1, Y + h’yi-i-la S 7y7L) - f(w7y17 s Yi—1, Yoy Yirs .- 7yn)|
< c|h|?, for 1 <i<n,

where ¢ does not depend on x, v, ..., yn.
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Corollary 2.6 With f and ¢1,..., ¢, as above, let

A(u)(x) = f(z, (u, 1), -, (U, @)

Then a solution to (2.7) exists and is unique in law.

A second class of examples can be built from convolution operators. If f,
g are real-valued functions on the line, f* g is the usual convolution of f and

g.

Corollary 2.7 Assume ) : R — R, and ¢1, ¢o, ... ¢, : R — R are even C*
functions with compact support and 1) is not identically 0. Suppose also that
for some 0 < a <b< oo and some o € (1/2,1], f: R" — [a,b] satisfies

|f(x) = f(2")] < eqllz —2"||% for all z,2' € R™. (2.16)
If
Au)(x) = * (f(pr*a(-), ..., b *1(:)))(2), (2.17)

then there is a solution to (2.7) and the solution is unique in law.

3 Overview of proof

In this section we give an overview of our argument. For most of this
overview, we focus on the stochastic differential equation (1.2) where a is
of Toeplitz form, that is, a;; depends only on ¢ — j. This is where the diffi-
culties lie and puts us in the context of Theorem 2.1.

Assume we have a K x K matrix a that is of Toeplitz form, and we will
require all of our estimates to be independent of K. Define

K K
Mef(x) = a;(2) Dy f(x) = Y N Dif (),

where \; satisfies (2.2). Let p*(¢,x,y) be the corresponding transition prob-
ability densities and let 7§ (z,y) be the resolvent densities. Thus Lf(z) =
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We were unable to get the standard perturbation method to work and
instead we used the method described in [5]. The idea is to suppose there
are two solutions P; and Py to the martingale problem and to let S;f =
E; [;7e#f(X;)dt. Some routine calculations show that S;(0 — £L)f = f,
and so Sa (0 — C)f = 0, where S is the linear functional S; — Sy. If

fa) = / Y, 9)g(y) dy

were in the domain of £ when ¢ is C'* with compact support, we would have
6= D)f(x) = [(6 = MO g)at) dy+ [ (M2 = M) p)glo) dy
—glu)+ [ (MY~ M), )aly) dy

Such f need not be in the domain of £, but we can do an approximation to
get around that problem.

If we can show that

| [ = )t gt o] < Higl (31)
for 0 large enough, we would then get

1Sagl < 31Sall l9lls.
which implies that the norm of the linear functional S is zero. It is then
standard to obtain the uniqueness of the martingale problem from this.

We derive (3.1) from a suitable bound on

/) p(t.z,y)| dy. (3.2)

Our bound needs to be independent of K, and it turns out the difficulties
are all when t is small.

When calculating D;;p¥(t, z,y), where the derivatives are with respect to
the x variable, we obtain a factor e~(+%)! (see (7.1)), and thus by (2.2),
when summing over i and j, we need only sum from 1 to J ~ t~*/? instead of
from 1 to K. When we estimate (3.2), we get a factor ¢~ from D;;p¥(t, z,y)
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and we get a factor |y — z|* ~ t*/? from the terms a;(y) — a;j(z). If we
consider only the main diagonal, we have J terms, but they behave somewhat
like sums of independent mean zero random variables, so we get a factor
VJ ~ t~'/* from summing over the main diagonal where i = j ranges from
1 to J. Therefore when o > 1/2, we get a total contribution of order ¢~!*7
for some n > 0, which is integrable near 0. The Toeplitz form of a allows us
to factor out a;(y) — a;(x) from the sum since it is independent of i and so
we are indeed left with the integral in y of

. (3.3)

J
Z Dzzpy(tv z, y)
i=1

Let us point out a number of difficulties. All of our estimates need to be
independent of K, and it is not at all clear that

/pr(t,m,y) dy
R

can be bounded independently of K. That it can is Theorem 6.3. We replace
the a;;(y) by a matrix that does not depend on yg. This introduces an error,
but not too bad a one. We can then integrate over y; and reduce the situation
from the case where a is a K x K matrix to where it is (K — 1) x (K — 1)
and we are now in the (K — 1) x (K — 1) situation. We do an induction and
keep track of the errors.

From (3.3) we need to handle

J
/)ZDupy(tax7y) dy7
i=1

and here we use Cauchy-Schwarz, and get an estimate on

J
/ > Dap?(t,x,y)DpY(t, . y) dy.

t,j=1

This is done in a manner similar to bounding [ p¥(¢,z,y) dy, although the
calculations are of course more complicated.

We are assuming that a;;(z) decays at a rate at least (1+]i—j|)” as [i — j|
gets large. Thus the other diagonals besides the main one can be handled in
a similarly manner and v > 1 allows us to then sum over the diagonals.
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A major complication that arises is that D;;p¥(t, z,y) involves a~! and

we need a good off-diagonal decay on a~! as well as on a. An elegant linear
algebra theorem of Jaffard gives us the necessary decay, independently of the
dimension.

To apply the above, or more precisely its cousin Theorem 10.1, to the
SPDE (1.1) with Neumann boundary conditions, we write a solution u(-,t)
in terms of a Fourier cosine series with random coefficients. Let e,(z) =
V2cos(mnz) if n > 1, and eg(z) = 1, A, = n?7?/2 and define X"(t) =
(u(+,t),e,). Then it is easy to see that X = (X") satisfies (1.2) with

aju(x) = / Alu(e)2W)e;Wenly) dy, € C(Z),

where u(z) = > ;" xpe,. We are suppressing some issues in this overview,
such as extending the domain of A to L?. Although (a;x) is not of Toeplitz
form it is easy to see it is a small perturbation of a Toeplitz matrix and sat-
isfies the hypotheses of Theorem 10.1. This result then gives the uniqueness
in law of X and hence of u.

4 Some linear algebra

Define g, = rI, where I is the identity matrix and let E(s) be the diago-
nal matrix whose (i,7) entry is e~ for a given sequence of positive reals
A < -+ < \,. Given an m X m matrix a, let

a(t):/o E(s)a E(s)ds (4.1)

be the matrix whose (7, j) entry is
1 — e~ utAt
a;(t) = SR W Y
Note limy;_. a;j(t)/t = a;;, and we may view a as a(0).

Given a nonsingular matrix a, we use A for a=*. When we write A(t),
this will refer to the inverse of a(t). Given a matrix b or g., we define
B,G,,b(t),g,(t), B(t), and G,(t) analogously. If r = 1 we will write G for G,
and g for g;.
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Let ||a|| be the usual operator norm, that is, ||a| = sup{|jaw]| : ||w] < 1}.
If C'is a m x m matrix, recall that the determinant of C' is the product of
the eigenvalues and the spectral radius is bounded by ||C||. Hence

|det C| < O™ (4.2)

If @ and b are non-negative definite matrices, we write a > b if a — b is also
non-negative definite. Recall that if @ > b, then deta > detb and B > A.
This can be found, for example, in [8, Corollary 7.7.4].

Lemma 4.1 Suppose a is a matriz with a > g.. Then a(t) > g.(t).

Proof. Using (4.1),

a(t):/ E(s)aE(s)dsZ/ E(s) g E(s)ds = g.(t).

0 0
0
Lemma 4.2 Suppose a > g.. Then deta(t) > det g,(t).
Proof. By Lemma 4.1, a(t) > g,(t), and the result follows. O
For arbitrary square matrices a we let
lalls = max{sup > " |ay|,sup »_ |as;|}.
i j J i
Schur’s Lemma (see e.g., Lemma 1 of [9]) states that
lall < llalls. (4.3)

As an immediate consequence we have:
Lemma 4.3 If a is a m X m matrix, then
(2, ay)| < [zl ayll < [[=]| [y[l]lals-
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Lemma 4.4 For all \;, \;,

2\ 1/2 /1 — e~ ity)t 2\ 1/2
(=ew) )=o) <t
1 — e—2Xit )\z —+ )\j 1 — e 27t -
Proof. This is equivalent to

t t 1/2 t 1/2
/ e~ ithids gg < </ e~ 2his ds) (/ e 2Ns ds>
0 0 0

and so is immediate from Cauchy-Schwarz.

Define
a(t) = G)"a(t)G (),

so that
iy (t) = Gu(t) Pay ()G () 2.
Let A(t) be the inverse of a(t), that is,
A(t) = g(t)'*A(t)g(1)>.
A calculus exercise will show that for all positive A, t,
1+/\t< 2\ <2(1+/\t)‘
20 T 1—e2M T t

Lemma 4.5 If a be a positive definite matriz with g, > a > gu,, and

).

o 672)\mt 672)\11‘/

— 1 — 1-—
Ao(t) = Ao (—2/\ ), A(t) =Ny (—2)\1
then for all t > 0,

ga = a(l) = gn, 95, = alt) 2 gx,y0)-
Proof. Our definitions imply
(a(t)z, ) 1/2/ E(s s)ds G(t)x, x)
/ (@B($)G(0) 0, B9)G(H) ) ds

> Ay / (E(s)G(t)2x, E(s)G(t)"/?z) ds,

0

16
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by the hypotheses on a. The right side is

¢ e 2N
o [ S e gl ds = Aol

The upper bound is similar. The bounds on a(t) are a reformulation of
Lemma 4.1 and the analogous upper bound. |

Lemma 4.6 Let a and b be positive definite matrices with gn, > a,b > ga,-

Then B
() = o)l < l[a(t) = b(e)s < lla—blls, (4.8)
IA(t) = B@)|| < Ag”[la —bll, (4.9)
and for all w,w’,
[(w, (A(t) = B®)w')| < Ag>wl|[w']|lla— b, (4.10)

Proof. The first inequality in (4.8) follows from (4.3). The second inequality
holds since

) = o)l
= IG(#)*(a(t) = b(1))G (1),

1_6()\+>\)

—SUPZGZZ 1/2( Ty >ij(t)1/2|az‘j—bz‘j|
< SUPZ|GU Z] “a_bHsv

where Lemma 4.4 is used in the last line and symmetry is used in the next
to last line.

Turning to (4.9), we have
1A(t) = B = IA@®)®() - a(t)B()]
< [[A@ONIB@ o) —a)]]. (4.11)
The lower bound on a(t) (and hence b(t)) in Lemma 4.5 implies that
IABINBON < Ag™.
Use this and (4.8) in (4.11) to derive (4.9). (4.10) is then immediate. O
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Lemma 4.7 Let a and b be positive definite matrices with gn, > a,b > ga,,
and set 0 = Ay m|la —b||;. Then

det b(t)

deta(t) 1] <o
Proof. We write
detb(t) . o~ I
Tora det(b(t)A(t)) = det(I + (b(t)A(t) — 1)) (4.12)
— det(1 + (b(t) — a(t))A(t)).
Clearly B N N N
11+ (b(t) = a(@) A < ]| + (o) — a(®)[ [[A@)]]- (4.13)

Use the lower bound on a(t) in Lemma 4.5 to see that || A(t)]] < A;', and
then use (4.8) in the above to conclude that

17+ (b(t) = a(E)A@)]| < 1+ Ay la —bl..
Hence from (4.12) and (4.2) we have the bound

det b(t)
det a(t)

‘ < |+ (b(t) —a(t))At)|™

< (1445 e —0) "

< o tmlla—bls

Observe that a(t) and b(t) are positive definite, so det@(t) and detb(t) are

positive real numbers. We now use the inequality e* < 1+ ze” for x > 0 to

obtain B
det b(t)

—L <1406
deta(t) = e

Reversing the roles of a and b,

detg(t) <146¢
det b(t)

18



and so,

det b(t) 1 ,
> >1—06e".
deta(t) = 1+ 6e? — ‘

Let us introduce the notation
Qm(w,C) = (27T)*m/2(det 61)1/26410,01”/2)7

where C' is a positive definite m x m matrix, and w € R™.

Proposition 4.8 Assume a,b are as in Lemma 4.7. Set

0 =Ag'mla—bls and ¢ = Ag®|lw|*[la — bl

(4.14)

For any M > 0 there is a constant ¢; = c¢1(M) so that if 6,¢ < M, then

Qulw, A1)

-1 <Cl 0).
On(w Bty 1= 0F0

Proof. Using the inequality
e — 1] < |xlet),
we have from Lemma 4.6,

e~ w(AW-Bwyu)/2 _ | < peo

Using the inequalities
11— Vx| < |1 -2z, x>0,

and
lzy = 1| <|zlly =1+ |z 1],  2,y>0,

the proposition now follows by Lemmas 4.6 and 4.7 with
ey = eM(1+ MeM)l/2,

(4.15)

|

We note that if a, b are m x m matrices satisfying sup, ; |a; — by;| < 9, we

have the trivial bound
lla —b||s < md.

19
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Lemma 4.9 Suppose a is a (m+ 1) x (m+ 1) positive definite matriz, A is
the inverse of a, B is the m x m matriz defined by

Am—l—l,m—i—l

Let b be the m x m matriz defined by bjj = a;;, i,j < m. Then b= B~

Proof. Let §;; be 1 if i = j and 0 otherwise. If ¢, 7 < m, then

m m m
Al 1A
;m~+1415m+41
E bir Brj = E air Ak — E aikA—
k=1 k=1 k=1 mA+Lm+l
m+1 m—+1
o A A Ak,m+1Aj,m+1
= Qi Akj — Agm+1Am+1,5 — aikA—
k=1 k=1 m+1,m-+1
Am+1,m+1Aj,m+1
+ @ mip1 Il
m+1.m+1
_ 5 i Ajm o
- 1] A - ()
m~+1,m+1
The last equality holds because i < m. i

5 Jaffard’s theorem

We will use the following result of Jaffard (Proposition 3 in [9]). Throughout
this section v > 1 is fixed.

Proposition 5.1 Assume b is an invertible K x K matriz satisfying
I8l < A, [|Bll < AGY, and

&1

bal < 753 5

for all 1,7,

where B = b1, There is a constant cy, depending only on ci, v, Ao and Ay,
but not K, such that
Co

Bl < ———
A R

for all i, j.
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The dependence of ¢y on the given parameters is implicit in the proof in
[9]-

We now suppose that a is a positive definite K x K matrix such that for
some positive Ag, Ap,

We suppose also that (2.4) holds. Our estimates and constants in this section
may depend on A; and k., but will be independent of K, as is the case in
Proposition 5.1.

Recall a(t) and a(t) are defined in (4.1) and (4.5), respectively, and A(t)
and A(t), respectively, are their inverses.

Lemma 5.2 For allt > 0,

- H . .
ai;(t)| < I |z’7 g for all i, j.
Proof. Since o
Galh) = T~
then
~ 2)\2 1/2 1— 6*()\7;4*/\3')25 I\, 1/2
00~ (2] ) )
1— e Mt /\z + )‘j 1-— 6_2’\Jt
Using (2.4) and Lemma 4.4, we have our result. 0

Lemma 5.3 There exists a constant ci, depending only on k., Ay and A,

so that
&1

Ay(t)] < ———.

Proof. This follows immediately from Lemma 4.5, Lemma 5.2, and Jaffard’s
theorem (Proposition 5.1). 0

We set

1+ )\it>1/2<1 + )\jt>1/2

L(i’j’t):< t t

The proposition we will use in the later parts of the paper is the following.

21



Proposition 5.4 There exists a constant ¢y, depending only on k., Ay and
A1, such that

1 .o < B < .. (&1 ‘
<2A1) L(Z727t)1(27]) = |Az](t)| = L(7'7J7t)(1 + |l _]-|7>

Proof. Since a(t) = G(t)"/2a(t)G(t)/?, then

a(t) = g(t)*alt)g(t)'"?,
and hence _
At) = G2 A)G(t)V2.
Therefore 12 s
0= (=) WO(=) - 62)
The upper bound now follows from Lemma 5.3 and (4.7).

For the left hand inequality, by (5.2) and the lower bound in (4.7) it suffices
to show B
Ay(t) = AT (5.3)

and this is immediate from the uniform upper bound on a(t) in Lemma 4.5.

|

6 A Gaussian-like measure

Let us suppose K is a fixed positive integer, 0 < Ag < A; < 0o, and that we
have a K x K symmetric matrix-valued function a : RX — RE*E with

K K K
AOZ lyil? < Z aij(2)yiy; < M Z i, = eR®y=(y,...,yx) € RY.
=1 i,7=1 =1

It will be important that all our bounds and estimates in this section will
not depend on K. We will assume 0 < A\; < Ay < -+ < A\ satisfy (2.2). As
usual, A(z) denotes the inverse to a(z), and we define

t
0
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and then A(x, ) to be the inverse of a(z, t). Let a(x,t) and A(x, t) be defined
as in (4.5) and (4.6), respectively. When = = (zi,...,2k), define 2/ =

! /
(xlv'”axK) by N
I =Xt
€r; =€ Z.Ii,

and set w =y — 2. For j < K, define ;, : RX — R¥X by

13 0) = (U1, 05 1o ),

and write 7; for 7; , if there is no ambiguity. Recall that

Qr(w, Ay, 1)) = (2m) "/ (det A(y, 1))"/* exp ( — (w, A(y,t)U)>/2)- (6.1)

The dependence of A on y but not x is not a misprint; y — Qx (y—1', A(y, t))
will not be a probability density. It is however readily seen to be integrable;
we show more below.

The choice of K in the next result is designed to implement a key induction
argument later in this section.

Lemma 6.1 Assume K = m + 1 and a(y) = a(m,(y)), that is, a(y) does
not depend on Ym11. Let b(y) be the m x m matriz with b;;(y) = a;;(y) for
i,7 < m, and let B(y) be the inverse of b(y). Then for all x,

(a) we have

/ Quesr (0, AW)) dyms1 = Qui(w, B(y)).

(b) If y1, ..., ym are held fized, Qmi1(w, A(y))/Qm(w, B(y)) equals the den-
sity of a normal random variable with mean

H(yl Y ) — _ Z:il wiAi,m-i-l (y)
’ ’ Am+1,m+1(y)
and variance (Y1, - - Ym) = (Amatma1(y)) '

Proof. Lemma 4.9 and some algebra show that

Z (yi — i) (y; — ) Ag(y) = Z (i — ;) (y; — 25) Bij(y) (6.2)

+ At tm1 (W) [Yms1 — xﬁnﬂ — u|2.
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Let C(y) be the (m + 1) x (m + 1) matrix such that

Cii(y) = Bi;(), i,j < m;
Ci’erl(y) = 07 1 < m;
Cri1(Y) = Ami1(y), j<m+1.

If row;(D) denotes the i row of a matrix D, note that

Ai m
row;(C(y)) = rowi(A(y)) = L 7

m+1,m—+1

Therefore det C(y) = det A(y) > 0, and it follows that

roW 41 (A(y)).

det A(y) = det C(y) = Apr1,m+1(y) det B(y). (6.3)

Part (a) now follows from (6.2), (6.3), and evaluating the standard Gaus-
sian integral. Part (b) is then immediate from (6.2) and (6.3). m

Let By = 8log(A1/Ag) + 4log2 and for B > 0 let
Sprx =Sp={z € RX :|z]|* < BA\K}. (6.4)
Recalling that w = y — 2/, we will often use the further change of variables
w' = Gt)Y*w = Gt)*(y — o). (6.5)

Note that when integrating Qi (w', A(y, t)) with respect to w’, y is an implicit
function of w’.

Lemma 6.2 (a) For any p > 0 there is a ¢, = c¢,(A1) such that if B > By
and F is a K x K symmetric matriz-valued function of w with G, > F >
Gy, , then

/ |w||*Qx (w, F) dw < ¢, KPeBE/16,
Sp

(b) For all z,

/ ”w/H%QK(w/,A/(y,t)) dw' < CprefBK/lﬁ.
Sg
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Proof. (a) We have Gy, = (A1/Ao)G,,, and so
Qi (w, F) < (21) %2 (det G, )/2e~ (W Crw)/2 (6.6)

— <%;>K/2QK(UJ, Ga,).

Let Z; be i.i.d. mean zero normal random variables with variance 1 and

let
Y =M Z:.

From (6.6) we have

/.

The right hand side is the same as

(Y5 (3 MIZE) Y Mz > B
=1 i=1
Ay K72 K p &
<(§) wyE[(X 1)) 12 > BK]
=1 i=1

0

- (£>K/2(A1>p [E((i{: |Zi|2>2p] 1/2

AN K/2
ol @l Py < ()7 [l Quctw. Ga,) du
S

c c
B B

0

=

o [E exp (Z ’Zi|2/4>:| 1/2€_BK/8
. Cp[(p[(_)lﬂ]E (eXp(|Zl|2/4)>1/2e—B/8]

K

Since EelZ1°/4 = /2, our choice of B shows that the above is at most

¢, K? exp(—BK/16).

(b) By Lemma 4.5, ga, < a(y,t) < ga,, s0 Gy, > A(y,t) > Ga,. Hence
(b) follows from (a). 0

For m < K we let a™(y,t), respectively a"(y,t), be the m x m matri-
ces whose (i, j) entry is a;; (7 (y),t), respectively a;;(mpm . (y),t). We use

A™(y,t) and A™(y,t) to denote their respective inverses.
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The main theorem of this section is the following.

Theorem 6.3 Suppose (2.5) holds with 3 > 3—a. Let w' = G(t)"/?(y —2').
Then there exists a constant c; depending on o, B, kg, p, Ao, and Ay but not
K, such that for allt >0 and z € R:

(a) For all1 <j <K,
[t Quet’, Ay, )
R

< [/ |w}|2ij(w’, gj(y, ) dw' +11.
Ri

(b)
Qx(w', Ay, 1) du' < ey,
RE

and
Qrly —2', A(y,t)) dy < c.
RK

Remark 6.4 This is one of the more important theorems of the paper. In
the proof of (a) we will define a geometrically decreasing sequence Ky, ..., Ky
with Ky = K and Ky = j and let C,, be the expression on the right-hand
side of (a) but with K, in place of K and AX™ in place of A. We will bound
C,, inductively in terms of C), 1 by using Lemma 6.2 and Proposition 4.8.
This will give (a) and reduce (b) to the boundedness in the K = 1 case,
which is easy to check.

Proof of Theorem 6.3. All constants in this argument may depend on
a, 3, kg, Ao, Av, and p. Let Ko, Ky,..., Ky be a decreasing sequence of pos-
itive integers such that Ky = K, Ky = j, and g < K/ K1 < 4 for each
0<m< N.

Let
cg:/mﬁmmmmﬁwmwmw. (6.7)
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Our plan is to bound €, inductively over m. Write

C%:/‘ PP Qrc, (!, AKn (3, 1)) du
S

Bo.Km
s Qe (' A 1) d
SBo,Km

=1+ .
Assume m < N. We can bound [; using Lemma 6.2 and conclude

D 7B()Km/16 / 7BoKm/17
I <c,KPe < ge .

Turning to I, we see that by our hypothesis on a, we have

lagm (y’ t)_ailj('m (ﬂ—Km+1 (y), t>|

Ko
<kg Y |k
k=K1 +1
Ko
kg > |l () k7
k=Kpny1+1
Ko

(2-a)/2
< Cl(ta/2 A K,;O‘)lel‘a[ Z kuB/(Qfa)] )

k=Km41+1

In the last line we use Holder’s inequality and also the bound

¢
grk(t) = / e ds <t A (20) 7 < ot A kTP,
0

by (2.2). We also used the geometric decay of the {K,}.

(6.10)

If w' € Sp, k,, 50 that ||w'||* < (ByA; K,,)*?, some elementary arithmetic

shows there is a constant c3 so that

g™ (1) = iy (T (), O] < s (82 A KO K P EG, 0/ Emen]2mel/2

< es(tP NK, )KL

(6.11)

Set & = c3K1 P~ We now apply Proposition 4.8 for w' € Sp, k,, with
a = a®(y,t) and b = a®m (g, ,(y),t). In view of (4.16) and (6.11), we

may take

0=A"K25 and ¢ =A;?AByK?20,
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so that
OV ¢ < cs K3 < g

Proposition 4.8 shows that for w’ € Sg, k..,
QKm (w,7 gKm (y7 t))
QKm (wla Aom (WKm+l (y), t))

Therefore we have

Bo< (1 k%) [ g PQu, (0!, A5 (g, (0), 1) du

— 1| < ey K378, (6.12)

Recall m +1 < N so that j < K,,,;1. Integrate over wj using Lemma
6.1, then over wy _, using Lemma 6.1 again, and continue until we have
integrated over wy, . 4 to see that

[ 103 PrQuc, (0, A (), ' = s, (013
and hence
Iy < (14 et K277 Crr. (6.14)
This and (6.9) together show that (6.8) implies that for 0 <m < N,
C, < c;oe’BOK’"/17 + (14 e, K277 Cps. (6.15)
This and a simple induction imply
N-1
Co < exp <c4 Z Kf;l_ﬁ_a> Cn (6.16)
m=0
N-1 m—1
+ ¢, Z e~ BoKm /1T oy ( Z 04K§’_ﬂ_°‘)
m=0 (=1

< C5(p) [CN + 1]7
since § > 3 — a. Part (a) follows.

For (b), we may apply (a) with p =0 and j =1 to get
[ @t Aty 1)) v (6.17)
SCG[/ Q1 (w', Ay, 1)) dw + 1].

—00
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Recall from Lemma 4.5 that the scalar A (y, t) satisfies (A;) ™ < |Al(y,t)| <
(Ag)~! and so the above integral is at most

A 1/2
1 /Ql w Alt) dw = (Al/Ao)l/z
The first bound in (b) follows from this and (6.17). Using the change of

variables w’ = G(t)"/?w, we see that the second integral in (b) equals the
first.

Proposition 6.5 Under the hypotheses of Theorem 6.3,

/QK(y — o AR (y, 1)) dy — 1

as t — 0, uniformly in K and x.

Proof. We will use the notation of the proof of Theorem 6.3 with j = 1,
p =0, and t < 1. Using the change of variables w' = G(t)"/?(y — 2'), it
suffices to prove

/ Qr(w', AX (y, 1)) du'

converges to 1 uniformly as ¢t — 0.

We define a decreasing sequence Ky, ..., Ky as in the proof of Theorem
6.3 with Ko = K and Ky =1, we let
0= [ Qu, (0, A% (y.0)
we let R > 0 be a real number to be chosen later, and we write

[Co(t) — 1] < [Cn(t) — 1] + Z |Com(t) = Cria (B)]- (6.18)

We will bound each term on the right hand side of (6.18) appropriately, and
that will complete the proof.
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Using (6.13) and with Sp i defined by (6.4), we write
|Con(t) = Cinia (1))

< / (Qre, (', A7 (3, 1)) + Qrc,, (', AN (e, (), 1)) e’
S

c
R,Km

+/ Qu, (W, Afm(y,t))
Srcm | QK (W, ABm (The, 1 (y), )
X Qs (', AN (i, . (9), 1))
= Ji(t) + Jo(t).
By Lemma 6.2(a),

)
dw'

Jl (t) S 616702RKm .

Choose 0 < 1 < f—(3—a) and note that (6.11) implies there exists co = c2(R)
such that

a5 (y, t) — al™ (m, e (1), 1) < ot K P74 = 6,

Follow the argument in the proof of Theorem 6.3 with this value of § to see
that

J2 (t) < CQtn/QKgq_ﬁ_a+n / QKm+1 (wla ‘AVKerl (ya t)) dw’

= Cgtn/QKi_ﬁ_a+nCm+1(t)

< gt ? 3ot
We used the uniform boundedness of (), from Theorem 6.3 for the last
inequality.

A very similar argument shows that
’C’N(t) — /Ql(w/, AL 1)) dw| < cqe B 4 5172,

where ¢5 depends on R. For example, in bounding the analog of Jy(t), we
may now take § = cgR*t*/? by adjusting the argument leading up to (6.11).
Now use that Qq(w’, A(«',)) is the density of a normal random variable, so
that [ Q:(w', A(#',t)) dw’ = 1. Substituting in (6.18), we obtain
N-1
Cn(t) = 1] < cae™ P et ) " [erem @ Hm et 2 Kot
m=0

< cre TR g (1072 + 117,
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cg depends on R but c¢; does not. For the second inequality recall that
3— 0 —a+n <0 and the K,, were chosen in the proof of Theorem 6.3 so
that % < Kp/Kpmy1 < 4. Given € > 0, choose R large so that cre R < ¢
and then take ¢ small enough so that cg(t%/2 4+ t"/2) < ¢. |

Corollary 6.6 Assume the hypotheses of Theorem 6.3. For any p > 0 there
exists ¢; = ¢1(p) > 0 such that

/ [0’ Qi (w', A(y, ) dw < 1 KP

for all t > 0.

Proof. Bound the above integral by
/ /I Quc (w', Ay, 1) du’ + (BoM K) |+ Quc(w, Aly, 1)) du'.
S5, Sp,

The first term is at most ¢, KPe~BoK/16 hy Lemma 6.2. The integral in the
second term is at most ¢; by Theorem 6.3 (b). The result follows. m

Lemma 6.7 Ifr > 0,7 > 1, then there exists ¢; = c1(r,) such that for all

N,
N r

m — T
> T <o o log N+,

m=1

Proof. The above sum is bounded by

(m — k)" a 1
CZ[;le\m—kh—i_ mzll—ir\m—kh
The first term is at most c3 ij:l n"~7 and the second term is at most c4k".

The result follows. a

For the remainder of this subsection, except for Theorem 6.12, we take
p>1/2, a>1/2,v>3/2, 6> (2—a/2+p)V (3 —a), and assume (2.4)
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holds. With a bit of additional work the condition on v may be weakened to
~v > 1 but in Section 8 we will need stronger conditions on v so we made no
attempt to optimize here.

For p > 1/2 define
~ 1/2p
I#@) = [ [ 15@)PPQ, 0w Ay ) ]

the L? norm of f.
We start with a rather crude bound. We write Aw’ for A(y,t)

Lemma 6.8 There exists ¢; such that for all1 <k <j <K

(A )ellep < 15>

Proof. By (2.4) and Lemma 5.3 we have

A < H E
||( w ||2p C2 1+‘m /{’7
< —1 /
= Zl (1 + |m — kh) lwhallzp-

We can use Corollary 6.6 with K = j to bound |[w], |2, by
(1w [Dll2p < eaj™’?.

The bound follows.

Lemma 6.9 Assume there exists ¢; > 0 such that

/| (. Dy ol Qs (!, Ay, 1)) du < e (6.19)

forallj >k > ((4/2) V2) andt > 0. Then there is a constant ca, so that
<j< K andallt >0,

for all 1
/\wﬂ?pQK(w’ﬁ(y,t))dw’ <. (6.20)
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Proof. If z = A(y,t)w’, then by Lemma 5.2
J
lwfllop = | - v
k=1

J
K
S —'Y'Zk2~
;14—“6—]“” Hp

Use Lemma 6.8 to bound ||z ||2, for £ < (5/2) V1 and (6.19) to bound it for
k> (j/2)V 1. This leads to

(6.21)

2p

li/2)v1 J 1
/ c—y +1/2
il s 30 5704 3 ()] < e
k=1 k=[j/2]v2
where v > 3/2 is used in the last line. This gives (6.20). O

To establish (6.19) we argue in a way similar to that of Theorem 6.3. For
Jj >k, asin (6.19), define 7 : RY — R by
ﬁ(yh v 7yj) = (yh s Yk—1, I;C, Yk4+1, - - - 7yj>

and
b(y,t) = a(@(y).t),  Bly,t) =A@(y)1).
As usual

by, 1) = G(1)"*b(y, )G(¢)"?

with inverse

B(y,t) = g(t)"*B(y,t)g(t)"/.

Lemma 6.10 There exists ¢; such that for all K > j >k > j/2 >0,

[ 1BPIQi . Aty 1) - Qs Bly.t)) du < e

Proof. As usual, w' = G(t)"/?(y — 2'). If j, k are as above, then by (2.5)
and (6.10)

|amn(y7t) - bmn(ya t>| S Kﬂ|wk|ak_/8
< cl|w'|| kP (6.22)
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by (6.10) and k > 2. So for w’ € Sp, ; we can use k > j/2 to conclude
|rmn (Y5 1) = bn(y: )] < cak™ /277,
and therefore using k > j/2 again,
la(y, t) = bly. )], < 2c5k' /277,
For w' € Sp, ; we may therefore apply Proposition 4.8 with
0+ ¢ < cak®> 0 < ey (6.23)

It follows from Proposition 4.8 and the first inequality in (6.23) that

Qj(wlv%/(yvt» —1l < C5k2—a/2—,8
Qj(w/)B<y7t)) B

By our off-diagonal bound (2.4) and Lemma 5.3 we have

for w' € Sp, ;- (6.24)

| By < co(1+ [k —m[)7", (6.25)

and so (the constants below may depend on p)

| (6.26)

[(Bu)ef < | S B,
< C:\L;;'HQP-
Use (6.24) and (6.26) to bound the required integral by
| 1By Ay, ) d
Bg

+ / |(Bw),|*?Q;(w', B(y, t)) dw' esk® />0
Sp,

<o / l/|2Q;(w, Ay, 1)) du
S5,
4 cgk2/2HpB Q;(w', é(y, t)) dw.

Sg,

The first term is at most c,jPe 59/ by Lemma 6.2, and the last term is
bounded by cgk?~*/>tP=8 thanks to Theorem 6.3. Adding the above bounds
gives the required result because 3 > 2 — /2 + p. |
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Lemma 6.11 There exists a constant ¢y such that for all j > k > (5/2) V2,

/ (A = Byl (!, Ay, £)) duf < cy.

Proof. We use
|A—B| = [|A(b—a)B|| < ||Al|||b—al| | B].-

Lemma 4.5 implies o
IBIAIl < A2,

and Lemma 4.6 and (6.22) show that
b —all < b= all, < eoflu’ "R

These bounds give
[ 1A 0) = By, 090y ', Ay, )
< [ 1.0~ Byt 710’70’ Ay, ) du
< ek [P, . Ay, 1) du

By Corollary 6.6 this is at most ¢,k?3~26=%) which gives the required bound
since f >3 —a> (3—«)/2. 0

Theorem 6.12 Assume (2.4) for some v > 3/2 and (2.5) for some a > 1/2
and

B>2-a/2+p)V(E—-a/2)V(3—a).

Let p> 0. Let w' = G(t)Y%(y — 2'). Then there is a ¢; = c1(p) such that for
alli <j<K,t>0, and x € RE,

/|w;'|2pQK<w,, Ay, 1)) dw' < ¢y, (6.27)
and N
2
/|wj| pQK(wa A(ya t)) dw < Clm < cytP. (6.28)
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Proof. Consider (6.27). First assume p > 1/2. As 3 > 3—a, Theorem 6.3(a)
allows us to assume K = j. Lemma 6.9 reduces the proof to establishing
(6.19) in Lemma 6.9 for j and k as in that result, so assume j > k > (j/2) V2.
Lemmas 6.10 and 6.11 imply that

16 0005w Alyot) (6.20)
< o[ [ 1Al 0) = By 1)) Q' Al t)
+ [ 1Bt Q! Ay, ) do]

<a[te [ 1B 0w, W Bly.0)du]
ca[l + 1.

To evaluate the integral I, note that

B (y, %
I_/|Bkk:(y> )| ’WIH‘ZL

% Q;(u!, Bly, ) duw.

Changing the indices in Lemma 6.1 with a and b playing the roles of a and
b, respectively, we see that provided we hold the coordinates w = (wj});x

fixed, if ¥ = (y;);2 and B(y, t) is the inverse of (bym(, t))mtk ntk, then

Q' B(y, t)/Qj-1(w, B@,t)) dw' as a function of wy, is the density of a
normal random variable with mean

and variance 0% = Ekk(y, t)~!. So if we integrate over wj, Lemma 6.1 implies

I— / | Ba(y, )P, Q1 (@, B, 1)) did
< / 0,1 (@, B, 1)) did,
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where we used Lemma 5.3 in the last line. Finally we use Theorem 6.3(b) to
bound the above integral by c,. Put this bound into (6.29) to complete the
proof of (6.27) when p > 1/2.

For p < 1/2, we write

/ WP Q (w', Ay, ) du' < / (1 + |w}))Qx (w', Ay, 1)) du!

and apply the above and Theorem 6.3(b).
The change of variables w’ = G(t)'/?w shows that

/ijlgij(w,A(yJ))dw =gjj(t)”/Iw}lszj(w’,ﬁ(y,t))dw’-

Now use (4.7) for A; > 0 and g¢;;(t) =t if \; = 0, to see that

() < .

This and (6.27) now give (6.28).

7 A second derivative estimate

We assume 0 < A\ < Ay < ... < A\ satisfies (2.2) for all i« < K. Our goal in
this section is to bound the second derivatives

92
- 8x]6xk

DijK(y - 'Tlv A(y7 t)) QK(y B xl’ A<y’ t))

uniformly in K. Here a(y,t) and A(y,t) = a(y,t)~! are as in Section 6, and

we assume (2.5) for appropriate 5 and (2.4) for v > 3/2 throughout. The
precise conditions on 3 will be specified in each of the results below. The
notations A™, A™ A from Section 6 are also used.

A routine calculation shows that for j, k < K,

DijK(y - xla A(y7 t)) = ei()\jJr)\k)tSjk(wa A(y7 t)) (71>
X Qr(w, Ay, t)),
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where w = y — 2’ and for a K x K matrix A,

Siv = Sju(w, A) (ZAjnwn> ( szAknwn) — A
=1

We use the same notation if A is an m x m matrix for m < K, but then our
sums are up to m instead of K.

We will need a bound on the L? norm of a sum of second derivatives. The
usual change of variables w’ = G(t)*/?(y — 2') will reduce this to bounds on

o= [ SigeiSuareu', Ay, 0) Quclw’, Ay, ) '
REK

These bounds will be derived by induction as in Theorem 6.3 and so we
introduce for m < K,

[ﬁe = / Sj,j+€Sk,k+f(wla Avm(y, t))@m<w/7 AJm (y7 t)) dw/'
Rm

As the argument is more involved than the one in the proof of Theorem
6.3, to simplify things we will do our induction from m to m — 1 rather
than using geometric blocks of variables. This leads to a slightly stronger
condition on [ in Proposition 7.6 below than would otherwise be needed.

If Ais an m x m matrix, we set A;; = 0 if ¢ or j is greater than m. This
means, for example, that Sj,(w, A) = 0if j V £ > m. In what follows z is
always fixed, all bounds are uniform in z, and when integrating over wj}, we

will be integrating over y; = y;(w’) as well.

J
Since w’ = G(t)"/?w we have from (6.11)

a(VtA (Nl ifn>2

7.2
c1Vt|w!| if n=1. (7.2)

Lemma 7.1 Assume 3 > g There exists ¢; such that for all m,j,k > 0

and 0 > 0 satisfying (jV k) +¢<m < K and m > 2,
/ |S;.j+eSkpre(w lem(?Ja t)) — SjireSkrre(w, ﬁm(ﬂm—l(y),ﬂﬂ
X Qo (w, A™(y, t)) du’

S ClmS/Q_ﬁ_a.
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Proof. Let 7, k, ¢ and m be as above. The pointwise bound on A™ in Lemma
5.3 implies

|Skre(w', A™(y,1))] (7.3)

im

n=1 v=

+0)7

/|

Lt — k)71 + v — k= 7)o ]
1

—~
—_

and so B
|Skpre(w’, A (y, )] < es((|w']|* +1). (7.4)
The triangle inequality gives
e (W', A7 (y,1)) = S je(w', A" (101 (). 1)) (7.5)
< J((A™(y, t) = A (1 (y), 0)w )5 | (A™ (g, D))
+ [(A™ (o1 (1), W) [((A™ (g, £) = A" (o1 (), 1)) 4]
+ |A] ]+Z<y7 ) Aj j+€(7rm 1(y)7 t>|
By (4.9) in Lemma 4.6, for i < m,
[(A™ (y, 1) =A™ (o1 (y), )] (7.6)
< A" (y, t) = A" (Tn-1(y), )| 1w’
< AGP(@" (y,t) — @™ (w1 (y), 1)]ls [l
< 8523 = |
< caf|w'[| [w), [*m! o7,
where (7.2) and m > 2 are used in the last line.

Lemma 5.3 implies that for ¢« < m,
(A (y, 1) |<C5Z Lt v =) wy |, (7.7)

and (4.10) together with the calculation in (7.6) implies

A™(y, )50 = A (1 (9), el < A%l (y,1) = @™ (w1 (y), t)l!(s )
7.8

S Cle;n|am1—ﬁ—a’
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as in (7.6) above.

Now use (7.6), (7.7), and (7.8) in (7.5) and then appeal to (7.4) to conclude
that

/ 1S +e(w', A" (5, 1) = Sy je(w, A™ (T2 (1), )| [ Sk pse (W', A™ (3, 1)
X Qu(w', A™(y, 1)) du’ (7.9)

< com! P { [(/)? 4+ 1)), @u(w', A7 (0. 6)
(A= A = - )7
v=1
x / 11 + 0[]} Qo (', A7 (3, 1)) e’

There are several integrals to bound but the one giving the largest contribu-
tion and requiring the strongest condition on 3 will be

1= / | [ [ P Qo ', A (3, )

1+o 1+a 1

1 4= a(l—e)

Apply Holder’s inequality for triples with p = and r = e~

to conclude

1< [ [ pputu A o] | [ 1uf 1@ut A ) o]

~ 1/r
<[ [ 101 QA7) ]
< 08m3/ 2,
Here we used Corollary 6.6, Theorem 6.12 and the fact that 5 > 5/2 means
the hypotheses of this last result are satisfied for € small enough. The other
integrals on the right-hand side of (7.9) lead to smaller bounds and so the
left-hand side of (7.9) is at most com®?~#~, A similar bound applies with
the roles of j and k reversed, and so the required result is proved. O
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Lemma 7.2 Assume 3 > 2—(«/2). There exists ¢, such that for all j, k,¢,m
as in Lemma 7.1 and satisfying 2 < m,

/ 1, eSrse!s A (s (), )]

X |Qm(w/’ gm((% t)) - Qm<wl7 gm(ﬂ-m—l(y)? t>)| dw'’

< Clm2—(0¢/2)—ﬁ.

Proof. Recall that By is as in Lemma 6.2. Use (7.4) on S§, 5, and (7.3) on
Sp,.m to bound the above integrand by

o
[=}

3
S
Il
—
N
Il
—

y ’ Qu(w', A" (y,1))
Qm(w', A™(Tp—1(y), 1))
— oo(I(t) + L(1)).

-1 Qm(w',gm(wm_l(y),t))} dw’}

By Lemma 6.2,
Il(t) S C3m2€_B0m/16 S C4e—Bom/17'

We bound I5(t) as in the proof of Theorem 6.3 but with m in place of K,,.
This requires some minor changes. Now for w’ € Spg, ,, the § coming from
(6.11) is less than or equal to

cs|wl, |om P < cem /¥ B,

and
oV < crm?~ 28 < oo
So for w" € Sp, m, applying Proposition 4.8 as before, we get
Qm(w', A™(y,t))
Qm(wlu Am<7rm—1<y)7 t))

-1 < Cgm2_a/2_6,
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and therefore

m

L(t) < csm2_a/2_ﬂ/ [(i 14+|n—k) A+ |v—k—¢M)!

n=1 v=1

x| ) + 1] Qs A" (1 (9), 1)) du!

< cgm?~*H

where Theorem 6.12 and Cauchy-Schwarz are used in the last line. The lower
bound on [ shows the hypotheses of Theorem 6.12 are satisfied. Combining
the bounds on I(t) and I5(¢) completes the proof. O

Note that if Z is a standard normal random variable, then E [(Z2—1)?] = 2.

Lemma 7.3 If j,k,¢,m are as in Lemma 7.1 and for w' € R™,
Fmow' = (Wi, ... w, ),

» Ym—1

then
VAR Qm (w/> Avm (Wm—l (y)’ t))
» A" (T T
/Sj7j+esk7k+é(w ’ (7Tm l(y)’ t)) Qm—l(Tm—lwly Am—l(y’ t))

= {Sj,jJrESk,kJré(w/a Ay N (i re<m-1) } (7.10)
{5 (ot (), O (A7 (g, O 01
+ AT (1 (), 1) (A (y, ) ]
X AL (Tt (), ) (A" (g, O s
+ ﬁ’,ﬁam(wm,l(y), ) (A™ (g, t)rm—w)]
X A (rna () )7}

{2 AT A A1) (s (), ) A (o (). )2

/
dw,,

Proof. We apply Lemma 6.1 with m in place of m + 1 and a™(m,,—1(y), t)
playing the role of a(y). Then under

Qm(wla gm(ﬂ-nl—l (y)v t))
Qm-1(rm—1w’, A™=1(y, 1))
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w, has a normal distribution with mean

m—1

fL=— Z lnz(ﬁm 1(y)7 )wi

t
=1 mm(ﬂ—m l(y)7 t)

and variance o2 = A™ (ﬂm,l(y) w')7L Set @, = wy, —

m—1

R’j”_1 = Z Z}’}_l(y, Hw!, for j <m —1, R™ 1 =,

9 m
i=1

and C; = Am (Tmo1(y), 1), Jj<m.
Lemma 4.9 with a = @"(7,,—1(y), t) and m in place of m — 1 gives
A (i (y),t) = ATy, t) + CCi0%,  jii <m,
where we recall that by convention Aji_l(y,t) = 0 if 7 or j is greater than
m — 1. Therefore
R = R;”’l — Cjp, J<m,
and so for 7, k, ¢, m as in the lemma,
S;j+eSkpre(w', /Tm(ﬂm—l(y) t))
= (R} + Cyuw}, ) (R + Crawy,) — ATy (T (), 1))
< [(Ry + Crw, )(Rk+£ + Crpewly) = ATy (), )]
= (R~ + 0}, ) (RIS + Chaetly) — AN (y, t) — C5C14007]
X (B~ + Chtl ) (R + Crosel,) — ATl (y, ) — CruCpec?].
Rearranging terms, we see that the above equals
(R Ry — ATy, )
+ @, (C;RT + Ciy R + (|, > — 0)C5C54]  (T.12)
X[RETURE = AT ) + @, (CRRES + CraeRET)
+ (|@7,)* = o) ChCrsd]
= (RP'RYL = Ay, ) (RY TR = ATl (v 1)
+ [y, (GRS + Cie RP (OB + Craa R
+ (@), |> = 0*)2C;C;14CrChryg + off-diagonal terms.
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When we multiply each off-diagonal term by G,,(y,t) and integrate over w,,,
we get zero. This is because the conditional normal distribution of w;,, under
Gm(y,t) implies that each of

[ Gty
/(’@%’2 — 0%)G o (y,t) dw!,, and

/ (@) (@2 — 0%) (9 1) ]

equals zero.

Now integrate the remaining terms on the right hand side of (7.12) with
respect to G, (y,t) dw!, , noting that R"', C;, and AZ‘I do not depend on
wy, . Use the fact that

[ 187Gy, ) du, = 0% = A" (s (0).1)

and
S = Gty m) duf, = 20 = 207 (s (). 1)
to obtain the desired expression. In particular note that
(RP'RY = AT () (RETRES = ALy, 1)

= S, 1 eSkkre (P, A"y ) vy e<m-1)-

We treat V2 and V? in (7.10) as error terms and so introduce

E'(j, k, £, m) — / V2, b, €om)]| doo!,

Rm—1

E2(j, k, £, m) = / V3G, k. £, m)| du'

Rm—1

and
E(j, k,l,m) = E'(j,k, ¢, m) + E2(j, k,l,m).

We are ready for our inductive bounds on the integral I7,, defined at the
beginning of this section.
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Proposition 7.4 Assume ( > % — a.  There exists c¢; such that for all

integers j, k, € such that 1 < j < k<k+(< K,

K
I <a(k+ 072+ N Bk, ¢,m).
m=(k+0)Vv2

Proof. If K > m > 2V (k+{), we can combine Lemmas 7.1, 7.2 and 7.3 to
see that
I;’Zﬂ < I}’Ze_ll(k+€§mfl) + 02m5/2_ﬁ_a + Cgm2_a/2_ﬁ + E(], k, f, m)

Therefore by induction

Iy, < I;;/g D epe<ivipre—ry) + € Z m®/D=0 (7.13)
m=2V (k+¢)
K
+ > E(i,4.k.0).
m=2V(k+£)

The first term in the above is I};y1(1e=1). For m =1, Al(y, t) is a scalar
and an argument similar to that in (b) of Theorem 6.3 shows that

1L, =Sh (W', A'(y, 1) Qi (w', A (y, t))dw' (7.14)
sQ/u+wwwmmE@ﬁmw (by (7.4))
SCG.

Use (7.14) to bound the first term in (7.13) and then bound the second
terms in the obvious manner to complete the proof. |

To use the above bound we of course will have to control the E(j, k, £, m)’s.
If { >0, set
J = J(t) = [(Clog(t™" + 1)) /5)/2]. (7.15)

Lemma 7.5 Assume [ > 3 — («/2). There exists a c¢; such that for all

0<(<K,
> E: E(.k,6,m) < erJo(1).

1< <k<Jc(t) m=2V(k+£)
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Proof. We consider E'(j,k,¢,m). There is a product giving rise to four
terms, all of which are handled in a similar way. We consider only

El(j, k,0,m)
= / |gj+é,m(7rm—1 (y>7 t) (}Im—l (ya t)w/>jgk+l,m (7Tm—1 (y)a t)
Rm—l

X (A" (g, D)l A (1 (9), )7 Quaa (', A7y, 1) '

as this is the worst term. Use the upper bound on gf; and the lower bound

on EZL from Lemma 5.3 to see that

EL(j, k, 6,m) < (U4 [m =5 = 7)1+ fm — k= £]7) 7
m—1m—1

x Y Y (Lfn =) 1+l — k)7

n=1 v=1

x / | [, |Q (!, A1 (y, 1))

An application of Cauchy-Schwarz and Theorem 6.12 shows that for our value
of (3 the last integral is bounded by c3. This leads to

Ei(j k,6om) < eq(L+[m— g — )71+ [m =k =€) 7"

Now sum over j,m, and k in that order to see that

2

1<j<k<J m=2V(k+0)

E%(]? k7€7 m)

[~

(I+|m—j— f|7)_1(1 +|m—k— €|V)_1c4
1

B
]~

k

B
Il
Il
B

+

1m L3

1+ |m—k —£") s
0

M)~
M)~

IA
Q=
|
NS
3
yr
i

The other terms making up E'(j, k, £, m) are bounded in a similar manner.
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Consider now E?(j, k, ¢, m). Again the upper and lower bounds in Lemma
5.3 and Theorem 6.3(b) imply that for j <k < k+ ¢ < m,

E*(j,k, 6,m) < c;(1+|m— )" A+ |m— k) A+ m—j— )"
x(1+m—k—¢")*
<cr(lt|m—j— ) 1+ |m—k—)
Again sum over j then m and then k to see

K
Z Z EQ(j>k7£;m) < cgd.

1< <k<J m=2V (k+0)

Combining the above bounds gives the required result. O
Proposition 7.6 Assume § > % — a. There exists ¢; so that for any 0 <
< J,

J

[ (o8 ely = . Alw.0)) Quly — ', Aly, ) dy

j=1
< ¢ Jt72.

Proof. As usual we set w = g(t)"/?w’, which leads to
Sjgre(w, Ay, 1)) = Sj+e(9(t)*w', Ay, 1))
= G0 jea(w', Ay, 1) Giage(t) .
Let H;(t) = e MG y(t)'/?, so that

t —1/2
0< Hi(t) = ( / eNilt=s) ds> <12 (7.16)
0
The integral we have to bound now becomes
2
/ (ZH e, Ay ) o))
x Que(w', Ay, 1)) du

— Z H;( VH 1 o(t) Hypo(2 )]fie

7,k=1
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Now use the upper bound on H;, Lemma 7.5, Proposition 7.4 for 5 < k, and
symmetry in (j, k) to bound the above by

et 3 [ om s 3 EG k)]

J<k<J m=2V(k+¢)
< cgt 2 J[PODBe 4]

where Lemma 7.5 and the condition on § are used in the last line. O

We need a separate (and much simpler) bound to handle the absolute
values of D;;Qk(y — ', A(y,t)) for j vV k> J(1).

Lemma 7.7 Assume 3 > 3 — 5. There exists c; such that for all i, j,k < K
and p > 0,

/|w;|2p|sjk(w',A(y,myQK(w/,A“(y,t)) dw' < c;.

Proof. By (7.3) the above integral is at most

e [ (30D = 3P = K)o ) +1)
n=1 v=1
x WP Qx (W', A(y, 1)) duw'.
Now apply Theorem 6.12 and Cauchy-Schwarz to obtain the required bound.
O

The proof of the following is left to the reader.

Lemma 7.8 There exists a constant ¢, so that for all @ >0, r > 1,
Z =03 o =0k 616—97“2/4
—_— 0 .
|3 |+1k| =7

o

Proposition 7.9 Assume 3 > 3 — 5. There exists c; such that for all i, j,k
and p

/ lwi|P| D Qi (y — o', A(y, t))| dy < et ™77,
RK
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Proof. As in the proof of Proposition 7.6, if H;(t) = e™*!G;;(t)*/?, then the
substitution w = g(t)'/?w’ leads to

/ | Dy Qicly — ', Ay, 1)) dy
:/ PP S L (w0, Ay, )| Qe (w, Ay, 1)) du
< 1P H, (1) Hy (1) / 2], (', Ay, )| Qe (', Ay, 1)) du!

S Cgtij(t)Hk(t),

the last by Lemma 7.7.
A bit of calculus shows that

t _
= ([ o) <o
0

Proposition 7.10 Assume 8 > 3 — 5. There are constants (o and ¢, such
that if ¢ > (o and J = J¢(t), then

> tgues [ 1DaQucly = Alyet))] dy < ca(e +1)°
RK

=1 k=1

Proof. Using Proposition 7.9, the sum is at most

K K

a2 k2, —
Zzl(JVk>J —(Xj +)\k)t/2t 1 < ¢y ZZ]‘(JVk>J) 3(j%+k )tt 1

j=1 k=1 j=1 k=1

< C4€—C4J2tt—2

Lemma 7.8 is used in the last line, and (2.2) and j V k > J > 1 are used in
the next to the last line. The above bound is at most

Cy (til -+ 1)7C4Ct72.

Now take (o = 2/¢4 to complete the proof. ]
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8 Main estimate

We assume now that a satisfying (2.3) is also of Toeplitz form. For a point
v in (% define vj, = e~ *'y;, and, abusing our earlier notation slightly, define
7 =m 02 — (% by

m(x) = (2, ..., 2%,0,0,...).
For 1 <1i,5 < K we let
t
aff_j‘(x) = af](-(:c) = a;;(1x(2)), afj(-(:v,t) = afj{-(x)/o e~ it s g e 02,

and let AX(z,t) be the inverse of af(z,t). We will apply the results of
Sections 6 and 7 to these K x K matrices. We will sometimes write Tx for

(x1,...,2x), and when convenient will identify mx(x) with Tx. It will be
convenient now to work with the notation
NK<t7x7y) :QK<7TK(y_J’J)7AK(y7t))7 (81>
so that
Nk(t,z,y) = Ng(t, mx(x), 75 (y)), z,y € (% (8.2)

As before D;jNk(t,z,y) denotes second order partial derivatives in the z
variable.

Our goal in this section is to prove the following:

Theorem 8.1 Assume (a;;(y)) satisfies (2.5) and (2.4) for all i,j,k € N,
for some o € (%, 1], 8 > g —a, and v > 202[6_“1. Then there is a ¢y > 0 and
m = m(a,y) >0 so that for allz € (>, K €N, and t > 0,

| S et @) = a0 DNt .00 i (53

i,j=1
<ot A+ |z]|L).

Proof. Note first that by (8.2) D;jNx = 0 if iV j > K and so by the
symmetry of a(z) and the Toeplitz form of a, the integral we need to bound
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I E/Rk‘i i(ag(x) - ag(y))DijNK(t»xay)‘ dyx

i=1 j=1

Now let J = J(t) where ( is as in Proposition 7.10. If j > J or ¢ > J then
clearly ¢ = 7 + ¢ > J, so that

J-1 J
r<2 [ 316l - at )3 DyvrsNiclt, )] (8.4)
=0 j=1
K K
) avisg / (a5 () — a5 () Dig Nic (8, 2, )| dg ¢
i=1 j=1
= 2[1 + _[2.
Proposition 7.10 implies that
IQ S 2A1C2<t + 1)72. (85)
Recalling that x} = e *'z;, we can write
J-1 J
<Y [ 1ol @) - af )3 DsseNiclt.0)| i
=0 Jj=1
J-1 J
=3 Jaf (@) — @) (|30 DagiaNlt | ame (56)
=0 j=1
EILl + [172. (87)
Let
K
da,g(ZE, y) = Z |xn - yn|an_ﬂ' (88)
n=1
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By (2.5) and (2.4),
g (') — ai" (y)| < esmin((1+ )7, da (e’ y)). (8.9)

Therefore by (7.1)

ha =3 [t @) = el @l ey + A1)
x S jve(mc(y — '), A% (y, t))’NK(t, z,y) dijg (8.10)

J-1 }1/2

<eo> [ [ (0400 A dusla’ ) Niclt.9)

[ [ (32 b=+ Aps))Ssaalmacty = ), A5 (1))

J—1 K 1/2
cofE(er e[ o)
i x VIt _

In the last line we used Proposition 7.6 on the second factor and the Cauchy-
Schwarz inequality on the sum in the first factor and then Theorem 6.3(b)
to bound the total mass in this factor. Next use Theorem 6.12 with p = «
to conclude that

[ 12 = PNt .9 i < et

It now follows from (8.10) and the choice of J that [ is at most

J-1

AR o el )
< CS{Z Nk }<log(% + 1))1/425_5/4. (8.11)
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By splitting the above sum up at £ = [t~%/?7| we see that
J
(v=1)/~
ST A) < o (taﬂ) . (8.12)
=1

Using this in (8.11), we may bound I ; by

1 1/4
C10 <10g<¥ + 1)> t(a('y—l)/27)—5/4 < Cllt_1+n, (813)

for some n = n(a, )

(%
2a0—1"
Turning to [; 2, note that

do (2, ) Z|xn| 11— e ntjon =0
oo

< llzligt Y Agn

n=1

< erallaf ot (8.14)

where (2.2) and § — 2« > 1 are used in the last line. Therefore (8.9) now
gives
lag' (') — ag" (2)] < crymin((1+ )71 [l2]5t”). (8.15)

As in (8.10) we now get (again using Proposition 7.6)

cizmin((1 4+ )71 ||z % t%)

Mk

=0

< / (32 e Ot ety — ) A3, )) Nt ) ]

j=1

J—1
< eV min((14 )7 2| %), (8.16)
(=0

Now use (8.12) with ||x[|%¢* in place of t*/2 to conclude that

1 1/4
Lo < c15 (log(; + 1)) £75/4(||2|%t2) 0D < e (||| + DEIT (8.17)
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2a
2a—1

1o
4a—1"

>

for some n = n(a,y) > 0 because v >

Finally use the above bound on [; 5 and the bound on /;; in (8.13) to
bound I; by the right-hand side of (8.3). Combining this with the bound on
I, in (8.5) completes the proof. O

For R > 0 let pr : R — R be given by pr(z) = (x A R) V (—R) and define
a truncation operator 7 : £2 — (% by (7px), = pr(7,). Define af* by

af(2) = a(tpx). (8.18)

Clearly a'(z) = a(x) whenever ||z|s = sup, |z,] < R. We write a™% for
the K x K matrix (a)¥.

Lemma 8.2 For any A > 0 and t,R > 0, sup,cg |pr(z) — pr(ze )| < RAL.
Proof. Assume without loss of generality that > 0 and set 2’ = e *Mx. If
¥ > R, pr(z) = pr(2’) = R, and if © < R, then

pr(z) = pr(a’)| = |z — 2’| = (1 — ™)z < AtR.
Finally if ' < R < z, then

Ipr(z) —pr(2)|=R—2'=R—e Mz < R(1—e) < AR

Lemma 8.3 Ifa satisfies (2.3), (2.5), and (2.4) and is of Toeplitz form, then
for any R > 0, a® satisfies the same conditions with the same constants.

Proof. This is elementary and so we only consider (2.5). For this note that

@l (y + her) — afi ()| < rolpr(w, + h) = prlay) |k
< ralhl*k ",

as required. O
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Corollary 8.4 Assume the hypotheses of Theorem 8.1. Then for all x € (2,
K eNand R,t > 0,

/RK ‘ > o (@) — af (W) Dy Nic(t 2, y) | dye (8.19)
ij=1

<ot 71+ RY).

Proof. We use the notation in the proof of Theorem 8.1. By Lemma 8.3
and the proof of Theorem 8.1 it suffices to show that we have

Lo < co(R*+ 1)t 1 (8.20)

instead of (8.17). We have by Lemma 8.2

Ipr(2,) — prle ™ x,)|*n "

]~

da,ﬁ(TRl’/, TRx) =

3
Il
—

(RA\t)*n ="

[M] =

<

Il
N

K
< (Rt)%c3 Z n2e=ph
n=1
S C4Rata. (821)

The fact that § — 2a > 1 is used in the last line. Now use (8.21) in place
of (8.14) and argue exactly as in the proof of (8.17) to derive (8.20) and so
complete the proof. |

9 Uniqueness

In this section we prove Theorem 2.1. Recall the definitions of 7,2 and 7,7
and the definition of the martingale problem for the operator £ from Section
2. Throughout this section we assume the hypotheses of Theorem 2.1 are in
force.
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Lemma 9.1 There exists ¢, so that for all x,y € (2,

la(z) = a(y)l < lla(z) = aly)ls < ez —y[*2

Proof. We need only consider the second inequality by (4.3). Our hypothe-
ses (2.5) and (2.4) imply

\aij<x>—aij<y>|smn(1+,z o ) - wlK )
1/2
< ea(1+ i - jﬁ/?)(z o — gl )

k

We have v > 2 and 25 > 2 — « by (2.5), and so

1/2
Z |az] az] | S C3 (Z |5Ek - yk|ak_ﬁ>
k
a/d (2—a)/4
< c3 (Z |z — yk|2> (Z kr%mﬂ))
k k

< egllw —yl|*2.

Proposition 9.2 For each v € (? there is a solution to the martingale prob-
lem for L starting at v.

Proof. This is well known and follows, for example from the continuity of a
given by Lemma 9.1 and Theorem 4.2 of [1]. O

We turn to uniqueness. Let £f(x) be defined in terms of a® analogously
to how L is defined in terms of a.

Lemma 9.3 For any R > 0 and v € (? there is a unique solution to the
martingale problem for Lgr starting at v.
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Proof. By Lemma 8.3 and Proposition 9.2 we only need show uniqueness.

We fix R > 0 and for K € N define

W f(2) =3 ali(@)Disf(2) = Y NizDif (=

i,j<K <K

Note that if f € 7, and K > k, then

Lrf(x) = Micf(x). (9.1)

Let
Yx (dy) = m(dyy) - - - m(dyx )do(dyrc+1)00(dyrc+2) -~ -
where m is Lebesgue measure on R and §, is point mass at z. Define || f||c, =

sup, [ f(2)]:

Suppose Py, P, are two solutions to the martingale problem for Lg started
at some fixed point v. For § > 0 and f bounded and measurable on ¢2, let

Séf:]El/ _etf(Xt)d i:1727
0

and Saf = SLf — S2f. Set
I'= sup [Saf].

Ifllcy<1

Note
I'< (9.2)

by the definition of Sjf.
If f €72, we have

F(X0) — F(Xo) = MP(t) + / Lrf(X.)ds

where M/ is a martingale under each P;. Taking expectations, multiplying
both sides by fe~%, and integrating over ¢ from 0 to oo, we see that

f(v) = Sy(0f — Lrf).
Now take differences in the above to get

Sa0f — Lrf)=0. (9.3)
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Next let g € ’72’0 and for K > k set

fex (2 / o / Nk (t, 2, y)g(y) dtvie(dy).

Since Nk (t, z,y) is smooth in x, bounded uniformly for ¢ > ¢ and Nk (¢, x,y)
depends on x only through 7x (), we see that f.x € T2

If we write ~
Wek(x,y) = 96/ e VN (t, x, y) dt, (9.4)
then
faK /WEK X y 7K<dy)

Holding y fixed and viewing N (¢, z,y) and Wk (z,y) as functions of x, we
see by Kolmogorov’s backward equation for the Ornstein-Uhlenbeck process
with diffusion matrix (a;;(v)): <k that

- 0
MEYIN (2, y) = 5 Nic(t 2,y).

Alternatively, one can explicitly calculate the derivatives. Differentiating
under the integral in (9.4) gives

(0 — MEX YWk (z,y) = Nk(e, z,y). (9.5)
By (9.1) for all x and K > k
(0 = Lr)fer (z) = (0 = M) fex () (9.6)

— [0 MWl 9(0) )
— [ (M — MW 9)g) )
- / (M = M Werc (o, 1)9(0) v (dy)
/NK &,7,9)9(y) 7 (dy) — g(z)
- / (MGE® — MEEOYW e, 1)9(0) vic(dy)

- / (M — MW (2,99 () 7 ()
=g(x)+ (e, K,x) + (e, K, x) + I3(¢, K, x).
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We used (9.5) in the third equality.
For z € ¢? fixed we first claim that

Li(e, K,x) — 0 (9.7)

boundedly and uniformly in K > k as ¢ — 0. By virtue of Proposition 6.5,
it suffices to show

/ Nic(e, 2,9)lg() — 9(x)] 1 (dy) — 0

boundedly and pointwise as ¢ — 0, uniformly in K > k. The boundedness
is immediate from Theorem 6.3. Since g € 7;2, given 7 there exists § such
that |g(y) — g(x)| < nif |m(y — x)| < 6, and using Theorem 6.3, it suffices
to show

/{g | |2>52}NK(€,x,y)vK(dy)—>0
y: i=1 1Yi —ZTi|" =2

—>\7;€

pointwise as € — 0, uniformly in K. Since e™"¢x; — x; for 1+ < k as ¢ — 0,

it suffices to show (recall ¥ = (v1,...,YK))
/ Ni(e,2,y) djge — 0 (9.8)

{38 lyi—a)[228%/2}
as € — 0 uniformly in K’ > k. By Theorem 6.12 the above integral is at most

/iw—x;PN( g, < ke
52/2 K\& X, Y yK—52/2

i=1
and (9.7) is established.

Next we claim that for each € > 0

im sup|/3(e, K, x)| = 0. (9.9)

1
K—oo 4

Since t > ¢ in the integral defining W.(z,y) we can differentiate through the
integral and conclude that

Iy(=, K, ) (9-10)
< [T Y jalia) - i) gl

i,j<K

x / NG, (w0, AR (y, )| Q(w, AX (y, 1)) dw .
RK
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As in the proof of Proposition 7.6, the substitution w’ = G(t)*/?w shows that

the integral over RX in (9.10) equals
Hi(t)H; (1) |Si(w', A% (y,8)| Qi (w AX (y, 8)) du’ < ept™,  (9.11)

REK
where (7.16) and Lemma 7.7 are used in the above. By (2.5) we have

> afi(@) — afi(mr @) < D> rplprlad)| e (9.12)
1,J<K 1, <K I>K
< rgK?R*Y 077
(>K
S CgRaKgiﬂ.

Use (9.11) and (9.12) in (9.10) to get

|I5(e, K, x)| < / e 0t ROK3 P dt

<0 le tRYK3 P,

which proves (9.9) by our hypothesis on 3.
Finally for I3, we use Corollary 8.4 and multiply both sides of (8.19) b
and then integrate over ¢ from ¢ to co to obtain by Fubini

—0(t—e)

(9.13)

|I(e, K, x)
= MO e [Nt o) de | el

(MK

‘ yERK
< ZHgHCm
foralle € (0,1) and K > k, provided we choose 6 > 6, > 1, where 6§y depends

on R and the ¢; and n; of Theorem 8.1. This implies that for 6 > 6,

(9.14)

sup |SA(IQ<€7K7'))| < %FHQHCO'

£€(0,1), K>k

Using (9.3) and (9.6) for K > k, we have
1Sagl < |9a(hi(e, K, )|+ 1Salla(e, K -))| + [Sa(ls(e, K -))]-
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Now let K — oo and use (9.9) and (9.14) to conclude that

|Sag| < limsup [Sa(Li(g, K, -))| + limsup |Sa(l2(g, k, -))]

K—o0 K—oo
< lilr(nsup |Sa(f1(e, K, -))| + %FHQHCO-

Then letting ¢ — 0 and using (9.7), we obtain
‘SAg’ < %FHgHCm

provided ¢g € ,];2,0‘ By a monotone class argument and the fact that Sa
is the difference of two finite measures, we have the above inequality for
g € 7. The o-field we are using is generated by the cylindrical sets, so
another application of the monotone class theorem leads to

1Sagl < 3Tgllc

for all bounded g which are measurable with respect to o(U;7;). Taking the
supremum over all such g bounded by 1, we obtain

I <ir.

Since I' < 0o by (9.2), then I' = 0 for every 6 > 6.

This proves that Sj f = Sz f for every bounded and continuous f. By the
uniqueness of the Laplace transform, this shows that the one-dimensional
distributions of X, are the same under P; and P,. We now proceed as in [15,
Chapter 6] or [3, Chapter 5] to obtain uniqueness of the martingale problem
for Lg. O

We now complete the proof of the main result for infinite-dimensional
stochastic differential equations from the introduction.

Proof of Theorem 2.1. We have existence holding by Proposition 9.2.
Uniqueness follows from Lemma 9.3 by a standard localization argument;
see [4, Section 6. 0

To derive Corollary 2.2 from Theorem 2.1 is completely standard and is
left to the reader.
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10 SPDEs

Before proving our uniqueness result for our SPDE, we first need need a
variant of Theorem 2.1 for our application to SPDEs. Let A\ = 0 and now
let

L'f(x) = a;(x)Dyf(x Z)\xlDf
i.j=0
In this case (2 = (*(Z,).

Theorem 10.1 Suppose «, 3,7, and the \; are as in Theorem 2.1 and in
addition > /(v — 2). Suppose a satisfies (2.3) and a can be written as

a;; = a( )+al(]), where the agjl.) satisfy (2.4) and (2.5) and is of Toeplitz form,
and aij satisfies (2.5) and there exists a constant k., such that

©) .
a;; (7)) < ———— 10.1
@) < (10.1

for all x € ¢* and i,j > 0. Then if v € (2, there exists a solution to the
martingale problem for L' starting at v and the solution is unique in law.

Proof. First, all the arguments of the previous sections are still valid when
we let our indices run over {0,1,2,...} instead of {1,2,...} provided

(1) we replace expressions like 2);/(1 — e~2%%) by 1/t when )\; = 0, which
happens only when ¢ = 0, and

(2) we replace expressions like n=? by (1 +n)~"

Existence follows from Theorem 4.2 of [1] as in the proof of Theorem 2.1.

Define N in terms of a and its inverse A as in (8.1). We prove the follow-
ing analog of (8.19) exactly as in the proof of Corollary 8.4 and Theorem 8.1:

/ ’Z — (@) WDy N (t, 2. y)| dy (10.2)

1,j=1
< et M (1 4+ RY).
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Here note that the proof uses the bounds on N and D;; Ng from Sections 6
and 7 and the regularity properties of () (which are the same as those of a
in the proof of Theorem 2.1) separately. If we prove the analog of (10.2) with
aV) replaced by a®, we can then proceed exactly as in Section 9 to obtain
our theorem. That is, it suffices to fix K and R and to show that for some
c1,m >0,

/R B} ‘ 2@ @) = @5 @Dy Nic(t 2, )| dy < ert™ 7. (10.3)

Very similarly to the derivation of (8.15) (see also that of (8.21)), we have

(@) (@) = (@) ()] < ermin((1+i+ )7, R).

Since a € (1/2,1] and v > 2/ (2a—1), then v > 2. We can choose 1, € (0, 1)
such that v(1 —ny) > 2, and then
[(a®)55(2) = (a®)i5 " (@')] < ex(L i+ j) 70T Rmgen,

Using this and Proposition 7.9 with p = 0 and observing that (a®)®% sat-
isfies all the hypotheses in Section 7, we conclude that

Z /‘ (2) KR (a(Q))g’R(iﬁlﬂ |Dij Nk (t,2,y)| dy (10.4)

2,7=0

< e Z (1+i+ j)—v(l—ﬁz)tw}z—l‘
ij=0

The condition 5 > 7v/(y — 2), allows us to find 73 such that y(1 —n3) > 2
and Ons > 1. Fix ¢ and j for the moment and let d, g(x,y) be defined as in
(8.8). We write

/da,ﬁ(lja y)n?”DijNK(t> €, y)| dy
= /Z |, = yu|*™ (0 + 1) 77" | Dy Nic (t, 2, )| dy
n=0

< Z(n + 1)—5773taﬁ3/2—1

< et
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using Proposition 7.9. Since

(@) 5 (@) = (@) (y)] < camin((1 4+ §) 77, dap(2, y)),
then
(@) (@) = (@)5 )] < ea(l i+ ) 7B dg g2, y)™

Consequently

5 1G5 = @) 1D Vi) dy (10.5)

i,j=0
< ¢; Z (14 + 5)70=m) Sup/daﬁ(m/, y)?|D;j Nk (t, z,y)| dy
ij= J
< c5t§773(/)2_1.
Combining with (10.4) gives (10.3), as required. O

Before proving Theorem 2.3, we need the following lemma. Recall that
e, = V2cosnmz forn > 1 and ey = 1.

Lemma 10.2 Suppose f € C per
depending only on ( such that

and || fllcc < 1. There ezists a constant ¢y

C1

(fren)] < T

foralln € Z,.

Proof. Let T be the circle of circumference 2 obtained by identifying +1 in
[—1,1]. Since we can extend the domain of f to T so that f is C¢ on T and
cosy = 2(e" + e %), it suffices to show that the Fourier coefficients of a C
functlon on T decay at the rate |n|=¢. If ( =k +d for k € Z, and 6 € [0, 1),
[19, 11.2.5] says that the n'" Fourier coefficients of f*) is cy|n|* times the n"
Fourier coefficient of f. Writing g for the Fourier coefficients of g, we then
have | f(n)| < cs|n|7*|f®)(n)|. By [19, 11.4.1],

[FB )] < caln|~.

Combining proves the lemma. a
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We now prove Theorem 2.3.

Proof of Theorem 2.3. Our first job will be to use the given A : C|[0, 1] —
C[0,1] to build a corresponding mapping a : £2 — L, (£?,(?), where L ({2, (?)
is the space of self-adjoint bounded positive definite mappings on ¢2, so that
a satisfies the hypotheses of Theorem 10.1.

We first argue that A has a unique continuous extension to a map A :
L?[0,1] — L?[0,1]. Let S be the space of finite linear combinations of the
{ex}. Tfu =" ae, v=S"N ye €8, then by (2.10) and Holder’s
inequality we have

N
JAG) — AWl < 52 S s — (i + 1)
i=0
N (2—a)/2
< Kllu —v||§ (Z(@ + 1)—26/(2—a)>
i=0

< afju =z,
because 8 > 9 —a > (2 — a)/2. Using (2.9), we have
[A(u) = A@)][2 < erfu = ol3 (10.6)

for u,v € C|0,1]. Therefore A, whose domain is C|0, 1], is a bounded operator
with respect to the L? norm. Thus there is a unique extension of A to all of
L?. By continuity, it is clear that the extension satisfies (2.10), (2.11) (for
almost every x with respect to Lebesgue measure), and (2.12).

If v = {a;} € 2, let u(z) = 32 zje; € L? and define a symmetric
operator on 2 by

asu(x) = / A(ul2))(1)%e; (w)ex(y) dy.

If z € (2, then

1

S sagla)s =3 [ ) Aw) WPz (0) dy

ij ij 70

= [(Zzei) A ay
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using the lower bound in (2.11) and the fact that the e; are an orthonormal
basis. The upper bound is done in the very same fashion, and thus (2.3)
holds.

Using the identity
cos Acos B = 1[cos(A — B) + cos(A + B)],

we see that if 7,5 > 1,

1

cmwzwawﬁx>@@:g/Aw@ﬂmwwmww@

/ A(u)(y)? cos((i — §)my) dy +/ A(u)(y) cos((i + j)my) dy

<>+a><>

If i or j is 0, there is a trivial adjustment of a multiplicative constant. Note
both aM and a® are symmetric because cosine is an even function, and that
a®) is of Toeplitz form. Also (2.12) now shows that a(!) satisfies (2.4) and
a® satisfies (10.1).

Finally we check (2.5). We have

jall (x + her) — al}) ()2 < [(A(u + hey,)? — A(w)?, ;)]
< [JA(u + hey)? — A(u)?|3
< 4k Au + hey) — A(u)|3
< 4m§2m%|h|2°‘(/€ + 1)*25

by (2.11) and (2.10). This establishes (2.5) for a(!) and virtually the same
argument gives it for a®. Hence a satisfies the hypotheses of Theorem 10.1.

Turning next to uniqueness in law, let u satisfy (2.7) with uy € C[0, 1]
and define X,,(t) = (u(+,t), e,). The continuity of ¢ — u(¢,-) in C[0, 1] shows
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that t — X; = {X,(t)} is a continuous ¢*-valued process. Applying (2.8)
with ¢ = e, we see that

t ]{?277'2
0
where M (t) is a martingale such that
t t
(M, My), = / (Alus)e;, Alug)er) ds = / (X (s)ds.  (10.7)
0 0

Thus we see that {X}} satisfies (2.6) with \; = i*7%/2.

Since u; is the L? limit of the sums >, Xy (¢)ex(z) and u, is continuous
in z, then wu, is easily seen to be a Borel measurable function of X (¢). Thus
to prove uniqueness in law of w, it suffices to prove uniqueness in law of X. It
is routine to show the equivalence of uniqueness in law of (2.6) to uniqueness
of the martingale problem for £. Since the a;; satisfy the hypotheses of
Theorem 10.1, we have uniqueness of the martingale problem for L.

Finally, the proof of Theorem 2.3 will be complete once we establish the
existence of solutions to (2.7). We sketch a proof, which follows along stan-
dard lines. Let X' = (ut, e,). By Theorem 10.1 there is a unique continuous
(*-~valued solution X to (2.6) with A\, = n?r?/2, where a is constructed from
A as above. If

u(s,z) =Y X"(s)en(x), (10.8)
n=0
then the continuity of X (¢) in ¢? shows that the above series converges in

L?[0,1] for all s > 0 a.s. and s — u(s, -) is a continuous L*-valued stochastic
process. It follows from (2.6) that

X"™(t) = (uo, ) + My(t) — Ay /Ot X"(s)ds, (10.9)

where each M, is a continuous square integrable martingale such that
t t 1
(M, M,), = / (X ) ds = / / A(us)(y)em(y)en(y) dy ds.  (10.10)
0 0o Jo

We next verify that u satisfies (2.8). Let ¢ € C?[0,1] satisfy ¢'(0) =
¢'(1) = 0. Note that
N
u (s, x) = ZX”(s)en(a:) — u(s,z) in L*[0,1] (10.11)

n=0
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as N — oo for all s > 0 a.s. By (10.9) we have

N N ¢ N
() = 3 0) 0 0) + 32 061 ) — / > M) e ) s
(10.12)
= I (¢) + M (¢) + Vi (9).
Parseval’s equality shows that
Tim 1(6) = (uo. ). (10.13)

Integrating by parts twice in (¢, e,,), and using the boundary conditions of
¢, we find that

VN (g) = / (w¥, ¢ /2) ds.

Now sup,; [lug [|2 < sup,<; |lus|]|2 < oo for all £ > 0 and so by dominated
convergence we see from the above and (10.11) that

¢
lim VN (¢) = / (us, ¢"/2) ds forallt >0 a.s. (10.14)
0

N—oo

If Ny > Ny, then by (10.10) and (2.11) we have

N2

=2y = [ [ 4@ ( Y fensient) dyds
<t [ (2 enirentv) avas

n=N1+1

N>
= Kyt Z (en, 9)? — 0 as Nj, Ny — o0.
n=N1+1

It follows that there is a continuous L? martingale M;(¢) such that for any
T >0,
sup [ M (6) — My(6)| — 0 in L2,

t<T
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and

(M(¢)): = L' — lim (M"Y(¢)),

N—oo

L= i / / (us)( <en,¢>en<y))2dyds

/ / (us)(y)*o(y)? dy ds.

Since A is bounded, M is an orthogonal martingale measure in the sense of
Chapter 2 of [16] and so is a continuous orthogonal martingale measure in the
sense of Chapter 2 of [16]. This (see especially Theorem 2.5 and Proposition
2.10 of [16]) and the fact that A is bounded below means one can define a
white noise 1 on [0, 1] x [0, c0) on the same probability space in the obvious
manner, so that

/ / (us)(y)p(y) dWs,, forallt >0 a.s. forall ¢ € L?0,1].

Therefore we may take limits in (10.12) and use the above, together with
(10.13) and (10.14), to conclude that u satisfies (2.8).

It remains to show that there is a jointly continuous version of u(t,x).
Note first that

t
X"(t) = e ug, e,) +/ e M=) N, (s), (10.15)
0
and so
N
= Ze_)‘"t Ug, En)en(T) + Z/ M=) dM, (s) en(x)  (10.16)
n=0
=a"(t,z) +a (t,2).
Let p(t,z,y) denote the fundamental solution of % = %aa—;p(t,x,y) with

Neumann boundary conditions, and let P, be the corresponding semigroup.
By Mercer’s theorem,

p(t, z, y) - Z 6_>\nt¢n(x)¢n(y)a
n=0
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where the series converges uniformly on t > ¢, x,y € [0, 1] for every ¢ > 0.
It follows that

a (z,y) — Paug(x) for all t >0, x € [0,1].

An easy L*(P) convergence argument using square functions shows there
is a jointly measurable random field {a(t,z) : ¢ > 0,2 € [0,1]} so that
w(0,-) =0 and

@™ (t,x) — a(t,z) in L*(P) uniformly in (¢, ),
and so for some subsequence
@™k (t, x) — (t,x) a.s. for each (t, ).
So let N = N — oo in (10.16) to conclude

lilgn uMe(t, ) = Poug(z) + a(t,z) a.s. forallt >0, z€[0,1].

It now follows easily from (10.11) that
u(t, z) = Pug(x) + a(t, x) a.a. r, P—a.s. forall t >0, (10.17)

where the equality holds trivially for all z if ¢ = 0.

Clearly Pyug(z) is jointly continuous by the continuity of ug, and so we
next show there is a continuous version of @(t,x). This is done in a stan-
dard way using Burkholder’s inequality to obtain an appropriate bound on
E (|a™ (t, z) — ™ (s,y)[P), uniformly in N, and then using Fatou’s lemma to
get a corresponding bound for 4 and Kolmogorov’s lemma to obtain a con-
tinuous version of @ satisfying @(0,-) = 0. After a few initial calculations
using the definition of A, the details become similar to the proof of Corollary
3.4 in [16]. Alternatively, one can derive the mild form of (2.7) from our
L?-valued solution u and compare to (10.17), to conclude that

t 1
u(t, x) :/0 /0 p(t —s,2,9)A(us)(y)dWs, a.s. for all (t,z),

and then the argument becomes virtually the same as in Corollary 3.4 of [16].

We have shown that there is a jointly continuous process v(t, ) such that

u(t,x) =v(t,z) a.a. x for all t > 0, and v(0,-) = ue(:), P — a.s.

70



Here the continuity in ¢ in L? of both sides allows us to combine the temporal
null sets. As A has been continuously extended to a map from L? to L?, we
have A(u,) = A(v,) in L2[0, 1] for all s > 0 a.s. and so the white noise integral
in (2.8) remains unchanged if u is replaced by v. It now follows easily that
(2.8) remains valid with v in place of u. Therefore v is the required continuous
C'[0, 1}-valued solution of (2.7). 0

Proposition 10.3 Let o, 3,7 > 0.

(a) If
A:C[0,1] = C),,. and sup |A(u)|cr < ks, (10.18)

per
ueC0,1]

then (2.12) holds for some k3 depending on % and 7.
(b) If
[A(u) = A(v) ]2 < K sup [(u—v, )| (10.19)

weCflﬁlelcﬁ/aél

for all u,v continuous on [0, 1], then (2.9) holds and (2.10) holds for some
K1, depending on K, o and 3.

Proof. (a) It follows easily from Leibniz’s formula that
1A% (W) ler < e llAM) 12

It is also clear that A(u) € C7,, implies that the same is true of A(u)?. The

per
result now follows from Lemma 10.2.

(b) Cauchy-Schwarz shows the left-hand side of (10.19) is bounded above by
ki |lu — v]|$ and so (2.9) follows. By (10.19) and Lemma 10.2 we have

[A(u + her) — A(u)l2 < sup |2 (ex, ©)|*

@6056/7‘()(7”90“05/0 <1

<l (25050

1 4 kbl
< myea(a, B)AI (1 + k)77
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Proof of Theorem 2.4. This is an immediate consequence of Theorem 2.3
and Proposition 10.3. |

Proof of Corollary 2.6. By our assumptions on f, A(u)(z) is bounded

above and below by positive constants, is in C},,, and is bounded in C”

norm uniformly in u. By our assumptions on f,

[A(u)(z) - )| < Clz\ —0,95)]

<c o osup [(u—w,9)["
pE€Cerllell 51

Squaring and integrating over [0, 1] shows that A satisfies (2.13) and we can
then apply Theorem 2.4. ]

Proof of Corollary 2.7. We verify the hypotheses of Theorem 2.3. Use
(2.17) to define A(u)(z) for all = in the line, not just [0, 1]. It is clear that
for any u € C[0, 1], A(u) is then an even C'* function on R with period two,
and so in particular

A:C[0,1] — C= =N, Ck

per per:*

Moreover the kth derivative of A(u)(x) is bounded uniformly in z and w. If
we choose v and [ large enough so that the conditions of Theorem 2.3 are
satisfied, we see from the above and Proposition 10.3(a) that (2.12) holds.

Turning to the boundedness condition (2.11), we have

A(u)(z) > a/@b(m —y)dy = a||y||; >0,

and the corresponding upper bound is similar.
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For (2.10), note that by the Holder continuity of f,
sup |A(u + heg)(x) — A(u)(x)|

z€[0,1]

< sup ‘/wx— f(p1 % (u+ hex)(y), ..., dn * (u+ he)(y))

z€[0,1]
— f(r*0(y), ..., on xu(y))] dy
< |[llicy sup [h|*¢; * er(y)|*. (10.20)

yeR,j<n

In the last inequality we use the linearity of u — u and €, = e;. Since ¢, is
smooth with compact support, its Fourier transform decays faster than any
power, and so

‘/qﬁj(w)emm dw’ < ¢gJa;(1+ |27TCL’|)7’6/0‘ for all z. (10.21)
Now for k > 0,
|9, * en(y)| < V2 /@-(y — z)cos(2mkz) dz
<v2| [ 60y - ) s
2| [ 6w duwe

< V2¢4/0,;(1+ k)P,

by (10.21). Use this in (10.20) to obtain (2.10). Finally, the proof of (2.9)
is easy and should be clear from (10.20). The result now follows from Theo-
rem 2.3. O
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