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ON THE BOUNDARY OF THE SUPPORT OF
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University of RochesterS and The TechnionY and University of British
Columbidl
We study the density X (¢, ) of one-dimensional super-Brownian
motion and find the asymptotic behaviour of P(0 < X (t,z) < a)
as a | 0 as well as the Hausdorff dimension of the boundary of the
support of X (¢, ). The answers are in terms of the leading eigenvalue
of the Ornstein-Uhlenbeck generator with a particular killing term.

This work is motivated in part by questions of pathwise uniqueness
for associated stochastic partial differential equations.

1. Introduction. We consider the jointly continuous density X(t,x)
(t > 0,z € R) of one-dimensional super-Brownian motion given by the
unique in law solution of

OX(t 192X (t .
(1.1) (o) 1 ) +VX(to)W(t,z), X >0.
ot 2 Ox?

Here W is a space-time white noise, Xq is in the space Mp(R) of finite
measures on the line, and (X, t > 0) is a continuous process taking values in
the space C'k (R) of continuous functions with compact support in R (see, for
example, Section I11.4 of Perkins (2002) for these results and the meaning of
(1.1)). We abuse notation slightly and also let X;(A) = [, X (¢, x)dz denote
the continuous Mp(R)-valued process with density X (¢,-) for t > 0, i.e., the
associated super-Brownian motion.

Our goal is to study the boundary of the zero set of X;, or equivalently
the boundary of the support of X;, given by
(1.2)
BZy =0{z: X(t,x) =0}) ={z: X(t,x) =0,V > 0 Xy((x—0,z+7)) > 0}.
The two related questions we consider are:

1. How large is BZ;? For example, what is its Hausdorff dimension?
2. What is the asymptotic behaviour of P(0 < X (t,z) < a) as a | 07
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2 MUELLER, MYTNIK, AND PERKINS

As super-Brownian motion models a population undergoing random mo-
tion and critical reproduction, a detailed understanding of the interface be-
tween the population and empty space gives a snapshot of how the pop-
ulation ebbs and flows. Moreover the answers we found are not what was
originally expected. Standard estimates show that X (t,-) is locally Holder
continuous of index 1/2 — ¢ for any € > 0 (see Proposition 5.6 below). But
near the zero set of X(t,-), one can expect more regular behavior as the
noise in (1.1) is mollified. In fact Mytnik, Perkins and Sturm (2006) essen-
tially showed that near the zero set of X (t,-) the density is locally Holder
continuous of any index less than one (see Proposition 5.7 below for a precise
statement). The increased regularity led to independent conjectures 14 years
ago (one by Carl Mueller and Roger Tribe and the other by Ed Perkins and
Yongjin Wang) of the following:

Conjecture A. The Hausdorff dimension of BZ; is zero a.s.

This also was spurred on by wishful thinking as such a result would help
prove pathwise uniqueness in equations such as (1.1), as we explain next.

The connection with pathwise uniqueness in stochastic pde’s with non-
Lipschitz coefficients is one reason for our interest in these questions. Mass
moves with a uniform modulus of continuity in equations such as (1.1) and
more generally in

0X(t,x) EGQX(t,a:)
ot 2 0x2

for 0 < v < 1 (see Theorem 3.5 of Mueller and Perkins (1992)). This means
one can localize the evolution of solutions to (1.3) in space and so if pathwise
uniqueness fails then one expects that the solutions X,Y which separate at
time T say, will initially separate at points in BZp(X) N BZp(Y), where
we have introduced dependence on the particular process. This is because
in the interior of the support, say where X7 > n > 0, we have Lipschitz
continuous coefficients and so solutions should coincide for a positive time
due to the uniform modulus of continuity, and in the interior of the zero set
solutions will remain at zero for some positive length of time thanks to the
same reasoning (and lack of any immigration terms). As a result one expects
that the larger BZ; is, the easier it is for solutions to separate, and so the
less likely pathwise uniqueness is. This reasoning is of course heuristic but
here are some precise illustrations of the principle.

(1.3) + X(t,2)W(t,z), X >0,
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BOUNDARY OF THE SUPPORT OF SBM 3

THEOREM 1.1.  (Chen (2015)) Letb : R — R be a smooth function with
support [0,1]. Then pathwise uniqueness fails in

X 2 xX .
(1.4) 8Xgi’ ) _ %a )8(5“; ) ¢ X DW () + bla).

One step in the proof is to show that BZ; N [0, 1] has positive Lebesgue
measure with positive probability. This proceeds by first fixing = € (0,1) and
using a Poisson point process calculation to show that P(X(¢,z) = 0) > 0.
It is then easy to see that the b-immigration forces X;((z —d,z+9)) > 0 a.s.
for each & > 0. The proof of the theorem then goes on to show that solutions
X, Y can separate in Uyeg,11BZ:(X) N BZ(Y). In short the presence of the
immigration b changes the nature of the boundary of the support and makes
it possible to establish pathwise non-uniqueness.

On the uniqueness side of things, two of us conjectured that the methods
of Mytnik and Perkins (2011) would allow one to establish

If for some € > 0, P(0 < X(t,2) < a) < Ca'™™,
(1.5) then pathwise uniqueness would hold in (1.1).

We never tried to write out a careful proof of the implication in part because
we believed the correct answer to Question 2 above was

Conjecture B. P(0 < X(t,z) < a) = O(a) (which is consistent with
Conjecture A above).

Nonetheless, this would be a rather nice state of affairs as it would suggest
that the v = 1/2 case of (1.3) is critical and one could expect pathwise
uniqueness to hold for v > 1/2. It is natural to expect that the v = 1/2 case
would then require additional work just as in the classical SDE counterpart
resolved by Yamada and Watanabe 45 years ago (and unlike the signed case
for general SPDE’s where 3/4-Holder continuity in the solution variable is
critical by Mytnik and Perkins (2011) and Mueller, Mytnik and Perkins
(2014)).

Our main results on Questions 1 and 2 will show both Conjectures A and
B are in fact false. To describe them, for A > 0, let V (¢, z) = VA(t,z) be the
unique solution of

2

(1.6) 2OV IV V(0.0) = Mn(a),
where V is C12 on [0,00) x R\ {(0,0)}. (See Brezis, Peletier and Terman
(1986), Mytnik and Perkins (2003) and the references therein.) A simple
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4 MUELLER, MYTNIK, AND PERKINS
scaling argument shows that
(1.7) VA (s,z) = N2V (N%s,Ax) Vr,\, s >0,z €R.

If E, denotes expectation for X starting at Xo = p, then we have (see,
for example, Theorem 1.1 in Mytnik and Perkins (2003) and the references
there)

0(€—>\X(t,x)) _ E(Sm (e—)\X(t,O)) _ e_V/\(t,ac)’

(1.8) Es

and by the multiplicative property,

(1.9) Ex, (e X(t0) = exp(— / VA, y) dXo(y)).

So from the above we see that VA(t,x) 1 V°(t,z) as A 1 co, where

(1.10) P50 (X(t,x) = 0) = Péz (X(uo) _ 0) _ e—VOO(t,z)
and so
(1.11) Ve(t,z) <2/t < 00

because Ps,(X; = 0) = exp(—2/t) (see, e.g., (11.5.12) in Perkins (2002)). If
r — oo in (1.7) with A2 = s~ !, we get

(1.12) V(s x) = s Fas'/?),

where F(z) = V°°(1,z). The function F has been studied in the pde liter-
ature and can be intrinsically characterized as the solution of an ode. This,
and other properties of F, are recalled in Section 3. For now we only need
to know that it is a symmetric C? function on the line which vanishes at in-
finity. Let Lh(z) = %” — &h/(x) be the generator of the Ornstein-Uhlenbeck
process, let m be the standard normal distribution on the line, and set
L¥(h) = Lh — Fh. By standard Sturm-Liouville theory (see Theorem 2.3)
there is a complete orthonormal system for L?(m) consisting of C? eigen-
functions for LY, {4, : n € Z,}, with corresponding negative eigenvalues
{=\.} where {\,} is nondecreasing. The largest eigenvalue )\ is simple and
satisfies 1/2 < Ag < 1. The latter and a bit more is proved in Proposition 3.4.

Here are our answers to the above questions. dim(A) denotes the Haus-
dorff dimension of a set A C R. In the next two results X (¢, z) is the density
of super-Brownian motion satisfying (1.1) starting with finite initial measure
Xo and BZ; is defined as in (1.2).

imsart-aop ver. 2013/03/06 file: augl7-16revision.tex date: August 17, 2016



BOUNDARY OF THE SUPPORT OF SBM 5

THEOREM 1.2. (a) For some C42, for all a,t >0, and x € R,
Px,(0 < X(t,z) <a) < ChoXo(R)t (/2202001

(b) For all K € N there is a C(K) > 0 so that if Xo(R) < K, Xo([-K, K]) >
K1, t> K and |z| < K, then

Px,(0 < X(t,z) < a) > C(K)t= (/2 20g2%0=1 - for 41 0 < a < V1.
THEOREM 1.3. For all Xg # 0 and t > 0,

(a) d@m(BZt) S 2 — 2)\0 PXO—G.S.
(b) dim(BZ;) = 2 — 2o with positive Px,-probability.

In the above results both 2A\g — 1 and 2 — 2\ are in (0,1) and so these
results do disprove Conjectures A and B. In Theorem 1.3(b) one expects
that dim(BZ;) = 2 — 2\ a.s. on {X; # 0} but the proof does not show this.

REMARK 1.4. Both the above results extend immediately to solutions of

2
(1.13) W:‘ga ) X ).

where the constants in Theorem 1.2 now may depend on v,0? > 0. This is
clear since a simple scaling result shows that if X is the solution of (1.1),
then yo =2 X (0%t, x) has the unique law of any solution of (1.13).

Theorem 1.2 is contained in Theorem 4.8 below. A Tauberian theorem
will show that Pj,(0 < X (t,x) < a) ~a® as a ] 0 if and only if

Es, (e*’\X(t’x)l(X(t, x) > 0)> ~ A %as AT oo.

Here ~ means bounded above and below by positive constants and a =
2Xo0 — 1. If we use (1.9) and (1.10), this becomes

eVt _ omVE ) | yma g9 1 oo,
and using (1.11) this reduces to
(1.14) VO(t,z) — VAt z) ~ A7 as A1 oo.

We have not been careful with dependence on ¢ or « but by Dini’s theorem
we know that limy_,o VA (¢,2) = V°(t,x) uniformly for (¢,z) in compact
subsets of [0,00) x R\ {(0,0)}-this is Theorem 1 of Kamin and Peletier
(1985). Evidently to prove Theorem 1.2 we need a rate of convergence in
the Kamin and Peletier result, and Proposition 4.6 will give the following
which may be of interest to pde specialists and will be used to complete the
proof of Theorem 1.2.
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6 MUELLER, MYTNIK, AND PERKINS

THEOREM 1.5. There are positive constants C and for each K > 1,
C(K), such that for all t > 0,

(1.15) sup Vo(t, ) — VA(t,z) < Gz o\~ (201 yy > 0,

and

(1.16) C(K)t~2 A" 01 < inf Vo(t z) — VA(t,2) YA > ¢t71/2.
el <KV

The lower bound in Theorem 1.3(b) is established in Section 5.1 (see
Theorem 5.5) by first establishing a capacity condition for a set to be non-
polar for BZ; (Corollary 5.3) through a Frostman-type argument, and then
taking the above set to be the range of an appropriate subordinator and using
the potential theory for the subordinator (a well-known trick). The key to
the above capacity condition is a second moment bound (Proposition 5.1)
which is established in Section 6. The corresponding upper bound is proved
in Theorem 5.9 in Section 5.2 by first modifying the proof of Theorem 1.2 to
get a bound on Px, (0 < X([z,z+¢]) < e2M) (Theorem 5.8 which is proved
in Section 7). One then uses this and the improved modulus of continuity
for X near its zero set (Proposition 5.7) to carry out a standard covering
argument which in fact bounds the box dimension.

Although the failure of Conjectures A and B indicate that our approach
may not shed light on the pathwise of uniqueness of solutions to (1.1) we
remain optimistic that progress can be made on (1.3) for some values of
in (1/2,3/4]. In fact (1.5) was a special case of the conjecture

if for some a > 3 — 4v, P(0 < X(t,x) < a) < Ca®,
(1.17) then pathwise uniqueness would hold in (1.3).

Note for v > 3/4 one can take o = 0 but in this case pathwise uniqueness is
a special case of the main result in Mytnik and Perkins (2011) whose ideas
underly our heuristic proof of (1.17). There is also an exponential dual to
solutions of (1.3) for v € [1/2,1) (see Mytnik (1998)) and we believe the
methods of this paper can be used to resolve the lefthand tail asymptotics
for solutions of (1.3) as well. We expect power tail behaviour for all v, and
so by (1.17), for v < 3/4 but close to 3/4, we conjecture that pathwise
uniqueness will hold in (1.3). Hence, although the 3/4-Hélder condition in
Mytnik and Perkins (2011) is sharp for pathwise uniqueness in general (by
Mueller, Mytnik and Perkins (2014)), it would not be sharp for the family
of non-negative solutions to (1.3).
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BOUNDARY OF THE SUPPORT OF SBM 7

Convention. We will use EZ to denote expectation for the Markov process
Z starting at a point a and (abusing the notation slightly) use Ef to denote
the corresponding expectation where Zy now has law py—sometimes p will be
only a finite measure.

We close this section with a heuristic explanation for the connection
between our problem and the largest eigenvalue of LY. Let UMt,z) =
%VA(t, x). Then (1.14) with @ = 29 — 1 (as is required) would clearly
follow from

(1.18) UANt,z) ~ A2 as X 1 oco.

A formal differentiation of (1.6) shows that U = U> satisfies
ou 1
P U VU, Up=4
ot 2 ) 0 0,

which has Feynmann-Kac representation
t
UMt,z) = Ef(&o(Bt)exp{—/ V’\(t—s,Bs)ds}>
0
(2t ) At
(1.19) = Ey " (exp{—/ Vl(s,Bs)ds})pt(aJ).
0

The last line follows by time reversal and the scaling relation (1.7). Here B

2
under E((])‘ £2%) s a Brownian motion starting at 0 conditioned to equal \x
at time A\?t. A further use of (1.7) shows that

(1.20) H(u,z) = uV(u, Vuz) = VV¥(1,2) t F(x) as u 1 co.

If Y(u) = B(e* — 1)e=%/2, u > 0, then Y is an Ornstein-Uhlenbeck process
with Yy = By. If we ignore the conditioning in (1.19), and use the Markov
property for B at ¢t = 1, we obtain as A — oo (ignoring dependence on (t, z))

UMNt,z) ~ ( Xp V1 (s,B )ds})

-/
{

= EY (exp /log o e, Yy,) du}) (s =€ —1)

log(\?t)
~ B, (exp{—/ F(Y,) du}) (by (1.20) and a bit of work)
0

~ Cexp{—Xolog(\*t)}
~ CXTP,
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8 MUELLER, MYTNIK, AND PERKINS

giving us the required (1.18). The next to last line follows by a standard
eigenfunction expansion recalled in Section 2. There are of course a number
of non-rigorous steps in the above. Some of them (like the use of (1.20)) will
be verified in this work, but our basic approach will not follow this plan but
rather depend on a Campbell measure formula (see the proof of Lemma 4.1
in Section 4).

2. Eigenfunction Expansions. Let Y; denote the Ornstein-Uhlenbeck
process associated with the infinitesimal generator L. In this section we usu-
ally will drop the Y in the notation EY. Its semigroup is denoted by P
and its resolvent by Ry. If ¢ € C[—o0, 0] (the space of continuous func-
tions with finite limits at +o0) with ¢ > 0, we let L?h = Lh — ¢h, the
generator associated with the diffusion, Y'?, obtained by killing Y at time
pe = inf{t : fot ¢(Ys)ds > e}, where e is an independent exponential vari-
able. We denote its semigroup and resolvent by Pf and Rf (A > 0), respec-
tively. The above semigroups are strongly continuous contraction semigroups
on L?(m). The contraction part is elementary as m is stationary for Y. For
the strong continuity see Lemma 2.1 below for P, and it is easy to check
that limy_ ||Prf — Pf’ fll2 = 0 for all f € L?(m). For now we will consider
L and L? defined on D = {h € C?> N L?(m) : Lh € L*(m)}.

LEMMA 2.1.  For all f € L?(m), limg o Em ((f(Y2) — f(¥p))?) = 0.

PROOF. As Y; is stationary under P,,, a standard approximation argu-
ment allows us to assume f is continuous with compact support. The result
now follows by Dominated Convergence. |

We let Lg and Lg denote the infinitesimal generators of the L?(m) = L*-

semigroups be and P;, respectively, on their domains D(Lg) and D(Ly),
respectively. So, for example

D(Lo) = {f € L* : 3Lof € L? such that 13%1 |(P:f — f)/t — Lof||l2 = 0}.

The subscript 0 is a temporary measure to avoid confusion which we address
now.

LEMMA 2.2, (a) D(LY) = D(Lg) and LEf = Lof—¢f for all f € D(Ly).
(b) Lg)z's an extension of the differential operator L?, the latter on D.

PROOF. (a) This is a routine calculation. The fact that ¢ € C[—o0, 0]
helps here.
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BOUNDARY OF THE SUPPORT OF SBM 9

(b) By the above we may assume ¢ = 0. If f € D, then M(t) = f(Y;) —
‘L ) ds is a square integrable martingale under P,,. Therefore
0

= nje=tal = [ (B[ L500)d5) e - 15@) amiz)
[ Bt~ v as .

The last expression approaches 0 as ¢ — 0+ by the previous Lemma, and
the result follows. |

IN

Henceforth we will drop the subscript 0’s on Lg) (in view of the above
result this should cause no confusion).

Here is the result we will need to describe our main results. In (e),
C([0,00),R) is the usual space of continuous paths with the topology of
uniform convergence on bounded time sets.

THEOREM 2.3.  (a) There is a complete orthonormal system (cons), {1 :
n € Zy}, of C? eigenfunctions in L?(m) for L® satisfying LOYn = —Aptn,
where {\,} is a nondecreasing non-negative sequence diverging to 0o, —\g
s a simple eigenvalue and 1y > 0.
(b) Rf is a symmetric Hilbert-Schmidt integral operator on L?(m). There is

a jointly continuous symmetric kernel G¢ :R? — [0,00) such that
R¢h /G¢ x,y)h(y)dm(y),
and

G¢xy Z)\_'_/\ wn()

where the series converges in L?>(m x m) and uniformly absolutely on com-
pacts.

(c) The killed diffusion Y has a jointly (in (t,x,y)) continuous transition
density, q®(t,z,y) = q(t,z,y), for t >0, given by

alt,2,y) = Ze Ml (2 (y),

where the convergence s in L2(m><m) and uniformly absolutely for (t,x,y) €
[e,00) x [g,e71)2 for any ¢ > 0. Moreover, if 0 < § < 1/4, and s* = s*(5) > 0
satisfies

e—s*/2 — e

2.1 20 =
(2.1) g 1—e 5"

imsart-aop ver. 2013/03/06 file: augl7-16revision.tex date: August 17, 2016



10 MUELLER, MYTNIK, AND PERKINS
(s* will increase to 0o as § | 0), then there is a ¢(d) such that
(2.2) q(t,z,y) < c(0)e M exp(8(x® + y?)) for all t > s*(9).

(d) If 0 = [odm, then for any 6 > 0 there is a c¢s > 0 such that for all
t>0andz € R,

(2.3) Py (pg > t) = Oibo(x) + r(t, ),
where

(2.4) Ir(t,x)| < cse?’em (o)t
(2.5) Yo(z) < 5™,

and for t > s*(6),
(26)  Ir(t,@)l < 3 e () / pnldm < cge®e=i=Xolt.
1

(e) As T — oo, Pp(Y € -|py > T) — Pg° weakly on C([0,00),R) where
P2° is the law of the diffusion with transition density (with respect to m),

Yo(y) ot
Yo(z)

PROOF. Parts (a), (b) and the first equation in (c) follow from standard
Sturm-Liouville theory. Here note that multiplication by the square root of
the normal density converts L? into the operator

(2.7) qt,z,y) = q(t,z,y)

Alg=g"/2— (2?8 —1/4+ ¢)g,

now acting on L?(dz), and so one can proceed as in Example 2 in Section
9.5 of Coddington and Levinson (1955). One applies a minor variant of
Mercer’s Theorem on p. 245 of Riesz and Sz.-Nagy (1955) for the uniform
convergence; only the continuity of Gf takes a bit of work. The bound (2.2)
and part (d) can be proved through minor modifications of the arguments
in the proof of Theorem 1.1 of Uchiyama (1980). Details of these arguments
may be found in the Appendix of Mueller, Mytnik and Perkins (2015).
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BOUNDARY OF THE SUPPORT OF SBM 11

(e) Fix x € R.If 0 < t1 < to < T and ¢; are bounded measurable
functions, then

2
Ey (H ¢i(Yy;)1(py > T)) /Pu(pg >T)
=1

2
- F, (H 6i(Ye)1(ps > t2)Pryy (pp > T - m) /Pu(ps > T)
=1

2 0 Y; —)\o(T—tQ)
_[E. (H 8.1y > 1) )
=1

2 e~ 2o(T—=t2) (T — f
(2.8) +E, (H ¢i(Yy,)1(pg > t2) o tQ?YQ)))]

Pl Orpo(x)e—roT
" ng(:v)e*/\oT
Orpo(z)e=2T + (T, x)e—roT
= [Tl -+ TQ] X Tg,

where (2.3) is used in the second equality. By using (2.4) with § = 1/4 we
have

[1llsollP2lloc xots SY2\ (A=) (T—t2)
12 Hooll2lloo E(cse’tt2)e~(A1=20 2
D0 (z) (coe”"t2)

< c(:v)e’\ot?e_(Al_AO)(T_t?) —0asT — oo.

T3]

IA

By (2.4) we also have

Ty —1] < r(T, z)|e" T
3 = Oo(x)e2T — |1 (T, z)|e—roT
0566332 e—()\l —Xo0)T
<
T Oo(z) — csedr?e=(Mm2o)

Use these last results in (2.8) to conclude that

T—>OasT—>oo.

2
Jim E, (H1 ¢i(Ye)lpo > T)
2
= B ([T 0:5)1 (05 > t2)o (Vi)' o ()
=1

2
B - PR (o Yo(z2)
—//Q(tlﬂ ) 1)Q(t2 l1, 21, Q)H(bz( Z) ?,Z)o(-T)

% e)\0t1 €)\0 (t2—t1) dm(_ﬁnl)dm(xQ)
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12 MUELLER, MYTNIK, AND PERKINS

which by definition equals

2
//(j(tl,x,.%'l)d(tz —tl,xl,xg)H(bi(xi)dm(ml)dm(xg).

Similar reasoning gives the convergence of the k-dimensional distributions
for all k.

It remains to establish tightness. If 0 < s <t <tg < T witht —s < 1,
then

(2.9) Eo((Yi— Yo'l > T) < (Y — Ya)* Prilpg > T — £))/Palpy > T).

It is now easy to use (2.3), (2.4) and (2.5), together with Cauchy-Schwarz
to bound the right-hand side of (2.9) by ¢/(z,t)(t — s)? at least for T >

To(z,to). This gives the required tightness and the proof of (e) is complete.
|

3. A Nonlinear Differential Equation and Some Associated Eigen-
values. Recall that F(z) = V°°(1,z). We start by recording the conver-
gence results from Theorems 1 and 2 of Kamin and Peletier (1985) which
were discussed in Section 1. Part (b) in fact is immediate from (a) and (1.7).

PROPOSITION 3.1. (a) limy_,o VA (t,2) = V(t,z), where the conver-
gence is uniform on compact subsets of S.
(b) For any A >0 and a > 0,

lim sup [tVA(t, zt'/?) — F(z)| = 0.

t—o00 IJ?‘S(I

In the pde literature F' : R — [0, 00) is characterized as the unique solution
of the following differential equation:

F(y)
2
(3.1) (ii) F >0,Fis C? on R,

(iii) F'(0) =0, F(y) ~ coye V1% as y — oco.

2
+%F'(y)+F(y) — F2(y> =0,

Here ~ means the ratio goes to one as y — oo and ¢y > 0. This result
follows from Brezis, Peletier and Terman (1986), with f : [0,00) — [0, 00)
satisfying equations (1.7)-(1.9) of that reference (with N =1 and p = 2
in our setting), where F(y) = 2f(v/2y) for y > 0 and we extend F to
the line by symmetry. The above ode is then immediate from the Theorem
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BOUNDARY OF THE SUPPORT OF SBM 13

following (1.9) in Brezis, Peletier and Terman (1986) and the trivial fact
that the condition F’(0) = 0 and fact that F is C? on the positive half-
line ensures the symmetric extension is C? on the line. In fact (see the
the aforementioned Theorem of Brezis et al) uniqueness holds if the strong
asymptotic in condition (iii) is replaced with

(#3i)  F'(0) =0, lim y*F(y) =0.
Y—00
Here are some additional properties of F'.

LEMMA 3.2. (a) For ally > z¢ > 0,

F'(y) = exp{—y2/2+x%/2}F’(x0)—|—/y exp{—y2/2—|—z2/2}F(z)(F(z)—2) dz.

x0

(b) limy o0 eyZ/Q% = —cg, where ¢y is as in (3.1) (iii).

(c) 1 < F(0) < 2.
(d) F is strictly decreasing on [0, 00).

PrOOF. The differential equation (3.1)(i) may be rewritten as
(e12F(2)) = e /2F(2)(F(z) — 2).

(a) follows easily. To derive (b), take xy large and then use the asymptotics
from (3.1)(iii). For (c), note by (a) with 9 = 0, F is increasing until F' < 2.
So if F'(0) > 2, it can never pass below 2, a contradiction. If F'(0) = 2, then
by uniqueness to the initial value problem, F' = 2, another contradiction.
It now follows from (a) with 2o = 0 that F' < 0 for positive values until
F hits 2 but evidently this can therefore never happen. This proves (d).
It remains to prove F'(0) > 1. A simple calculation using (3.1)(i) gives
(yF + F')’ = F(F —1). Integrating over the line we get [, F?dy = [ F'dy.
If F(0) <1, then by (d), 0 < F <1 on (0,00) which contradicts the above
equality of integrals. (Note that the Remark prior to Lemma 11 in Brezis,
Peletier and Terman (1986) gives F'(0) > 1.) 1

In the pde literature V°(t, z) given by (1.12) is called a very singular
solution of the heat equation with absorption. One can easily check (or see
Section 1 of Brezis, Peletier and Terman (1986)) that V = V> is a C%? (on
S =10,00) x R—{(0,0)}) solution of

oV 18°V e

B2 0 G =22 s
(i) V(0,z) =0 for all x # 0; lim/ V(t,z) dx = oc.
t—0 R
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14 MUELLER, MYTNIK, AND PERKINS

Recall that X(dx) = X (t,x)dz, where X solves (1.1). Translation invari-
ance and (1.9) imply that

(33) B (X0 — exp (= [ VAt = ) dXo(w)

We let N, denote the canonical measure associated with X starting at &, (see
Section I1.7 of Perkins (2002)). It is an easy consequence of Theorem I1.7.2
of the latter reference that

(3.4) exp(— / (1— e_/\X(t’o))de(X)) = e V().

PROPOSITION 3.3. For all z € R, e ¥®) = P5 (X(1,0) = 0) and
F(z) = Ny(X(1,0) > 0).

PROOF. The first equality is immediate from (1.10). Let ¢ = 1 and A 1 o0
in (3.4) to derive the second. |

We recall the general exponential duality which underlies the above (see,
e.g., Theorem I1.5.11 of Perkins (2002)). For ¢ non-negative, bounded and
measurable, let V(t,x2) = V(¢)(t, z) be the unique mild solution of

ov. 10V 1

- = - — - 2 =
(3:5) ot 2 0x? 2V =9

If Xi(¢) = [ pdXy, then,

(3.6) EX, (exp(—X1(9))) = exp(—Xo(Vi(9))).

If ¢ € CZ(R) (functions with continuous bounded partials of order up to 2)
then V (¢, x) has continuous bounded derivatives of order up to 1 in ¢ and 2
in z, and (3.5) holds in the classical (i.e., pointwise) sense.

Now return to the eigenfunction expansions of Section 2 in the case where
¢ = F or F/2. We denote dependence on ¢ by Ay(¢) and wg, and (-,-) is
the inner product in L?(m).

PROPOSITION 3.4.  (a) A\o(F/2) = § and the corresponding eigenfunction

is ¢§/2(az) = cpe” 12F(z), where cp > 0 is a normalizing constant.
(b) 1 < Xo(F) < 1. More precisely,

1 1

5+5 / F(x)(4)?(x)dm(z) < Xo(F) <1 % / (cre™ 2F()) (x)? dm().
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BOUNDARY OF THE SUPPORT OF SBM 15

PROOF. Let 1h(z) = ¢ /2F(z) € C2 N L%(m) (the latter by (3.1)(iii)).
Then
LF/QQ,Z) — %(1,[)/6_1'2/2)/61.2/2 o 7,¢)
/! / 2
_ 2p[F xF' F F
€ [2 5 T3 2]

- ().

the last by (3.1)(i). This shows ¢ € D C D(L) and L/ = —31. Recall
by Theorem 2.3(a), the eigenfunction corresponding to the simple eigen-
value —\o(F/2) is positive, as is F. By orthogonality of eigenfunctions cor-

responding to distinct eigenvalues we must therefore have \o(F/2) = % and

@ZJ(I; /2 - c, for some normalizing constant ¢ > 0.
(b) The variational characterization of Ay gives
(3.7) Mo(F) = min{(=L 4, ) : ¥ € D(L), [[9]|2 = 1},

where the minimum is attained at ¢ = wg . (The latter is clear and to see
the former one can set ¢ = Rf ¢ and expand ¢ in terms of the basis i,.) If

we set ¢ = 1/15 /% we therefore get

Mo(F) < (—=LFp,9p) = 2(—LF Py, 9) + (Lih, ¥)
2/\0(F/2)—% / W' (2)2dm

1
= 1-SIWIE <1,

where the next to last equality holds by an integration by parts (Lemma 3.2(b)
handles the boundary terms), and the last equality holds by (a). Turning
next to the lower bound on A\o(F), if 1o = 1¢’, we have, using the variational
characterization of Ag(F'/2),

Mo(F) = (=LF%0,0) = (—LF2ypg,40) + ;/F%Z)g dm

1

11
AO(F/2)+2/F¢§ dm = 2+2/F1/1§dm.

v

Henceforth we will write 19, A\, and p for ¥, \,(F) and pp,
respectively.
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16 MUELLER, MYTNIK, AND PERKINS

4. Asymptotics for Super-Brownian Motion at the Boundary of
its Support. Recall that X (¢,z) is the density of super-Brownian motion
which solves (1.1). Define

(4.1)  Hy(z) = uV'(u,Vuz) = VV¥(1,2) + V(1,z) = F(z), as u 1 oo,

uniformly on compacts, where we have used (1.7) in the second equation and
Proposition 3.1 in the convergence. By (1.11) one obtains the elementary
inequality
(4.2)

e—VA(t,a:) _ e—Vw(t,a:) < Voo(t,l’) _ V)\(t’ 33‘) < eQ/t(e—V/\(t,a:) _ e—VOO(t,a:))_

Notation. We let p(t,z) = pi(x) denote the standard Brownian density.

In the following Lemma recall that Y is the Ornstein-Uhlenbeck process
starting at  under P,.

LEMMA 4.1. Let h > 0 be a bounded Borel measurable function on the
real line, let B be a standard Brownian motion starting at 0 under P({B, and
set T = log(\%t). Then for N2t > 1 and any finite initial measure Xo,

B¥ ( / e_’\X(t’x)h(:v)X(t,w)dx>

= EP (exp(— /01 Vi(u, B(u)) du)Egl (exp(— /OT Hes (Y5) ds)
(4.3)

« / [y + Vi) exp(—% / Hoo(Yr+ wo\;zxo)dxo(xo))}dXO(wO))).

PRrROOF. Let W, be a Brownian motion starting with initial “law” Xj
under the finite measure E}’g) Apply the Campbell measure formula for X,
or more specifically use Theorem 4.1.1 and then Theorem 4.1.3 of Dawson
and Perkins (1991) with § =1 and v = 1/2 to see that

E))go (/ e MG ()X (¢, :U)dx)
(4.4)
= BY x BX. (h(Wt)exp(—)\X(t, Wt))exp(—/o VAt — 5, W, — Wt)ds>>.

In the above we approximate X (¢,z) by [p:(z — y)X¢(dy) and let € | 0
in order to apply Theorem 4.1.3 in Dawson and Perkins (1991). This lim-
iting argument is easy to justify; use (3.6) with ¢=* = Ap. and the bound
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BOUNDARY OF THE SUPPORT OF SBM 17

V(M) (t — 5,2) < Apeyi—s(z) < At — 5)~1/2 to take the limit through the
Lebesgue integral in s. Now use (3.3) and then the scaling (1.7) to conclude
that

E§§0 (/ e*/\X(t””)h(x)X(t,x)dx)
= B, (i) exp (- /Ot VA(E =5, Wy = Wa)ds — [ VAt W, = 20)dXo(x0) ) )

= EY (h(Wt) exp(— /t VIRt — 8), \(W; — W,))A2 ds
0
(4.5)
2 / VI AW, — 20))dXo(x0)) ).

If Ws =W; — Wi_s and B, = )\VAV)\QU for u < A2t then under E}/}/O and
conditional on Wy, B is a Brownian motion starting from 0. Noting that
W, = Wy + A~ By2,;, we may rewrite (4.5) as

1 tA2
E)VX] (h(Wo + XBAzt) exp(— / Vi(u, B,) du
0
— A2 / VY(A2L, Byzy + A(Wo — xo))dXo(mo)>)
1
=Y, (exp (- /0 V' (u, B,) du) Ef, [h(Wo + A" Byey_1)
A2t—1
X exp<—/ V(1 +u, By) du
0
— 2 / VA2, Byay g + AW — xo))dXo(:co))]).
Set

Y, = B(e® —1)e™%/2,

which is an Ornstein-Uhlenbeck process starting at B; under Egl. Then
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18 MUELLER, MYTNIK, AND PERKINS

(4.5) equals

E)Vg) (exp(— /1 V(u, By) du) Egl {exp(— /T eSV(e?, es/zYs) ds)
0 0
oT/2

x h(Wo + ViYr) exp<— / etTvl(eT, T2y + W(Wo - xo))dXo(:co)ﬂ)

—BY (exp(_ /0 1 Vi, Bu)du>E§1 [exp(— /O ! Hes(Ys)ds>h(Wo + VYY)

X exp(—f1 /HET <YT + I/Vo\;ta:o) dXo(a;O))]).

Recalling that Wy is independent of B under E)V}g, we see that the above
equals the required expression. |

We will use the following Lemma which will allow us to apply Lemma 4.1
to first get a preliminary bound on V> — V* for large A, and then reapply
these results to get exact asymptotics.

LEMMA 4.2. Assume for somer > 1 and A > 0,
EY ( / e A XD X (¢ 1) d:c) < C(HA" YA > A
Then
sup[Vo(t,z) — VA (t, x)] < 4 12C(t/2)(r — 1D IA" WA > A
PROOF. Recalling (1.8), we have
e~ VAte) _ omVE(te) - E;;)g (e_AX(t’x)l(X(t, x) > O))

The lefthand side is Lebesgue integrable in x (e.g., it is bounded by V*°(¢, x)
which is Lebesgue integrable by (1.12) and the asymptotics for F') and so

/ e V) _ V) gy — X ( / e MED(X (8, 2) > 0) dx).

It is easy to differentiate with respect to A > 0 through the integrals on the
righthand side and so conclude for any A > A,

_%( / VA L) _ VR (ta) dm) — By ( / e A WD) X (¢ ) d:v)

(4.6) < CHAT.
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BOUNDARY OF THE SUPPORT OF SBM 19

For A > ) integrate the above over [\, 00) and so deduce from (4.2) that for
A> A,

/Voo(t,m) — VANt ) da < 62/t/e_vk(t’”") — e VT gy

< e?tC(t)

AT
- r—-1

(4.7)

Next use the Markov property of X to see that for A > A,
e—V)\(t@) _ e—VOO(t@) _ E[;)i <6_)\X(t’0)1(X(t, 0) > 0))

— X (Efg(t ) (e’)‘X(t/Q’O)l(X(t/Q, 0) > 0)))
(

*Xt/2(Vt>2) _ eth/z(Vf}og)>
< BX(Xya(Vi5 — V)
_ / p(t/2,y — 2) (V> (t/2.) — VA (t/2,1) dy

(4.8) <122 5
' - r—1 ’

where we used (4.7) in the last line. Finally use (4.2) again to obtain the
required bound. 1

The critical term in (4.3) is exp(— fOT Hes(Ys) ds). To estimate its decay
rate, we introduce

Zp =Zp(Y) = exp(/oT F(Ys) — He(Yy) ds)

(4.9)

s/2

T
:exp</ Vee,Ys) = ve (l,Ys)ds) 1 Z0(Y)<o0as T — .
0

Let Ao = Ao(F) € (3,1) be as in Proposition 3.4. Choose £ € (0,2)¢ — 1)
and set
(410) (5(4.10) = 2)\[‘_) —e> 1.

LEMMA 4.3. (a) For all t > 0 there is a C(t), non-increasing in t, such
that sup, V°(t, ) — VMt,z) < C(£)A'0@10) for all X > 0.
(b) There is a constant C so that Zoo — Zp < Ce T010-1)/2 for allT > 0.
In particular Z is uniformly bounded by some constant Cy.
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20 MUELLER, MYTNIK, AND PERKINS

PROOF. By Lemma 3.2(b) and (4.1) we may first choose K and then T
so that

(4.11) sup F(x) <e/2, sup sup F(x)— Hes(x) < /2,
|z|>K s>To |a|<K

which in turn implies

(4.12) sup sup F'(z) — Hes(x) < /2.
s>Ty =

Now take h =1 in Lemma 4.1, recall that m is the invariant law for ¥ and
use the Markov property at T to conclude that for T = log(\%t) > Ty,

BY ( / e X)X (1, a:)da:) /Xo(1)

< B}, (exp(- /0 ' Hes(Y,) ds) )

<EY (Eg;TO (exp <— /OT_TO H o1y (Ys) ds) ))

T—To
<E), (exp(— /
0

< ()PP (pp > T — To),

F(Y;)ds) ) exp((/2)(T = Ty)) by (4.12)

(4.13)

where we recall that pp is the lifetime of the killed Ornstein-Uhlenbeck
process Y/, Now use Theorem 2.3(d) to see that for A > N (g), (4.13) is at
most

(tAQ)a/Qe—AO(T—TO)[H/wodm + C/e—(h—)\o)(T—To)] <c- (\/E)\)—5(4.10)’

for some universal constant ¢. We now may apply Lemma 4.2 to conclude
that
sup Vo(t, ) — VA (t,z) < C(H)A}0@10)
x

first for A > A(e), and then for all A > 0, the latter using (1.11) and by in-
creasing C'(t). It is easy to use the explicit form for the constant in Lemma 4.2
to see that we may take C(t) to be non-increasing in ¢.

Turning next to (b), we have from (4.9) and (a),

It < exp (C(l)/ e~ (Ou10)=1s/2 ds) = ¢p.
0
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BOUNDARY OF THE SUPPORT OF SBM 21

This bound and (a) imply that

0
ZOO_ZT<ZOO|:1—eXp<_/ VOO(l’Y;)_Ves/z
T

(1,Y5)ds) |
< CoC(l) /OO e_(5(4A10)—1)s/2 ds
T

— 2¢0C(1) e~ (010~ 1)T/2
d(a.10) — 1

Recall the law Pg° from Theorem 2.3(e). We need a slight extension of
the latter result.

LEMMA 4.4. For any ¢ : R — R bounded and measurable,
Jim EY(Zro(Vr)lp > T) = EX(Ze) [ owodm/o.

ProoF. If T' > T} > 0, then the monotonicity of 7' — Z7 and Lemma 4.3(b)
imply that

(4.14) Ey (1Zr — Zz||¢](Yr) |p > T) < Ol ¢lloce™ 1 a0 /2,

So using this and the bound in Lemma 4.3(b), it clearly suffices to show
that for each 17 > 0,

@15) i B (Zné(Vr)lp > T) = EX(Zr,) [ ovodm/o.

By the Markov property and the eigenfunction expansion in Theorem 2.3(c),
the lefthand side of the above is

lim B (Zr (o > T1) / o(T — T4, Yy, 2)é(=z) dm (=) [PY (p > T)
. EY(Zr1(p > Ty)e o1 /W}o dmo(Yr,))/ Py (p>T)

(4.16)
+ lim 0(z,T),

T—o00

where (recall that Zo, is uniformly bounded)
5. 1)) < ol ([ 3 (¥l T ()] () /P2 (> 7).
n=1
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22 MUELLER, MYTNIK, AND PERKINS

Now use the second inequality in (2.6) with § = 1/8 to deduce that for
T 1T > s*(1/8),

|0(, )]

IN

Cllglloce™ T esEY (1) /PY (p > T)
C'(x)e™T/PY (p>T) = 0as T — oo,

IN

the last convergence by (2.3) and (2.4). (2.3) also shows that the first term
n (4.16) is

>\0T1
- %
Jim By (Z1y o (Y1) 1(p > T1))¢ 10+ (T, 7) /¢1/10 dm

=EY (ZTl ¢i§23)1(p > Tl) eAOTl / o dm /6 (by (2.4))

— B(2n) [ ovndm]o.
This establishes (4.15) and so completes the proof. 1

PROPOSITION 4.5. Assume h > 0 is a bounded Borel function on the
line.

(a) There is a universal constant Cy5 > 0 such that for any t > 0,
lim (A% ))‘OEX (/ e MXED ()X (8, z) d:v)
A—00
= Cs / / h(wo + V'z) eXp<_t_l /F(Z + 72 (w — wo))dX0($0)>
x tho(z)dm(z)dXo(wo).

(b) There is a constant C such that for all \,t > 0,
oo, ([ X)X (1,0) dr) < CllXo()

PROOF. Set T = log(A?t). To simplify the expression obtained in Lemma 4.1,
introduce

Ir(uo,y) = exp(~t [ Horly -+ (wn - a0) dXa(an) ),

e, ) = exp(—¢71 [ Py £ = 20) dXo(an)).
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BOUNDARY OF THE SUPPORT OF SBM 23

and
T
U(wo,z,T) = EY (exp(— / F(Ys)d5> Zrh(wo + \/%YT)IT(wO,YT)).
0
then Lemma 4.1 states that for A\?t > 1,

Efgo (/ e MXED ()X (8, x) dw)

1
(1) =5 (exp(- / V! (u, B(u) du) / W, By, T) dXo(up) ).
0
It follows from (4.1) and Lemma 4.3(a) that
0 < F(z) — Hy(z) < c(1)u10@10)/2 vy >0, z e R,

and so

(4.18)

0 < (Ip—Lo)(wo, ¥r) < 201)

t

C(l)ejml_auloﬂ/Z =:C(1))(0(l)t_(1+5uioﬂ/2A1—5@Jox

Therefore
\Ij<w07 z, T)
PY(p>T)

(4.19)

= EY (Zp(Y)h(wo + VtYr)Ip(wo, Yr)|p > T)

= EY (Z7(Y)h(wy + VtY7) I (wo, Y7)|p > T) + 6(T, 2, wo),

where by (4.18),
(4.20)
|6(T, 2, w0)| < ||hl|oeCze(1) Xo(1)t~(1H0410)/2)\1=010) 5 0 as A — co.

Lemma 4.4, together with (4.19) and (4.20), show that

v T
(4.21) lim P?)(Op’:T; = E(Zs) / h(wo+v/2) Lo (wo, 2)tb0(2)dm(2) /0,
and the first line in (4.19) implies

¥ (wo, 2, T))|

(4.22) PY(p> 1)

< Cz|lhlloo-

Apply (2.3) and (2.4) with § = 1/8 to conclude
(4.23) [T PY (p > T) = Ot ()] < cpe®™ e M1
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24 MUELLER, MYTNIK, AND PERKINS

Returning to (4.17) we have for A\*t > 1 (assumed henceforth)
(A2 B, ( / e M) X (1 ) dx)

— 5 [exp (- /0 1 V! (u, B(u) du) / WdX(wo)e’\oTPgl(p > 1)

1
BB <exp<—/0 Vl(u,B(u))du)Eg;(Zoo)
(4.24)
« / (o + VE2) Lo a0, 2o (2)dm(2)dXo (o) (B1))

as A — 0o, where (4.21) is used in the last and Dominated Convergence may
be applied thanks to (4.22), (4.23) and (2.5). This gives (a) with

(4.25) Cys=EP (exp(_ /0 1 V(u, By) du) E]gj(zoo(y))wo(Bl)).

For (b), if A%t > 1, use (4.22), (4.23) and (2.5) to bound the second line in
the display (4.24) by
cllblloe Xo(1)EF (€”M7%) < |l Xo(1).

If A2t < 1, the expression to be bounded is at most ||h||ooE))§0 (Xi(1)) =
[1A]loc Xo(1). "

Here is the promised refinement of Lemma 4.3(a) giving the exact rate of
convergence in Proposition 3.1(a).

PROPOSITION 4.6. (a) There is a constant Cyg such that

sup Vo(t, ) — VA, x) < Cugt 2 A~ 20=D) vy > 0,

(b) For any K > 1 there is a Cy4(K) > 0 which is non-increasing in K
such that for any t > 0,

(4.26) inf\[Voo(t,x) — VAt ) > Oy (Kt 22N 201y > 4172,
e <KV

and

(4.27)

inf Vot x) — VA(t,2) > Oy g(K) (I At 2720200 vy > 1.
| <KV
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BOUNDARY OF THE SUPPORT OF SBM 25

PROOF. (a) Apply Proposition 4.5(b) and Lemma 4.2 to see that for
Nt >1,

sup VO(t, ) — VN, z) < 8/t 127200 (20 — 1)7IA= (o)
— Cleﬁ/ttfl(\/i)\)f(2)\ofl).
For A%t < 1, by (1.11) the lefthand side of the above is at most

sup VO (t, ) < 2671 < 2e8/471(y/tn)~ (2o~ 1),
This proves (a) but with an additional factor of €%/, This can be removed by
applying the scaling result (1.7) and the above bound for ¢t = 1 to conclude
that for all A > 0,
(4.28)
Vo>t 2) — VANt 2) = 1 V™ — VVIN (L, 2/vE) < Ot H(VEN) - @D,

(b) Set h = 1|_g k] in Proposition 4.5 with X, = Jy and argue as in the first
line of (4.6) to see that for A > A(¢, K) and a universal positive constant c,

_ AT ) v gy Es ( / e MO p(2) X (t, ) dx)
X\ g 0 ’
kvt -1 —Xoy—2Xo
>c exp(—t ™~ F(2))¢o(2)dm(2)t A
~K/VE
(4.29)

= co(t, K))\_QAO.

Integrate out A to conclude that for A > A(¢, K),

K X X )
/ Voo(t? x) - V)\(t7 x) d.’E Z / e_v (t1$) — 6_V (t,(B) dl‘

K -K
co(t, K) \1-2»
‘ > 20 0,
(4.30) = D1
If 0 < XA < A(t, K), then
(4.31)
K K
/ (V> =V (t, ) dz > / (Voo = V2R (4 2) do = ey (8, K) > 0.
_K -K

The last inequality holds since the first line of (4.8) shows strict positivity
of V(t,x) — V(t,x) for all ¢t > 0 and . (4.30) and (4.31) imply that for
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26 MUELLER, MYTNIK, AND PERKINS

some co(t, K) > 0,
K
(4.32) / (V® — VN (t, x)dx > co(t, K)N 720 wA> 1.
-K
From the third line of (4.8) we have

e—VA(t,x) —V (tz) _ e —Xy/2( 1/2) Xt/2( t/g))

Es,

)
> By (e X2ViR) x, (Ve — VA

62\ € t/2( tj2 — t/2)

(e @mXe X, (Vi = V) (by(111),

Soif r=r(t) =4/t and G = G(t) = Vi — 1/;/2, we seek a lower bound on

(4.33) EX (e X2V X, 5(G)).

If Vi(¢) denotes the nonlinear semigroup associated with X (see Section I1.5
of Perkins (2002)), we may use the Campbell measure formula for X; as
in (4.4) along with Vy(r) = 2-%;«5 (ie. the non-linear semigroup with ¢ = r
constant) to see that if W is a Brownian motion starting at x, then for

|z| < K, (4.33) equals

t/2 gy
EW > EX( —rXt/2(1) (_/
v X P ¢ ST S 210s

= exp<2+_(i:/2)> (1 + %t>_2 /pt/Z(y —z)G(y) dy

K
> c(t, K) / Gl

(4.34) >t KON~ P07 forall A > 1,

ds)G(Wt /2))

the last by (4.32). Now use the first inequality in (4.2) and the above to
derive

‘ 1|nf Vo(t,z) — VMt ) > ¢t K)A 0D for all A > 1,
z|<K

and where we may assume ¢(t, K) > 0 is non-increasing in K for each ¢.
The scaling relation in (4.28) and the above bound for ¢ = 1 shows that
for all A > ¢t=1/2,

inf V() —VMt,2) = inf t1(V® - VV (1,2
Lt (t,z) (t,z) Jnf ( )(1,z)

(4.35) > (1, Kt~z o\~
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This gives (4.26) and it remains to prove (4.27). By (4.26) we may assume
t<land 1< X<t Y2 Then ¢(K) = inf|, < Vo(1,2) — VI(1,2) > 0,
where the last inequality holds by the strict positivity of the difference for
each z as noted above. By scaling, as in the above display, the lefthand side
of (4.35) is at least ¢~ 1c(K) which implies (4.27). |

The following Tauberian Theorem is implicit in Theorem 1 of de Haan
and Stadtmiiller (1985) (see especially p. 350). The explicit constants below
are not given there but follow from an elementary argument which can be
found in an Appendix of Mueller, Mytnik and Perkins (2015).

LEMMA 4.7. Let U be the distribution function of a sub-probability on
(0,00), set UX) = [;° e AdU(x) and let p > 0.
(a) Assume for some Cy > 0,

~

(4.36) U(X) < CoNP for all A > 0.

Then U(a) < eCaaP for all a > 0.
(b) Assume (4.36) and for some C; >0, A >0,

A

(4.37) U(X) > CiNP for all A > \.
If dy = % (2 log((%)p%) V2pV A) 7p, then
(4.38) U(a) > dia?  for all a € [0,1].
In particular if p < 1 and A < 4, then
CH 466& -1
. > — p .
(4.39) Ua) > 1 (log< c )) a?  for alla €10,1]

THEOREM 4.8. Let X (t,x) be the density of super-Brownian motion sat-
isfying (1.1) with finite initial measure X.
(a) P))((O(O < X(t,z) <a) < eCypeXo(1)t~1/2"20g200~1 vg ¢ > 0,2 € R.
(b) For all K > 1 there is a Cyg(K) > 0 such that if Xo(1) < Kt and
Xo([zr — Kvt,x + K\/1])/Xo(1) > K2, then
(4.40)

PE(0< X(t,z) <a) > Cys(K)Xo(1)t~ /2 R0g20"1 v < g < V2

In particular if |v — zo| < KVt and t > K1, then
(441) Pf (0< X(t,7) <a) > Cy(K)t~ P00 w0 <a < Vi,

and if Xo(1) < K, Xo([-K,K]) > K~',t > K~!, and |z| < K, then
(4.42)
PE(0< X(t,z) <a)>Cug(K2) K11/ 0g2071 v < g < V2.
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28 MUELLER, MYTNIK, AND PERKINS

Proor. We will apply Lemma 4.7 to U(a) = P(0 < X(t,x) < a). By
(1.9), (1.10), and translation invariance,

U\ = B (e MED (X (t,2) > 0))
(4.43)
—exp(~ [ V(ty - 00dXo(w) - exp(~ [ V(b - 2)dXol0).

(a) Use Proposition 4.6(a) to see that for A > 0,
(4.44)

U\ < / (VX =V (t,y — 2)dXo(y) < CpeXo(1)t~ /DAy~ Ro=1)

and so (a) is immediate from Lemma 4.7(a).
(b) Consider first t = 1. By (4.43), (1.11) and (4.26) for A > 1,

00 2 exp(— [ V(1= 0)ixalw) [ = V(1w - 0)dXo(w)
> exp(—2X¢(1))Cy 6(K) Xo([r — K,z + K])A~ 2o~V
= O (K, z, Xo)A~ (P01,

So by this and (4.44) we may use (4.39) in Lemma 4.7 (with p = 2Xo—1 < 1)
to see that

C(K,x, Xo) <1 (4@04.6)(0(1)

-1
220—1
1 og Cl(K,x,Xo))) a Va € [0,1].

P{(0< X(1,2) <a)>
For general ¢ we may use the scaling relation (4.28) and (4.43) to see that if
XE(A) = t71Xo(\V/tA), then by the above for 0 < a < V/%,
P¥,(0< X(t,2) < a)
= p;(%(o < X(1,z/Vt) < a/Vt)

Cl(K,x/ﬁ,Xt) 46@4.6X0(1)/t -1 0o—
> I 0 (log<C1(K7x/\/z7X6))) (a/ﬂ)QA 1‘

A simple calculation, using the definition of C, shows that there is a Cy(K) >
0 so that if Xy is as in (b), then

(4.45)

C1(K,z/Vt, XE) > Co(K)Xo(1)/t,

and so el X
1)/t
log( eC4.6 0( )/

Ci(K,z, X;) ) < C3(K).
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Use the above in (4.45) to conclude that
PE(0< X(t,2) < a) > C(K)Xo(1)t (a/VE)? o

This proves (4.40), and the last two assertions follow by elementary reason-
ing. (The last follows first for K > 4, and hence for all K > 1.) 1

5. Proof of Theorem 1.3.

5.1. Lower Bound on the Hausdorff Dimension. Recall that X is as in
(1.1) and the boundary of the zero set is
(5.1)
BZy =0{z: X(t,x) =0}) ={z: X(t,x) =0,V > 0 Xy ((x—0,z+9)) > 0}.

The key step in our lower bound on the Hausdorff dimension of the boundary
of the zero set, dim(BZ;), is the following second moment bound. The bound
will depend on a diffusion parameter 0(2) > 1, whose exact value is not
important (but o2 = 6 will work). For a finite initial measure Xy and ¢ > 0,

define Xopy(z) = [ pu(x — wo)Xo(dwo) and

2
hi,xo (21, 22) = 722 T | Xopoz(2:)
=1

t
(5.2) e / (t = 5) M Pgoz(—s) (21 — 22) Xopgo2e(21) ds.
0

PROPOSITION 5.1.  There is a constant Cs1 such that for all \> > (9/t),
and all z1, zo,
(a) )\4’\°E§0 (X1 (21) Xy (22)e MXeG)=AXZ2)) < O 11y x, (21, 22).

(b) huxo (21, 22) < Cs1(t207Y2X0(1)|21 — 2|1 720 4 (£7207 12X (1))2).

We will prove this result in Section 6 below, but first show how it can be
used to obtain lower bounds on dim(BZ;). The lack of symmetry between
z1 and zp in the definition of h; x, indicates that our bound is not optimal,
but it is the negative power along the diagonal which will be important for
us, and our results suggest that this is optimal.

If we introduce random measures

(5.3) L)(@) = (A2 / H(2) X (1, 2)e M) dy,

then Proposition 4.5 shows that for some finite measure ¢; and any bounded
Borel function ¢,

lim E(L)N)) = b(¢),

A—00
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and the above result shows that F(L;(1)?) remains bounded as A\ — oco.

Conjecture. There is a random finite non-trivial measure L; on R such
that for any bounded continuous ¢,

LN@) — Li(¢) in L? as A — oo.

Assuming this, it is then not hard to show that for some sequence A, 1 oo,
Lg\" approaches L; weakly on the space of measures a.s. and that L; is
supported by BZ;. We further conjecture that L;(1) > 0 a.s. on {X¢(1) > 0}.

If gg(r) = r=P for § > 0, and p is a finite measure on R, and A is an
analytic subset of R, let

sty = [ [ 0012 = o) dsw)auto),

I(gp)(A) = inf{(u, 1) g, : o @ probability supported by A}.

Then the gg-capacity of A is C(gg)(A) = I(gs)(A)~! (see, e.g. Hawkes
(1979), Section 3).

THEOREM 5.2.  For every K > 1 there is a positive constant Cso(K),
non-increasing in K, so that for any analytic subset A of [—K, K|, initial
measure, Xg, satisfying Xo(1) < K and Xo([-K,K]) > 1/K, and t €
[K_17K]!

PR (ANBZ # 0) > Cs52(K)C(garg—1)(A).

PROOF. Let 0 < §p < e~ !, and let 0 < k; < 1 < ko be the solutions of
8o = kie % . We will choose &y small enough below, noting that as ¢ | 0,
k1(0) | 0 and k2(d) 1 co. We approximate BZ; by

BZ(e) ={a: X(t,x)e X/ > §oe} = {2 : kie < X(t,2) < kge},

where the second equality is by an elementary calculus argument and we
have suppressed dependence on ¢t > 0. Now fix K > 1 and assume X and
t are is in the statement of the Theorem. Let F' be a compact subset of
[—K,K]. If I(A) = I(g2x,—1)(A4) and C(A) = C(g2x,-1)(A), we may choose
{mfv :1<i< N} C F so that (suppressing the superscript N) as N — oo,

(54) Iy= N(Nl_ 58T b=y T 1) = 1/0(P)
i
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(See, for example, Lemma A of Taylor (1961).) By Theorem 4.8 there are
constants C(K) > C(K) > 0 so that for 0 < e < go(K),
P(klﬁ S X(t,xi) § ](225)
> (AR — ORI e
> 21
where in the last line we have chosen dy = do(K) sufficiently small so that

ko is very large and k; is close to 0. Therefore by inclusion-exclusion and
Proposition 5.1, for € < go(K),

N
PS,(FNBZ(e) #0) > Y _ P (xj € BZ(e)) = Y Ziijp))((o (zi,2; € BZ(¢))

=1
> NE2>\0—1 _ Z E))({O (X(t7 wi)X(tv xj)ei)((t’xi)/six(t’xj)/E)
- — (doe)?
i#j
2 N€2>\0—1 _ C/(K) Z(l + ’% _ $j|1_2>\0)€4)\0_2

i#]
> NePo=b _ o(K)[Ne?o 12 .

Now choose ey — 0 so that Ns?\}\ofl = 7211\%([(). Therefore
1
X -1

This implies that
P))((O (FNBZ(ey) # 0 infinitely often ) > (4¢(K)) " C(F).

An elementary argument shows that the event on the left-hand side implies
that F'N BZ; # () and so the proof is complete for A = F compact. Use the
inner regularity of capacity to now extend the result to analytic subsets of
[-K, K]. |

COROLLARY 5.3. Let A be an analytic set such that C(gar,—1)(A4) > 0.
Then for any non-zero Xg and any t > 0, P))((O(A NBZ, #0) > 0.

PrOOF. Choose K large enough so that C(gax,—1)(4A N [-K,K]) > 0

(inner regularity of capacity), Xo([—K, K]) > 1/K, and K > tVt~1V Xq(1).
The result is then immediate from the above theorem. |
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32 MUELLER, MYTNIK, AND PERKINS

LEMMA 5.4. Let o = 2Mg — 1 and let Z be the subordinator starting at
zero with Lévy measure v where

H(z) = v([z,00)) = 27 (log((1/z) +1))*.

Then
(5.5) C(9a){Zs :5s€(0,1)}) >0 a.s.
and
any analytic set A satisfying dim(A) < 2 — 2Xg is polar for Z,
(5.6) i.e., P(Zy € A for somet > 0)=0.
Proor. If

g(\) = /OOO 1—e Mdy(u) =\ /Ooo H(u)e ™ du,

then Karamata’s Abelian-Tauberian theorem and a short calculation shows
that for some ¢ > 0, limy_ o0 g(A)/(A%(log \)?) = c. If

f(r) =r*(log(1/r))~*(loglog(1/r))'

and f —m(A) is the f-Hausdorff measure of A, then Fristedt and Pruitt
(1971) (see also Lemma 2.1 of Hawkes (1975)) shows that

f—m({Zs:s <t})=cyt for some positive cy.

By Taylor (1961), this implies (5.5). Note that limy_o % = ¢, and
so by Theorem 4.4(iii) of Hawkes (1975), (5.6) also holds. (A short calculus
argument shows that (log H)” > 0 and so by Theorem 2.1 of Hawkes (1975),

the condition B of Theorem 4.4(iii) is valid.) 1
Recall that dim(B) is the Hausdorff dimension of a set B C R.
THEOREM 5.5.  If Xo # 0 and t > 0, then P{ (dim(BZ;) > 2—2X) > 0.

PROOF. Let Z; be as in Lemma 5.4 and set F = {Z; : s € (0,1)}. We
assume Z is independent of the super-Brownian motion X and so work on
the product space (2, F, P) = (QX,}"X,P)){(O) x (Qz, Fz, P¢). By (5.5) and
Corollary 5.3 we have P(BZ(w1) N F(wz) # @) > 0. This implies that,

P))go({wl : P(]Z({wg : F(w2) N BZy(wy) # 0}) > 0}) > 0.
By (5.6), this in turn implies that P))({o (dim(BZ;) > 2—2)\g) > 0, as required.
|
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5.2. Upper Bound on the Hausdorff Dimension. We begin with a clas-
sical result on the modulus of continuity of the density X(¢,x), t > 0, of
super-Brownian motion, the solution of (1.1), where the initial condition is
an arbitrary finite measure Xj.

Notation. If (¢;,z;) € Ry x R for i = 1,2, let

d((t1,x1), (t2, 22)) = V/[t1 — to| + |21 — 22].

The following is an easy consequence of Theorem I1.4.2 (and its proof)
of Perkins (2002) and standard consequences of Kolmogorov’s continuity
criteria. (One should use the decomposition (I11.4.11) in Perkins (2002) for
t > 2to.)

PropoOSITION 5.6. If &€ € (0,1/2), then for any K € N there is a
p(K,& w) >0 a.s. such that

V(t,z) € [K 1 K] x [-K, K], V(t,2') € [0,00) x R, d((t,z), (t',2")) < p
(5.7)
implies | X (', 2') — X (t,x)| < d((t', 2'), (t,z))°.

Moreover there is a 656 > 0, depending only on &, and a constant C(Xo(1), K, §)
so that

(5.8) P, (p(K,€) < 1) < C(Xo(1), K,€)r*>¢ for all v > 0.

Near the zero set Z = {(t,x) : X(t,2) = 0} one can improve the above
modulus since the noise term in (1.1) will be mollified. This idea plays a
central role in the pathwise uniqueness arguments in Mytnik, Perkins and
Sturm (2006) and Mytnik and Perkins (2011). The following result can be
derived using the same proof as that of Theorem 2.3 in Mytnik and Perkins
(2011) (see also Corollary 4.2 of Mytnik, Perkins and Sturm (2006)). There
are a few minor changes as these references study the difference of two solu-
tions as opposed to the solution itself. The minor changes that are required
are outlined in an Appendix of Mueller, Mytnik and Perkins (2015).

THEOREM 5.7.  If¢ € (0,1), then for any K € N there is a p5.7(K,§,w) >
0 a.s. such that

V(t,z) € Z such that t > K1 V(t',2") € [0,00) x R,d((t,z), (t',2")) < ps7
(5.9)
implies X(t',2') < d((t', '), (t,z))°.
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In order to get a good cover of BZ; we need a version of our low density
bound Theorem 4.8(a) for small intervals. (Set M = 1 and € = a in the
following result to compare.)

THEOREM 5.8. There is a Csg > 0 so that for allt > 0, M > 1,
0<e<+t zeR, and Xy,

Px, (0 < Xy([z,z +¢]) < e2M) < Cs8Xo(1)t~ (/270 pp19200—1,

This will be proved in Section 7 below. We now show how it gives an
upper bound on dim(BZ;).

THEOREM 5.9. For all t >0, dim(BZ;) <2 —2X\ Pg -a.s.

PROOF. By scaling we may take ¢t = 1. By translation invariance, it suf-
fices to show

(5.10) dim(BZ; N [0,1]) <2 —2Xg Pg, — a.s.

Fix § > 0 and choose £ € (0, 1) so that 19(1 — &) < 4. Let p57(§,w) be as in
Theorem 5.7 with K = 2. Then by Theorems 5.8 and 5.7 for any = € [0, 1]
and 0 < e <1,

P ([v,x +e]NBZ1 #0,3e < ps7) < PR, (0 < Xi((z — e, 2+ 2¢)) < 65T
< CXO(1)€2>\0—1+19(§—1)
< CXo(1)ePo—179,

A standard covering argument using intervals of the form [i/N, (i + 1)/N]
now gives dim(BZ; N [0,1]) <2 —2\g + ¢ and (5.10) follows. |

Theorem 1.3 is now immediate from Theorems 5.5 and 5.9.

6. Proof of Proposition 5.1. We now consider the proof of Proposi-
tion 5.1. As before, Y is the Ornstein-Uhlenbeck process starting with law
4 under P;/ and we enlarge this space to include an independent random
variable Wy with “law” X. The same convention is in place on the space car-
rying a standard Brownian motion starting at 0 under Pdg, and P, denotes
the Brownian semigroup. We fix a pair of bounded non-negative continuous
functions on the line, ¢;, i = 1,2, and define

61 00 = B (00 B o] [ sy a)).
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Recall from the end of Section 3 that p = pr. We note that the parameters
Ai > 0,7 = 1,2, in the following result are not the eigenvalues \;(F') from
Section 3.

LEMMA 6.1. There is a constant Cg1 so that for all \; > 0, /\?t >1,if
T? = log(A\?t), then

E))go<//¢1(331)¢(502)6XP(—)\1X1¢(331) - )\QXt(Z'Q))dXt(xl)dXt(ajg))

2
<Csi1 [ [ B (6s(Wo + ViYy)1(p > T)
=1

i /Ot EP (/ 1 (Wo + By) exp(— /Ot VM (B, — By) dr)
(6.2)

x Y2 (t — s, Wo + BS)) ds.

PROOF. For \; > 0, z; € R (i=1,2) and 6 > 0let X = (Ay, Ag), T = (21, 2)

and Vi(x) = Vt&”\’f(x) be the unique smooth solution of

oV AV V2
(6.3) il aiir e Vo(+) = Mips (- — x1) + Aops (- — x2),
so that
(6.4) B (e Mo 2P e) = excp(—Xo (Vi)

(recall (3.5) and (3.6)). Let Ut(j) (x) = Ut(j)’(s’x’f(q:) denote the unique solution

of

aUt(j) B AUt(j)
o 2

(6.5) ~ VMU U ) = ps(- — ),

so that by Feynmann-Kac (see p. 268 of Karatzas and Shreve (1991)),
. t o
6.6) U7 (@) = B (ps(By — zj) exp(— / VO (By) ds) ).
0
Next define

- B A1 )
(6.7) 7OAE () = 1/;5’0”\2””(95)—1—/0 gOSANE () gy
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In the above it is easy to justify differentiation with respect to t and x
through the integral and so by (6.5) we have

av AV V(S,O,)\Q,f 2 )\1 = =
(6.8) T 5 _( ¢ 5 ) _/O Vtzs,mz,xUt(l),é,A,Az, A,
and by integration by parts,
ONEY2 y0:022,7)2 A1 . »
(6.9) (t2 7V - ) +/ YIAREG DI gy
0

A quick check of the initial condition at ¢ = 0 and a comparison of (6.8) and
(6.9) show that V satisfies (6.3) and so V = V. Continuity of V in X is clear
from (6.4) and hence continuity of U@ in X follows from (6.6). This allows
us to differentiate (6.7) with respect to A\; and conclude

gV -
o = UMWOAT - and symmetrically, O

We can differentiate the left-hand side of (6.4) (set Xo = d,) with re-

spect to A1 and then A2 under the integral. This shows that Ut(S ’\f(m) =

2 XA . . N . L .
8/\28/\1 (VOA¥) exists and is continuous in A, and the differentiation yields

(use (6.10))

V&,X,z

(6.10) _ U@8XF

2

Eg({o ( H(PéXt(a:i)e*)‘iPéXt(xi)»
i=1
xp(— Xo (V) [Xo (U OR) X0 (U/508) — o (175
(6.11) —T1(5 X, &) — To(6, X, &).
It is clear from (3.6) that if V%% is the solution to (6.3) with initial

condition V(S ATi(L) = N\ips (- — @), then

(6.12) VOAE > yodiTi for j=1,2.
Using the above and (6.6), we see that

//<751(961)<752(902)T1(5,X,$1,9€2)dw1d$2
//H¢zxz ps(Wo + By — x;)

x exp<— / t VAT (W + By) ds)> dz1dzs
0
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The above equals

//ﬁ ¢i(2;) EY (pé(Wo + By — 1)
i=1

t
X exp<_/ Y/;(S;i\gi’O(Wg + Bs — 1) ds)) dzidxo
0
(6.13)
2 t
~T[ &8 (@-(Wo + Biis) exp<— / vA0(B, — Bt+5)ds)>.
i=1 0
An elementary argument using (3.6) shows that
(6.14) lim exp(=V23 (B — Bis)) = exp(=ViY,(Bs = B).

The elementary bound V(¢)(t,z) < P/(¢)(z) for ¢ non-negative, bounded
and measurable shows that

(6.15) V22 U(Bs — Biys) < Pl y(\ips)(Bs — Brys) < Ni(t —s)7Y2,

The above two results allow us to apply Dominated Convergence in (6.13)
and conclude that

1inglfup//¢1($1)¢2($2)T1(5, X, 21, 2) dzydzs
0

2 t
< TLE (0utWo+ B exo(= [ V(e 5.5~ Bas)

i=1

2 t
= H EB ((;Si(Wo + By) exp(—/o VAi(s, Bs)d5)> (time reversal)

i=1

2 A2t
=188 (oMo A7 By exo(= [V (. B)au))

i=1

(by the scaling (1.7))

2
o | B2 (¢>z‘(Wo + A Byzyy)

i=1

X exp(— /OA%HQ + )V +u, Bu)) (1+u)™ du>,
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38 MUELLER, MYTNIK, AND PERKINS

where we have used the Markov property at ¢ = 1 in the last line. Now
proceed as in the proof of Proposition 4.5, using Lemma 4.3(b), to conclude
that

lin;fup//¢1(m1)¢2(x2)T1(5, X,a:hxg) dx1dze
0

(6.16) < CI[Ex(¢:i(Wo + ViYT:)1(p > T7)).

Consider next the contribution from 75 in (6.11). By (6.10) and (6.6) we
have

0 N7 _
oo VT (@) < BE(s(Bros —2)) < (=),

As the above bound is Lebesgue integrable, the Dominated Convergence
Theorem and (6.10) give

t - -
éﬁ/W%@m /@Lﬂwm
2 J0 0

This in turn allows us to differentiate (6.6) (with j = 1) with respect to A2
and conclude

Therefore —T5(6, X, &) > 0 and
//T2(5, X, )1 (21)p2(2)da1ds
//EO ps(Wo + By — 1) exp / V},Mx Wo + B, )dr)gbl(:zl)
X/ th(f)s77 ,x(WO+Bs)ds)¢2(l‘2)dl‘1dﬂj‘2)
0
' Lo
S/ E()B(/p6(WO+Bt —xl)eXp<—/ %;rl’“(WoJrBr)dr)qﬁl(xl)
0

0

A R t—s
X /Eg(s)+wo (p(;(Bt_s—xg) exp(—/0 Vt(sf’zxf( )du))(;ﬁg(xg)dxgda:l)ds.
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BOUNDARY OF THE SUPPORT OF SBM 39

In the last line B is a Brownian motion and we have used (6.12) and (6.6).
The above equals

/tEB<¢ (Wo + Biis) ex (—/tVE,/\l,o(B _B )dr)
; 0 1(Wo t4§ p ) t—r t_r t+8
< Ef (02 Bross)exo (= [ VERBL  Bdu)) )ds
= /t EB <¢1(W0 —i—Bt)eXp(— /t VM (B, — Br)dr>
0 0 .
< Bf oy (B esn(= [V (B = Budu) ) ),

as 0 | 0. Here we used Dominated Convergence and (6.15) as in (6.14). If
B! = B;_s — Bi_s—, (a Brownian motion starting at 0), then the above
shows that

thalfoup [—//Tz(& va)¢1($1)¢2($2)d$ld$2]
< /Ot Ep (¢1(W0 + By) exp<_ /Ot VM (B — BT)dr)
t—s
< B (aWo+ B+ B Jeso(= [ v mar) ) )as

= /Ot Ep (¢1(W0 + By) eXP<— /Ot VAt —r, B, — Br)dr)
(6.17)
2 (t— 5, W + Bs)>ds.

The last line is an easy consequence of the scaling relation (1.7). Now use
(6.11) and Fatou’s lemma to see that

E))go <//¢1(x1)¢2(.’EQ)Xt(xl)Xt(,7;2)6_)‘1Xt(551)—)\2Xt(1’2)dx1dm2)
2
< lllgli%)nf [//Zl_[lqbi(ﬂ?i)Tl(& A, T)drydry

2
. / / 1;[1 91(s) (~Ta(6, X, 7)) dr o .
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40 MUELLER, MYTNIK, AND PERKINS

Finally apply (6.16) and (6.17) to bound the above by the required expres-
sion. |

Proof of Proposition 5.1. Let 77 and 75 denote the first and second terms,
respectively on the right-hand side of (6.2), where ¢t and A\ = A\ = A\, are
fixed as in Proposition 5.1, and let T' = log(\?t). Consider first the much
easier T7. Recall from (2.3)-(2.5) we have for any ¢ > 0,

(6.18) PY(p>T) < ese™ e 7.
Therefore
A2 EY (6, (Wo + VEYT)1(p > T))
- /\QAO///%(wo + Vty)gr (yo, y)dm(yo)dm (y)dXo(wo)

< [ [ itwo + ViRPOE) (o > T)dm(y)dXo(wn)
< [ [ oitwo+ Vit ocse™ din(y)dxo(wo).

the last by (6.18). Now let 02 = (1—26)~!. A simple substitution now shows
the above is at most

Ct_AO / ¢z (l‘i)Xoth2 (ZL‘z)dSL'l

This in turn implies

2
(6.19) ATy < e ot //H[¢i($i)Xoptg2(Ii)] dzrydxs,
i=1

where here 02 is any number greater than 1. Below we will choose a conve-

nient value of o2 when doing the 75 bound.

Turning now to Th, we can write Tp = fot Ts(s)ds, where Ts(s) is the
integrand on the right-hand side of (6.2). We may replace the Brownian
motion B; with A™!B,,2 (the new B is still a Brownian motion starting at
0) and use the scaling relation (1.7) to conclude after a short and familiar
argument that

Ty(s) = Eg (¢1(WO + AT B )y (t — 5, Wo + A (Byzy — Byz_g)))

(6.20)
X exp(— /0A tvl(r, Br)dr>>.
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BOUNDARY OF THE SUPPORT OF SBM 41

Case 1. Assume \2(t —s) > 1.
Apply the Markov property of B at time 1 to the right-hand side of (6.20)
and conclude that

Ty(s) < EJ (¢1(WO + A Bz )Mt — s, A (Bina_1 — Bra(—s)-1))
(6.21)

X exp(— //\Zt_l Vir+1,B,) dr)),
0

where B remains independent of Wy. As before, Y (u) = B(e* —1)e~%/? is a
stationary Ornstein-Uhlenbeck process. If U = log(A )), then arguing
as in the proof of Lemma 4.1, we may re-express (6.2

=~

t—s
) as
Ty(s) < E), (¢1(W0 + VY)Yt — s, Wo + VYT — Vit — sYy)

X exp(— /OT Heu(Y,) du))

<e“ZEy, (¢1(Wo + VY )Pt — 5, Wo + VYD — Vi — sYy)

(6.22) x exp( - /OT F(Y,)du)),

where we used Lemma 4.3 in the last inequality. The above equals

e“” /¢1(w0 + V)Wt — s, wo + Viyz — VE— sy1)qu (Yo, y1)
X qr-u (Y1, y2)dm(yo)dm(y1)dm(yz)dXo(wo)
< Cs, /¢1(w0 + Viya) Mt — s, wo + Viys — VE—sy1)
(6.23)
x M (t — 5)TMONT2N0gr (g, o) dm(y1)dim(ya)d Xo (wo),

where in the last line, 1/2 > §; > 0, and we used (6.18) and the symmetry
of gy in integrating out .
At this point we take a break from the long proof and obtain a bound on

.

LEMMA 6.2. For any o8 > 1 there is a Cg(0d) such that for all z and
all 0 < s < t,

1/}>‘(t —s,x) < Cgar20 (t— 5)_)\OP;3(t—s)¢2($)'
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42 MUELLER, MYTNIK, AND PERKINS

PRrOOF. If A2(t — s) < 1, we can drop the negative exponential in the
definition of ¢* and note that A=2* (¢ — s)=% > 1 to conclude that

YAt —s,2) S XTPO(t— 5) P (),

from which the required bound follows easily.

Assume now that A?(t —s) > 1. If Y and U are as above, then the
same reasoning leading to (6.22) and (6.23) above (compare the definition
of ¢* with the right-hand side of (6.20) without the ") leads to (for any
0<6d<1/2)

U
YMt —s,2) < CEY (gbg(\/t —sYy +x) exp(—/O F(Yy) du))
(6.24) < Cs(t — s)"roN" 2o /qbg(x + Vit — sy)e5y2dm(y).

An elementary argument now gives the required bound with o = (1—28)71.
|

Returning to the proof of Proposition 5.1 in Case 1, we use the above
lemma in (6.23) and then the substitution z; = wg + V/ty2, to obtain

Ta(s) < 0(08,51))\_‘9‘0@ _ 8)—2)\0
X ///¢1(wo + \/Zyz)Pég(t_s)@(wo Viys — VI —sy1)edvi
X qr—u(y1, y2)dm(yy)dm(yz)dXo(wp)

< CloB a9 [ [ ora)oa)

X [/ /Pag(ts)(ZQ —z1+Vi— 3y1)Q1og(t/t—s) (y1, (21 — wo)t_l/Q)
(6.25)
X e‘sly%pt(zl - wo)dm(yl)dXo(wo)}dzlsz.
Case 1la Assume also t/2 < s.
Let 6 = @ for which 5" = 1/2 (recall that s*(§) is as in (2.1)).
Therefore log(t/t — s) > log2 = s*(J), and so by (2.2),

Gog(t/t—s) (Y1, (21 — wo)t /%) < ce 01819 oxp(5(yf + (21 — wo)*t ™).
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If 6 = § and 02 = (1 —40)~! = (3 — 2/2)~! < 6, this implies that the
expression in square brackets in (6.25) is at most

ATt =8 //paé(t—s)(z2 — 21+ V= sy1)e?¥dm(y,)
x exp(d(z1 — w0)2/t)pt(z1 — wp)dXo(wp)

<t (=9 [ [ e a+ w)exp(-(1 - 480/t - 5)
x (2m(t — 8)) " 2dw exp(— (1 — 20) (21 — wo)?/2t) (2mt) ™/ 2d X (wo)
<t (=9 [ g e — 21+ g (W) Xopg (1)
= et (t = 5) Dy (i) (22 — 21) Xops2e(21)-
Use the above in (6.25) to conclude that in Case 1a,
To(s) < OX~Po(t — )~ rog=o

(6.26) X /¢1(21)¢2(22)pzag(t_5)(32 — 21) Xopy24(21)dz1dz.

Case 1b. Assume 0 < s < t/2 (<t —A72).

The last inequality is immediate by our hypothesis that At > 9 > 2. Return
to (6.25) with the choices of §; and o3 made in the previous case and let
R =log(t/t — s). Bounding the transition density (with respect to Lebesgue
measure) of the killed Ornstein-Uhlenbeck process starting at y; by the un-
killed process and noting the latter has a normal density with mean y;e /2
and variance 1 — e %, we get

—(z — yle_R/2)2

2(1—e k)

qr(y1, 2)e > P (2m) 712 < exp( )(27r)—1/2(1 _ e Ry12,

Setting z = % and simplifying, this becomes

ar(y1, (21 — wo)/VE)pe(z1 — wo) < ps(21 — wo — VE — sy1).

Now use this in (6.25) to conclude
Ty(s) <A (e =) [ [ r(a)onta)
- /[/paé(ts)(z2 — 21+ VE—syp)el¥

(6.27) X ps(z1 — wo — Vit — sy1)dm(y1) | dXo(wo)dz1dzs.
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44 MUELLER, MYTNIK, AND PERKINS

The fact that 02 = (1 —46;)"! > (1 —281)~! > 1 and a simple substitution
shows that the term in square brackets is at most
(6.28)

fsi(z1, 22,w0) = /pgg(t_s) (22 = 21+ W)py2(4—s) (W)Py2,(21 — wo — w) dw.
We claim that

(6.29) fo(z1, 22, w0) < epgoz(i—s) (22 = 21)Pao2, (21 — wo)-

By scaling it suffices to obtain the above for oy = 1. Set a = 21 — 22 and
b = z1 — wy, so that

fot(21, 82,w0) = /pts(w —a)pi—s(w)ps(b — w)dw.

A simple calculation (complete the square) shows that

2 2 - . _
faa(z1,s2,wo) = (2m) 7 (#? — 8%) 71/ eXP<_a L (Qt(t2 S_) 52)2%(75 5)).

Now use ab < aa? + (4a)~1b? with a = 5/16 to see that

fs,t(21, 82,wp) < (2m) "L (#? - 32)_1/2 eXp(—

2(t+s) 2(t + s)

< (2n) (12 — $2)" 12 exp(_“Q(l_Qa)) eXp(_bQ(?—(m)_l)

6(t —s) 3t
< (2m) 7t —s)" V2 e:><p(—16(f2_S))t1/2 exp(—g),

where we use s < t/2 in the next to last line and the value of « in the last
line. This completes the proof of (6.29).

Now insert (6.29) into (6.27), noting that (¢ — s)™° < ct~9, to conclude
that in Case 1D,

To(s) < OAN~Po(t — 5)~rog=o

(6.30) x //¢1(21)¢2(z2)psog(t_s)(z2 — 21)Xopye24(21) dz1dzo.

Case 2. Assume \?(t —s) < 1.
Use (6.20), the Markov property at time 1 and then argue as in (6.23) to
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BOUNDARY OF THE SUPPORT OF SBM 45

see that
Ty(s) < Eg ( (¢1(WO + AT By )Mt — s, Wo + A (Bazi_q — Breg—g)(w)))

A2t—1
X exp —/ Vi(r+1,B,)dr
(=), Vie+rrB)a)))
< C//p)\Q(t—s) (z0)P1-x2(t—s)(T1 — T0)

X Eg}cfl (¢1(Wo + \/%YT)¢)\(t — s, Wo +VtYp — :co)\_l)

x exp<— /OT F(Yu)du>>da:1dx0.

By definition, Y (t — s,z) < P}_,$2(x), and so arguing as in the derivation
of (6.25) we get

<C//¢1 z1)p2(22) ///Pt 322_21“‘)\)1))\2(1‘, s)(z0)

X P1oxz(—s) (@1 — @0)qr(z1, (21 — wo)t~/?)
(6.31)
X pe(z1 — wo)dq:ldazodXo(wo)}dzlsz.

Let gs+(#1, 22) denote the expression in square brackets. A simple calculation
shows that our condition A%t > 9 implies T' > s*(1/8), and so by (2.2),

)]

First use this in (6.31), and then set 0? = 4/3 and use 1 — A\?(t —s) < 1 and
an easy calculation to obtain

qr(z1, (21 — wo)t71/2) < C'()\Qt)#‘o exp(%(az% +

gs,t(21, 20) < CA™20¢= 0 //pts(ZQ — 21+ (20/A)Paz(t—s) (T0)

X Prox2(i—s)(T1 — $o)6x%/8d$1dﬂcopa2t(zl — wo)dXo(wo)
<O [ (e — 21+ o0/ Wpsego (a0)
x2/4
x e®o donop(,—%t(Zl)-

A2 (t—s)
1-X2(t—s)/2?

(6.32) Nt —s) < o3 <2X\}(t—s)

If 02 = then
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46 MUELLER, MYTNIK, AND PERKINS
and so

2
g
e”‘%/llp,\z(tfs)(ffo) = Po3(20) 2( 2 < \/ngg (o),

t—s)
which in turn implies
Gs(21,22) < CA™2og 0 /pt—s(ZQ — 21+ (20/N))Pgz (20)dzo Xop,2 (21)

= C}\_Q)\Ot_AOp(U%/)\Z)+(t73) (22 - Zl)XOpo'% (Zl)
< C)\_Q)‘Ot_AOpg(t_s)(Zz - Zl)XOPUf (Zl)v

the last by (6.32). Use this in (6.31) to see that in Case 2,

Ty(s) < CA~Pop //¢1(21)¢2(Z2)p3(t-s)(22 = 21)Xopezy(21)dz1d 2
(6.33)
< CNPopHo //¢1(21)¢2(2’2)pzag(t—5)(22 — 21) Xopyz,(21)dz1d2s,

the last using 3 < 203 and 0% < o3.
Now combine (6.26), (6.30), and (6.33) to see that (6.30) holds for all
0 < s <t and conclude that

7 < [ [ oo

¢
X [C’)\_4/\°t_)‘° / (t — s)_AOpSUg(t,S)(zl — 22) Xopyo2,(21) ds] dzi1dzs.
0
Combine this with (6.19) to see that if
Jia(z1, 22) = A0 B (X (21) Xy (2g) e M) =AXe(22)y

then for At > 9, and o} as above,

/¢1(21)¢2(Z2)ft,>\(21,22)d21d22 < //¢1(Z1)¢2(22)Cht,xo(21722)d21d22-

This implies that f; \(z) < Chy x,(2) for Lebesgue a.a. z = (21, 22). Note
that Fatou’s lemma shows that hy x,(-) is lower semicontinuous while f; 5(-)
is continuous by Dominated Convergence. Therefore

fia(z) < Chy x,(2) for all z,
proving (a).
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BOUNDARY OF THE SUPPORT OF SBM 47

The first term in the definition of h x,(z) is trivially bounded by
Ct=?%~1X(1)2. A simple substitution in the integral shows that the second
term is bounded by

(jt7A071/2)(0(1)‘21 —-22‘172A0.
This proves (b), and so the proof of Proposition 5.1 is complete |

7. Proof of Theorem 5.8. Let Vb = V(blip,e) and let Voor =

limp_y00 V7€, where the pointwise finite limit exists by monotonicity (from
(3.6)) and the bound

- b 2
b,e
. =(2 < V(b)(t = < -
The scaling relation for V"<, is
(7.2) for each r > 0, V(s,z) = 7“2‘71”’72’”(7”28,1”56).

We state two lemmas which will be used to prove Theorem 5.8 and prove
them after establishing the theorem.

LEMMA 7.1. Let p; denote the uniform law on [0,1]. For any dy € (0,1)
there is a C7.1(00) > 1 so that for all A > 0,

Efl (exp(— /01 f/’\’l(u, B,) du)) < 07.1)\_((1/2)-‘!-)\0)-&-50'

The analogue of H,, in (4.1) is (for any b > 0)
(7.3) H(u, 2) = uV> (u, Vuz) = f/b"’“il/z(l,a:),

where we used (7.2) with 7 = u~/2. The latter expression suggests that
limy 0o HY(u,7) = V®(1,2) = F(x). Let Zb = exp(fOT F(Ys)—Hb(e*, Ys) ds).
With Lemma 4.3(b) in mind we have:

LEMMA 7.2. There is a constant Cy.o such that for all b,T > 0,
Zb < Cra(b A1)~

Proof of Theorem 5.8. Let t,e and M be as in the Theorem and set
A = (eM)~!. An elementary argument, partitioning [z, x + €] into two non-
overlapping intervals of length £/2 and replacing M by 4M, will in fact allow
us to assume

(7.4) e <Vt/2 < \/t)2.
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48 MUELLER, MYTNIK, AND PERKINS

By (3.6) and translation invariance,

P (0 < Xy([z,2 +¢]) /e < eM)

< eB%, (10X ([, + £] > 0) exp(-AXy([z, 7 + &) /2)))
(7.5)

=e [exp (— / VANEE (L, y — x)dXo(y)) - exp(— / Vool (t,y — a:)dXo(y))}
Differentiate the last inequality (with x = 0 and Xy a point mass) with

respect to A, using Dominated Convergence to take the derivative through
the integral, to conclude for X' > 0,

d ~ -
T (exp (=TI (1, 2)) — exp(— V< (1)) )
d

= _WESE (exp(—()\'/E)Xt([Oa5]))1(Xt([07€) > 0))>

= — B (exp(— (/) Xu([0,£])) Xu([0,€]) /2 ).

Integrate both sides from A to oo and then integrate out x to conclude (by
Fubini)

/6\7”575(7&@) V() g
_ A - / B (e 0/RX0D X, (0,))/¢) draX.
The bound (7.1) and the above show that
/ (Voor — VVes) (¢, o) do
< 62/75/6—\7”5’5(15,1:) L V() g
< /A > / B (/X0 x, (0, €)) /) dr X

(7.6) _ 2t / / B (e WXt D X, (2 1 ) ) dardX.
A

Now use the Markov property at time ¢/2 just as in (4.8) and then apply
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the above to see that

o VMEE(ta) _ Vs (ta)
< / pejaly — 2) (V5 (12, ) — VVE5(/2, ) dy

< 64/tt_1/2/ /Egg (6—(A’/e)Xz/z([y7y+€])Xt/2([y’y n 5])/5) dy dN',
A
and so by (7.1), if f.+(X) = [ E; (e_(’\'/E)Xt([y’y“})Xt([y,y+€])/£) dy, then

sup[Voo — TNo] (1, ) < (1) /A foja(N) .

Returning to (7.5) we therefore see that (recall A = (sM)™!)

PE (0 < Xy([z,x +€]) /e < eM) < eXo(1)sup[VoorF — Ve (8, y)
Yy

oo

(7.7) < e(t)Xo(1) / L.

(eM)

Let pe denote the uniform distribution on [0,¢]. Argue as in the derivation
of (4.4) to see that

fex(N) = Egg (/ o~ N/ Xi([yy+el) / 1o, (z — y)X(t,x)da:dy/g)
e /O B (/X(t, #) exp(—(X /) X(w — =+ [0,e]))dw ) dz

<e ! /O6 EP (exp(— /Ot VN/EE(t — s, By — By + z)ds)) dz

(7.8)
:EEE (exp(—/o ‘N/)‘//E’E(S,Bs)ds))

Now apply the scaling relation (7.2) with r = e~! to see that for et > 1,
t
feaV) < B (exp(- / PNl s, B ds ) )
0

= Efl (exp( — /0t82 VNel(u, By) du))

(7.9) = 55 (exp( - /O ey By w)i)
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50 MUELLER, MYTNIK, AND PERKINS
where
te=2-1 -
Y(z) = EB (exp(—/ VAL (w41, B,) du)),
0

and we have used €72t > 1. So if Y, is the Ornstein-Uhlenbeck process
B(e*—1)e=*/2, T = log(te=2) and b = N¢, then, as in the proof of Lemma 4.1,

T T
Y(z) = EY (exp —/ H(e*,Y,)ds)) = EY ( Zbexp —/ F(Yy)ds) ).
(ool | )) = (Zrosw(= [ £ s))
By Lemma 7.2 and then (6.18),
(7.10)  Y(x) < Cra(bA 1)_20P£/(p >T) < Cra(bA 1)_2005669328”‘075_)‘0.
Take 0 < § < 1/4 and use the above in (7.9) and then Hélder’s inequality

with ¢ = (48)~! and p = (1 — 45)7}, to get (with b= N¢)

T 1-46
Foa(N) < e5(b A1) 202020 EB (exp(— /0 Vb’l(u,Bu)du>> .

So recalling (7.7), applying the above found with ¢/2 in place of ¢ (by (7.4)

(
we have 5*2% > 1) and using Lemma 7.1, we have

PR (0 < Xy([z,z +¢]) < M)

< c(t)Xo(l)sw‘ch/ (XN A1)™2
(eM)~!

X [Efl (exp (— /1 VNl (u, By) du))} 1745(1)\'
0

1
< e(t) Xo(1)ePo~ 1l [/ w2 dw
M-1

# [ (e (- [ 7t )] ]

< (1) Xo(1)e21¢, [M19 +/ C 71(80) (/27 +20)+50)(1-49) dw}
1

< e(t) Xo(1)ePo~ Mo,
by choosing ¢ and dy sufficiently small since A\g > 1/2. This gives the required

result for ¢ = 1. By scaling (see, e.g., Exercise 11.5.5 in Perkins (2002)) it
follows for general ¢ > 0. |
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Proof of Lemma 7.2. Lemma 3.2(c) and (7.1) show that F, H® < 2 and
so by (3.6) and (1.8),

F(z) — H'(u,z) < €? [o—H(ua) _ e—F(m)}
i u71/2

<¢? ng (exp<—bu/0 X(1,y) dy) ~1(X(1,0) = 0))

< [EY (1(0 < X(1,0) < u_1/8)>

+ B (10X(1,0) > w7 exp(—bu'”? fou_l/;)i(/i,y)dy»]

(7.11)
=e2(T1 + T).
Theorem 4.8(a) implies that
(7.12) Ty < Cu~(Po=1)/8,

We apply the modulus of continuity in Proposition 5.6 with { = 3/8 and
K =2 and so set pp(w) = p(2,3/8,w). Choose ug so that

(7.13) u~(E2=A/8) <1 /9 for all u > ug.
If u > ug, po(w) > u™"/* and y € [0,u~"/?], then on {X(1,0) > u™"/%},

X(1,y) > X(1,0) — |y|s > u Y8 — w2 >0 1/8/2 (by (7.13)).
Therefore for u > wuy,

b
T, < Pg,(po <u™'/?) + exp(—ﬁu(l/m_(l/g))
(7.14) < Cu%6/2 4 exp<—9u3/8>.
2

Combining (7.12) and (7.14) we have

F(z) — H(u,z) < C(u=Po=1/8 4y =05.6/2) 4 ¢2 exp(—gu?’/s),

first for u > wug, and then for all v > 1 by increasing the constant C.
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Therefore,

zb < CeXp(/T62 exp(—ge%) ds)
0

]¢e2 (b/2)e3T/8
= C’exp(% /b e Wt dw)

/2
2 1
< Cexp(&a/ w_ldw) <ChA1. 1
3 Jw/2m

Proof of Lemma 7.1. Set v = £ + Ao € (1,3) and B =1 — T € (£, ).
The exponent on A (in the statement of the Lemma) is negative and so we
may assume without loss of generality that A > 1. For A > 1 use an obvious
symmetry to see that

PY(A) = Eljfl (exp(— /01 VM(s, By) ds))
= EB (1(30 e NP 1-AP)EE (exp(_ /0 1 VAL(s, By) ds))

1
+ 288 (1B € 0N D EE, (exp— [ VA1(s, B ds))
0
(7.15)
=17 + 2T5.

By Feynman-Kac we have

5 t YN B
(7.16) V’\’l(t,z):Ef<>\1[071](Bt)exp<— / st)).
0

If ‘70,\,1 was non-negative continuous, this would follow from Karatzas and
Shreve (1991) (p. 268) and for general non-negative Borel initial conditions it
follows by taking bounded pointwise limits (use (3.6)). Now bound V! (u, z)
above by V(\)(u,z) = 2_2&“ and use this bound in the exponent in (7.16)
to conclude that

VALt 2) > APB(B, €]0,1]) exp(— /Ot 2(2)\)d5>

24+ )Xs
2\
= PB(B, €0,1]).
N - (B € 10,1])

(7.17)
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Ifz € [A\7/2,1—(A#/2)] and t < A\=280+42) for some £ > 0, then by (7.17),

‘7/\,1(157 x) > (1- Pf(Bt ¢ [0,1]))

24 M

Zm(l—m),

where 7y = exp(—\?%¢/8). Therefore

1—)\—8 A—28(1+e)
L — )\
T < EB -2 (—d
1—/M 7 (exe( /0 (1+ (As/2))2 )

1
x1( sup |Bs—x|< 5/\75)>dx

s<A—2B(1+¢)

1
+Pf< sup  |Bs| > ,)\—6>
s<A-28(1+2) 2

1-28(1+¢) —2(1—my)
<[re %} P C exp(~\P 8)
(7.18) < O\~ (172804e))2(1-m) < o \~2(1-26(1+2¢))

where the last inequality holds first for A > A(e), and then for all A > 1 by
increasing C..
For Ty we use the scaling relation (7.2) with » = A\? to see that

f/)"l(s, x) = AZBYATEIN (/\253, Aﬁx),

and so
Ty =\TPEP (exp(f /0 1 VAT (\285 AP B, A% ds>)
— A\ PEB (exp<— /O . VAN (4 BY) du>>
(7.19) <A PEB (exp<— /01 VAT BY) du)zﬁ(Bl)),
where

A A1 1-2
b(x) = By (exp(—/ VAT (s 4 1,Bs)ds>>.
0
By (7.10) with b = A'=2% and A?2 in place of te 2, for any § > 0,

P(z) < C5ed™* \~28%0,
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Use this in (7.19), and then for any p > 1 choose § > 0 so that 1—2§ > p~!,
and apply Hélder’s inequality to see that

T 1/
(7.20) T < Cp)\_6(1+2)‘0)E51 (exp(—/O v 2B’l(u, By) dy)) p.

Combine (7.15), (7.18) and (7.20) to conclude that for any ¢ > 0 and
p > 1 there are constants C. and ¢, so that
w(}\) S CEA_2(1_2’8(1+26)) +Cp>\—ﬁ(l+2)\o)w()\l—25)l/p
(7.21) < C A2 L e A7 2P7p(N/2) Ve,

where the last line uses v > 1. Now fix r € (1,7), choose € > 0 so that
¥ —2e >,

and then p > 1 so that
r
2By + L > 7.
2p

The latter is easily seen to be possible by the choice of r and a bit of
arithmetic. With these choices of ¢ and p we then may choose X' = X (r)
sufficiently large so that (by our choice of ¢) for C. and ¢, as in (7.21)

1
ATFE < A" for A> N
= 9C. or A =2
and (by our choice of p),
A2 < Ly gy >
=%, >
Using the two bounds above we see that (7.21) becomes

(7.22) P(N) < /\; + %)\w/(2p)¢()\v/2>l/p for A > N,

Let N = N(r) be the minimal natural number such that 229" > X. Now
choose Cy = Cp(r) > 1 so that for all 1 < A < 2(2/7)1\7,

(7.23) W(A) < Cor™".

We now prove by induction on n > N that (7.23) holds for 1 < A < 202/7)"
It holds for n = N by our choice of Cp, so assume it holds for 1 < \ < 22/1)"
(n > N), and let A € [22/7)" 22/Y") Then A > X and

(7.24) A2 < 2/M",
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Therefore by (7.22), and our induction hypothesis,

W)\) < % -+ %)ﬂ’"/@]’)c&/p)\f'yr/@p)
< Co)\_T,

This completes the induction and so for any r < 3 + Ao, ¥(A) < Co(r)A™"
for all A > 1. |
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