ADO’S THEOREM

SHAMIL ASGARLI

ABSTRACT. The purpose of this expository note is to give a proof of Ado’s Theorem, which states that every
finite-dimensional Lie algebra over the field of characteristic 0 has a faithful finite-dimensional representation.

1. INTRODUCTION

Let L be a finite-dimensional Lie algebra over the field F. By a finite-dimensional representation, we mean a
Lie algebra homomorphism ¢ : L — gl(V') for some vector space V with dim(V) < co. When ¢ is injective,
@ is said to be a faithful representation. If L has a faithful representation, then we can view elements of L as
matrices with entries in F'. It is natural to ask whether every finite dimensional Lie algebra can be concretely
realized in this way. Ado [1] gave an affirmative answer when char(F) = 0. The result was extended by
Iwasawa [2] to cover the case char(F) = p for prime p. We follow Fulton & Harris [3] to give the proof for
the case char(F) = 0.

2. UNIVERSAL ENVELOPING ALGEBRAS

Recall that if L is a Lie algebra over the field F', the universal enveloping algebra U of L is an associative
F-algebra with 1 together with a linear map i : L — U satisfying i([z,y]) = i(x)i(y) — i(y)i(z) for x,y € L,
and has the following universal property: If 2 is any F-algebra with 1, and j7 : L — 2 is a linear map
satisfying j([z,y]) = j(x)j(y) — j(y)j(z), then there exists unique F-algebra homomorphism ¢ : U — 2 such
that j =1 oi. In other words, the following diagram commutes:

See Humphreys [4] Chapter V for explicit construction of &. One noteworthy result, known as Poincare-
Birkhoff-Witt Theorem, will be used in the proof of Ado’s Theorem:

Theorem (Poincare-Birkhoff-Witt) Let (z1,x9,...,) be any ordered basis of L. Set y, = i(z,) € U.
Then the elements y;(1)...¥;j(m), m € N and j(1) < j(2) <--- < j(m) together with 1 form a basis of U.

Proof. Corollary 17.3.D in Humphreys [4].
There is another important result that lets us identity L with its image ¢(L) in U(L):
Theorem (Embedding L into U(L)) The canonical map i : L — U(L) is injective.
Proof. Corollary 17.3.C in Humphreys [4].

This result immediately leads to a weaker version of Ado-Iwasawa Theorem. If L is any Lie algebra, then

for each x € L, define ¢, : U — U by 1, (t) = i(z)t. Define ¥ : L — gl(U) by ¥(z) = ¢,. Then we get a

representation of L. Since t(x) : 1 — i(z) and ¢(y) : 1 — i(y), it follows that (x) # ¥ (y) for x # y and so

V¥ is injective. Therefore, every Lie algebra has a faithful representation. Of course, the space U is almost
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always infinite-dimensional. On the other hand, Ado-Iwasawa theorem guarantees the existence of a faithful
finite-dimensional representation of L.

3. ADO’s THEOREM

It can be shown (Lemma C.27 in [3]) that if § is a derivation of L, then there exists a derivation & of U such
that 0i = iod. We start by proving a lemma that allows us to replace an ideal of finite co-dimension in U
with a smaller ideal of finite co-dimension that is invariant under derivations of L. We will use Nil(L) and
Rad(L) to denote the maximal nilpotent ideal and maximal solvable ideal of L, respectively.

Lemma 1. Suppose & is a finite-dimensional solvable Lie algebra over F' where char(F) = 0. Let U be
the universal enveloping algebra of &, together with its linear map ¢ : & — U. Suppose [ is an ideal of U
satisfying the following conditions:

(i) U/I has a finite dimension.

(i) i(x) is nilpotent in U/ I for every z € Nil(&).

Then there exists an ideal J of U with J C I such that J satisfies (1) and (2), and moreover,

(iii) If & is a derivation of &, the corresponding derivation § of U satisfies D(.J) C J.

Proof. It is a standard fact that U is generated (as an associative algebra) by {i(z) : x € &}. Hence, U/I
is generated by {i(z) : 2 € &}. Let M be the ideal in U/I generated by {i(z) : = € Nil(&)}. We claim
that 9 = 0 for some positive integer k. Define the Lie algebra homomorphism f : Nil(&) — gl(U/I) by
f(z) = 7, where 7, : t — i(z)t. Since Nil(&) is nilpotent, it follows that f(Nil(&)) is nilpotent. By Engel’s
Theorem applied to f(Nil(&)) C g (U /I), there exists k > 1 such that any product of k elements from
Ff(Nil(&)) is 0, i.e. f(mz,)o f(my,) o0+ 0 f(my,) = 0 that is, i(z1)i(xz) - - - i(xg) = 0 for any z; € Nil(&). To
prove M* = 0, it is enough to show that the products in //.J containing at least k elements of the form i(z)
with « € Nil(&) is zero. If x € Nil(&) and y € &, then i(z)i(y) = i([z,y]) + i(y)i(z). Since Nil(&) is an
ideal, [x,y] € Nil(&). By repeated application of this identity, we can move all i(z) with 9(&) to the right.
So any product containing at least k elements of the form i(z) with « € Nil(&) can be rewritten as a linear
combination of products each of whose last (right-most) k factors are i(x) with z € Nil(&), which is zero.
Thus, 9% = 0. Since 91 is an ideal in /I, we can write 0 = B/I for some ideal B in U (by correspondence
theorem). Hence, ¥ =0 = BF C I. Set J = B*. We will show that J satisfies condition (i), (i) and (iii).

(i) Note that dim(U/B) < oo because dim(U/B) + dim(B/I) = dim(U/I) < co. Let aq, ..., be basis for
{i(z) : © € &}. Since U/B is finite-dimensional, there exists monic polynomials f1, fa,..., fn € F[X] such
that f;(@;) = 0 in U/B. Then fi(a;) € B for each 1 <i < n. Set g;(X) = fi(X)* € F[X]. Then g(a;;) € J
foreach 1 < <n. By Poincare-Birkhoff-Witt Theorem, {a1 ,a3?,...,adn each j; > 0} is a basis for U, and
so S ={al", a¥?,..,al : each j; > 0} is a basis for U/.J. But @y, ..., @, each satisfies a monic polynomial in
U/J (the polynomials g1, ..., g, respectively). Thus S is finite, and U/J is finite-dimensional.

(ii) Suppose z € Nil(&). Since I satisfies condition (ii), @m = 0in U/I for some m € N, i.e. i(z)™ € I.
This gives i(x)™* = (i(x)™)* € I* C B¥ = J. Hence, i(x) is nilpotent in U/J for every z € Nil(&).

(iii) We use the fact that if 4 is a derivation of a Lie algebra L over the field of characteristic 0, then 6(Rad(L))
is contained in a nilpotent ideal (The proof is given in the last section “Derivations of Lie Algebras” ). Here
G = Rad(6&) as S is solvable; so 6(&) C Nil(&) for every derivation ¢ of &. The corresponding derivation
6 : U — U satisfies doi = i04. Hence, 6(i(S)) = i(5(S)) C i(Nil(&)) C B. Since i(S) generates I, it follows
that §(1) C B. Since 4 is a derivation, 6(B¥) C §(B¥), that is, 6(.J) C J. O

We call a representation p : L — gl(V) a nilrepresentation if p(z) is a nilpotent endomorphism for each
2 € Nil(L). The following result plays a pivotal role in the proof:

Proposition 2. Let L = & @ H be a finite-dimensional Lie algebra where & is a solvable ideal and H is
a subalgebra of L. Suppose o : & — gl(V) be a finite-dimensional nilrepresentation. Then there exists a
finite-dimensional representation p : L — gl(V’) such that ker(p)N& C ker(o). Moreover, if Nil(L) = Nil(&)
or Nil(L) = L, then p can be chosen to be a nilrepresentation.
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Proof. We break down the proof into 6 steps, and highlight the main idea in each step.
Step 1. Use Lemma 1 to create a suitable ideal inside U(S).

Let U = U(S) be the universal enveloping algebra of L, together with its linear map ¢ : & — U. Given
o :6 — gl(V), we apply universal property of U to obtain a F-algebra homomorphism 6 : & — End(V)
such that 0 = & o 4. Note that gl(V) and End(V) are the same set; different notation has been used to
suggest the respective algebraic structure under consideration (i.e. Lie algebra structure and associative
algebra structure in this case). Let I = ker(¢) which is an ideal in U. By First Isomorphism Theorem, U/I
is isomorphic to a subalgebra of End(V'). Since dim(V) < oo, it follows that dim(End(V')) < oo, and so
dim(U/I) < oo. If x € Nil(&), then &(i(x)) = o(x) is nilpotent in End(v) (since o is a nilrepresentation),

and hence i(z) is nilpotent in U/I. By Lemma 1, there exists an ideal J in U with J C I such that
dim(U/J) < oo, i(z) is nilpotent in U/J for every x € Nil(J), and J is stable under derivations induced by
the derivations of &.

Step 2. For each = € L, construct the map T, : Y — U which satisfies T,,(J) C J.

For each y € &, let ¢, : U — U be the multiplication by i(y) € U, i.e. ¥,(t) = i(y)t. For each z € H, the
map ad z : & — & that sends z — [z, w] for w € & is well-defined because & is an ideal of L. Since ad z is a
derivation, there is a corresponding derivation ¢, : U — U with §, 0i =ioad(z). For z € L, write x = y+ 2
withy € 6, z € H and set T, := ¢, + 9, : Y — U. Since J is an ideal in U, ¢(J) C J and because J is
stable under derivations, d,(J) C J. Hence, T,,(J) C J.
Step 3. Prove that Tj,, ;,) = T, 0 oy — Ty 0 Ty
Let 1 = y1 + 21 and x2 = y3 + 22 be elements of L, where y1,y» € &, and 21,z € H. We have
Tﬂ:l o TI2 - Tl’z o TZ1 = (wyl + 621) o (wyz + 622) - (¢U2 + 62’2) o (’(/}?h + 52’1)
(%) = Yy, 0 Yy, — Wy, 0hy,) + (y, 002, — 62y 09y, ) + (82, 0 Py, — Yy, 002,) + (2, 002, — 02, 00%,)
For each t € U,
(7/’y1 o ¢y2 - ¢y2 o 1/)311)(0 = 1/’7;1 ('L(yQ)t) - ¢y2 (Z(yl)t)
= i(y1)iy2)t — i(y2)i(y1)t
= i([yh yQ])t = w[yl,yﬂ(t)
Thus7 wyl © wyz - wyz °© 1/}?,/1 = ¢[y1,yz]‘ NeXt’
(1/)?/1 o 522 - 522 o 1/}111)(0 = i(y1)522 (t) - 622 (Z(yl)t)
=0(y1)02,(t) — i(y1) (02, (1)) — 0, (i(y1))t because J, is a derivation.
=0, (i(y1))t = —i(ad(z2)(y1))t because d, o i =i o ad(z)
= —i([Zg,yﬂ)t = i([yla 22])t = w[y1,z2](t)
Thus, 1y, 006, — 02, 0y, = Yy, 2,)- Similarly, 0., 0vpy, — 1y, 00, = P, 4,. Now, for every w € &, we have
(62, 002, — 62, 005,)(i(w)) = 0z, 062, (i(w)) — 6z, 062, (i(w))

= 0z, ci(adz, (w)) — 0z, o i(ad(z1)(w))
i(ad(z1) o ad(z2)(w)) — i(ad(z2) o ad(z1)(w))

=0 (ad(z1) oad(z2) — ad(z2) o ad(z1))(w)

= ioad([z1, z2]) (W) = 0}z, 2] (i(w))
So §(z1) 0 0(z2) — 0(22) 0 6(21) and O, .,] agree on {i(w) : w € &}. Since {i(w) : w € &} generate U, we
deduce that §(z1) 0 d(z2) — d(22) 0 0(21) = 0|2, 2,]. Putting all these pieces into (), we get the result:

Tay 0 Tay = Ty © Ty = Ypys sl + Yln 2] + Ve a) + 0z,

= Vlys yal+ly1,22]+[21,92] T O[z1,20]

= T[yl,yz]Jr[yl722]+[21,y2]+[21722]

= T[y1+217y2+22] = T[xl,xz]
3



Step 4. Construct the desired representation p : L — gl({//J), and verify ker(p) N & C ker(o).

For each x € J, Tp(J) C J. Thus, there is an induced map T, : U/J — U/J defined by T,(y) = T.(y).
Define p: L — gl(U/J) by z +— T,. From step 3, we obtain

T[m],wz] = Tﬂ@l © TI2 - T,ch © Tﬂﬁl
Therefore, p([x1,z2]) = p(x1) o p(z2) — p(x2) o p(x1), and so p is a representation. If x € ker(p) N S, then

z = x +0 is the decomposition in & & H, and so T, = 1,,. Hence, p(x) : t — i(x)t. Since p(x) = 0, it follows

that i(z)t = 0, or equivalently, i(z)t € J for all t € U. In particular when ¢t = 1, we get i(x) € J C I = ker(5).
Consequently, o(z) = 6(i(x)) = 0 which proves x € kero. Thus, ker(p) N & C ker(o).

Step 5. Analyze the case Nil(L) = Nil(&).
As in Step 4, if x € Nil(L) = Nil(&) C & then p(z) : £ = i(x)t. But from Step 1, i(x) is nilpotent in U/.J for

each z € Nil(&). Since p™ : ¢ + (i(x))"t, it follows that p is a nilpotent endomorphism for all z € Nil(L),
implying that p(z) is a nilrepresentation.

Step 6. Analyze the case Nil(L) = L.

By the same idea in Step 5, p(z) is nilpotent for each z € Nil(&). We would like to prove something
stronger, namely, p(z) is nilpotent for each = € L. Let 2 be the associative algebra in I/ /J generated by the
set p(L) = {p(z) : x € L}, and let N be the ideal in A generated by p(&) = {p(z) : v € &}. We will show
that 9t* = 0 for some k > 1 in almost exactly the same way as in the proof of Lemma. First, by applying
Engel’s theorem to p(&) C gl(U/J), there exists some k > 1 such that product of any & elements from p(&)
is zero. If x € p(&) and y € p(L), then using the identity zy = [zy] + yz we can shift each x € p(&) to
the right of the product. Hence, every product in 2 in which at least k factors are from p(&) is 0. Thus
MF = 0. Since L is nilpotent, ad(z) is nilpotent for every z € L. For each 2 € H C L, let §, : U — U be the
derivation corresponding to ad(z) : & — & as before. Then, d, : U/J — U/J is nilpotent because U/J is
finite-dimensional. Let x € L be arbitrary. Suppose z = y + z with y € & and z € H. Choose ¢ such that
p(2)f = 0. Then, p(x)* = (p(y)+p(2))* and after expanding, each product will contain either k consecutive
terms from N, or p(z)* will occur in the product (by the pigeonhole principle). Hence, (p(z))** = 0 and p is
a nilrepresentation. This completes the proof of Proposition 2. O

The key idea in the proof of Ado’s theorem is the following: We start with a nilrepresentation for the centre
of the Lie algebra. Using the proposition above, we successively build a representation for the Lie algebra.
We achieve the desired faithful representation with the help of adjoint representation.

Theorem 3 (Ado). Let L be a finite-dimensional Lie algebra over a field of characteristic 0. Then L has
a faithful finite-dimensional representation.

Proof. Let Z(L) ={z € L : [x,2z] =0 for all z € L} denote the centre of L. Let z1, 23, ..., 2, be a basis for
Z(L). We claim that the map po : Z(L) — gl(F?") defined by

polc1z1 + cazo + -+ cpzn) i (a1,b1,a2,ba...;an,b,) — (c1b1,0, c2bs, 0, ..., cpby,, 0)

is a faithful finite-dimensional nilrepresentation of Z(L). Indeed if po(c121 + cazo + -+ + ¢nzn) = po(diz1 +
dQZQ + -4+ dnzn), then (Clbl, O, Cgbg7 O, ceey Cnbn, 0) = (dlbl, 0, dgbg, O, ceey dnbp, 0) for every bl, bg, ) bp e F.
Setting b; = 1 and b; = 0 for all 4 # j, we get ¢; = d;. So po is faithful. To check that pg is a representation,
we need to prove po([z,y]) = [po(x), po(y)] for every =,y € Z(L). Since Z(L) is commutative, this is
equivalent to showing [po(z), p(y)] = 0, i.e. po(x) o po(y) = po(y) o po(z). Let * = c121 + -+ + ¢z, and
y=dyz1 + -+ dnz,. Then,

=

po(z) 0 poly) : (ar, b, az, baewes an, b)Y (diby,0,dsbs, 0, ..., duby, 0) 2% (0,0,0,0...,0,0)

and similarly,

po(y) o po(x) : (a1,b1,a2,ba...;an,by) fol) (c1b1,0, 22,0, ..., cpby, 0) fow (0,0,0,0...,0,0)
So po(x) o po(y) = po(y) o po(x) = 0 as desired. In particular, (pg(x))? = 0 for all x € Z(L), which shows
that pg is a nilrepresentation.
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Because Rad(L) is solvable, and Z(L) C Rad(L) there exists a sequence of solvable subalgebras in L:
Z(L)=LoC Ly C+CLy=Nil(L) C Ljy1 €+ C Ly = Rad(L) € Lyps1 = L

such that L; is an ideal in L;14 for 0 < i < m, and dim(L;) + 1 = dim(L;41) for 0 < ¢ < m — 1. Hence,
Lit1 = L;®Fv; where v; € Liy1\ L; for each 0 < i < m—1. And for the case i = m, we use Levi’s Theorem
to get L = Rad(L) @ H for some semisimple subalgebra H of L.

Starting with the nilrepresenation pg of Z(L) = Lg, we apply Proposition 2 inductively to get a representation
pi of Ly such that ker(py) N Ly C ker(Lg). For the inductive step to work, we need to make sure that each p;
is nilrepresentation. This can be done because Nil(L;) = L; for 1 <i < k (as L; C Nil(L) for 0 <14 < k) and
Nil(L;) = Nil(L) for i > k (as Nil(L) is the maximal nilpotent ideal of L). Note that from Z(L) = Z(L)N L;
forall 0 <7< m-+1 we get

Z(L)Nker(p;) = Z(L)N L;—1 Nker(p;) C Z(L) Nker(p;_1)

forall 1 <i < m+1. Since Z(L)Nker(pg) = 0 (because p is faithful), it follows that Z(L)Nker(p;) = 0 for all
1 <4< m+1. In particular Z(L) Nker(pm+1) = 0. We have the representation pp,41 : L1 = L — gl(V)
for some vector space with dim(V') < oo. Define p = p;1 @ad : L — gl(V @& L) by p(z) = (pm+1,ad(x)).
Then p is a finite-dimensional representation of L satisfying

ker(p) = ker(pm—+1) Nker(ad) = ker(pmy1) N Z(L) =0
so p is faithful. This concludes the proof of Ado’s Theorem. |

4. DERIVATIONS OF LIE ALGEBRAS

The purpose of this section is to collect some properties of derivations, and in particular to prove the theorem
that if L is a Lie algebra over F' where char(F) = 0, the image of Rad(L) under any derivation is contained in
a nilpotent ideal of L. The hypothesis char(F) = 0 will be explicitly used when we appeal to Lie’s theorem.

The following lemma will help us conclude that [L, Rad(L)] is a nilpotent ideal of L.

Lemma 4. If p: L — gl(V) is any representation, then each element of p([L, L] N Rad(L)) is a nilpotent
endomorphism of V.

Proof. We may assume that V is irreducible: because if V had a proper subrepresentation W, then
arguing by induction on dimension of V', the conclusion of the lemma would hold for W and W/V| which
in turn would imply the assertion for V. We may also assume that p is injective: because we can write
p: L = L/ker(p) -2 gl(V) where 7 : L — L/ ker(p) is canonical projection, and 7 : L/ ker(p) — gl(V) is
defined by p(T) = p(x). It is clear that 7 is surjective while p is injective. So if the conclusion of the lemma
holds for the representation p : L/ ker(p) — gl(V'), then it will hold for p : L — gl(V') as well.

So assuming that V' is an irreducible L-module, and p : L — gl(V) is injective, we will actually prove that
[L, L] " Rad(L) = 0, which trivially implies the lemma. Before we proceed further, let’s recall the following
fact, which is available to us from the proof of Engel’s Theorem:

Fact: If p : L — gl(V) is a faithful representation, and that N is an ideal of L consisting of nilpotent
endmorphisms (i.e. p(x) is nilpotent for each x € N), then the subspace

W={veV:p)(v)=0foralzelL}
is invariant under the action of L. Since V is irreducible, W = V which shows that p(z) =0 for all z € N.

We now prove [L, L] NRad(L) = 0. If Rad(L) = 0, there is nothing to prove. Otherwise, choose the largest
integer m such that K = Rad(L)™) # 0. Here we are using the notation L(®) = L and L0+ = [L() L))
for all ¢ > 0. By maximality of m, [K, K] =0, i.e. K is abelian. To prove [L, L] N Rad(L) = 0, it is enough
to prove [L,L] N K = 0: if we can show [L,L] N K = 0, then m = 0 follows (i.e. K = Rad(L) and so
[L, L) N Rad(L) = 0), because otherwise m >1 — K C [L,L] = K =[L, L] N K = 0, contradiction.
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We will first prove [L, K] = 0. Suppose « € L, y € K. Since [z,y] € K and K is abelian, y commutes with
[z,y]; hence, by Jacobi’s identity, y commutes with all powers of [z,y], i.e. [y, [z,y]"™] = 0 for every n € N.
Let z = [z,y]™ Y. In particular, [y, z] = 0. We have

Pl y)™ = p(ly)) - ol y)" ™" = p(l.y) - p(2) = [p(2), p(W)] - p(2)
Taking trace of both sides, and using the identity Tr([A, B] - C) = Tr(A - [B, C]),
Tr(p([z,91)") = Te([p(2), p(y)] - p(2)) = Tr(p(z) - [p(y), p(2)]) = Tr(p(z) - p(ly, 2])) = Tr(p(z) - 0) = 0
So Tr(p([z,y])™) = 0 for every n € N. Thus, p([z,y]) is a nilpotent endomorphism. By the Fact above,
p([z,y]) = 0. Since p is injective, [x,y] = 0. This proves [L, K| = 0.

Now assume z € [L, L]N K. Then z = [z,y] for some z,y € L. Now, [z,y] € K implies [y, [x,y]] € [L K]=0
by previous step. So y commutes with [z, %], and therefore with all powers of [z, ], i.e. [y, [z,y]"™] = 0 for
every n € N. By the exact same argument used above, z = [z, y] = 0. Therefore, [L, L] ﬂ K =0. |

Corollary 5. [L,Rad(L)] is a nilpotent ideal of L.

Proof. Consider the adjoint representation ad : L — gl(L). Since [L,Rad(L)] C [L,L] N Rad(L), we
can apply Lemma 4 to deduce that every element of ad([L,Rad(L)]) is nilpotent. By Engel’s Theorem,
ad([L,Rad(L)]) = [ad(L),ad(Rad(L))] is a nilpotent ideal of gl(L). Note that ker(ad) = Z(L). By the
first isomorphism theorem, [L,Rad(L)]/Z(L) = [ad(L),ad(Rad(L))] is nilpotent. By Proposition 3.2 in
Humphreys [4], it follows that [L, Rad(L)] is nilpotent. O

Theorem 6. Let L be a Lie algebra over the field F', and § : L — L be a derivation of L, i.e. d is a linear
map satisfying §([z, y]) = [6(x), y] + [z, d(y)]. Then L can be embedded (as an ideal) in a Lie algebra L’ such
that for some w € L', ad(w) restricted to L is 4.

In other words, every derivation can be viewed as an inner derivation if one embeds the Lie algebra inside a
larger Lie algebra.

Proof. Consider L' = L @ F and define the Lie bracket on L’ by
[(z,a), (y,0)] = ([2,y] + ad(y) — bS(x),0)
for all z,y € L, a,b € F. We claim that L’ is a Lie algebra. We have
[(z1,a1) + (22, 02), (y,0)] = [(x1 + 72,01 + a2), (y,b)] = ([z1 + @2,y] + (a1 + a2)0(y) — b6 (21 + 22),0)
= ([#1,y] + [z2,y] + @16(y) + a20(y) — bd(z1) — bd(z2),0)
= ([z1, 9] + a16(y) — b6(21),0) + ([x2, y] + a20(y) — bé(x)
= [(z1,01), (5, 0)] + [(22, a2), (y, )]
Similarly, [(z,a), (y1,01) + (y2,b2)] = [(z, @), (y1,b1)] + [(z, @), (y2,b2)]. And
[c(z,a), (y,b)] = [(cz, ca), (y,0)] = ([ex,y] + cad(y) — b(cx),0)
= (c[z,y] + cad(y) — cbd(x),0)
= c([z,y] + ad(y) — bé(x),0) = c[(z,a), (y,b)]
Similarly, [(z,a), c(y,b)] = ¢[(z,a), (y,b)]. So the Lie bracket on L’ is bilinear. Next,
[(z,a), (z,a)] = ([z, 2] + ad(z) — ad(z),0) = ([z,2],0) = (0,0)
for every z € L, a € F. Finally,

’0)

([(z,a), (4, 0)], (2, )] = [([, 9] + ad(y) — bd(2),0), (2, ¢)]
= ([, y] + ad(y) = bo(2), z] + 05(2) — cd([2, y] + ad(y) — bd(x)), 0)
= ([[#,y], 2] + ald(y), 2] = b[d(x), 2] — i ([, y]) — cad®(y) + cbd*(x),0)
= ([[#,y], 2] + ald(y), 2] = b[6(x), 2] = cd([z, y)) — cad®(y) + cbd*(x),0)
= ([lz, 9], 2] + ald(y), 2] = D[6(x), 2] = c[6(x), y] = clo, 5(y)] — cad®(y) + cbd* (), 0)
= ([[#,y], 2] + ald(y), 2] = b[5(), 2] = c[d(2), 4] + c[d(y), a] — cad®(y) + cbd*(x),0)



We have shown that
[[(z, a), (4, b)), (2, )] = ([, 9], 2] + ald(y), z] = b8 (), 2] — c[b(x), ] + c[d(y), z] — cad®(y) + cbd*(x),0)
Similarly,
[[(2,¢), (z, )], (3, 0)] = [[[2, 2], y] + c[0(2), y] — a[d(2),y] — b[0(2), z] + b[d(x), 2] — bed? (x) + bad?(z), 0]
[[(y, ), (2,0)), (z,a)] = [[[y, 2], ] + b[6(2), =] — c[b(y), =] — ald(y), 2] + ald(2), y] — abd?(2) + acs®(y), 0]
Adding the three equations, we obtain
[[(z; ), (4, 0)], (2, )] +[[(2, ¢), (x, a)], (y, D) +[[(y, b), (2, 0)], (w, a)] = ([, ], 2]+ [z, 2], y]+ [y, 2], ], 0) = (0, 0)

where in the last step we used the Jacobi identity in L. Thus, Jacobi identity holds for L’. We conclude
that L’ is a Lie algebra. Define v: L — L' by x + (x,0). It is clear that v is injection. Furthermore,

[w(x), v(y)] = [(x,0), (5, 0)] = ([, 4] + 06(y) — 06(x),0) = ([z,4],0) = v([z,y])
showing that v is a Lie algebra homomorphism. So we have an embedding of Lie algebras L < L'.
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Let us make the identification L = {(x,0) : z € L} C L’. We will show that L is an ideal of L. In fact,
something stronger is true, namely [L’, L] C L. Indeed,
[(z,a), (y,0)] = ([z,y] + ad(y) — bd(z),0) € L
Let w = (0,1). Then, consider the inner derivation ad(w) : L' — L’ by ad(w)(2’) = [w, '] for every o’ € L'.
When 2’/ = (z,0) € L, we get
ad(w)((z,0)) = [w, (,0)] = [(0,1), (z,0)] = ([0, 2] + 16(z) — 06(0),0) = (6(x),0)
Therefore, the restriction of the inner derivation ad(w) to L is equal to the original derivation 0. ]

Corollary 7. If k is the Killing form on L and ¢ is any derivation of L, then
r(0(z),y) + r(z,8(y)) = 0
for all z,y € L.
Proof. Apply Theorem 6 to get a Lie algebra L' with L — L', and w € L’ satisfying ad(w)|;, = §. Consider
the Killing form " on L’. Since the Killing form is associative, we have
w (ad(w)(2'),y") = &' ([w, 2], y) = =r'([2", w],y) = =K' (@', [w,y]) = =K' (2", ad(w)(y"))
= #(ad(w)(2'),y’) + #'(2",ad(w)(y')) =0
for all ’,y’ € L’. Since ad(w)|r, = J, we get

K'(6(x),y) + K (z,6(y)) = 0
for all z,y € L. But L is an ideal of L', so k|, = k. Thus, «(§(z),y) + k(z,(y)) = 0. O

Definition. If K is an ideal of L, we say K is characteristic if §(KX) C K for every derivation § of L.

By definition, ideals are vector subspaces of L invariant under inner derivations. Being a characteristic ideal
is a stronger condition. The analogy in group theory are the notions of normal subgroup and characteristic
subgroup. Note that if I is an ideal of L, then any characteristic ideal K of I is an ideal of L. This is
the same observation that a characteristic subgroup inside a normal subgroup of G is necessarily a normal
subgroup of G. The proof is essentially the same: Any inner derivation ad(x) where x € L leaves I invariant
(as I is an ideal of L). So the restriction of ad(x) to K is a derivation of I. As K is characteristic in I, we
have ad(z)(K) C K. Hence, K is an ideal of L.

Corollary 8. If I is a characteristic ideal of L, then its orthogonal complement with respect to the Killing
form is also a characteristic ideal.

Proof. Let § be a derivation of L. By Corollary 7, k(6(z),y) + k(z,d(y)) = 0 for all z,y € L. In
particular when x € I, y € I+, we get d(x) € I (as I is characteristic) and so x(d(x),y) = 0. Thus,
k(8(z),y) + K(z,6(y)) =0 = k(z,d(y)) = 0. As a result, 6(y) € I+, proving that I+ is characteristic. 0



Proposition 9. Rad(L) is the orthogonal complement of [L, L] with respect to the Killing form on L.

Proof. Let z,y € L and z € Rad(L). We claim that x([z,y], z) = 0. By associativity of the Killing form, it is
enough to show «(z, [y, 2]) = 0. Let H subalgebra of L generated by x and Rad(L). Since [H, H] C Rad(L),
H is solvable. Applying Lie’s theorem to the adjoint map ad : H — gl(L), H acts on L by upper-triangular
matrices. Since [y, z] € [L, L] N Rad(L), by Lemma 4 the adjoint action of [y, z] on L is nilpotent. Hence,
ad(z) o ad([y, z]) is nilpotent, and

H(Z’7 [ysz = Tr(ad(x) : ad([ya Z])) =0
This proves x([x,y],2) = 0, and so Rad(L) C [L, L]*.

Note that

k(9,917 [lg: 917 9. 917]) S w(lg, 9, [9,9]) = 0
By Cartan’s Criterion, [g, g]* is solvable. This shows [g, g]* C Rad(L). Therefore, [g, g]* = Rad(L). O

Since 0([z,y]) = [0(),y] + [z, d(y)], we have §([L, L]) C [L, L]. Hence, [L, L] is a characteristic ideal. From
Corollary 8 and Proposition 9, Rad(L) is a characteristic ideal of L.

Lemma 10. If T is an ideal of L, then Rad(I) = Rad(L) N 1.

Proof. As we have observed Rad(I) is characteristic ideal of I. Hence, Rad([) is an ideal of L. Since Rad(I)
is solvable, Rad(I) C Rad(L) implying that Rad(I) C Rad(L) N I. For the reverse direction, Rad(L) NI is
a solvable ideal of I, showing that Rad(L) NI C Rad({/) == Rad(I) =Rad(L)NI. O

We can now prove the main objective of this section.

Theorem 11. Suppose L is a Lie algebra, and ¢ is a derivation of L. Then §(Rad(L)) is contained in a
nilpotent ideal of L.

Proof. Apply the construction in Theorem 6 to get an embedding L < L’ = L @ F where the Lie bracket is
[(z,a), (y,b)] C ([x,y] + ad(y) — bd(x),0). If we make the identification L = {(x,0): 2 € L} C L', then L is
an ideal of L', and ¢ = ad(w)|;, where w = (0,1). Using Lemma 10 and Rad(L) C Rad(L’), we deduce that

§(Rad(L)) = [w,Rad(L)] = [w,Rad(L")N L] C [L',Rad(L")]N L
By Corollary 5, [L’,Rad(L’)] is a nilpotent ideal of L', and so [L’,Rad(L’)] N L is nilpotent ideal of L. O
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