A PROOF OF BOREL-WEIL-BOTT THEOREM
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1. INTRODUCTION

In this short note, we prove the Borel-Weil-Bott theorem.

Let g be a complex semisimple Lie algebra. One basic question in
representation theory is to classify all finite dimensional irreducible
representations of g. The answer is provided by the highest weight
theorem: For any dominant integral weight A, there exists a unqiue fi-
nite dimsnsional g-module V() with highest weight A. The Borel-Weil
theorem provides an explicit construction of these g-modules V(\).

Every complex semisimple Lie algebra g corresponds to a complex
semisimple Lie group G. The homogenous space G/B, where B is a
Borel subgroup of G, is a smooth projective variaty. Every integral
weight A corresponds to a holomorphic line bundle Ly on G/B. g acts
on the space of global holomorphic sections

I'(G/B,0,) = H°(G/B, 0))

by differentiation. When A is dominant, the Borel-Weil theorem asserts
that H°(G/B, 0)) is a finite dimensional irreducible g-module with
highest weight .

The Borel-Weil-Bott theorem is a generalization of Borel-Weil theo-
rem. It deals with all integral weights, and consider not only global
sections, but also higher cohomology groups H?(G/B, 0)).

In section 2, we introduce the basic results in Lie groups and Lie
algebras. In section 3 we introduce the homogenous space G/B and
induced representations. In section 4 we describe how the Casimir
element ¢, serves as a handy tool to decompose g-modules. In the last
two sections, we prove the Borel-Weil theorem and the Borel-Weil-Bott
theorem respectively.

If possible, we follow the notations in [3], except that we use g instead
of L to denote Lie algebras. The proof of Borel-Weil theorem and Borel-
Weil-Bott theorem are from [5]. We also use a result from [1], which

describe the positivity of the line bundle L.
1
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2. BAsic LIE THEORY

Let g be a semisimple Lie algebra and h be a Cartan subalgebra of
g. As in [3], we have the root space decomposition

(2.1) s=bePoa.
acd
where o € ® are the roots of g. If x, € g, and h € b,
(2.2) [h,zo] = a(h)z, .
Let E be the real span of ® in h*. It is known that (E, P, (-, )) forms

a root system, where (-,-) is dual to the Killing form .
An integral weight is an element in £ such that

(2.3) O\ @) = 2((0?5))

for all roots o € ®. If a set of positive roots &1 and simple roots
A C ®* are chosen, the positive Weyl Chamber C* is the set of
elements v € E such that (v,a) > 0 for all a € A.

We write A < 1 if u— X € C*. An integral weight is called dominant
if A >0, or (A\+6,a) >0 for all & € A, where ([3], section 13)

1 l
(2.4) 6:§Za:;>\i

acdt

€L

and \; are the set of fundamental dominant weight corresponding to
A.

Let (m,V) be a g-module. When restricted to b, (7, V') decomposes
into direct sum of weight spaces V) defined by

(2.5) Vi={veV: n(h)v=Av)v}.

Such A € h* is called a weight of (m,V). The set of all weights is
denoted A. We will need the following results:

Theorem 2.1. Let (m,V) be a finite dimensional irreducible g-modules
with weights A. Then

(1) There is a unique \ € A with the highest weight. That is p < A
for all p € A.

(2) The weight space V) is one dimensional.

(3) A is closed under the Weyl group action.

(4) A>0.

() [lull < Il for all pv € A.

(6) € A is extremal if and only if ||u]| = ||\||, and the Weyl group
acts transitively on the set of extremal weights.
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(7) [l +oll < lA+0ll if pe A and p 7 .
We also need the Theorem of highest weights: ([3], theorem 21.2)

Theorem 2.2. Up to isomorphism, every dominant weight A corre-
sponds to a unique finite dimensional irreducible representation V(\)
with hightest weight .

A Borel subalgebra b of g is a maximal solvable subalgebra. Ex-
amples are

(2.6) b*=hantf=he P .

acd*

Next we introduce Lie groups. A real (complex) Lie group is a group
with a structure of smooth (complex) manifold, such that the group
multiplication (g,h) + gh is smooth (holomorphic). By considering
left or right invariant vectors fields, every real (complex) Lie group G
corresponds to a real (complex) Lie algebra g.

G is called semisimple if its Lie algebra is semisimple. In this case we
have ([4], Chapter 6 and 7)

Theorem 2.3. Let G, G' be connected complex semisimple Lie groups.
Then

(1) G has a compact real form K, that is, a compact Lie subgroup
K of G with Lie algebra € such that

(27) EC:E@Z'E%Q.

(2) Write po = it, then the map K x po — G given by (k,p) —
kexpp is a diffeomorphism. Thus K C G induces the isomor-
phism m (K) = m(G).

(3) Let K' be a compact Lie form of G'. Then every homomor-
phisms K — K' extends to a holomorphic homomorphism G —
G'.

(4) Every representation K — GL(V) extends to G — GL(V).
In particular if V is a faithful representation of K, then the
extension is a faithful holomorphic representation of G.

(5) Every finite dimensional holomorphic representation of G is
completely reducible.

It is known that every complex semisimple Lie group has a unique
structure of an affine algebraic group ([5], section 15). Whenever it is
convenient, we would treat complex semisimple Lie groups as an affine
algebraic groups.
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Definition 2.1. Let GG be an affine connected algebraic group with Lie
algebra g, GG is called semisimple if its Lie algebra is g semisimple. Let
H and B be connected algebraic subgroup of G. H is called a Cartan
subgroup if its Lie algebra h is a Cartan subalgebra. B is called a
Borel subgroup if its Lie algebra b is a Borel subalgebra.

From ([5], chapter 15), when G is semisimple, every Cartan subgroup
H is abelian and isomorphic to (C*)" for some r. Every Borel subgroup
B is maximal solvable subgroup of G. When b = b* defined in (2.6),
B = HN, where N is a an algebraic subgroup with Lie algebra n*.

We will need the following results. Recall that a character of H is an
algebraic homomorphism H — C*.

Lemma 2.1. Fvery charcter o : H — C* extends uniquely to B.

Proof. N is a normal subgroup of B and B = HN, HNN = {0}. Let o
be a character of H. Then one can extend o to B by o(bn) = o(b). On
the other hand, if o is a character of B, considering its restriction to
N. Then the differential is a Lie algebra homomorphism n — gl (C).
As n = [b,b], we have n — sl;(C). Thus the differential is zero and
o|n is the identity. Hence o descends to B/N = H. l

Theorem 2.4. Let G be a semisimple simply connected complex Lie
group with Lie algebra g. Then X\ € b* is the differential of a character
of H if and only if \ is an integral weight.

Proof. (=) Let (m,V) be a faithful representation of G such that 7(H)
lies in the diagonal subgroup (C*)™ C GL(V) after choosing some
basis {vy, -+ ,v,}. Each v; corresponds to a character 7; defined by
w(h)v; = v;(h)v;. The differential of +; corresponds to the weight of
the representation (m, V'), thus is an integral weight (All weights from
a representation are integral). Identifying H = w(H), we know that
all characters on H are restricition of chacracter in (C*)™ C GL(V).
As 7; = ¢i|u, where ¢; are the obvious generators of the characters
of (C*)™, ~; generates the characters of H. Thus all differential of
characters of H are integral weights.

(<) Every integral weight A lies in the closure of some Weyl chamber
and this chamber is positive with respect to some choice of positive
roots. Hence it suffices to assume that A is dominant. By Theorem 2.2,
let V() be the irreducible g-modules with highest weight A and highest
weight vector vy. The representation 7 : g — gl(V') corresponds to a
homomorphism G — GL(V') (still call it 7), as G is simply connected.
Let £ € h and h € H such that h = exp(§). Using m(&)vy = A(§)va, we
obtain

m(h)vy = w(exp(&))vy = e™Ouy, = Oy, .
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Then (7|g, H) acts on V) and A is the differential of this character.
U

3. INDUCED REPRESENTATION

Let G be a complex semisimple Lie group with Lie algebra g, and B
be a Borel subgroup with Lie algebra b = h&n~. Asin ([5], 14.3), the
left coset space GG/B can be given a structure of complex manfold such
that the action of GG is holomorphic. We denote this manifold as M.
M is compact as M = K/T, where T is the maximal torus such that
T=KnNB.

Let (0,Q) be a holomorphic representation of B. Define

GxpQ=CxQ/~,

where (g,q) ~ (gb~!,0(b)q). G x5Q is given the quotient topology and
quotient structure sheaf fromt the quotient map. Let 7: G x B - M
be the map 7([g, q]) = gB, then 77!(g9B) = gB x Q has a vector space
structure. The following results are proved in ([5], 16.1). The first one
follows essentially from the holomorphic version of implicit function
theorem.

Proposition 3.1. With the projection map 7: GxpQ — M, GxgQ
15 a G-equivariant holomorphic vector bundle on M.

Lemma 3.1. G xg @ is holomorphically trivial if and only if Q) s the
restriction of a holomorphic representation of G.

The sheaf of holomorphic section on G X g () is denoted &,. For each
open set U C M,

O,(U)={feo(r (V) ®Q: f(gb™")=0(b)f(9), Vb€ B}.

Note that 0,(U) has a structure of g-module: view g as the set of
right invariant holomorphic vector fields on G, g acts on 0,(U) by
differentiation.

As M is compact and O, is a coherent sheaf, HP?(M, 0,) is finite
dimensional for all p. Moreover, the action on &, induces an g-action
on each H?(M, 0,).

Let A\ be an integral weight. By Theorem 2.4 and Lemma 2.4, \ is the
differential of a character of B. The induced line bundle with respect
to the character is denoted L,. The sheaf of holomorphic section on
L, is denoted Oy.
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4. THE CASIMIR OPERATOR ¢

Let l(g) be the universal enveloping algebra of g. By definition,
any Lie algebra morphism ¢ : g — A of g into an associative algebra
extends to a morphism ¢ : $(g) — A of associative algebras. The
Casimir element ¢, € (g) is given by

(4.1) cg:Zni2+ ZhaJrQZzaxa,
i acdt acdt

where {n;} is a self dual basis of b, and h,, z, and z, are defined as in
([3], section 22). It is known that ¢, is well-defined independent of the
choice of h, @t and ¢, € Z(g). As a result, we can use ¢; to decompose
any finite dimensional g-modules into its eigenspaces.

Proposition 4.1. Let V/(\) is the finite dimensional irreducible g-
module with highest weight X\. Then ¢4 acts as the scalar (A, A + 26).

Proof. By Schur’s lemma, we know that ¢y acts as a scalar. To find
out this scalar, we apply 7(cy) to the highest weight vector vy. As
7(za)vy =0 for all @ € O,

rlegin = O Amen+ Y Alha)os

acdt

= [IMPoa+ ) (A ayon
acdt

= <>\, )\ —|— 25)’0/\ .

Note that ¢, also acts on the sheaf &), for all integral weight A.
Proposition 4.2. ¢, acts as the scalar (A, X + 25) on O).

Proof. As G acts holomorphically and transitively on M, it suffices to
check at the point B € M. Let U be an open neighborhood of B and
fe ﬁA(U) Let b,b, € B, then
FO701) = Mo HAD) f(e) = AD) f(br) -
Let b = exp(t(), where ¢ € b and differentiate, we obtain ({f)(b) =
A(C)f(b1). In particular,
Zaf =0, 77f = >\(77>f

on B, where n € . As z, corresponds to a holomorphic vector field,
zof € ON\(U) for all & € ®*. Thus y,x.f = 0. Using equation (4.1), as

in the proof of proposition 4.1, one can show that ¢, acts as the scalar
(A, A +26). O
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Corollary 4.1. ¢y acts trivially on O, for all p = wo — 9 forw e W,
Proof. Note that for all integral weights A,
(4.2) (MAH28) = [|IA+6]12 = ||9])* .

If p=wd — ¢ for some w € W, then ||u+ 0]| = ||wd]|| = |[d]|. Thus the
corollary follows from proposition (4.2). O

For a general representation () on B, we have

Proposition 4.3. Let (0,Q) be a finite dimensional representation of
B with weight A. Then Oy decompose into direct sums of U(g)-modules

St
ﬁ)@:@st )
t

where t ranges over distinct eigenvalues for the action of c¢g on Oy. If
t = (v, v+ 20) has multiplicity one, then S; = O,.

Proof. Let dim @) = n. By considering 6, : b — gl(Q) and using Lie’s
theorem, @ has a filtration {Q;}! , of B-submodules such that Q);/Q;_1
are one dimensional. It is easy to see that B acts on Q;/Q;_1 as a
character v; € A. On the sheaf level, one has a sequence of subsheafs
Oy, such that ﬁgj/ﬁgj_l = 0,,. Here 0; is the restriction of 0 to Q;.
All these are g submodules and ¢, acts on them. By Proposition 4.2,
cg acts on 0, as (vj,v; +25). Thus

(4.3) I (cq — (v5, v5 + 20))

acts as zero on Oy. Express (4.3) as II;(c; — t)*, where k; is the mul-
tiplicity of t = (v;, v; + 25). Write S; = ker(cy — ¢)*, then

Oy =P S .
t

If k; = 1 for some ¢, then there is an eigenspace F; of () with eigenvalue
t. As ¢, lies in the center of #(g), E; is a 4(g)-module. Since E; =
Qj/Qj-1 for some j, S; = 0, as sheaf of (g)-modules. O

5. BOREL-WEIL THEOREM

We are ready to prove the Borel-Weil theorem. The key argument is
in the following lemma.

Lemma 5.1. Let w € W and write p = wdé — §. Then for all p,
(1) H?(M, 0,,) is a trivial g-module.
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(2) Let V(X) be a finite dimensional irreducible representation of g
with highest weight X\, then
(5.1) HP(M, Ory) = HY(M, 6,) & V(N

as g-modules.

Proof. First we show (1). By Corollary 4.1, ¢4 acts trivially on 0),.
Hence ¢, acts trivially on H?(M, 0,) for all p. As H?(M, 0),) is finite
dimensional, it decomposes into irreducible g-modules. Let A, be one
of them with highest weight e (thus A. = V (¢)). By proposition 4.1, ¢,
acts on A, by the scalar (e, e + 29) = 0. As € is dominant,

(€,0) >0=¢€=0.

Hence A, is the trivial g-module. Hence H?(M, 0),) is a trivial g-
module.

Let V= V/(A) and A be the set of weight of V. Let G be the simply
connected complex Lie group with Lie algebra g. We use the same
notation V' to denote the irreducible representation on G. Let (6,V)
be the restriction of the G-modules V' to B. By Lemma 3.1, the induced
bundle is trivial M x V. Thus 0y = ¢ ® V. On the other hand, we
twist 6 with the weight p to obtain a representation § ® p on B. The
induced bundle is (M x V) ® L, and

Opop =0,V .
Thus, as g-modules,
(5.2) HP(M, Oyz,) = HP(M, 0,) @V .
Now we show HP(M, Oyg,) = HP(M, O,x+,). By Proposition 4.3,
Opsy decompose into direct sum of subsheaves S;, where ¢ = v + pu for
some v € A. We know that ||A +6|| > || +4|| for all v # A\, v € A.

AswA=A, wA+6)=A+wd=A+p+0. Thus wA + p will be the
unique element in A+ p such that |[(wA+p) +46|| = [|A+0]|. By (4.2),

(WA + 1), (WA + ) +26) = (A, A +26) =t
and the multiplicity of w\ + u is one. By Proposition 4.3 again,
St = ﬁw)\—i-u

and Opg, =2 Onip © S, where Q — (A X\ + 26) is injective on S. Also
we have

HP(M, Oyg,) = HP (M, Ori ) ® HY (M, S) .
However, by (5.2), Proposition 4.1 and part one of this lemma, ¢, acts

as the scalar (A, A 4 28) on H?(M, Oys,). Thus H?(M,S) = {0} for
all p and (2) is shown. O
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Corollary 5.1. The set of integers p such that HP(M,O)\) # 0 is
constant as A+ 9 varies over the set of integral weights in a given Weyl
chamber.

Theorem 5.1. (Borel-Weil theorem) Let A be a dominant integral
weight. Then

(1) HY (M, O)\) 2V (\) as g-modules.

(2) HP(M, 0)) = {0} forp #0.

Proof. Putting w =id in (5.1), as pu = 0,
(5.3) HY(M,0)) 2 HP(M,0) @V (\) .

When p = 0, H*(M, &) = C as M is compact. Thus part one is shown.
When p > 0 (p < 0 is trivial), we use a result in ([1], Proposition 10.1),
which says that L, is positive if A € CT. Fix A € C*, by Kodaira
Vanishing theorem (2], H?(M, O,,») = {0} for all p > 0 for m large
enough. Replacing A by mA in (5.3), we obtain H?(M, &) = {0} for
all p > 0. Put this back in (5.3), we conclude H?(M, 0)) = {0} for all
p > 0. ]

6. BOREL-WEIL-BOTT THEOREM

In this last section we prove the Borel-Weil-Bott theorem, which de-
scribes the cohomology groups HP(M, 0)) for all integral weight .
First we deal with the case where A + 9 lies in a wall.

Lemma 6.1. If )\ is an integral weight and A + 0 lies in a wall, then
HP(M, 0y) = {0} for all p.

Proof. If not, H?(M, 0,) would have an irreducible g-module with
highest dominant weight . Using Proposition 4.1, Proposition 4.2 and
(4.2), ||IX+0|| = ||y +4||. Then A+ and v+ § are in the same Weyl
group orbit, by Theorem 2.1. This implies that v 4 ¢ also lies in some
wall, which is impossible as v is dominant. U

The next lemma relates two integral weights lying in adjacent Weyl
Chambers, separated by a wall P,.

Lemma 6.2. Let V be a finite dimensional irreducible representation
of g with weight A and highest weight \. Let o € ®. If u € E satisfies
(u,) = 0 and (u,B) > 0 for all f € &\ {£a}, then the mazimal
value ||+ || for v € A is achieved at exactly two points A and sa\.

Proof. Since v — ||v||? is a convex function in F, the maximum ||+ 3|
can only occur when § € A is an extremal weight. Given two extremal
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weights v and v, ||y]| = ||v|| by Theorem 2.1. This implies

e+ AP = N+ VAP = 2(,y = v) -

Let v = A. Then ||u+ A|| = || + v|| only when A = v + na for some
n. But the only extremal weight of this form is s,(\). O

Theorem 6.1. (Borel-Weil-Bott theorem) Let A be an integral weight.

(1) If \+d =w(v+6) for somew € W and some dominant weight
v, then

(6.1) H' (M, 0,) =V (v)

as g-modules, where {(w) is the length of w.
(2) HY (M, 6y) = {0} for ail p # ((w).

Proof. We will proceed by induction on ¢(w). When ¢(w) = 0, it reduces
to Borel-Weil theorem. Assume that the theorem is true for all Weyl
group element of length < k — 1. Let w € W and ¢(w) = k. Let v be
any dominant weight. Let o € ®* such that ¢(s,w) = k — 1. Write
V=v+§eCt and

n=(sqw)v', sen=wr', p=(wd)+ s.(wd), T=p—20.

The exact formula for p is not essential. All we want is an integral
weight which satisfies the hypothesis of Lemma 6.2 with respect to
wdt,

Let V' be the finite dimensional irreducible G-module with highest
weight v. Let (6,V) be the restriction of V' to B. As in the proof of
Lemma 5.1,

6)9@7' = ﬁT ®V
and
HP(M, Cypgr) = HP (M, 0,) RV .
As 7+ 6 = p lies in a wall, Lemma 6.1 imply that H?(M, 0,) = {0}
for all p. Thus

(6.2) H?(M, Opsr) = {0}, Vp.

As l(sqw) < l(w), we have (o, son) < 0 and (a,n) > 0. In particular,
SaMm < m with respect to the ordering defined using ®*. Let V'’ be the
B-submodule of V' containing all weights v with v < n and V" = V/V’,
Then we have a short exact sequence of B-modules

0— (0,V)—= (6,V) = (0", V") = 0.
Tensoring with 7 (treated as B-modules) gives

0@V 0x7,V)—=0"o7,V")—=0.
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By considering the sheaf of holomorphic section on the induced bundles,
we obtain a short exact sequence of sheaf on M:
(6.3) 0= Opgr — Opgr — Ogngr — 0 .

By Proposition 4.3 again, Oyg, can be written as direct sum of sub-
sheaves S;, where ¢ is the generalized eigenspace of ¢g. ¢ might be of
the form

t={(y+79+7+28) = ly+oll* -6l
where v € A. By Lemma 6.2, s,n and 7 are the only two weights in A
that maximize ¢t. Projecting (6.3) to its ¢ eigenspace gives

0 = (Oper) = (Opar)t = (Oprgr)e — 0

As son € V' and n € V", both (Opg,): and (Oprg,); are one dimen-
sional. Thus by Proposition 4.3,

(ﬁ0’®7')t = ﬁsan-i-ﬂ (ﬁe”®7')t = ﬁ?’]—‘rT .
Using (6.2) and the fact that (pg.): is a subsheaf of Opg,,
HP(M, (Opr):) = {0}

for all p. Thus the long exact sequence on cohomology induces an
isomorphism

(6'4) Hp+1 (Ma ﬁsan+7) = HP<M7 ﬁ?ﬂrf) :

Asn+7+3d =n+pand p lies in the hyperplane P,, n+7+06 € s,C.
So

(N+7)+0 = (sqw)(x +9)
for some dominant integral weight y. Note that
(San+T)+d=5an+p=5Sa(n+p) =wlx+9).
By induction hypothesis,
H " Y(M, 0,,,) 2 V(x), H(M,O,,) =0 when p # {(w) —1 .
Using (6.4), we have

(6.5) H'™ (M, O, pir) 2 V(). H(M, Ouir) =0 ifp # £(w)

As a result, the induction step ¢(w) = k have been shown for at least
one integral weight A\, where A = s,n+ 7 =w(v +0) + 7.

But this is good enough: By Lemma 5.1, for all integral weight A
such that A + 8§ = w(x +0) (or A = wx + p)

(6.6) HP(M, 0y) = HY (M, 0,) @ V()
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as g-modules and H?(M, 0,) are trivial g-modules for all p. Using
(6.5) we have

H“(M,0,)=C, H'(M,0,)={0} when p# ((w) .
Putting this back to (6.6), the induction step is verified. O
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