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ABSTRACT. In this article we will be discussing about various decom-
positions of semisimple Lie algebras, which are very important to un-
derstand their structure theories. Throughout the article we will be
assuming existence of a compact real form of complex semisimple Lie
algebra. We will start with describing Cartan involution and Cartan de-
compositions of semisimple Lie algebras. Iwasawa decompositions will
also be constructed at Lie group and Lie algebra level. We will also be
giving some brief description of Iwasawa of semisimple groups.

1. INTRODUCTION

The idea for beginning an investigation of the structure of a general
semisimple Lie group, not necessarily classical, is to look for same kind
of structure in its Lie algebra. We start with a Lie algebra L of matrices
and seek a decomposition into symmetric and skew-symmetric parts. To
get this decomposition we often look for the occurrence of a compact Lie
algebra as a real form of the complexification L€ of L.

If L is a real semisimple Lie algebra, then the use of a compact real
form of LT leads to the construction of a 'Cartan Involution’ # of L. This
involution has the property that if L = H @ P is corresponding eigenspace
decomposition or ’Cartan Decomposition’ then, L has a compact real form
(like H ®iP) which generalize decomposition of classical matrix algebra into
Hermitian and skew-Hermitian parts.

Similarly if G is a semisimple Lie group, then the 'Iwasawa decomposition’
G = NAK exhibits closed subgroups A and N of G such that they are
simply connected abelian and nilpotent respectively and A normalizes N and
multiplication K x A x N — G is a diffeomorphism. Iwasawa decomposition
generalizes the Gram-Schimdt orthogonalization process.

2. CARTAN INVOLUTION AND DECOMPOSITION ON LIE ALGEBRA LEVEL

Mostly it will be assumed that g is a real Lie algebra of matrices over R or

C and closed under (-)*. However, we can state that, every real semisimple

Lie algebra can be realized as a Lie algebra of real matrices closed under

transpose (which will be clear after proposition (1)). To detect semisimplic-

ity of some specific Lie algebra of matrices we critically use the conjugate

transpose mapping X — X*. Here we define a new map 0(X) = —X*
1
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on a real semisimple Lie algebra g, which is actually an involution, i.e. an
automorphism of the Lie algebra with square equals to the identity.
Let B be the Killing form on g. Define By : g x g — R,

Proposition 1.
(1) 6 respects the bracket and is an involution.
(2) Killing from B is invariant under any automorphism.
(3) By symmetric and positive definite.
Proof.
(1) 0[X,y] = -[X,Y]" = —[Y", X*] = [-X*,=Y"] = [6(X),0(Y)],
therefore clearly, # is an automorphism. Also by definition 62 = Id
i.e. 0 is involution.
(2) We have for any automorphism 6 of g and X,Y € g

ad(6X)Y =[0X,Y]
=0[X,67 Y]
= (§(adX)s Y.
Therefore,
B(0X,0Y) =Tr(ad(6X)ad(dY))
= Tr(6(adX)d 16 (adY)s™t)
=Tr((adX)ad(Y))
= B(X,Y).
(3) We will use part (2) to prove (3).
By(X,Y)=—-B(X,0Y)
= —B(6X,0%Y)
=-B(0X,Y)
=-—-B(Y,0X) = By(Y, X).
So By is symmetric. Also we see,
Byp(X,X)=-B(X,0X)
= —Tr((adX)(ad(6X))
=Tr((adX)(adX™))
=Tr((adX)(ad(X)*) = 0.
So By is positive definite.
O

Definition 1. An involution 6 of a real semisimple Lie algebra g such that
the Bilinear form

By(X,Y) = —B(X,0Y)
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is symmetric and positive definite, is called a Cartan Involution.

We shall see that any real semisimple Lie algebra has a Cartan involution
and that the Cartan involution is unique up to inner automorphism.

Definition 2. If gg is a real Lie algebra, the complex Lie algebra
g6 = C ®r go

is called Complexification of go. Similarly, when a complex Lie algebra g
and a real Lie algebra go are related by as vector space over R by

g™ = go @ igo,
we say that go is a Real Form of the complex Lie algebra of g.

Theorem 1. If g is a complex semisimple Lie algebra then g has a compact
real form ug.

This is a consequence of a particular normalization of root vectors whose
construction uses the Isomorphism Theorems. We will not discuss the proof
of this theorem. Following this, we have our next proposition, that g® has
a Cartan involution.

Proposition 2. Let g be a complex semisimple Lie algebra, let ug be a
compact real form of g, and let T be the conjugation of g respect to ug. If g
is regarded as a real Lie algebra of g, then T is a Cartan involution of gt

Proof. Clearly 7 is an involution on g® which is semisimple complex Lie
algebra. The Killing form By of g and Bge of g® are related by
B (Z1, Z2) = 2R(By(Z1, Z2)).
Write Z € gas Z = X 4+ Y, with X, Y € ug. Then,
By(Z,7Z) = By(X +1iY, X — 1Y)

= By(X,X)+ By(Y,Y)

= By, (X, X)+ By, (Y,Y) <0,
as U is semisimple B, is negative definite. It follows that,

(Bgr)r(Z1, Z2) = =2R(By(Z1,722))

is a a positive definite symmetric bilinear form on g®, and therefore 7 is a
Cartan involution on g® ([l

Now we address the problem of aligning compact real form properly when
we start with a real semisimple Lie algebra gy and obtain g by complexifi-
cation.We will also show the existence and uniqueness up to conjugation of
Cartan involution.

Definition 3. Let g be a real Lie algebra. We know the Autrg = Dergrg. If
g is semisimple we define Inn g to be the Identity Component of Autrg,
so that we can have the inclusion Inn g — Autgg which is smooth and
everywhere reqular.
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Lemma 1. Let g be a real finite-dimensional semisimple Lie algebra, and
let p be an automorphism of g that is diagonalizable with positive eigenvalues
di,...,dm and eigenspaces are gq;. Then we define for v € R p" to be the
linear transformation on g that is d; on ga;. Then for any r € R we have
that p" € Inn g.

Proof. It X, Y € gq;, then
p[X,Y] = [pX, pY]| = d;d;[ X, Y],
since p is an automorphism. Hence [X,Y] € g4,q4;, and we obtain that
prIX Y] = (didj>r[Xﬂ Y] =[di X, dgy] =[p"X,p"Y].

Consequently p" is an automorphism, therefore is an one parameter sub-
group in Aut g, hence in the identity component (Aut g)o. As g is semisimple
p"€lInng. ([l

Theorem 2. Let g be a real semisimple Lie algebra, 8 be a Cartan involu-
tion, and o be any involution. Then 3 ¢ € Inn g such that p0p~" commutes
with o.

Proof. Since 6 is given as a Cartan involution, By is an inner product for
g. Put w = 06, which makes w™! = fo. This is an automorphism of g,
and as in proof of proposition 1, we have that it leaves B invariant. From
0% = #? = 1, we therefore have

B(wX,0Y) = B(X,w '0Y) = B(X,0wY)
= By(wX,Y) = By(X,wY).

Thus w is symmetric and its square p = w? is positive definite. By previous
lemma p" lies in Inn g. Now we see,

p0 = w?0 = 0000® = obo
=0%000 = w2 =0p'.
In terms of a basis of g that diagonalizes p the matrix from of the equation
is
piibiy = Oijpy;'s Vi, .
Considering separately the cases 0;; = 0&6;; # 0, we see that

Piitis =Op; = p0="0p"".

Now putting ¢ = p'/* we see that,
(¢0¢—1)0_ _ p1/49p—1/40_ _ p1/290_
_ p1/2w71 _ p*1/2pw

24 = p1/2

= p_
=op ? = op'op~/" = a(¢b ),

as required. O
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Theorem 3. If go is a real semisimple Lie algebra, then go has a Cartan
involution. Any two Cartan involutions are conjugate via Inn gg.

Proof. Let g be the complexification of gg, and choose a compact real form
up of g. Let o and 7 be the complex conjugation (not the conjugation by
Inn g) of g with respect to go and ug respectively. If we regard g as a real
lie algebra g®, then proposition 2 shows that 7 is Cartan involution. By
theorem 2 we can find a ¢ € Inn gt = Inn g such that ¢pf¢p~! commutes
with o.

Here ¢f¢~! is the conjugation of g with respect to ¢(ug), which is another
compact real form of g. Thus,

(Bg#)gro—1(Z1, Z2) = —2RBy (2, 97671 2, ")

is positive definite on gR.
The Lie algebra go is characterized as he fixed set of 0. If 0(X) = X,
then

o(¢pr¢ ' X) = g1 o X = g9 1 X.
Hence ¢7¢~! restricts to an involution 6 of gg. We have,

By(X,Y) = =By, (X,0Y)

1
= —Bg(X, ¢T¢71Y) = §(BQR)¢T¢*1(Xa Y).

Thus By is positive definite on gg and hence 0 is a Cartan involution.

Now let 6 and 6" be two Cartan involutions. Taking o = #" in theorem 2,
we can find a ¢ € Inn gy such that ¢! commutes with 6. Here ¢p¢~! is
another Cartan involution of gg. So we may assume that 6 and 6’ commute
as well and prove that 6 = ¢’.

Since # and ¢’ commute, they have compatible eigenspace decompositions
into +1 and —1 eigenspaces. By symmetry it is enough to show that no
nonzero X € gq is in the +1 eigenspace for 6 and in the —1 eigenspace of
0’ simultaneously. Assuming the contrary, suppose (X) = X and #'(X) =
—X. Then we have,

0 < Bp(X,X) = —B(X,0X) = —B(X, X)
0< Bj(X,X)=—-B(X,0X) =+B(X, X),

contradiction. So we conclude that § = 6’ and the proof is complete. O

Corollary 1. If g is a complex semisimple Lie algebra, then the only Cartan
involutions of gi are the conjugations with respect to the compact real form

of g.

Proof. Theorem 1 and proposition 2 produce a Cartan involution of g® that
is conjugation with respect to some compact real form of g. Any other
Cartan involution is conjugate to this one, according to theorem 3 , and
hence is also conjugation with respect to a compact real form of g. ([l
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A Cartan involution # of g yields an eigenspace decomposition

go = lo @ po

of go into +1 and —1 eigenspaces, and also we will have the rules,

[[07 [0] g [07 [[07130] g p07 [p()up()] g [0
since 0 is an involution. From these it follows that
lp and po are orthogonal under By, and By.

In fact , if X € [j and Y € pg, then adXadY carries l[j — po and pg — .
Thus it has trace 0, and By, (X,Y) = 0; since 8(Y) = =Y, Bg(X,Y) =0
also.

Since By is positive definite, eigenspaces [y and py have the property that

. positive definite on pg
By, is . .
negative definite on [y

Definition 4. A decomposition of go that satisfies above bracket relations
and condition on By, is called a Cartan Decomposition of go.

Conversely a Cartan decomposition determines a Cartan involution 6 by
the formula,
-1
9 — on po
+1 on ly.

Here above bracket relation shows that 6 respects bracket. Also from the
definition of By,, we have that By is symmetric (as 6 has order 2) and
positive definite.

3. CARTAN DECOMPOSITION ON LIE GROUP LEVEL

In this section we will make analogous statement in consideration of
groups. Let G be a semisimple Lie group, and g be its Lie algebra. The
results established in previous section that g has a Cartan involution and
any two Cartan involutions are conjugate by an inner automorphism. The
theorem we are going to state here (no proof!) lifts corresponding Cartan
decomposition g = lgp @ po to a decomposition of G.

Theorem 4. Let G be a semisimple Lie group, let 0 be a Cartan involution
of its Lie algebra go, let go = lp @ pg be the corresponding Cartan decompo-
sition, and let K be the analytic subgroup with Lie algebra ly. Then,

(1) 3 a Lie group automorphism © of G with differential 6 and ©2 =1

(2) the subgroup of G fixed by © is K

(3) the mapping K x po — G given by (k,X) — kexp(X) is a diffeo-

morphism

(4) K is closed and contains center Z of G

(5) K is compact <= Z is finite

(6) if Z is finite K is a maximal compact subgroup of G.
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Definition 5. The automorphism © in the theorem is called the Global
Cartan Involution and the decomposition in (3) is called the Global
Cartan Decomposition.

4. TwasawA DECOMPOSITION ON LIE ALGEBRA AND LIE GROUP

The Iwasawa decomposition is a second global decomposition of a semisim-
ple Lie group. Unlike the Cartan decomposition the factors in Iwasawa
decomposition are closed subgroups. The prototype is the Gram-Schimdt
orthogonalization process in linear algebra. Let us start with examples and
motivation.

Let G = GL(n,C), which is the complexification of K = U(n), which
is a maximal compact subgroup. Let T be a subgroup of K consisting of
diagonal matrices whose eigenvalues have absolute value 1, i.e. the maxi-
mal torus inside K. The complexificiation T¢ of T can be factored as T' A,
where A is the group of diagonal matrices whose eigenvalues are positive
real numbers. Let B be the group of upper triangular matrices in G, and
By be the subgroup of B with elements whose diagonal entries are postive
real numbers. Finally, let N be the subgroup of unipotent elements of B.
Recalling that a matrix X is called unipotent if its only eigenvalues are 1
i.e. I — X is nilpotent. The elements of N are upper triangualr matrices
whose diagonal entries are all 1. We may factor B = TN and By = AN.
As the subgroup NV is normal in both B and By so these decompositions are
semidirect products.

Proposition 3. With G = GL(n,C),K = U(n), and By as above, every
element of g € G can be factored uniquely as bk where b € By and k € K, or
as avk where a € A,v € N,k € K. The multiplication map AXx N XK — G
s a diffeomorphism.

Proof. Let g € G have the rows vy,...,v,. Let a be the diagonal matrix
whose elements are |v;|. Then the rows of a~!g have length 1. Let u; = h%l
be these rows.

By Gram-Schimdt orthogonalization algorithm, we find constants 6;; with

it < j such that wp,,upn—1 + 0p—1nUn, ... are orthonormal. This means that
if
1 O -+ bOin
1 - By
V= .
1

then k = v~ 'a'g is unitary and so g = avk = bok with by = av. This proves
the existence of the required factorizations. We have BN K =1 =ANN,
so the factorizations are unique. It is easy to see that the matrices a, v, and
k depend continuously on g, so the multiplication map A x N x K — G is
a diffeomorphism. U
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Definition 6. The decomposition G =2 A x N x K is called the Iwasawa
Decomposition.

The decomposition above extends to all semisimple Lie groups. To prove
such a theorem , we first obtain a Lie algebra decomposition and then lift
to the Lie groups.

Let g be a complex semisimple Lie algebra. 6 be a Cartan involution of g
and g = [ @ p be the corresponding Cartan decomposition.

Lemma 2. If g is real, then
(adX)* = —ad(0X) VX € g,
where adjoint (-)* is defined relative to the inner product By.
Proof. We have,
By((ad(0X))Y,Z) = —-B([0X,Y],02)

=B(Y,[0X,02)

= B(Y,0[X, Z])

— —By(Y. (adX)Z) = —By((adX)"Y, Z)

O

Let a be a maximal abelian subspace of p. By above lemma {adH|H € a}
is a commuting family of self-adjoint transformations of g. Then g is the
orthogonal direct sum of simultaneous character spaces with all real-valued
characters and member of a*. For A € a* we write,

gy ={X €gl(adH)X = \(H)X VH € a}.

Definition 7. If g» # 0 and A # 0, we call A a Restricted Root of
g. The set of restricted roots is denoted by 3. Any nonzero gy is called a
Restricted Root Space.

Proposition 4. The restricted roots and restricted root spaces have the
following properties:

(1) g is the orthogonal direct sum g =go® P gx
AT

(2) [0, 8] < x4
(3) Ogr=g_x hence A€ ¥ = —A€ X
(4) go = a @ Zi(a) orthogonally.
Proof. (1),(2), and (3) are standard.

For (4) we have fgy = go. Hence

go=(INgo) (P Ngo)

Since a C pNgp and is maximal abelian in p so a = pNgg. Also [Ngy = Zi(a),
which proves (4). O

Definition 8. The decomposition in (4) is called the Restricted Root
Space Decomposition.
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Let choose a notion of positivity for a* for instance lexicographic ordering.
By the notion of positivity we mean: a set of vectors will be called positive
if it satisfies (1) for any nonzero vector ¢, exactly one of ¢ and —¢ will be
positive; and (2) the sum of positive elements is positive, and any positive
multiple of a positive element is positive. One way to define positivity in a
general vector space V with inner product (,) is by means of a Lexicographic
ordering. Fix a spanning set of ¢1,...,¢r of V, and define positivity as
follows: we say that ¢ > 0 if there exists an index k such that (¢, ¢;) =0
for 1 <i<k-—1and (¢, ) >0

Let X7 is set of positive roots and define n = @ g),. By previous
Aext
proposition n is a nilpotent Lie subalgebra of g.

Theorem 5. With the notion above g is a wvector space direct sum g =
[Badn. Here a is abelian, n is nilpotent, adn is solvable, and [adn, adn] = n.

Proof. We know that a is abelian and n is nilpotent. Since, [a,g)] = gy for
each nonzero A\, we see that [a,n] =n and a @ n is solvable with [a & n] = n.
To prove [@a®n is a direct sum, let X € [N (a@®n). Then X = X with
0X € a® On. Since a ®n® On is direct sum by previous proposition, X € a.
But then X e [Np =0.
The sum [ & a @ n is all of g because for any X € g using some H € a,
some X € Z((a) and elements X € gy, as

X:H+X0+ZX>\

AEX
= (Xo+ Z X A+0X_))+H+( Z Xy—0X_)),
Aext rext
where the right side is in [ & a @ n. O

Definition 9. g = [ & a ® n is called the Iwasawa Decomposition for
complex semisimple Lie algebra g.

The following is the corresponding Iwasawa decomposition for Lie group
(no proof!).

Theorem 6. Let G be a complex semisimple Lie group, let g =1dadn
is be an lwasawa decomposition of the Lie algebra. Also let K, A and N be
connected subgroups of G with smooth inclusions in G and their Lie algebras
are ly, a and n respectively. Then the multiplication map

KXxAXN—=G
(k,a,n) — kan
is a diffeomorphism and the groups A and N are simply connected.

Iwasawa decomposition is a very important theorem in Harmonic anal-
ysis on Hyperbolic planes and in the theory of Automorphic Forms. For
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instance; it is sometimes convenient to consider homogeneous space model

of the hyperbolic plane rather than the Poincare upper half-plane
H={z+iy:xz € R,y >0}

Here we give a brief description of the model.
The group G = SL(2,R) acts on H transitively, so H can be obtained as
a orbit of a point:
H={gz:9 € G}.

The stabilizer of the point ¢ is the orthogonal group:

K=ot = {10 = (01 ooie)) 0<%}

The Iwasawa decomposition of G is NAK, where,

() ex)
v {(t 9)seen).

H=~G/K~NA=AN

and

‘We can think

by the map
x + iy — a(y)n(zx)

aly) = (ym - /2> and n(z) — <1 ”f)

This helps us to construct left invariant measure, as we see

dn = dz, da =y~ 'dy.

where

And by this we can have our Riemannian metric on H which is dig’y and

e = f(an)dadn
e
B /A /Nf (a(y)n(g;)dxydy
- /N/Af(a(y)n(x) dzgy
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