ON A PROPERTY OF SPECIAL GROUPS

Z. REICHSTEIN AND B. YOUSSIN

Abstract. We show that Conjectures I and II of Serre about the vanishing of H^1 cannot be strengthened.

1. Introduction

Let G be a linear algebraic group defined over an algebraically closed field k. We shall denote the radical of G by Rad(G) and G/ Rad(G) by G_{ss}.

Recall that G is called special if H^1(K, G) = {1} for every field extension K/k. Grothendieck [Gr, Section 5] showed that G is special if and only if G_{ss} = S_1 ×· · ·× S_r, where each S_i is a connected and simply connected group of type SL or Sp; cf. also [PV, Section 2.6]. If G is not special, H^1(K, G) may nevertheless vanish if K is a “small” field. This possibility is described by Conjectures I and II of Serre; see [Se_1] or [Se_4, Chapter III]. Let K be a perfect field (not necessarily containing k) of cohomological dimension d and let G be an algebraic group defined over K.

Conjecture I: If G is connected and d ≤ 1 then H^1(K, G) = {1}. Conjecture II: If G is semisimple, connected and simply connected and d ≤ 2 then H^1(K, G) = {1}.

Conjecture I was proved by Steinberg [St_1]. Conjecture II remains open, though significant progress has been made in recent years; see [BP] and [Gi].

Our main result is the following partial converse to Conjectures I and II. Theorem 1. Let G be an algebraic group defined over an algebraically closed field k. Assume that H^1(K, G) = {1} for some finitely generated field extension K of k of transcendence degree d.

(a) If d ≥ 1 then G is connected.

(b) If d ≥ 2 then the universal covering map G −→ G_{ss} is purely inseparable. In particular, if char(k) = 0 then G_{ss} is simply connected.

(c) If d ≥ 3 and Tors(G) ≠ {char(k)} then G is special.

The symbol Tors(G) in part (c) denotes the set of torsion primes of G; for the definition and properties of torsion primes see [St_2] or [Se_5].

Informally speaking, the theorem may be interpreted as saying that Conjectures I and II cannot be extended or strengthened in a meaningful way, even for fields containing C . (Indeed, if char(k) = 0 then the cohomological dimension of K equals d; see [Se_4, Section II.4].) Our proof relies on results of Steinberg [St_2] about the existence of nontoral finite abelian subgroups in algebraic groups.

We would like to thank Ph. Gille for showing us an alternative proof of Theorem 1, based on case by case analysis and properties of the Rost invariant. We are

1991 Mathematics Subject Classification. 14L30, 20G10. Z. Reichstein was partially supported by NSF grant DMS-9801675. 1

also grateful to J.-L. Colliot-Thélène, D. Harbater, R. Parimala, J.-P. Serre, and the referee for helpful comments and suggestions.

2. Notations and preliminaries

In this note all algebraic varieties, morphisms, algebraic group actions, field extensions, etc., will be assumed to be defined over an algebraically closed base field k. By an algebraic variety we shall mean a reduced (but not necessarily irreducible) separated scheme of finite type over k. The algebra of regular (respectively, rational) functions on a variety X will be denoted by k[X] (respectively, k(X)). As usual, k(X) is a direct product of fields (one for each irreducible component of X).

By a G-variety X we shall mean an algebraic variety with a G-action; X is generically free if G acts freely on a dense open subset of X and primitive if k(X)^G is a field. Equivalently, a G-variety X is primitive if G transitively permutes the irreducible components of X. If Y is an algebraic variety with k(Y ) = k(X)^G then the inclusion k(Y ) → k(X) gives rise to a rational map π : X Y . This map, called the rational quotient map, has the property that π^{−1}(y) is a single G-orbit for y ∈ Y in general position; see [Ro_1, Theorem 2] and [Ro_2].

If A is a subgroup of G and Z is an A-variety then A acts on G × Z by a · (g, z) −→ (ga^{−1}, az) . (2.1) The rational quotient (G × Z)/A for this action is called the homogeneous fiber product of G and X and is denoted by G ∗_A X. Since the G-action on G × Z (by left multiplication in the first factor) commutes with the above-defined A-action on G × Z, it descends to G ∗_A Z, thus making G ∗_A Z into a G-variety. (A priori G only acts rationally on G ∗_A Z but by [Ro_1, Theorem 1] one can find a model with a regular action.) In the sequel we will only use this construction in the case where A is a finite abelian group, and Z is an affine A-variety. In this setting we have a natural birational model for (G × Z)/A, namely the geometric quotient Spec(k[G × Z]^A) (see [MFK, Corollary 1.2 and Amplification 1.3]). The symbol G ∗_A Z will always refer to this model.

A primitive generically free G-variety X gives rise to an element of H^1(k(X)^G, G), which we shall denote by cl(X). If cl(X) = 1 then X is birationally isomorphic to a G-variety of the form X_0 × G, where G acts on X_0 × G by left translations on the second factor; see e.g., [Po, Section 1.3]. If A is a subgroup of G and if Z is a primitive generically free A-variety then cl(G ∗_A Z) is the image of cl(Z) under the natural map H^1(K, A) −→ H^1(K, G), where K = k(G ∗_A Z)^G = k(Z)^A.

Our proof of Theorem 1 will rely on the following characteristic-free version of [RY_2, Lemma 4.3].

Lemma 2. Let G be an algebraic group and let X be a generically free primitive G-variety. Suppose a finite abelian subgroup A of G is not contained in any Borel subgroup. If X has a smooth A-fixed point then cl(X) ≠ 1 in H^1(k(X)^G, G).

Proof. Assume the contrary: cl(X) = 1 and thus X is birationally isomorphic to X_0 × G, for some irreducible variety X_0, where G acts by left translations on the second factor. Let B be a Borel subgroup of G. Consider the rational G-equivariant map X ≃ X_0 × G G/B . Since G/B is a complete variety and X has a smooth A-fixed point, the Going Down Theorem [RY_1, Proposition A.1] tells us that G/B also has an A-fixed point;

denote this point by y. Thus A ⊂ Stab(y), and Stab(y), being a conjugate of B, is a Borel subgroup of G, a contradiction. □

Remark 3. If |A| is prime to char(k) (and, in particular, if char(k) = 0), then A does not lie in any Borel subgroup of G if and only if A is nontoral (i.e., A does not lie in any subtorus of G); see [Bor_2, Theorem 10.6(5)].

3. Smooth fixed points

Our strategy for proving Theorem 1, i.e., for showing that H^1(K, G) ≠ {1} for suitable G and K, will be as follows:

(i) find a finite abelian subgroup A of G that does not lie in any Borel subgroup, (ii) construct a generically free G-variety X with a smooth A-fixed point such that k(X)^G = K, and

(iii) apply Lemma 2.

In this section we shall concentrate on (ii). Our starting point is the following well-known lemma; for lack of a suitable reference, we supply an elementary proof below.

Lemma 4. Let C be a cyclic group. Then there exists a C-Galois cover Y −→ P^1 of irreducible smooth projective curves totally ramified at 0.

Proof. Case I: If n = |C| is prime to p = char(k) then the cover P^1 −→ P^1 given by t → t^n has the desired properties.

Case II: Suppose n = p^m. By [L, Exercise VIII.12.5] (or [FJ, Lemma 24.43]) there exists an irreducible Z/p^mZ-cover Y −→ P^1, where Y is a smooth curve. We claim that such a cover is totally ramified at some point x ∈ P^1 (which can be taken to be 0). Indeed, since the subgroups of Z/p^mZ are totally ordered by inclusion, there exists y_0 ∈ Y whose inertia group C_0 = Stab(y_0) contains Stab(y) for every y ∈ P^1. Then the subcover Y/C_0 −→ P^1 is an unramified Galois C/C_0-cover of P^1. This is only possible if C/C_0 = {1}, i.e., Y −→ P^1 is totally ramified at 0.

Case III: Suppose n = p^mq, and (p, q) = 1. Write C = C_1 × C_2, where C_1 and C_2 are cyclic groups of orders q and p^m respectively. Let Y_1 −→ P^1 (with Y_1 = P^1) be the C_1-cover constructed in Case I, Y_2 −→ P^1 be the C_2-cover constructed in Case II, and Y be the normalization of Y_1 ×_P1 Y_2. Since both Y_1 and Y_2 are totally ramified at 0, the number of points of Y above 0 divides both p^m and q. Hence, this number is equal to 1, so that Y −→ P^1 is totally ramified at 0. □

If A be a finite abelian group, we shall refer to the minimal number of generators of A as rank(A).

Lemma 5. Let A be an finite abelian group of rank r and let K be a finitely generated field extension of k of transcendence degree d ≥ r. Then there exists an A-variety Y such that (i) k(Y )^A = K and (ii) Y has a smooth A-fixed point.

Proof. First assume K = k(t_1, . . . , t_d) is a purely transcendental extension of k. Write A = C_1 × · · · × C_r as a product of r cyclic groups. By Lemma 4 for each i = 1, . . . , r there exists a C_i-Galois cover ψ_i : V_i −→ A^1 , where V_i is smooth and ψ is totally ramified at 0. Now let V = V_1 × · · · × V_r × A^{d−r} , where C_i acts on the ith component. Then V is smooth and ψ = ψ_1 × · · · × ψ_r × id: V −→ A^d is a Galois A-cover (so that k(V )^A = k(A^d ) = k(t_1, . . . , t_d)), totally ramified at 0 ∈ A^d . Thus V has the desired properties.

For general K we will obtain the desired A-variety Y as the fiber product Y = Y_0 ×_A d V via a diagram of the form V ↓ ψ Y_0^ϕ−→ A^d where Y_0 is an affine variety such that k(Y_0) = K. To construct ϕ choose a transcendence basis s_1, . . . , s_d for K/k so that K is a finite separable extension of k(s_1, . . . , s_d) (this can always be done by [L, Corollary X.6.3]). The inclusion k(s_1, . . . , s_d) ⊂ K = k(Y_0) induces a rational map ϕ: Y_0 A^d = A^d ; after replacing Y_0 by an affine dense open subset we may assume this map is regular. By our choice of s_i, this map is etale at some point y_0 ∈ Y ; after composing ϕ with a translation in A^d , we may assume ϕ(y_0) = 0 ∈ A^d .

It remains to check that for ϕ so defined, the A-variety Y = Y_0 ×_A d V (with A acting trivially on Y_0) satisfies conditions (i) and (ii) of the lemma. Indeed, (i) follows from [k(Y ) : k(Y_0)] = |A| and k(Y_0) ⊂ k(Y )^A. To prove (ii), note that y = (y_0, 0) is an A-fixed point of Y . To see that Y is smooth at this point, recall that the morphism Y −→ V is obtained from ϕ by a base change, and hence, is étale at y. Since V is smooth, we conclude that Y is smooth at y, as claimed. □

Remark 6. After passing to an affine open A-invariant neighborhood of the A-fixed point, we may assume the variety Y in Lemma 5 is affine.

Proposition 7. Suppose an algebraic group G has a finite abelian subgroup A such that A does not lie in any Borel subgroup of G. Then H^1(K, G) ≠ {1} for any finitely generated field extension K/k of transcendence degree d ≥ rank(A).

Proof. Choose an A-variety Y and a smooth A-fixed point y ∈ Y , as in Lemma 5. Set X = G ∗_A Y . (Note that by Remark 6 we can choose Y to be affine.) We claim that cl(X) ≠ 1 in H^1(K, G). Recall that X is defined as the geometric quotient for the A-action on G × Y given by (2.1). Let π : G × Y −→ X be the geometric quotient map (π is dual to the inclusion k[G × Y ]^A → k[G × Y ] of k-algebras).

In view of Lemma 2, it is enough to show that x = π(1_G, y) is a smooth A-fixed point of X. Since y is fixed by A, we have

a · x = π(a · (1_G, y)) = π(a, y) = π(1_G, a^{−1}y) = π(1_G, y)

for every a ∈ A, i.e., x is fixed by A. To see that X is smooth at x, note that A acts on G × Y with trivial stabilizers and thus π is etale at x. Since, G × Y is smooth at (1_G, y), we conclude that X is smooth at x = π(1_G, y), as claimed (cf. [PV, Proposition 4.22]). □

4. Proof of Theorem 1

We begin by reducing the proof to the case of a semisimple group. We claim that if Theorem 1 holds for G_{ss} then it holds for G. Indeed, suppose H^1(K, G) ≠ {1}. The short exact sequence 1 −→ Rad(G) −→ G −→ G_{ss} −→ 1 gives rise to the exact sequence

H^1(K, Rad(G)) −→ H^1(K, G) −→ H^1(K, G_{ss}) of pointed sets; see [Se_2, p. 125]. Since the radical Rad(G) is special (as is every connected solvable group), H^1(K, Rad(G)) = {1}; thus H^1(K, G) ≠ {1} implies H^1(K, G_{ss}) ≠ {1}. Applying Theorem 1 to G_{ss}, we conclude that G_{ss} is connected in part (a), the universal covering map for (G_{ss})_{ss} is purely inseparable in part (b), and G_{ss} is special in part (c). But this immediately implies that G is connected in part (a), the universal covering map for G_{ss} is purely inseparable in part (b), and G is special in part (c), as desired.

From now on we shall assume that G is semisimple.

Proof of part (a): Assume the contrary: G is not connected. By [BS, Lemme 5.11] we can write G in the form G = F G^0, where F is a finite group (cf. also [V, Proposition 7]). Let a be an element of F that does not lie in G^0. Applying Proposition 7 to A = <a>, we conclude that H^1(K, G) ≠ 1, a contradiction.

Proof of part (b): In view of part (a) we may assume that G = G_{ss} is connected. Let ϕ: G −→ G be the universal covering map. Assume to the contrary, that ϕ is not inseparable. Then the order of the fundamental group of G_{ss} is divisible by a prime p ≠ char(k); see [St_2, 2.4]. By [St_2, Theorem 2.27], G has a finite nontoral elementary abelian p-subgroup A of rank ≤ 2. This subgroup does not lie in any Borel subgroup of G; see Remark 3. Now Proposition 7 tells us that H^1(K, G) ≠ {1}, a contradiction.

Proof of part (c): Assume the contrary: G is not special. Then G has a torsion prime p; see [Se_5, 1.3] or [Se_3, Théorème 1(c)]. Since Tors(G) ≠ {char(k)}, we may assume p ≠ char(k). Now by [St_2, Theorem 2.28] G has a finite nontoral elementary abelian p-subgroup A of rank ≤ 3. Applying Proposition 7 to this subgroup (cf. Remark 3), we conclude, that H^1(K, G) ≠ {1}, a contradiction. □

References

[BP] E. Bayer-Fluckiger, R. Parimala, Galois cohomology of classical groups over fields of cohomological dimension ≤ 2, Invent. Math. 122 (1995), 195–229.

[BS] A. Borel, J.-P. Serre, Théorèmes de finitude en cohomologie galoisienne, Comment.

Math. Helv. 39 (1964), 111–164.

[Bor_2] A. Borel, Linear Algebraic Groups, 2nd edition, Springer-Verlag, 1991. [FJ] M. D. Fried, M. Jarden, Filed Arithmetic, Springer-Verlag, 1986. [Gi] Ph. Gille, Cohomologie galoisienne des groupes quasi-déployés sur des corps de dimension cohomologique ≤ 2, preprint.

[Gr] A. Grothendieck, La torsion homologique et les sections rationnelles, Exposé 5, Séminaire C. Chevalley, Anneaux de Chow et applications, 2nd année, IHP, 1958.

[L] S. Lang, Algebra, Addison Wesley Publishing Co., 1965.

[MFK] D. Mumford, J. Fogarty and F. Kirwan, Geometric Invariant Theory, 3rd enlarged edition, Springer, 1994.

[Po] V. L. Popov, Sections in Invariant Theory, Proceedings of the Sophus Lie Memorial Conference, Scandinavian University Press, 1994, 315–362.

[PV] V. L. Popov, E. B. Vinberg, Invariant Theory, in Encyclopaedia of Math. Sciences 55, Algebraic Geometry IV, edited by A. N. Parshin and I. R. Shafarevich, Springer-Verlag, 1994.

[RY_1] Z. Reichstein, B. Youssin, Essential dimensions of algebraic groups and a resolution theorem for G-varieties, with an appendix by J. Kollár and E. Szabó, Canadian Journal of Mathematics, 52, no. 5 (2000), 1018–1056.

[RY_2] Z. Reichstein, B. Youssin, Splitting fields of G-varieties, Pacific J. Math., to appear.

Preprint available at http://ucs.orst.edu/~reichstz/pub.html .

[Ro_1] M. Rosenlicht, Some basic theorems on algebraic groups, American Journal of Math., 78 (1956), 401–443.

[Ro_2] M. Rosenlicht, A remark on quotient spaces, Anais da Academia Brasileira de Ciências 35 (1963), 487–489.

[Se_1] J.-P. Serre, Cohomologie galoisienne des groups algébriques linéaires, Colloque de Bruxelles (1962), 53–67.

[Se_2] J.-P. Serre, Local Fields, Springer-Verlag, 1995.

[Se_3] J.-P. Serre, Cohomologie galoisienne: progrès et problèmes, in Séminaire Bourbaki, Volume 1993/94, Exposés 775–789”, Astérisque 227 (1995), 229–257.

[Se_4] J.-P. Serre, Galois Cohomology, Springer, 1997.

[Se_5] J.-P. Serre, Sous-groupes finis des groupes de Lie, Séminaire Bourbaki, 1998–99, n^∘ 864, Juin 1999.

[St_1] R. Steinberg, Regular elements of semisimple groups, Publ. Math. I.H.E.S. 25 (1965), 281–312. Reprinted in [Se_4], pp. 155–186.

[St_2] R. Steinberg, Torsion in reductive groups, Advances in Math. 15 (1975), 63–92. [V] E. B. Vinberg, On invariants of a set of matrices, J. of Lie theory 6 (1996), 249–269.

Department of Mathematics, Oregon State University, Corvallis, OR 97331, USA E-mail address: zinovy@math.orst.edu

Department of Mathematics and Computer Science, University of the Negev, Be’er Sheva’, Israel

Current mailing address: Hashofar 26/3, Ma’ale Adumim, Israel E-mail address: youssin@math.bgu.ac.il