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1. Let D be the first quadrant {z + iy : > 0,y > 0} with the unit (quarter) circle removed. The
boundary of D is C; U Cy U C3 where C; = {iy : 1 <y < oo}, Cy = {e¥ : 0 < 0 < w/2} and
Cs={z:1<z< o0} Solve Ap =0in D with ¢ =0 on Cy, p =1 on Cy and ¢ = 0 on Cs.

(Hint: use the Joukowski map composed with another map.)

Solution: We can compose the Joukowski map J(z) = (2 + 1/z)/2 with 2?2 in either order.

If we apply 22 first, then D is mapped to the upper half plane with the unit (half) circle removed.
This is then mapped to the upper half plane under J. In this case the composite map is fi(z) =
J(z?). Under this map, C; is mapped to (—oo, —1], Cy is mapped to [—1..1] and C3 is mapped to
[1,00). We must first solve A®4(u,v) = 0 with boundary conditions

0 ifu<-—1
q)l(u,O):{l if-l<u<l1
0 ifl<u

The solution is

1 -1 1 1
@ (u,v) = = cot™? (u) — —cot™! <u—|—>
71' v T v

Now we write

(22 — > + (27 — y*) /(2 + v*)? +i(zy — 2y/(2® + y°)?))

DO =

filr +iy) = ui(z,y) +ivi(z,y) =
which results in the solution
e1(z,y) = @1(ur(z,y),v1(z,y))

= ~cot™ (Ai(9) — — ot (Ao(r, )

where
Al(ﬂ? y) _ U1<337y) -1 _ (-’173 _$2y+$y2 —y3 —x —y)($3 +$29+$y2 +y3 _.'lf—f—y)
7 vi(z,y) 2ay(z2 + 42 + 1) (22 +y2 — 1)
and
u(z,y) +1 @ +a’y+ay’ +yP ta—y)(@® 2Py +ay’ — P oty
As(z,y) = =

vi(z,y) 2ey(2? + Y2 + 1) (22 + 92 - 1)

If we apply J(z) first, then D is mapped to the first quadrant, which is then mapped to the upper

2

2. In this case the composite map is f2(2) = J(2)%

half plane under z Under this map, C is
mapped to (—oo,0], Cs is mapped to [0..1] and C35 is mapped to [1,00). In this case we must first

solve A®; (u,v) = 0 with boundary conditions

0 ifu<O
Dy(u,0)=191 if0<u<l
0 ifl<u

1



The solution is

Now we write

f?(x + Zy) = ’LLQ(J?, y) + Z"UQ(-T, y)
= 1@ 22 ) + @ P 0P W )
+i(2xy — 2zy/(a® +y*)?))

which results in the solution
pa(z,y) = Pa(uz(2,y), v2(z,y))
1 1
= —cot™! (Bl(‘r7 y)) — —cot™! (32(33,3/))
T T
where

us(@,y) =1 @ -2yt -yt —a—y)@® +atytat + 0 — 2 +y)

B =
1(@y) va(,y) 2zy(z? +y2 + 1)(22 + 92 - 1)

and

ug(w,y) (@ +aly+ay’+ P+ —y) (@ —2Py+ay? -y +a+y)
va(,y) 2zy(x? +y2 +1)(22 + 92 - 1)

Notice that A; = By and Ay = Bs. This shows that s = ¢1 so that both methods give the same

answer.



