To Peter Hilton, friend and colleague, on his 70" birthday.

ON GROUPS GENERATED BY THREE INVOLUTIONS, TWO OF
WHICH COMMUTE

BY MICHAEL CHERKASSOFF AND DENIS SJERVE

ABSTRACT. We completely determine those alternating groups A,,, symmetric groups S,,, and
projective groups PSLy(q) and PGLs(q), which can be generated by three involutions, two of
which commute.

1. INTRODUCTION

In this paper we investigate the possibility of generating certain finite groups G by three
involutions, two of which commute. That is, when does GG have a presentation of the form

(1) G = <R1,R2,R3’R% - R% - R% - 1,R1R2 - R2R1 5 ETC >7

Here ETC denotes the extra relations needed to present the finite group. To avoid trivial cases
we assume throughout this paper that the R;, as elements of GG, are not the identity and are
mutually distinct.

Remarks

1. In the trivial cases the groups we obtain are trivial, Z, & Zy or dihedral Dy, where k is
order of the product of two non-commuting involutions. Note that in particular, when
k = 3 we get the symmetric group Ss.

2. Without any extra relations the group presented in (1) is the free product (Zy @ Zs) * Zs,
hence infinite.

We will answer this question for the alternating groups A,, the symmetric groups .5,, the
projective special linear groups PSLy(q) over finite fields GF'(q), and the projective general
linear groups PG Ls(q) over GF(q), where ¢ = p™ and p is any prime. Our results are given in
the following four theorems.

Theorem 1.1. The alternating group A, has a presentation as in (1) if, and only if, n =5
orn > 9.

Theorem 1.2. The symmetric group S,, has a presentation as in (1) if, and only if, n > 4.
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Theorem 1.3. The projective special linear group PSLy(q) has a presentation as in (1) if,
and only if, ¢ # 2,3,7,9.

Theorem 1.4. The projective general linear group PGLs(q) has a presentation as in (1) if,
and only if, q # 2.

The motivation for this paper arose in combinatorics, more specifically, in the area of
hamiltonian cycles. A conjecture in graph theory, arising from a question of Lovész[7], is that
every vertex transitive graph, with just 4 exceptions, has a hamiltonian path. In particular
we can consider this conjecture for Cayley graphs associated to finite presentations of finite
groups. It turns out that the above presentation on three involutions is very amenable to this
conjecture. As far as Cayley graphs are concerned a reasonable conjecture is

CONJECTURE: For any finite presentation of any finite group G (with the trivial
exception of Zy) there is a Hamiltonian cycle in the associated Cayley graph.

The paper [10] by Witte and Gallian contains an excellent survey on this subject.

In Section 2 of this paper we collect the preliminaries and background material we need.
Section 3 contains the proofs of Theorems 1.1 and 1.2 and Section 4 contains the proofs of
Theorems 1.3 and 1.4. And finally in Section 5 we prove results on the existence of Hamiltonian
cycles.

2. PRELIMINARIES

First we give some definitions.

Definition 2.1. The Projective General Linear Group over the finite field of ¢ = p”
elements, PG Ly(q), is the quotient group of the group of invertible 2 x 2 matrices, with entries
in the finite field of ¢ elements, by its center.

Definition 2.2. The Projective Special Linear Group over the finite field of ¢ = p”
elements, PSLy(q), is the quotient group of the group of 2 x 2 matrices of determinant 1, with
entries in the finite field of ¢ elements, by its center.

Definition 2.3. Let the group GG be generated by distinct elements g1, g, . .. , g, all different
from the identity. Then the Cayley graph for G with this set of generators is the graph with
vertices corresponding to the group elements and with vertices s and ¢ connected by an edge
if and only if there is 7, such that s = tg;.

In the case when g; is an involution it is customary to consider the graph as having only
one edge between s and t.

Definition 2.4. A Hamiltonian path in a graph is an edge-path which visits each vertex
exactly once.

Definition 2.5. A Hamiltonian cycle is a Hamiltonian path having the same vertex as its
beginning and end.
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Definition 2.6. The Triangle Group 7'(r, s,t) is the group with the presentation

r__ .8 .t _
, = = = =
<I’1 172,1‘3|I1 Ty Ig T1T9T3 ]_>

It is known that a triangle group is finite if and only if 1/r +1/s+ 1/t > 1.

The triangle groups are closely related to the geometry of Riemann surfaces. To see this

consider the triangle, whose angles are 7/r,7/s and w/t. This triangle is on the sphere if

11 1
-+ -+ n > 1, the Euclidean plane if — + — + 7= 1, and the upper half plane in all other
ros

T S
cases.

V3

Vi

FIGURE 1. Fundamental triangle.

2r 2w 2w
Letting 1, x5, x3 be rotations by —, —, - about the respective vertices, we see that the
S

group generated by x1, o, x3 is isomorphic to T'(r,s,t). It is a group of symmetries of the
tesselation produced by repeated reflections of the triangle in free sides.

Secondly, we need some group-theoretic results. The most important result for us is the
Dickson classification of subgroups of PSLs(q) [4, 6, 9].

Theorem 2.7. The subgroups of PSLs(q) fall into three types:

I (The Projective Subgroups). If m|n then GF(p™) is a subfield of GF(q) and therefore
PSLy(p™) is a subgroup of PSLsy(q). If also 2m|n and p > 2 then PGLy(p™) is a
subgroup of PSLs(q). Any subgroup isomorphic to either PSLy(p™) or PGLy(p™) is
called a projective subgroup.

I (The Affine Subgroups). Consider the subgroups of PSLy(p**) which have one of the
following forms:

either{{ g aél } ca,be GF(q),a # O},
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/\0 . 2N\ * q+1 __
OT{lOX]'/\EGF(p)’)\ =13,

where A — X = X is the involution in the field GF(p*™). Then any subgroup of
PSLy(q) isomorphic to a subgroup of one of the above is called an affine subgroup.
IIT (The Exceptional Subgroups). The finite non-cyclic triangle groups are:
T(2,2,t) = the dihedral group of order 2t,t > 2;
T(2,3,3) = the tetrahedral group = Ay;
T(2,3,4) = the octahedral group = Sy;
T(2,3,5) = the icosahedral group = As.
Subgroups of PSLy(q) isomorphic to one of these are called exceptional groups g

We also need a result, due to Dyck, on representations of PSLy(q) as permutation groups
[1, 4]

Theorem 2.8. PSLs(q) may be represented as a transitive permutation group on q+1 symbols
but on no fewer, except when q = 5,7,9,11, for which the minimum number of symbols is
5,7,6,11 respectively g

The next two lemmas are obvious and useful in investigating the generation of groups:

Lemma 2.9. Suppose some permutations t1,..,t;, on the set of symbols {i, .., i}, generate a
subgroup isomorphic to Ay. Let t=(iy, i,,7) be a 3-cycle, where i,, i, are from this set and j is
not. Then the permutations ty,..,t,,t, on the set of symbols {i1,..,ix, j}, generate a subgroup
isomorphic to Apy1 g

Lemma 2.10. Suppose we have three involutions, two of which commute, and the third does
not commute with them or their product. Then the group these involutions generate is not

dihedral -

We also need to point out some isomorphisms:

Proposition 2.11. PSLy(2) = PGLy(2) = S3, PSLy(3) = Ay, PGLy(3) = Sy, PSLy(5) =
A5, PGL2(5) = S5 and pSLQ(g) = A6 m

The Cayley graph is a 1-dimensional simplicial complex constructed from the vertex set
G by right multiplication by the generators g¢q,...,¢g,. The group G acts on itself by left
multiplication, and we can extend this action to the Cayley graph by making it linear on the
edges. Thus the Cayley graph has a natural left G-action. We now want to add 2-cells to the
Cayley graph to obtain a surface, and then extend the G-action to the surface. We limit our
attention to trivalent Cayley graphs, that is graphs such that each vertex has exactly 3 edges
coming into it.

A Cayley graph that is trivalent must come from a presentation in one of two ways: either
the group is presented by 3 involutions, or it is generated by an involution and one other
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FIGURE 2. The Cayley graph with local orientation.

gR3 gR; gsl gs
g g
gRy gR
FIGURE 3. R =R;=R:=1 R*=1,5# 57!

element of order bigger than two (see fig. 3); therefore having a presentation of one of the
following forms:
(a) G = <Z%1,}%2,Z%3’Z%% = Z%g = Z%g = 1,1;7ﬁ(7»
(b) G =(R,S|R* = S" =1,ETC.), where n > 2.
As far as the first case is concerned let the orders of RiRs, RoRs and R3R; be r, st
respectively. Then we attach three 2-cells to the cycles
9,9R1, gR1Rs, ..., g(R1Ry)" 'Ry,

9,9R2, gRa R, . .. ,Q(RzRg)sflRm
9,9R3, gR3Ry, ... ,g(R3R)" ' Rs.

Thus the 2-cells attached are 2r-gons,2s-gons and 2t-gons respectively.

In the second case the relevant cycles are:
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g9,9R, gRS, ...,
g,9gR,gRS™, ...,
9,95,95%, ...,

and the 2-cells are 2r-gons, 2r-gons and s-gons, where r=the order of RS=the order of RS™*
and s=the order of S. Thus trivalent Cayley graphs can be completed to surfaces, and the left
G-action on the Cayley graph can be extended linearly to the cells. In these cases we refer to
the surface as the Cayley surface.

In this paper we are only dealing with case (a). For the presentation of PSLs(q) as in (b)
see [5, 6]. The existence of hamiltonian cycles in case (b) is still open in most of the cases;
however, Tzu-Yi Yang[11] has proved that the Cayley graph of the presentation of PSLsy(p)
on the generators

does have hamiltonian cycles.

G G
The Cayley surface of the group G, presented as in (1), is composed of % 4-gons, u
S
G
2s-gons and 2_15‘ 2t-gons where s=the order of Ry R3 and t= the order of R3R;.

It is worth noting which of the Cayley surfaces are non-orientable.

Lemma 2.12. If a finite group is generated by three involutions, two of which commute, then
the Cayley surface of this group is orientable if and only if there is no product of an odd number
of generators equal to 1.

Proof. First we note that the graph is locally planar, so locally we can select an orientation
around each vertex. We choose the orientation that crosses the edges R;, R, R3 in that order.
Next note that adjacent edges have opposite orientation (see fig.2).

A word W in the R; can be represented by a path along the edges of the Cayley graph.
This path is a loop, if and only if, W = 1 in G. If this word W has odd length in the R;,
then going once around a loop representing W reverses the local orientation, and so the Cayley
surface is non-orientable.

Conversely, if the Cayley surface is non-orientable, then there are loops which reverse
the orientation. Any such loop can be homotoped to an edge path, which must therefore
correspond to a word W in the R; which has odd length and represents 1 in the group O

Theorem 2.13. All Cayley surfaces arising from presentation (1) of simple groups are non-

orientable.

Proof. According to lemma 2.12 we have to find a product of an odd number of generators
which is equal to 1. Consider the diagram



ON GROUPS GENERATED BY THREE INVOLUTIONS, TWO OF WHICH COMMUTE 7

1 — T(2,8t) — I' — 2, — 1

|

1 — G’ — @ — G/ — 1

where T'(2, s, ) is the triangle group, I is the group generated by reflections through the sides
of the triangle with the angles 7/2, /s and 7/t, G is the group generated by three involutions,
two of which commute and G’ is the subgroup generated by their pairwise products. Then
the downarrows are epimorphisms and since T'(2, s,t) has index 2 in I" G’ has index 1 or 2
in G. But if G is simple, index 2 can not happen, so G’ = G. Therefore pairwise products
generate the whole group and in particular R, can be written as a product of RiRy’s, Ry R3’s
and Ry R3’s. Multiplying both sides by R; we obtain a product of an odd number of generators
equal to 1. Hence the surface is non-orientable O

3. PERMUTATION GROUPS

In this section we shall prove Theorems 1.1 and 1.2. The proof of Theorem 1.1 has two
components. First we show that A, has a presentation as in (1) if either n =5 or n > 9, and
then we show that the remaining A,, do not have such a presentation (the negative half).

First we want to develop some notation. The symbols R;, Ry, R3 will always denote involu-
tions. They will always be chosen so that the R; are distinct, all are different from the identity,
and so that Ry Ry=R>R,. The symbols ¢; will always denote 3-cycles. All permutations are
written in cycle notation.

For technical reasons we deal with the case n = 5 separately. In this case it is easy to see,
that by choosing:

Ry = (172)(374)7 Ry = (173)(274)7 R; = (172)(47 5)
we generate all of A5. Indeed let
1 = R1R3 = (3, 5, 4), C3 = RgClRQ = (1, 5, 2), Cy = 030103 = (2,4, 3),

then ¢y, c9, c3 are clearly generators of As. To prove the rest of the positive half of Theorem
1.1 we show that it holds for n = 9,10,11,12,13,14,15, 16 and then we show that it holds for
Anyg if it is true for A,.

Before giving the proof of the inductive step we establish the base case of the induction.
In all cases we define three involutions R;, Ry, Rs and exhibit an appropriate power (R R3)™
which is a 3-cycle ¢;. Then we find another 3-cycle ¢y = (ip, iy, 7), Where i,, i, are involved in
¢y but j is not. The 3-cycle ¢; generates the group As and adjoining ¢, then gives Ay, according
to lemma 2.9. The idea is to then find a succession of 3-cycles c3, ¢4, ..., adjoin them to the
previous generators to produce a succession of groups isomorphic to As, Ag,.... These extra
3-cycles are obtained from the previous ones by conjugation. Table 1 contains some of the
details.
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Involutions Cycles Ay on
R =(L2)(3,4)5,6)(7,9) & = (Rl = (7,9,8) {7,3,97
RQ = (1,3)(2,4)(5,7)(6,8) Cy = (RQC%RQ)Cl(RQClRQ) {6,7,8,9}
R3 = (4, 5)(8, 9) C3 = RQClRQ {5, ey 9}

Cyp = R3(5,6,7)R3 {4,,9}

Cs —R1(4,5,6)R1 {3,,9}

Ce = R2(47576>R2 {2779}

Cy = R1(2, 3, 4)R1 G = Ag
Ry = (1,2)(3,4)(5,6)(9, 10) o= (RiRs)® = (8,10,9)  [{8,9,10}
Ry = (1,3)(2,4)(5,6)(7,8) ¢y = Roci Ry {7.8,9,10}
R3 = (172)(47 5)(677)(8’9) C3 = R3(77879>R3 {67710}
Ry = (172)(374)(576)(7’ 8) €1 = (R1R3)7 = (172711) {172711}
RQ = (1, 3)(2, 4)(5, 6)(9, 10) Cy = (RQC%RQ)Cl(RQClRQ) {1, 2, 3, 11}
Ry = (1711)(475)(677)(879) c3 = Ryc1 Ry {1774711}
Ri=(12)3,4)05,6)(7,9) o= (BB =(7,9,8) |{7.8,9]
Ry = (1,3)(2,4)(9,10)(11, 12) ¢y = Ryc1 Ry {7.8,9,10}
Ry = (4,5)(6,12)(8,9)(10,11) ¢3 = R3caRs {7,....11}
Ry = (1,2)(3,4)(5,6)(7,8)(9, 10)(11, 12) ¢ = (RiRs)" = (11,13,12) [{11,12,13}
RQ = (1, 3)(2, 4)(5, 7)(6, 8)(9, 11)(10, 12) Cy = (RQC%RQ)Cl(RQClRQ) {10, ey 13}
R3 = (1,2)(4, 5)(8,9)(12,13) C3 = RQClRQ {9,,13}
Ry = (172)(374)(576)(7’ 8) €1 = (R1R3)14 = (171472) {172714}
RQ = (1, 3)(2, 4)(9, 10)(11, 12) Cy = (RQClRQ)Cl(RQC%RQ) {1, 2, 4, 14}
Ry = (1,14)(4,5)(6,7)(8,9)(10,11)(12,13) | ¢35 = RycyRo {1,...,4,14}
Ry = (1,2)(3,4)(5,6)(7,8)(9, 10)(13, 14) o= (RiR3)™ = (12,14, 13) |{12,13, 14}
RQ = (1,3)(2,4)(5,7)(6,8)(9,10)(11,12) Co = RQClRQ {11,714}
Ry = (1,15)(2,3)(4,5)(8,9)(10,11)(12,13) | ¢35 = RycoRs {10,...,14}
Ry = (1,2)(3,4)(5,6)(7,8)(9, 10)(11, 12) o = (RiRs)®=(1,2,16) |{1,2,16}
Ry = (1,3)(2,4)(5,7)(6,8)(9,10)(13, 14) ¢y = (Ro®Ro)er(Roci Ry) | {1,2,3,16}
Ry = (1,16)(4,5)(8,9)(10,11)(12,13)(14,15) | ¢s = Ry(3,2,1)Rs1 {1,...,4,16}

TABLE 1. Initial cases for induction.
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This establishes the base of the induction. To prove the inductive step we make following
hypotheses:

There are involutions Ry, Ry, R in A, a partition of {1,2,...,n} into disjoint non-empty
subsets S, 5S>, and elements ¢ € Sp, 7 € S so that

RiRy=RsR;.

Rl(Sl) :Sl, Rl(SQ):SQ, RQ(Sl):Sl, RQ(SQ):SQ.
(Z,j) € R3 and Rg(Sl\Z):Sl\Z, Rg(SQ\j):SQ\j
(k,i) € Ry for some k # ¢ and R3(k) = k.
(R1R3)™ is a 3-cycle ¢, where m is some integer.

Condition (e) is equivalent to the cycle decomposition of R;R3 having one 3-cycle and all
other cycles having lengths relatively prime to three. Next we extend this data to A, s as
follows:

Ri=Ri(n+1,n+2)(n+3,n+4)(n+5n+6)(n+7n+38),
Ry =Ry(n+1,n+3)(n+2,n+4)(n+5n+7)(n+6,n+8),
Ry = R3(i,5)(i,n+ 1) (n+4,n+5)(n+38,5),
Si=5S1U{n+1,n+2,n+3n+4},
Sy =8yU{n+5n+6,n+7n-+8},
'=n+4,j'=n+5k=n+3.
Proposition 3.1. The elements Ry, R}, R are involutions in A, s satisfying conditions (a)-

(e) above.

Proof. It is clear that R} and R} are involutions in A, ;5. Note that (i,7) € Rs and so Rs(i, j)
is a product of disjoint transpositions involving only elements from the set {1,2,...,n}\{7,j}.
Therefore, R3 is also an involution in A, s.

Properties (a),(b),(c) and (d) are easy to check. To prove (e) we compute R|Rj:
RiR,=(n+1,n+2,4,k)(n+3,n+5n+6n+4)(n+8n+7,7,...)(othercycles).

The "other cycles” in R} R} are identical to some of those in RjRs, specifically those not
including ¢ or j.

Now the cycle of Ry R3 containing j has the form (i, k, 7, ja, . . ., ji), where {ja,...,5:} is a
subset (possibly empty)of S2\{j} and R;(j;) = 7 (or Ry(j) = j in which case the above cycle
is just the 3-cycle (i, k, j)). The form of R} Rj now reveals that the cycle of R} R} containing j
is (n+8,n+7,4,752,...,7:) and so has the same length as the cycle of Ry R3 containing j. It
now follows that (R} R5)™ is a 3-cycle, where m’ =LCM(4,m) O

Remark. . The involutions R; Ry, R3 defined in the table for the initial cases n =9,10,11,12,13,
14,15,16 satisfy (a),...,(e) for the following choices of Sy, Ss, 1, j, k, m:
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n St 1 J k m
9 {1,2,3,4} 4 5 3 4
10 {1,2,3,4} 1 5 3 5
i1 {1,2,3,4,11} 1 5 3 7
12 {1,2,3,4} 4 5 3 10
13 {1,2,3,4} 4 5 3 4
14 {1,2,3,4,14} 4 5 3 14
15 {5,...,14} 5 4 6 35
16 {1,2,3,4,16} 1 5 3 28

S, is always the complement of S.

Thus it follows that (a),...,(e) hold for A, if n > 9. We will show that these involutions
generate A,. The method of proof will be by ”extending 3-cycles”, as illustrated in the Table.
That is, we start with the 3-cycle ¢; = (R R3)™, which generates Az, and then inductively
construct additional 3-cycles cq, c3,... so that each ¢, involves only one letter different from
those present in ci,...,c._1, each ¢, is of the form WeW =1 where ¢ is a 3-cycle in the group
generated by cy,...,c.—1, and W is a word in Ry, Ry, Rs.

Proposition 3.2. The involutions Ry, Ry, R3 generate A,, for n > 9.

Proof. The proof is by induction on n. The initial step is provided by the Table, that is for
n=9,10,11,12,13,14,15,16. So assume that A, is generated by R;, Ry, R3 for some value of
n. Then we must show that A, g is generated by R}, RS, Rj.

First note that the 3-cycle ¢; = (RyR3)™ does not involve i or j. Therefore ¢, = (R} Ry)™
is identical to ¢;. Moreover, ¢; involves only letters from either S; or S,, say Si, the case S,
being similar.

Now consider the sequence of 3-cycles in A, up to the point where j is adjoined, say
C1,Cay ..., Cryp1, Where ¢; = (RiR3)™ and ¢, = Wiy, W, 1,2 <t < r+ 1, for some word W in
Ry, Ry, R3 and some ~; € {(c1,¢a,...,¢1). Necessarily 7, = (i1,142,1) for some iy,is € S\ {i}
and ¢, 11 = (i3,14, 7) for some i3, iy € 5.

Examination of the table (the base case of the induction) reveals that we have W, .1 = R
and that all subsequent conjugations are also by generators. We make the inductive assumption
that this also occurs for A,,.

Let W/ denote the word in R}, R5, Ry obtained from W} by replacing each occurence of R;
E)y R Ther; the 3-cycle ¢, = W/ W/ ™" is identical to ¢, for 2 < t < r, and ¢.,, = Ryy,11 Ry =
ig, i4, n+1).

Thus we have added the new letter n+1. Then conjugating by R}, R, R, R}, R}, R}, R, R},
in turn yields the new letters n+2,n+4,n+3,n+5,n+6,n+8,n+ 7, j respectively. Notice
that all new conjugations are also by generators.
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All that remains now is to add the letters in S3\{j}. To do this we merely follow the
corresponding sequence in A, replacing each occurence of R; in every conjugation by R [

Now the "negative” part.

Proposition 3.3. Ag,A; and Ag can not be generated by such involutions.

Proof. The easiest case is A;. Up to conjugation, the first involution can be chosen only
one way - namely (1,2)(3,4). The second is either (1,3)(2,4), or (1,2)(5,6). In both cases
we have four subsets stable under both permutations, namely {1,2,3,4},{5},{6}, {7} and
{1,2},{3,4},{5,6}, {7} respectively. The third involution consists of only two transpositions,
so it can not connect all these four subsets into one, therefore we do not have a transitive
action on the set {1,2,3,4,5,6,7}. Hence the subgroup generated by R;, Ry and R3 is not A;.

In the case of Ag for the first two involutions we have again only two essentially different
choices: R1=(1,2)(3,4), R2=(1,2)(5,6) or Ry=(1,3)(2,4). The transitivity argument forces the
choice of R3: R3=(2,3)(4,5) in the first case and R3=(1,5)(2,6) in the second. In both cases
we compute the order of (R, Ry, R3). It is 60 in the first case and 24 in the second. Hence
the subgroup is not Ag. This was done by computer.

The most extensive case is Ag. Up to conjugacy there are only two choices for R;, namely
Ry = (1,2)(3,4) and Ry = (1,2)(3,4)(5,6)(7,8). Now we must choose an involution R so that
Ri{Ry = RyR;. When choosing R; we do not distinguish amongst choices that are conjugate
by any conjugation that leaves R; invariant. Nor do we distinguish amongst choices that give
the same subgroup (R;, Rs) = Zy @ Zy. There are then only five essentially different choices
for Ry and Rj:

() Ry =(1,2)(3,4) Ry = (1,3)(2,4)
(II) Ry = (1,2)(3,4) Ry = (1,2)(5,6)
(ITI) Ry = (1,2)(3,4) Ry = (5,6)(7,8)

In case V there is only one choice for R, since any other choice is either equivalent to this
one or reduces to case (IV).

We must now choose the third involution R3. Again we do not distinguish amongst choices
that differ only by a conjugation not altering the subgroup (Ri, Ry) = Zy @ Zs. These conju-
gations can be by elements of Sg. Our choices for R3 are restricted by the fact that the group
(R1, Ry, R3) is supposed to be transitive on {1,2,3,4,5,6,7,8}. In each choice of R3 we used
a computer to determine the order of the subgroup (R, R, R3). The maximum order turns
out to be 576, and therefore Ag can not be generated by three involutions as in (1).

Choice of Rs order of (Ry, Ry, R3)
(I) R3 (1 5)( 6)(377)(478) 32
(1) Rs = (1,7)(2,3)(4,5)(6,8) 192
(L) Ry = (1,7)(2,3)(4,5)(6,8) 48
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In case (IV) there are many choices for R3 leading to groups of different orders. The
diagram below indicates how R; and R, are acting on the eight elements 1,2, ..., 8.

1 1
RS o
2 2
FIGURE 4. Ry, R, acting on 8 symbols.Case IV.

R3 must necessarily involve a transposition containing one letter from 1, 2, 3, 4 and one from
5,6,7,8. Up to conjugacy we may assume (4,5) is in R3. Since Rj is an even permutation it
must involve either one more transposition or three more. Thus the cases are:

(IVa) Ry = (4,5)(1,7) 48
(IVb) Ry = (4,5)(3,7) 64
(IVe) Ry = (4,5)(6,7) 576

We should point out that either 7 or 8 must be involved in the other transposition and that
the choice Ry = (4,5)(2,7) is equivalent to Ry = (4,5)(1,7). To see this note that switching
1 and 2 leaves (Ry, Ry) invariant. The same remarks apply when the choices for Rz involve 4
disjoint transpositions.

(IVd) Ry = (4,5)(1,7)(2,3)(6,8) 16
(IVe) Ry = (4,5)(1,7)(2,6)(3,8) 16
(IVE) Rs = (4,5)(1,7)(2,8)(3,6) 32
(IVg) Ry = (4,5)(3,7)(L, 2)(6, 8) 64
(IVh) Rs = (4,5)(3,7)(1,6)(2.8) 16
(IVi) Rs = (4,5)(6,7)(1,2)(3,8) 64
(IVi) Ry = (4,5)(6,7)(1,8)(2,3) 48

In case V the action of Ry, R is given by the following diagram
1 1 1 1
S Qs
2 2 2 2
FIGURE 5. Ry, R acting on 8 symbols.Case V.

All choices for R3 must involve (4,5), at least up to conjugacy. The possibilities are:
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(Va) Ry = (4,5)(1,2) 192
(VD) Ry = (4.5)(1.6) 48
(Vo) Ry = (4.5)(1.8) 16
(Ve) Ry = (4,5)(1,6)(2,3)(7.8) 21
(VR) Ry = (4.5)(1.6)(2.7)(3.8) 8
(Vi) Rs— (4.5)(1.6)(2.8)(3.7) 39
(Vi) Rs=(4,5)(1,8)(2,3)(6,7) 16
(VK) Ry = (4.5)(1.8)(2.6)(3.7) 8
(V) Rs = (4.5)(1.8)(2.7)(3.6) 8

The Symmetric Groups.
Theorem 3.4. Any symmetric group S, with n > 4 can be generated by three involutions, two
of which commute.
Proof. If n = 2k + 1 we choose

R1=(3,4)(5,6) ... (2k —1,2k),

Ry=(1,2),

R3=(2,3)(4,5) ... (2k,2k +1).

Now, (1,3)=R3RaR3, (1,4)=R1(1,3) Ry, (1,5)=R3(1,4)R3, etc. So we can produce all (1,i),

for 2< i < n, which obviously generate S,,. The case where n is even is similar to this. The
cases n < 4 are trivial (there are not enough involutions) O

4. THE PROJECTIVE LINEAR GROUPS

In this section we shall prove theorems 1.3 and 1.4. Again we prove the ”positive” part
first. We start with the case p=2. Thus we must prove the following

Proposition 4.1. SLy(2") can be generated by three involutions, two of which commute, if
n > 2.

Proof. Consider the matrices

_ (0 1y
R1_<1 01)‘

_ r 1+ B
>7R2_<1+x T )7R3_(

O =
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Here z and y are elements of the finite field GF(2"). We want these matrices to be different
from the identity and from each other, and this happens if, and only if, z £ 0,1 and y # 0.
Thus we need n > 2 so that such elements exist.

It is easy to check that R; Ry = Ry Ry and that R3 does not commute with any of Ry, Rs,
RlRQ. In fact

(01 B r ry+l+w ([ 1+x y+ay+a
R1R3_(1 y)’R2R3_(1+x y+xy+x)’R1R2R3_( x xy+1+x)

and the respective traces are y,y + zy, and xy. Since these traces are not zero it follows that
R3 does not commute with any of Ry, Ry, R1 Rs.

Now we suppose that y = 2z + 27! for some z € GF(2"), where z # 0 and z # 1. Again
this assumes that n > 2. Then R; Rj3 is similar to the diagonal matrix

(3:)

and so its order is the least integer k so that z¥ = 1. Choosing z to be a primitive root of
GF(2™) we see that the order of RjR3 is 2" — 1. According to Dickson’s theorem (2.7) the
possible subgroups of SLy(2") are: Ay if n is even, Ajs if n is even, the dihedral groups 7'(2, 2, t)
of order 2t for t = 2 or t[(2" — 1), the affine groups, and the projective groups SLy(2™) for
m|n. Let G be the subgroup generated by Ry, Ry, Rj.

G can not be dihedral since R3 does not commute with any of Ry, Ry, Ri Ry (see lemma
2.10). Also G can not be cyclic since it contains the subgroup Zs ® Zs =< Ry, Ry >. Thus G
must be Ay, As, affine or projective. In fact G can not be A4 according to Theorem 1.1.

Suppose G is affine, that is G is isomorphic to a subgroup of the group

A:{(S abl)}a,beGF(Q”),a#O}

There exists a split short exact sequence 1 — Zon — A — Zon_1 — 1, where the normal
subgroup Zs» consists of all matrices of the form

1
01 )"
Any subgroup of A generated by elements of order 2 would have to be a subgroup of Z

and therefore be abelian. G is not abelian and so can not be affine. Thus G is A or projective.

For the moment assume that n > 2. Then 2" — 1 > 7 and so G must be projective.
The proper projective subgroups SLs(2™), where m is a proper divisor of 2" — 1, do not have
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elements of order 2" — 1, and therefore G must be SL4(2"). This proves the proposition for
n > 2.

To prove the proposition for ¢ = 4 we can use the isomorphism SLs(4) = As and then
apply Theorem 1.1. Or we can consider the three matrices

(01 _ r 14+ (1 =z
Rl_(1 0)’R2_(1+x x )’33_(0 1)‘

Here z is any element of GF(4) satisfying 2 + x + 1 = 0. Then it is easy to check that
the orders of Ry R3 and RyR3 are 5 and 3 respectively. Since the subgroup generated by R;
and Ry has order 4 it follows that the order of G is at least 60. On the other hand SLy(4) has
order exactly equal to 60 and so G is all of SLy(4) U

Now we will prove Theorem 1.3 for odd primes p. The proof is broken down into two cases,
the case where —1 is a square in GF'(q) and the case where it is not. First we consider the case
where —1 is a square. This happens if, and only if, either p = 1(mod 4) and n is arbitrary, or
p=—1(mod 4) and n is even.

Proposition 4.2. Suppose p is an odd prime and —1 is a square in GF(q). Then PSly(q)
can be generated by three involutions, two of which commute, if ¢ # 9.

Proof. Let a be any element of GF(g) such that a® = —1. Then consider the three matrices

0 1 a 0 a T
n=(fo) m=(55) (5 %)

Here z is any non-zero element of GF'(q). Then we can check that these three matrices are
different from the identity and each other. Moreover R; Ry = Ry R; and R3 does not commute
with any of Ry, Ry, RiRy. We want to show that G, the subgroup of PSLy(q) generated by
Ry, Ry, R3, is the entire group, provided x is chosen appropriately.

The idea of the proof is to use Dickson’s theorem (2.7) to rule out all proper subgroups.
First of all note that G can not be dihedral since if it were R3 would have to commute with at
least one of Ry, Ry, R1 Ry, and it does not. Next we note that G can not be affine since Zy ® Zo
is never a subgroup of an affine group when p is odd. Therefore G must be either projective
or exceptional, that is GG is isomorphic to one of the following

1. G = PSLy(p™) for some m|n, or G = PGLy(p™) for some 2m|n.
2. G = A4, S4, or A5.

Now consider the matrix

0 —
Rlez(_a _g)
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We choose z equal to z + 271, for some 2 € GF(q),z # 0,41. Then the matrix R, R is

similar to
z 0
0 27t

and therefore its order is the least positive integer k so that 2% = £1. In particular if we choose

2z to be a primitive root of GF'(q) then the order of Ry R3 will be q - 1. For the moment assume

that ¢ > 11 so that q ; 1 > 5. Thus G can not be exceptional and so must be projective. In

fact G must be all of PSLy(q) since any proper projective subgroup can not have an element
q—1
2

of order . This proves the proposition when —1 is a square, except for ¢ = 5.

If ¢ = 5 we choose matrices

0 1 2 0 2
Rlz(_l 0)7R2:(0_2)7R3:(0 _2)7

where x is any non-zero element of GF'(5). The order of Ry R3 is 5, the order of the subgroup
< Ry, Ry > is 4, and so the order of GG is at least 20. This is sufficient to guarantee that G is
all of PSLy(5). We could also argue as follows:

0 -2 0 -1
R1R3:(_2 _x),RlRQR;g:(l _23:)

The respective traces are —x and —2z and so one of these matrices will have order three.
Therefore G will have order at least 60, and so must be all of PSLy(5) since PSLy(5) has
order 60.

Another approach would be to use Theorem 1.1 together with proposition 2.11. This
completes the proof of the proposition O

Proposition 4.3. Suppose p = —1(mod 4) and n is odd. Then PSly(q) can be generated by

three involutions, two of which commute, if ¢ > 11.

Proof. We choose elements a,b € GF(q) satisfying a®+b* = —1. This is always possible. Then
let Ry, Ry, R3 be the matrices

(0 1 [ a b _ 0
Rl_(_l 0)7R2_(b_a)7R3_(_y—1 0)7

where y is any element of GF'(q) such that y # 0, £1. For any such y it is easy to check that
the RR; are all distinct and different from the identity, R1 Ry = RoR;, and R3 does not commute
with any of Ry, Ry, RiRs.
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Let GG denote the group generated by R;, Ry, R3. GG can not be affine since it contains the
subgroup < Ry, Ry >= Zy & Zs. Moreover G can not be dihedral since R3 does not commute
with any of Ry, R, R Rs (see lemma 2.10). Therefore G must be projective or one of Ay, Sy, As.
The actual type of G will depend on how we choose y.

—uy~t 0
RlRS:(% —y)

has order equal to the smallest positive integer k such that y* = +1.
1

—1
1= > 5 Then G
will be projective, and in fact all of PSLs(q). This proves the proposition, except for ¢ = 11.

Choosing y to be a primitive root of GF(q) this order will be L=

Now we consider the case ¢ = 11. Consider the matrices

0 1 1 3 1 -1
we(ha)om=(5 5)on=(o3)

Then we see that the products

2 -1 7 —4
RlRSZ(_l 1 )7R2R3:(1 _2)

have respective orders 5, 6. Since R3 does not commute with any of Ry, Ry, R; Ry the only
possibilities for G are PSLy(11) and one of Ay, Sy, As. But the groups Ay, Sy, As do not have
elements of order 6 and so G must be PSLy(11). O

The "negative” part of the theorem 1.3 is just a combination of previous results.

Proposition 4.4. PSLy(q) can not be generated by three involutions two of which commute
ifq=2,3,7 or9.

Proof. For g=2 or 3 there are not enough involutions (or we can use proposition 2.11 in
conjunction with theorem 1.1). For ¢=9 we refer to propositions 2.11 and 3.3. For ¢=7
we refer to theorem 2.8 and the proof of proposition 3.3 noting the fact that any transitive
permutation representation p : PSLy(7) — S7; must have its image in A; since PSLy(7) can
be generated by two elements, one of order 3, and the other of order 7. Now, if PSLy(7) could
be generated by three involutions, two of which commute, then it would follow that these
involutions in A; would act transitively; but the proof of proposition 3.3 shows that this is
impossible O

Now we turn our attention to the projective general linear groups PG Lsy(q).
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Proposition 4.5. PGLy(q) can be generated by three involutions, two of which commute, if
and only if, ¢ > 2.

Proof. First notice that for even ¢’s the result is theorem 1.3 since PGLs(q) = PSLy(q). For
odd ¢’s we again heavily rely on Dickson’s Classfication Theorem (2.7). We choose involutions
to be images in PG Ls(q) of

(10 (01 (1 oy
Rl_(o_1)7R2_(x0)7R3_(0_1)7

with z and y to be defined later. As in the case of the projective special linear groups, the
cyclic, affine and dihedral subgroups are easily eliminated, so long as y # 0.

We are going to produce an element of order ¢ — 1 in the subgroup generated by R;, Ry and
R3, thus eliminating all proper projective subgroups and all exceptional subgroups for ¢ > 7.
Note that the result for ¢ = 3 and ¢ = 5 follows from proposition 2.11 and theorem 1.2.

Consider the matrix A = RyR3 = ( 2 ;yl ) It has trace xy and determinant xz. We

choose x to be a primitive root in GF(q) and y = 1 + 2~'. Then A is conjugate to ( (1) 2 )
and therefore A has order ¢ — 1. Thus Ry, Ry and R3 generate all of PG Ly(q). 0

5. HAMILTONIAN CYCLES

In this section we shall show that many graphs admit Hamiltonian cycles, thus corroborat-
ing the Lovasz Conjecture. The graphs we consider are the Cayley graphs of finite groups GG
having a presentation as in (1). Any such graph is trivalent and so, in some sense, represents
the hardest possible case for the existence of Hamiltonian cycles.

Requiring two of the involutions to commute allows us to give a very simple inductive
proof for the existence of Hamiltonian cycles. The idea was first mentioned to us by George
Maxwell [8], and was also used by Conway, Sloane and Wilks [3] to prove that every finite
Coxeter group has Hamiltonian cycles.

Theorem 5.1. Suppose G has a presentation as in (1). Then the Cayley graph of this pre-
sentation has a Hamiltonian cycle.

Proof. The Cayley graph is trivalent. We can extend the graph to a surface by adding 4-gons,
2s-gons and 2t-gons, where s and ¢ are the orders of RyR3 and RyRj3 respectively, as was
described in section 2. We will obtain the Hamiltonian cycle as the boundary of a union of
faces of the Cayley surface.

The first step is to color all the 2t-gons, with the same color, and then take the boundary

1
of all colored faces. This will involve all vertices, but in Q—t]G | disjoint cycles.
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The next step is to join the colored 2t-gons by coloring certain 4-gons. Pick any 4-gon
and color it. Now the boundary of the union of all colored faces will have one less component,
but still involve all vertices. The idea is to repeat this last step until there is only one colored
component whose boundary involves all vertices. Suppose at some stage of the construction we
still have several colored components. Then there will be a pair of adjacent 2¢-gons in different
components, that is there will be an uncolored 4-gon joining these components. Coloring this
4-gon then reduces the number of components. This construction will end in a contractible
union of faces whose boundary is a Hamiltonian cycle. O

Note added in proof.

After this paper was written we came upon another paper containing results overlapping
with ours. In [2] Conder proves that every A, S, for n sufficiently large, can be generated by
three involutions, two of which commute. His proof is different from ours, and the bound on
n is not explicit, but much bigger than necessary (see Theorems 1.1 and 1.2).
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