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1 DMotivation and Main Results

The main problem we consider in this paper is the conjugacy classification of p-torsion in SP,_1(Z),
the symplectic group over the ring of integers Z, where p is an odd prime. We also consider the
related problem of the realizability of p-torsion in SP,_1(Z) by analytic automorphisms of compact
connected Riemann surfaces of genus p%l.

Classification up to conjugacy plays an important role in group theory. The symplectic groups
are of importance because they have numerous applications to number theory and the theory of
modular functions of many variables, especially as developed by Siegel in [9] and in numerous other
papers. But our original motivation for studying this problem came not from algebra but rather
from Riemann surfaces.

Throughout the paper S will denote a connected compact Riemann surface of genus g (g > 2)
without boundary. Let T' € Aut (S), the group of analytic automorphisms of S. Then T induces
an automorphism of Hq(S) = H;(S,Z), the first homology group of S,

Let {a,b} = {ai,...,a4,b1,...,by} be a canonical basis of H;(S), that is a basis for which the
intersection matrix is
0 I
1=, 1)
—I, 0

where I, is the identity matrix of degree g. Let X be the matrix of T, with respect to the basis
{a,b}. Since T, preserves intersection numbers, X’ JX = J, where X' is the transpose of X.

Definition. The set of 2n x 2n unimodular matrices X over Z such that

X'JX =J (1.1)
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is called the symplectic group of genus n over Z and is denoted by SP,(Z). Two symplectic
matrices X, Y of SP,,(Z) are said to be conjugate or similar, denoted by X ~ Y, if there is a
matrix @ € SPy,(Z) such that Y = Q71X Q. Let (X) denote the conjugacy class of X. Let M, be
the set of elements of order p in SP,_(Z) and let M,, denote the set of conjugacy classes of M,,.

If we fix a canonical basis of H1(S) there is a natural group monomorphism
Aut (S) — SPyy(Z),

see Farkas and Kra [2]. Clearly, the matrices of T} with respect to different canonical basis are
conjugate in SPy(Z).

Definition. A matrix X € SPyy(Z) is said to be realizable if there is 7' € Aut (S), for some
Riemann surface S of genus g, such that X is the matrix of T}, with respect to some canonical basis
of Hl(S)

Two questions naturally arise.
Question 1: Can every X € SPyy(Z) be realized?
Question 2: If the answer to Question 1 is no, which ones can be realized?

Note that Aut(S) is finite, since we are assuming g > 2, so we only need to consider tor-
sion elements of SPy,(Z). To answer these questions we need some knowledge of the conjugacy
classification of SPyy(Z).

The least genus of any surface S, other than the 2-sphere or torus, on which Z, acts, is p—gl.
Thus Z,, actions on surfaces of genus p—gl are particularly interesting. If p = 3 then S is a torus, so

to avoid this trivial case we will usually assume that p > 5.

If T is a preferred generator of Z,, and 7Z, is acting on a surface S of genus p%l, then an easy
consequence of the Riemann-Hurwitz formula is that 7" must have 3 fixed points, say Pi, P», P3. If

the action of 1" in a sufficiently small neighbourhood of the fixed point P; is equivalent to a rotation

2mk;
P

modulo p, {a1, as,as}, one for each fixed point, such that T% is equivalent to a rotation by 2% near

P;, 1 < j < 3. It is automatically true that a; + a2 +a3 =0 (mod p). See Sjerve and Yang [14] for
the details.

through , 1 <5 <3, then the fixed point data of the action is by definition that set of integers

Suppose we have two such automorphisms of order p,

Ty : 51— 51, T : S5 — Sy,

on surfaces of genus p%l. Let X7, X9 be the symplectic matrices induced by 77, T respectively.

Then X; and X5 are conjugate in SP,_1(Z) if and only if they have the same fixed point data, see
A. Edmonds & J. Ewing [1], or P. Symonds [10]. This is true for all genera g > 2. By counting
triples of fixed point data we see that there are only ﬁ% classes of p-torsion in SP,_;(Z) which

can be realized. But we shall show that the number of conjugacy classes of p-torsion in SP,_;(Z)
p—1 i
is 2 2 hy, where hy is the first factor of class number of Z[(] and ¢ = e So in general most of

the p-torsion in SP,_1(Z) is not realizable. However, we shall answer Question 2 in this case.
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To explain our results we need to develop some notation.

Let R = Z[(] and S = Q[¢]. Then S is the quotient field of R. An ideal (fractional ideal) in
S is a non-zero finitely generated R-submodule of S which is a free Z-module of rank p — 1. An
integral ideal is an ideal which is contained in R.

Two ideals a, b are equivalent if there are non-zero elements A, ;4 € R such that Aa = ub. We
denote the equivalence class of a by (a) and let C denote the collection of equivalence classes of

ideals. C is an abelian group with respect to multiplication of ideals. The identity is (R) and the

inverse of (a) is (Ad’), where A = L C(é?:)/z and a’ is the complementary ideal. See Section 2.1.

Let P be the set of pairs (a,a) consisting of an integral ideal a and an element a € R such
that aa = (a) and a = @, where the bar denotes complex conjugation and @ = {@ | « € a}. Two
such pairs (a,a) and (b,b) are said to be equivalent if there are A\, u € R* such that Aa = pub and
Ma = pib. We denote by (a,a) the equivalence class of (a,a). Let P denote the set of all classes
of P.

Suppose X € M,. There is an eigenvector o = (g, ...,ap-1) € RP~! corresponding to ¢, that
is Xa = Ca. Let a be the Z-module generated by aq,...,ap_1, @ = Zaq + -+ + Zay_1, and let
a = A"1o/Ja. It is easy to check that a is an integral ideal in R and a = @. Thus o, ... , Q1 are

independent over Z. Furthermore we will prove that (a,a) € P and that the mapping ¥ : M, — P,
U (X) — (a,a) is well defined.

Theorem 1. WV is a bijection.
Thus we can count conjugacy classes of p-torsion in SP,_i(Z) by enumerating the elements
of P. This is a problem in algebraic number theory. P turns out to be an abelian group where

multiplication is given by (a,a)(b,b) = (ab, ab). Let Cy denote the subgroup of integral ideal classes
defined by

Co={a€eC|ad=(a),a=afor somea € R} (1.2)

Let U be the group of units in R, Ut = {u e U |u=1u} and C = {uw | u € U}. Clearly C C U™
and both are subgroups of U. We shall show

Theorem 2. There is a short exact sequence of abelian groups
+ ¢ P
1-U7/]C =P —=C—1 (1.3)

where ¢p{u) = (Z[C],u) and ¢¥{a,a) = (a).

Consequently we have

Theorem 3. The number of elements in M, is q, = 2%h1.

Let

sin%r
up = sin% , for (k,p)=1, (1.4)
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be the cyclotomic units of Z[(]. If the fixed point data of T"is {a,b,c}, where 1 < a,b,c < p—1
and a + b+ ¢ =0 (mod p) then we let M(a,b,c) denote the symplectic matrix represented by T.
Theorem 4 is similar to a result of P. Symonds [10], but our approach is new.

Theorem 4. ¥(M(a,b,c)) = (Z[C], uauptia+p)
Corollary. Let X € SP,_1(Z) have order p. Then X is realizable if and only if

‘IJ(X) = <Z[C]7 uaubua+b>'

for some integers a, b with 1 < a,b <p—1 and a+ b # p.

2 The Conjugacy Classes

Assume f(z) is a monic irreducible polynomial of degree n over Z. Then it is well known that there
is an one-to-one correspondence between the conjugacy classes of matrices of rational integers with
characteristic polynomial f(z) and the classes of ideals in Z[z]/(f(x)), see Latimer and MacDuffee
[5], or Taussky [11]. The equivalence relation between ideals is given by fractional equivalence.

Let A be any n xn matrix over Z such that f(A) = 0 and let ¢ be a root of f(z). Then
the correspondence may be described as follows: If (aq,...,a,), a; € Z[(], is an eigenvector of A
with respect to (, and a is the ideal generated by a1, ..., ay,, then the ideal class determined by a
corresponds to the matrix class determined by A. It is also known that under some conditions, the
matrix class generated by the transpose of X corresponds to the inverse ideal class, see Taussky
[12]. In Section 2.1 we shall review some results of ideal theory, see Lang [3], [6] or any book on
ideal theory. In Section 2.2 we introduce S-pairs and prove Theorem 1. In Section 2.3 we shall
prove Theorem 2 and Theorem 3.

If f(z) =142+ --+2P~! then we get a one-to-one correspondence between the conjugacy
classes of p-torsion in SL,_1(Z) and C, the group of ideal classes. It is worthwhile repeating how

27

this correspondence works. If A € SL,_1(Z) has order p then ( = e » is an eigenvalue with a
one dimensional eigenspace. Thus there exists an eigenvector o = (ov,... ,ap—1)’, unique up to
multiples, and so the ideal a = Zayg + - -+ + Zay—1 is well defined up to fractional equivalence. If
B = QAQ™', where Q € GL,—1(Z) then f = Qo is an eigenvector for B and the corresponding
ideal is also a. Thus the mapping (A) — (a) is a well defined mapping from the conjugacy classes
of p-torsion in SL,_1(Z) to the classes of ideals in Z[¢]. This mapping is a bijection.

2.1 S-pairs

We denote the set of non-zero elements of R by R*. The trace of an element « in S is
p—1
Tr(a)=>» o €Q, (2.1)
i=1

where o) is that conjugate of « defined by ¢(9 = ¢%. It is clear that if & € R, then Tr (o) € Z.
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Suppose ai,...,0p—1 € S. The discriminant of aq,...,q,—1 is
g
... pi
Alag,...,0p 1) =det | @2 92 *2 . (2.2)
1 2 -1
oD, o, o ol
Lemma 2.1. ai,...,a,-1 are independent over Q if, and only if Ao, ..., ap—1) # 0.
For a proof see Lang [3].
Let a be a fractional ideal in §. The complementary ideal is
a’—{aES‘TY(aa)CZ}. (2.3)
Let ai,...,ap—1 be a Z-basis of a. Then there is a dual basis of, ... ,a; 1 in S, that is a basis

such that Tr (oj) = 055, where d;; is the Kronecker symbol. This is equivalent to either of the
following equations

ZOélgk)Oégk) = 51] or Zak ,(] — z] (24)

We also have aa’ = R/A, where A = pC(ZH A = —A and

o =Zay + -+ Loy, ;. (2.5)

Some notation is needed for the sake of convenience. We let

A = (@;;) and AR — (agf)) (2.6)

if A = (aj) is a matrix with entries in S. The following lemma is very useful.

Lemma 2.2. Let M, N be two (p — 1) (p — 1) matrices over Z and o = (auq,...,0p—1)" € SP71,
where a1,...,0,_1 are independent over Z. Suppose o Mal) = o/ Nal® (fori=1,....,p—1).
Then M = N.

Proof. We only prove the special case N = 0. Let a; = o/ Ma@?. Then agk) = a’(k)M(a(i))(k) =0.
For any 1 < k,l <p—1,let 1 <i<p-—1 besuch that ki =1 (mod p). Then (E(i))(k) =a® and
hence o/ ®) Ma®) = 0 (for k,1=1,...,p— 1), thatis A/AMB = 0, where A = ( m) and B = (aﬁj))

are (p — 1) x (p — 1) matrices. By Lemma 2.1, det A # 0 and det B # 0, since aq,...,qp_1 are
independent over Z, and therefore M = 0. U
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Definition. A pair (a,a) consisting of an integral ideal a and an element a in R is said to be an

S-pair, if there is a basis aq,...,qp—1 of a, such that
oJa® =5,aA1<i<p-—1, (2.7)
where a = (aq,...,ap-1)". The basis ai,...,ap_1 is called a J-orthogonal basis of a with respect

to a, and the vector « is called a J-vector with respect to the S-pair (a,a).

The bilinear form defined on column vectors a = (a1,...,ap-1)" and 3 = (B1,...,8,-1)" by
(a,8) = ' JB is a non-degenerate skew-hermitian form. In particular, if A = o/J& then A = —A.
Since A = —A it follows that if (a,a) is an S-pair, then a = a@.

Remark. Equation 2.7 is equivalent to
oD gad) = 5;aDAD 1 <ij<p-1.
Remark. Since aa’ = R/A for any ideal a, we have aa = (a) if and only if @ = aAd’.

Lemma 2.3. A pair (a,a) is an S-pair if, and only if (a,a) € P.

Proof. Suppose (a,a) is an S-pair. We only need to show that @ = aAd’. Let o = (avq, ..., 0p-1)
be a J-vector with respect to (a,a). Let 8 = (B1,...,0p-1) = ﬁ]@. Then o/(i)ﬁ(j) = 0,5, which
implies Tr (o;3;) = d;5, so B1,. .., Bp—1 is the dual basis of ai,...,a,—1. Since det(J) = 1, we see
that B1,...,B,-1 is also a basis of ﬁa. Hence a = aAd'.

For the converse, suppose (a,a) € P. If Bi,...,08,—1 is a basis of a then Bl,...,ﬁp,1 is
a basis of @. Let v,...,7,—1 be the dual basis of f1,...,8,—1. Then Tr(f8;y;) = &;j, and we
have §(040) = dij, where B = (B1,...,0p—1) and v = (71,...,7p—1)". Since @ = aAd’, there is
M € GL,—1(Z) such that M3 = aA~y. Then

ﬂ'MB(i) = aDADF 50 = 5, aA, (2.8)
but also
Y - Oy o () B 1O B
BMB" =alAvy 3" = —alAy' (3 = =61 a, (2.9)

Thus ﬁ’MB(i) = —ﬁ’M’B(i) (fori=1,...,p—1),and so M’ = —M (by Lemma 2.2). According to
Newman (8] there is @ € GL,_1(Z) such that M = Q'JQ. If a = Qf, then

o Ja® = #MBY = 51, an.
So « is a J-vector with respect to (a,a). O

Remark. From the Remark above we see that (a,a) is an S-pair if and only if @ = aAd’ and a = @.

Example. From this lemma it follows that (R, u), for any v € U™, is an S-pair.
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2.2 The Correspondence ¥

Suppose X € M,. There is an eigenvector o = (aq,...,ap-1)" € RP~1 corresponding to ¢, that
is Xa = Ca. Let a be the Z-module generated by a1,...,q,-1, a = Zag + -+ + Zoy,—1, and let
a = A"1to/Ja. It is easy to check that a is an integral ideal in R and @ = @. Thus ay, ... ,Qp_1 are

independent over Z. Furthermore we have
Lemma 2.4. The pair (a,a) is an S-pair.

Proof. We only need to prove that o/ Jal

0(fori=2,...,p—1). Assume 2 < i < p— 1. From
Xa = Ca we have Xaol) = (ia® anan(Z):% all

). Hence

o X' TXal = %a Jat (2.10)

o/ e — &
¢

The last equality follows from the fact that X € SP,_1(Z). Since ¢ # (%, we get o Jal) = 0. O

Suppose Y is another element of M,, and 3 = (Bi,...,0p-1) € RP~1 is an eigenvector cor-
responding to ¢, that is Y3 = (3. Let b be the integral ideal generated by f1,...,8,—1 and

=A"18JB.
Lemma 2.5. X ~Y if, and only if (a,a) = (b,b).

Proof. Necessity. Suppose there is Q@ € SP,_1(Z) such that Y = @ 'XQ. Then QY = X@Q and
therefore XQ8 = QY 8 = (QF, that is QF is an eigenvector of X. There are A, p € R* such that

Ao = pQpB = Qup. So Aa = ub, and
Ma = A"\ Tha = A (uQp) TuQpB
= A upp' Q' JQB = A B J B = .
Therefore (a,a) = (b,b).

Sufficiency. Suppose A\, u € R* are such that \a = pb and AMa = pgb. Then there is
Q € GL,_1(Z) such that Ao = pQ3, and thus

QY B = nQCB = CuQB = ha = AXa = pXQP.
Hence QY 3 = XQp, and therefore QY = XQ, ie. Y = Q71 XQ.

It remains to prove that Q € SP,_1(Z). If i =2,...,p — 1, then

8Q QB = Mi o/ Ja = 0 = ' 5.

If i =1, then B
— A b _
B'QJQB = "=dJa=—-dJa=73J3.
[ a

Hence Q'JQ = J (see Lemma 2.2). O
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Let ¥ denote the correspondence from M, to P defined as above, that is U(X) = (a,a).
Lemma 2.5 guarantees ¥ is well defined and injective. The proof of Theorem 1 is completed by
following lemma.

Lemma 2.6. U is surjective.

Proof. Let o = (a1, ..., p—1)" be a J-vector with respect to (a,a). Then Cay, ..., op—1 is another
basis of a, and so there is X € GL,_1(Z) such that Xa = (a. It is clear that X has order p. We
only need to prove that X € SP,_1(Z). We have

o/ X' Txa" = Lo/ Jal) = 5y, Ja.
Hence o/ X'JXa") = o/Ja®. By Lemma 2.2, X'JX = J, that is X € SP,_1(Z). This completes
the proof. O

Proposition 2.1. For any X € M, we have X X 1.

Proof. Let o € RP~! be an eigenvector of X corresponding to ¢, Xa = (a. Then X '@ = (a.
Hence ¥(X) = (a, A=t/ Ja) and ¥(X 1) = (g, A~'a’Ja). If X were conjugate to X1 we would
have (a, A~la/Ja) = (a,A~'@'Ja), that is we could find non-zero elements A, € R such that
Aa = pd and o/ Ja@ = Y@ Ja. But this is impossible since o/ Ja = —a@ Ja. O

2.3 Class Number of P

In this section we prove Theorem 2 and Theorem 3. The set C of ideal classes is an abelian group
and we easily see that P is an abelian group if we define multiplication in P by

(a,a)(b,b) = (ab, ab).
The identity is (R, 1) and the inverse of (a,a) is (@, a).
For the proof of Theorem 2 we will need the following lemmas.

Lemma 2.7. Suppose (a,a) € P, A € R*. Then

1. (Aa,\a) € P.
2. (a,Aa) € P if and only if \ € U™.

The proof is trivial.

Lemma 2.8. Suppose (a,a), (a,b) € P. Then (a,a) = (a,b) if and only if 3 € C.

Proof. Suppose {(a,a) = (a,b). Then there are A, u € R* such that Aa = pa and AMa = pmub. If
u =&, then u € U and § = uw, that is § € C.

Conversely, suppose § = ut for some u € U. Then (a,a) = (a,uub) = (ua, vub) = (a,b). O
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Lemma 2.9. Let (a,a),(b,b) € P, and Aa = ub for some A\, p € R*. Then (a,a) = (b,ub) for
some u € UT.

Proof. If Aa = pb, then A\a = ib. Hence (A\a) = AaAa = ubfib = (umb). There is a unit u € U+
such that A\a = pfiub. Therefore (a,a) = (Aa, \a) = (ub, upub) = (b, ub). O

Now we can prove Theorem 2; namely there is a short exact sequence
1-Ut/cLp Ly —1
where ¢(u) = (R,u) and ¥{a,a) = (a).
Proof of Theorem 2. Clearly ¢ is well defined and a group monomorphism (by Lemma 2.8). 1) is also

well defined and a group epimorphism. ¥¢[u] = ¥ (R,u) = (R) (by definition) and Ker ¢ = Im ¢
(by Lemma 2.9). This completes the proof. O

Let C1 be the set of integral ideal classes a such that aa is a principal ideal,
Cy ={aeC|ad = (a) for some a € R}. (2.11)

Cy is a subgroup of C, the set of ideal classes and by definition hy = |C1]. It is easy to check that
Co C C;. To show that Cy = C; we need

Lemma 2.10. (1 — () is a prime ideal of R.

See Washington [13].
Lemma 2.11. Cy =C;.

Proof. Suppose aa = (ag) where ap € R*. We need to find a unit v € U such that uay = uwap. Let
uy = z—g. We see that wug is a unit because (ag) = (ap), and upup = 1. According to Washington
[13] ug = +¢*, for some integer k. If ug = ¢%, for some integer I, then we can choose u = ('.
Now we suppose ug # (2, for any integer I. We then have ug = —(* for some integer k because
if ug = ¢2*~1 then ug = ¢%*~14P where 2k — 1 + p is even. We want to show that this leads to a
contradiction. Note that

a=a (mod1—¢? (2.12)

for any a € R.
If ap € (1 — (), then aa C (1 — () since a@ = (ag). So either a C (1 —¢) or @ C (1 —(), by
Lemma 2.10. Both cases are the same and imply (ap) C (1 —¢)(1 — (). Let a1 = % Then

a; € R* and ug = % Continuing this procedure, there is a € R* with a ¢ (1—() such that ug = 2.

Now suppose ug = —C¥. Then, by (2.12), a = @ = —C*a = —a (mod 1 — (), hence 2a is
equivalent to 0 modulo (1 — ¢). Since (2) is a prime ideal different from (1 — {) we have a is
equivalent to 0 modulo (1 — (), that is a € (1 — ¢). Contradiction. O
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Lemma 2.12 (Dirichlet). The unit group U of R is the direct product W x V, where V.C U" is
a free abelian group of rank p—§3 and W = {:t(l}.

From this lemma we have

Lemma 2.13. [UT:C| = 2f

This completes the proof of Theorem 3 (by applying Theorem 2).

2.4 An Example

Theorem 1 gives us a way to find representatives for M,. Suppose we have an S-pair (a,a) and a
basis (1,...,8p—1 of a, which is not necessarily J-orthogonal. Then the following steps will find a
symplectic matrix X € M, such that ¥(X) = (a,a).

1. Find the dual basis y1,...,7v,—1 of B1,...,8p—1 by solving the linear system
v BY = 6y (2.13)
where 3 = (01,...,0p-1) and v = (71, .., 7p-1)';
Find the integral matrix Y € GL,_1(Z) such that Y3 = (f3;
Let M € GL,—1(Z) be such that M3 = aA~y. Then M is a skew symmetric matrix;
Find a matrix @ € GL,_1(Z) such that M = Q'JQ, see Newman [8];

RATEEE N S

Let X = QYQ ! and o = QB. Then « is a J-orthogonal basis and Lemma 2.6 shows that
X € SP,_1(Z) and ¥(X) = (a,a).

We shall apply this method to find X in SP,_1(Z) of order p and such that ¥(X) = (R, 1).
We know that 1,¢,...,(P~2 is a basis of R. The dual basis of 1,(,...,(P721is vq,... ,Yp—1, Where

(C — 1)C(

1++<~p—1—z)’ Z:Lap_l (214)
p

Yi =

Let 6= (1, ¢,... ,CP’Q)/ and v = (V1,...,7%-1)" Then Y is the companion matrix
0 1

Cp_y =
-1 -1 ... -1

_ Ly
After a routine calculation we see that Ay = M3, where M = | I/ 2 > , and L, is the

p—1

2
n X n matrix whose entries above the diagonal are 0 and the others are —1. M is a skew symmetric

1
matrix and we easily see that M = Q'J(Q, where Q = ( ) € GLy—1(Z). Therefore we have

Lp—l
2

shown
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Proposition 2.2. Let

0 1
1
» 01
X =QCQ™" = 11 (2.15)
-1
: 1
11 ... 1]-1 0

where each block is a p—gl X p—gl matriz. Then X € SP,_1(Z) has order p and ¥(X) = (R, 1).

0

Example. When p = 3, we see that X = (1

:1) is an element of order 3 in SP(Z).

In Section 3.2 we shall see that all X are realizable if p > 5.

3 Realizable p-Torsion

3.1 Cyclotomic Units

The cyclotomic units in R are

sin %r
Uk = for (k,p) = 1. (3.1)
P
Since
SN ptl
= A" ug, where A\=—-(2, (3.2)

1—¢

k
and % is a unit, we conclude that u, € UT. The following properties of the cyclotomic units are
easy to verify:

wr =1 and  Upptr = —Ump—k = (—1)"up (3.3)

>0, 1<k<p-1,
{“k =v=P (3.4)

up, <0, p+1<k<2p—-1.
Lemma 3.1. Z?:l U5+ = UkUk+4]+1-

This follows from some standard trigonometric formulas.
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Lemma 3.2. u,(f) = (— 1)+ gy a0t

Proof. Using (3.2), we see that

(i) ISR e
w = (=¢ ) 1)?0
= (—D)h it (PEh) 1-¢*1-¢

1-¢1-¢
_ (_1)k—1€i(kz—1)(%)(_g%ﬂ)ik—iuikui—
(_1)(l€—1)(i+1)uiku'fl

1

1

Lemma 3.3. A = (—1)F 1y 1A

p+1

Proof. Recall that A = £ Ef . The proof is easy.

12

O

Lemma 3.4. Suppose X € M, and ¥(X) = (a,a). Then ¥(X*) = (a"), (—1)k/_1u];/1a(k/)>, where

1<k<p—1, K is the inverse of k modulo p, and a*) = {a(k/) |a € a}.

Proof. Suppose « is a J-vector with respect to (a,a) and Xa = (a. Then a = A~'a/Ja and

XFa®) = ¢ o) = ca) hence W (X*) = (a*), a), where

’ , (k) ’ / ’
ap = AL/ ™) J5lk) = AT(A—IO/Ja)(k) — (—1)Flugta®)

(by Lemma 3.3). This completes the proof.

Lemma 3.5. u; ¢ C, for2<k <p-—2.

. -1
Proof. We only consider 2 < k < E5=.

Case I: k is even. For 4 < 2k <p— 1, we get uf) = —u2ku2_1 < 0, and so uy, ¢ C.

Case II: k is odd. Thereis 1 <[l < p—1such that p+1<Ilk <2p—1. Then u,(f) = ulkufl < 0,

hence uy, ¢ C.

Lemma 3.6. ukufl, uguy ¢ C, for 1 <k,l < p—gl and k # 1.

O

Proof. There is 2 < i < p — 2, such that il = k (mod p). Then uk.ul_1 = :I:uilul_1 = :tugl) ¢ C, and

upwy = (upu; u? ¢ C (since u? € C).

By Lemma 3.5 and Lemma 3.6, the following corollary is easy to prove.

Corollary. The p — 1 elements (£1),(fua),...,{(fup-1) are distinct in U*/C.
2

O
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Proposition 3.1. Let X be the matriz given by Equation (2.15). Then X, X?2,..., XP~! are not
similar to each other.

Proof. ¥(X) = (R,1) and so by Lemma 3.4 we have ¥U(X*) = (R, (—1)k/*1ul:,1>. According to
Lemma 2.8 we need only show that the elements ufl, —Ugy ... —u;_ll are distinct modulo C. But

)
modulo C this set of elements is the same as +u1, tug, -+, Fup-1.
2

O

Example. Let p =5. Then hy = 1, and hence g5 = 4. There are 4 classes in Ms5. Here is a list of
canonical matrices of Ms:

01 0 0 00 -1 0
oo -1 0 > (oo 1 -1
X=loo 11" |t 1 0 -1

11 -1 0 01 0 -1

0 0 1 -1 1 -1 0 1

-1 -1 0 1 1 0 00
3 _ 4 __
=11 000" o —100

-1 1.0 0 0 -1 10

Proposition 3.2. If p—gl is odd, then there is an X € SP,_1(Z) of order p, such that there are just
two different classes amongst X, ..., XP~1,

Proof. Let a = ug---up-1. There is X € SP,_1(Z) of order p such that ¥(X) = (R,a). Suppose
2
a € RPY (a#0), Xa = Ca and a = A~'o/Ja. From Lemma 3.4 and the fact that R*) = R we
get U(X*) = (R, ay), where aj, = (—1)k/_1u,;/1a(k/) and £’ is the inverse of k. Note that
K’ -1 -1
a®) = Tugp g, "'up%lk,uk,

_p—1 p—1

= :I:u2~'up__1uk,7 = :I:au,;, 2
2

p+1

hence a/ay = +u,7 € C U (—C). Therefore

w(xXH) = U(X) ifa/ay € C,
Sl e(xY ifa/a ¢ C.

ie. X,...,XP" ! are in two different classes. [l

Example. Let p = 7. Let

0 0 0 -1 -1 0 A3+
1 =10 0 0 -1 GH+¢—-1
o 0o 0o 0o o -1 B —(8
=101 0 0 0o 1 @ 2+1
00 01 0 o0 ¢ +¢
00 1 0 1 0 1
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Then one can easily check that Xa = (a, X € SPs(Z) and X’ = I. One can also check that
a=AtJa=C+(¢= u;lu;),. By computing, we get

X~X2~X* and X3~ X°~ X6,

Proposition 3.3. Suppose p=1 (mod 3). There is X € SP,_1(Z) of order p such that X ~ X,
where k is the least positive solution of k> + k +1 =0 (mod p).

Proof. Since p = 1 (mod 3), 2> + x + 1 = 0 (mod p) has a solution. Let k& be the minimal
positive solution. There is an X € SP,_1(Z), of order p, with ¥(X) = (R, upug+1). Then we have
U(X*) = (R, u), where
_ —k—1, (p—k—1
w= (1P Fug gl
= (_1)pikuk+1(_1)(ki1)(pik)uk(pfk71)u;flk—1(_1)k(pik)“(kﬂ)(pfkfl)u;flkfl
= ukul;-il-l

Note that k(p —k—1) =mp+ 1 and (k+ 1)(p —k — 1) = (m + 1)p — k. Hence X ~ X*. O

To finish this section we give a proposition:

p—1

Proposition 3.4. There are integers ki, ..., ky, such that 2 < ky < -+ < kp < 55, and

Uk, - - - Uk, € C if and only if ha, the second factor of the class number of R, is even.

Proof. Let C} be the group generated by +1,ug,...,up-1. Then [U" : C1] = hg, see Lang [4].
2

Suppose uy, ---up, = u? € C and u € UT. We see that u ¢ Cy since ug,...,up1 are free
2

n

generators. Let Oy be the group generated by +1,u,us,...,up-1. Clearly, C; C Cy C UT and
2
[Co : C1] =2, s0 2|hs.

If hy is even, there is u € U', u ¢ Cy, but u? € C;. Then u? = u;! -+ u;* where not all of r;

are even. Thus u? = Uy * - uknv2 for some distinct integers 2 < k; < p%l and some v € C7. It

follows that wug, ---ug, € C. O

Remark. In case that hg is odd, the 925" elements (fug, ug, -+ ug, ), where 2 < k; < -+ < k,, <
p%l, are all distinct. They are in fact the elements of U™ /C.

3.2 Realizable p-Torsion

In Sjerve and Yang [14] it was shown that there is a one-to-one correspondence between analytic

. . . -1
conjugacy classes of Z, actions on compact connected Riemann surfaces of genus %5= and short

exact sequences 1 — II — T LN Zp — 1, where T is a Fuchsian group of signature (0;p,p,p) and
the Kernel II is torsion free. The short exact sequence corresponds to the induced action of Z, on
S = U/II, where U denotes the upper half plane.
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As an abstract group I' has the presentation:

F(Oapupap) = <A17A27A3 | A1A2A3 - Azl) - Ag - Ag - ]->

The epimorphism 6 : I' — Z, is determined by the images of the generators. The relations
in I" must be preserved and the kernel of # must be torsion free, therefore # is determined by the
equations

A1—>Ta
0:{ Ay — TP
A3—>TC

where T' is a fixed generator of Z,, 1 < a,b,c <p—1anda+b+c=0 (mod p). We use M(a,b,c)
to denote the matrix class which is induced by T'.

Suppose ai,...,a,—1 is a basis of Hi(S), and M is the intersection matrix of aq,...,ap—1.
Let X be the matrix of T, with respect to ai,...,a,—1. Let @ = (aq,...,0p-1) € RP~! be an
eigenvector of X with respect to (. It is easy to check that \I/(M(a, b, c)) = <a, Aflo/Ma>, where
a is the ideal generated by aq, ..., ap_1.

The remainder of this section is concerned with the proof of Theorem 4.

Remark. If we prove the special case where a =1 and 1 < b < p%l, that is if we show that
U(M(1,b,c)) = (R, upup+1) ,

then Theorem 4 will follow. This is because M(1,b,¢) = M(1,¢,b) and M (a,b, ¢) is the a’-th power
of M(1,b1,¢1), where aa’ =1 (mod p), by = da’b (mod p), ¢; = d’c (mod p). Applying Lemma 3.4,
we would then get

\I/(M(av b, C)) = <R7 (_1)a71ua(ublub1+1)(a)>

and by Lemma 3.2, we would then have

U = (_1)a_1ua(ub1ub1+1)(a)

= (_1)a_1ua(_1)(bl_1)(a+1)ub1aua_1(—1)b1 (a+1)u(b1+1)au;1

-1
= Uqg Ump+bUmp+a+b

=ty (1) up(—1) Mgy = Uy Upliapy
where m satisfies bya = mp + b. We see that u/uquptagp = u; 2 € C.

Thus we assume a =1 and 1 < b < p—gl. Then p—gl <c<p—2since 14+b+c=p. We choose
a particular embedding of I' in Aut (U), namely I' is the subgroup generated by Aj, A2, A3, where
A1, Ay, A3 are rotations by 27/p about the vertices vy, vy, v3 of a regular triangle P, all of whose
angles are 7 /p, see Figure (1). A fundamental domain of I' consists of P together with a copy of P
obtained by reflection in its side v1v3. Then a fundamental domain D of II is the 2p-gon consisting
of p copies of the fundamental domain of I' obtained by the p rotations A (k = 0,...,p — 1), see
Figure (2). Let eq,..., e, be the 2p sides of D, and 7; = egi—1 + ey; (fori = 1....,p). Then
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A,
Figure 1: Fundamental Domain of '
M, ...,1np are closed paths on S and [n1],...,[np—1] forms a basis of H;(S), see Massey [7]. The
intersection matrix of [m],..., [ny—1] is somewhat complex, so we need to find another basis.

Since O(ASTTTAZTAITY) = 1, then v = ASTTAZTAlTY € 1T is a boundary substitution of
D and so [eg;—1]m = [—€2c+2i]m. Here we are using the notation [ |;7 to denote equivalence classes
under the action of IT on U. In the interior of each side e; we choose a point F; such that [Eo;_1]m =
[Eoct2ilmr- Let f; denote the straight line segment from vy to F; in D. Let & = fo;—1 — fact2i;- Then
& is a closed path on S.

It is clear that [&] = [mi] + -+ + [Meqs) and [mi] + - -+ + [1p] = 0 in the homology group H;(S).
Hence the transform matrix from [n]’s to [{]’s is the (p — 1) x (p — 1) matrix

c+1 : L -1

p—c—1

where the entries x;; are given by

1 1<j<p—c—landj<i<j+eg,
rij=94—1 p—c<j<p—landj+c+1-p<i<j—1,

0 otherwise.

The determinant of this matrix is +1. Hence [{1],. .., [§p—1] is a basis of Hy(S5).
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Figure 2: Fundamental Domain of II

Lemma 3.7. The matriz of T, with respect to [&1], ..., [§p—1] is
0 -1
1 -1
leoil _ 1 -1
1 -1

Proof. Let fopii = fi and §,qp = &. Since 0(Ay) = T, we get T([fi]n) = [A1(fi)ln = [fiz2]u, for
i=1,...,2p. Then

T([&k]n) = T([for—1]n — [foct2rlm)
= [for1)n = [foct2n+2]n = [Ept1]m

for k =1,...,p. Therefore T,([(x]) = [&py1]), for B =1,...,p—1. But [&] +--- 4+ [§] = 0 and
therefore
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This proves the lemma. O
Now we compute the intersection matrix M of [&1],...,[§p—1]. Let m;; be the intersection
number &; - §; of [&;] and [¢;]. We have
Lemma 3.8. Forany 1 <14,7 <p—1, m;;j = mip1j+1 and mq j41 = —M1p_j41.
Proof. T, preserves the intersection number of closed chains. By Lemma 3.7,
mij =& & =Tu(&)  Tu(&G) = &1 - §j1 = Mig1,j41
Iterating this formula we see that mq p_j411 = Mjf1p41 = Mjp1,1 = —M1 41 O
Let kj = m1 j41. Then m;;4; = k;. Hence the intersection matrix is of the form
M =k My + -+ kp_oM, o,
where M; is the (p — 1) x (p — 1) matrix
o ... 0 1 0 ... 0
0 0
M;=| -1 1,
0 0
0 0 -1 0 0
whose entries x,(jl) are given by
1, l—k= ja
dD =01 k-1=j
0, otherwise.
By Lemma 3.8, we see that k; = my j41 = —m1p—j+1 = kp—; and therefore
M = ky My + kp(Ma = Myy—3) + -+ + ks (M% —M%) .
Lemma 3.9.
1 1<j<p—c—1
kj = 1 (3.5)
0 p—c<j< 5
Proof. Tt is clear that the intersection of & and &4 (j = 1,..., 251 is only one point, namely the
vertex v1. The verification of (3.5) is straightforward by referring to Figure 3 and Figure 4. O
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Ej+1
f2j+1
=
foctaj+2 &1
Y §1 fact2
foi f
Gy 2" ' focezj+2
fac+2
Figure 3: p—c<j<(p—1)/2 Figure 4: 1<j<p—-c—1
Let
L4+ 4.+ (P2
1_|_§_|_..._|_<p*3
o= :
1+¢
1
« is an eigenvector of C’j’%1 with respect to the eigenvalue (, that is C’j’ofla = (a.
Lemma 3.10. Let
A_IOé,Mla, k=1,
Yk = _ _ _
A7V (My, — My_p)@, k=2,... B2
Then yi = uoy.
Proof. Let = (1 —¢)a. We see that 3, = 1 — (P,
p—1p—1
BMB =33 3alB = Y BB~ D BB
k=1 =1 I—k=j k—l=j
p_l-j p—1 B p_l-j p—1—=j _
= ﬂkzﬂkﬂ' - Z ﬂkzﬂk—j = Z ﬂkzﬂkﬂ' - Z Bret-i Bk,
k=1 k=j+1 k=1 k=1
p—1-j b p—1-j ' ok
T e 0TS e ()
k=1 k=1
p—1—7 N ) p_l—j . ——k
=3 (et ) - Y (1- T D)
k=1 k=1
p—1-j .

19
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J

S2(¢-T)+w-1-7) (¢ -7)

ol

— =

<

2(¢F =)+ pr1-7) (¢ =T,

1

Hence for j =1, B/M8 =p (C —Z)

B
Il

Forj:2,...,p%1,wehave

B'M;B — ' M, ;08 = i 2 (Ck - Zk) +p-1-7) (Cj - Zj)

jf:jlfl ;
_ 2(("7—Zk)—(p—I—l—p—i—j)(Cp_j—Zpi])
k=1
(e-T) =Y 2 (-2
k=j+1
=p (Cj — Zj)
So we get

O

Proof of Theorem 4. Let a be the ideal generated by the components of a. It is clear that a = R
since 1 € a. Now applying Lemma 3.1 and Lemma 3.10, we obtain A~'a/Ma& = uyup,q. This
completes the proof of Theorem 4. O
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