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We compute the first three terms of the 1/d expansions for the growth constants and
one-point functions of nearest-neighbour lattice trees and lattice (bond) animals on the
integer lattice Z¢, with rigorous error estimates. The proof uses the lace expansion, together
with a new expansion for the one-point functions based on inclusion—exclusion.
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1. Main result

For d > 1, we consider the integer lattice Z¢ as a regular graph of degree 2d, with edges
consisting of the nearest-neighbour bonds {x,y} with |x — y|; = 1. A lattice animal is a
finite connected subgraph, and a lattice tree is a lattice animal without cycles. These are
fundamental objects in combinatorics and in the theory of branched polymers [21].

We denote the number of lattice animals containing n bonds and containing the origin
of Z¢ by a,, and the number of lattice trees containing n bonds and containing the
origin of Z% by t,. Standard subadditivity arguments [22, 23] provide the existence of the
d-dependent growth constants (which we express in the notation of [8])

Jo = lim ¢/", J, = lim a!/". (1.1)
n—oo n—oo

A deeper analysis shows that g = lim,_ t,+1/t, and A, =lim,_, a,1/a, [24]. The
one-point functions are the generating functions of the sequences a, and t,, namely

g(z) = Z tpz" and g9(z) = Z anz". (1.2)
n=0 n=0
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These have radii of convergence z{") = A5! and z¥ = 2,1, respectively. We refer to z
and z9 as the critical points. We use superscripts to differentiate between lattice trees and
lattice animals, and we write z. or g(z) below for statements that apply to both models.
We use the abbreviation

g = g(2c). (1.3)

Also, to make statements simultaneously for lattice trees and lattice animals we use the
indicator function 1,, which takes the value 1 for the case of lattice animals and the value
0 for the case of lattice trees.

Our main result is the following theorem, which gives detailed information on the
asymptotic behaviour of the critical points and critical one-point functions as d — co. The
notation f(d) = o(h(d)) means limy_,., f(d)/h(d) = 0.

Theorem 1.1. For lattice trees or lattice animals, as d — o0,

LN NN L S
z,=¢ {M ot o } +0(2d)73, (1.4)
3 263 __ a -1 5
_ 2, 724 : -
g =e {1 tot e } + 0(2d)™2. (1.5)

Theorem 1.1 extends our results in [26], where it was proved that, for both models,

1
"~ 2de
The leading terms (1.6) were obtained in [26] from the lace expansion results of [12, 13],
together with a comparison with the mean-field model studied in [3]. Our proof of
Theorem 1.1 provides a different and self-contained proof of the asymptotic behaviour of
the leading terms, as part of a systematic development of further terms.

The lattice trees and lattice animals we are considering are bond clusters. For the closely
related models of site trees and site animals, it was proved in [1] and [2] respectively,
using methods very different from ours, that the corresponding growth constants Ay and
As (in the notation of [8]) are both asymptotic to 2de as d — co. For related results for
spread-out models of lattice trees and lattice animals, see [29, 26].

The behaviour of z{ and z® as d — co has been extensively studied in the physics
literature. For lattice trees, the expansion

+02d)7", g.=e+o(1). (1.6)

Zc

0 _ o1 L 2 24 16 5760 768
e = {261 T T eap T adr T 2ay T ar
is equivalent to the expansion given in [8] for Ao, but in [8] no rigorous estimate for the
error term is obtained. Similarly, the series

1 3 115 309 619103 543967
} + (L.7)

“ 1 3 S _lg-1 309 g1 619103 _ 1131
a) _ =1 _~ 2 4 2 16 5760 12
e = [2d+ 27 T ap cf T @ap

543967 _ 3951 _ 55.-2

4 68 335)6 2° ]_|_ (1.8)
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is equivalent to the result of [16, 27] for 1, but again no rigorous error estimate was
obtained in [16, 27]. Equation (1.4) provides rigorous confirmation of the first three terms
in (1.7)—(1.8), using a method of proof that is completely different from the methods of
[8, 16, 27].

The formulas (1.4)—(1.8) are examples of 1/d expansions. Such expansions have a
long history and have been developed for several models, in particular for self-avoiding
walk and percolation. Let ¢, denote the number of n-step self-avoiding walks starting
at the origin. For nearest-neighbour self-avoiding walk on Z¢, it was proved in [15]
that the inverse connective constant z¥ = [lim,_, c,l/ "= has an asymptotic expansion
z ~ >y mi(2d)~" to all orders, with all coefficients m; integers. The first six coefficients
had been computed much earlier, in [7], but without rigorous control of the error,
and these six values were confirmed with rigorous error estimate in [15]. Subsequently,
seven additional coefficients in the expansion were computed in [4]. The values of m;
for i < 11 are positive, whereas mj; and m;; are negative. It appears likely that the
series Y ,m;x' has radius of convergence equal to zero. It may, however, be Borel-
summable, and a partial result in this direction is given in [11]. Some related results
for nearest-neighbour bond percolation on Z¢ are obtained in [15, 18, 19]. In particular,
it is shown in [18] that the critical probability p. = p.(d) has an asymptotic expansion
Pe ~ >, qi(2d)! to all orders, with all g; rational. The values of qi,¢2, g3 are computed
in [15, 19], and ¢; is given for i <5 in [10] but without rigorous error estimate.
Results for spread-out models of percolation and self-avoiding walk can be found in
[17, 28, 29].

An interesting problem which we do not solve in this paper is to prove existence
of asymptotic expansions to all orders for z{) and z®; we believe that the methods
we develop would be useful for approaching this problem. An existence proof would
then open up the additional problems of proving that the series have zero radius of
convergence but are Borel-summable — the latter problems seem considerably more
difficult than the existence problem. Also, both the formula (1.7) and the insights in our
proof strongly suggest that there exists an asymptotic expansion z\) ~ e~1 "7 | r(2d)~,
with r; rational, but we do not prove this either. The formula (1.4) does prove that
the coefficients for z(¥ are not all rational multiples of e~!, as was already apparent
from the non-rigorous formula (1.8). In our proof, the appearance of the term —%6*1
in (1.4) arises due to the contribution from animals in which the origin lies in a cycle
of length 4, which of course cannot occur in a lattice tree. It is in this way that
the strict inequality z@ < z{¥ [9] (equivalently iy < /) first manifests itself in the 1/d
expansions.

Much has been proved about lattice trees and lattice animals above the upper critical
dimension d. = 8, using the lace expansion. The lace expansion was first adapted to lattice
trees and lattice animals in [13]. For sufficiently high dimensions, it has been proved that
tn ~ AA2n~3/? and that the length scale of an n-bond lattice tree is typically of order n!/4
[14]. Much stronger results relate the scaling limit of high-dimensional lattice trees to
super-Brownian motion [6, 20, 30].

The proof of Theorem 1.1 relies heavily on the lace expansions for lattice trees and lattice
animals, and in particular on estimates of [12, 13]. The lace expansions are expansions
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for the two-point functions

o0 0
GO(x) = tu(x)2", G(x) = ay(x)z", (19)
n=0 n=0
where t,(x) and a,(x), respectively, denote the number of n-bond lattice trees and n-bond
lattice animals containing the two points 0, x € Z¢. Equivalently,

G.(x)= > _ 9, (1.10)
C30,x
where the sum is over lattice trees or lattice animals containing 0, x, according to which
model is considered, and where |C| denotes the number of bonds in C.

To prove Theorem 1.1, it is not enough just to have an expansion for the two-point
function: an expansion for the one-point function is needed as well. This is a difficulty for
lattice trees and lattice animals that does not occur for self-avoiding walk or percolation.
In this paper, we develop a new expansion for the one-point function, based on inclusion—
exclusion.

The lace expansion and the expansion we present here for the one-point function have
been developed so far only in the context of bond trees and bond animals. To apply
our approach to related models, such as site animals or site trees, it would be necessary
to extend the expansions to these models, and also to extend the estimates of Section 5
below to these models.

Theorem 1.1 first appeared in the PhD thesis [25]; the proof here has been reorganized
and simplified.

2. Recursive structure of the proof

The susceptibility y is defined, for lattice trees or lattice animals, by
1z) =Y G(x). (2.1)
xezd

For z € [0,z.], the lace expansion of [13] expresses y in terms of another function f[z
(discussed below in Section 4) via
_ g(z) + 1ilz

1—2dz(g(z) + IL.)
For d sufficiently large, the susceptibility has been proved to diverge at z. [12, 13], and

this is reflected by the vanishing of the denominator of the right-hand side of (2.2) when
z =z, (see [12, (1.30)]), namely

7(2)

(2.2)

1 —2dz.(g. +11.,) = 0. (2.3)
We rewrite (2.3) as
11
Ze=——, 2.4
2d g+ Hzc 24)

which expresses z. in terms of g. and II..
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Our main tool in obtaining rigorous error estimates is stated in Lemma 5.1 below. This
lemma applies the infrared bound of [13], which is a bound on the Fourier transform
of the two-point function, to obtain estimates on certain convolutions of the two-point
function. Using Lemma 5.1, we prove the following expansions for G, (s) and for f[z(,,
where s € Z? is a neighbour of the origin. Recall that 1, equals 1 for lattice animals and
0 for lattice trees.

Theorem 2.1. Let s € Z* be a neighbour of the origin. For lattice trees or lattice animals,

7

_ol ! 2 -2
G..(s) = G[Zd + (22)2] + 0(2d)~2. (2.5)

Theorem 2.2. For lattice trees or lattice animals,

N 3 Z_q,3e!
I, =e {_m - 2(261)22} +0(2d)~2. (2.6)

Our method of proof follows a recursive procedure in which the calculation of the
terms in the expansion for z. is intertwined with the computation of the terms in the
expansions for G, (s), fIZ(‘ and g.. A key ingredient is the new expansion for the one-point
function developed in Section 3. Although (1.6) has already been proved in [26], we give a
different proof as the initial step in the recursion. Our proof here is conceptually simpler
and more direct than that of [26], and also serves as a good introduction to the systematic
computation of higher-order terms. Our starting point consists of the estimates (valid for
large d)

1<g. <4, 2dz.g.=1+o(1). 2.7)

The first of these bounds is proved in [13] for both lattice trees and lattice animals
(the lower bound is trivial), and the second is a consequence of (2.3) together with the
estimate IQL = 0(2d)~" proved in [13]. We comment in more detail on the previously
known bounds on I, in Section 4 below. It is an immediate consequence of (2.7) that for
large d we have 2dz.g. € [%,2], and hence

: 2
A~ g Zc g YN

2d 2d
Our procedure consists of the three steps depicted in Figure 1. In Section 6, we first
apply Lemma 5.1 to prove that G, (s) = o(1), as a very preliminary version of Theorem 2.1.
With (2.7), this permits us to apply the simplest version of our new expansion for the one-
point function to improve (2.7)(2.8) to g. = ¢ + o(1) and z. = (2de)~' + 0(2d)~!, yielding
(1.6). Then in Section 7, we apply (1.6) to compute the first terms on the right-hand sides
of (2.5)—(2.6), then use the result of that computation together with the expansion for the
one-point function to compute the second term of (1.5), and then from (2.4) obtain the
second term of (1.4). In Section 8, we repeat the process, obtaining an additional term
for G, (s) and ﬁz(‘, then an additional term for g.. Once we have proved Theorem 2.2
and (1.5), the expansion (1.4) follows immediately by substitution into (2.4). Due to the

(2.8)
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Starting point Leading terms First order correction
— e 1
G..(s) = o(1) G..(s) = 5 +0(2d)
1<g.<4 ) . 3
- ge =e+o(1) —3» | L. =-357+0(2d)

S

3
Ze = 5o + 0(2d) 1 ge=¢ [1 F ﬁ} +o(2d)~!

3
2

zo=e ! {% + —m)z] + 0(2d) 2

Second order correction

7
G, (s)=e [i I ﬁ] + o(2d)~2

27 _q 3,1
2 —lage

— f[zc =e [—% - 2o — ] +0(2d)~2

T S .
g6:0[1+ﬁ+w] + o(2d)

_ 3 Ls_q 11 _
Ze =6€ L [i a4 (2(21)2 4F == (Qd)ge ] +0(2d) 9

Figure 1. Flow of the proof of Theorem 1.1. The steps represented by the three arrows are implemented in
Sections 6, 7 and 8, respectively.

algorithmic nature of the procedure, there is no reason in principle why further terms
could not be computed with further effort. The results in Sections 3 and 6-8 rely heavily
on several technical estimates which we collect and prove in Section 9.

3. Expansion for one-point function

In this section we develop a new expansion for the one-point functions of lattice trees
and lattice animals, simultaneously. The expansion may be considered as a systematic
use of inclusion—exclusion to compare with the mean-field model of lattice trees of [3],
which is based on the Galton—Watson branching process with critical Poisson offspring
distribution.

3.1. Estimate for the one-point function
We begin by stating the one result from Section 3, in Theorem 3.1 below, that will be
used later in the proof of Theorem 1.1. The proof of Theorem 3.1 uses only the starting
bounds (2.7), together with the important Lemma 5.1, which is used to bound errors.

In the case of g'?(z), it is convenient to separate the sum over lattice animals depending
on whether or not the origin is contained in a cycle, which we denote by 0 € cycle and
0 ¢ cycle, respectively. For the former, we define

g(z)=1, » M. (3.1)

A30:0€ecycle
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Then we obtain, for either model,

gz) =) =" g, (32)

C30 C30:0¢cycle

where the clusters C are lattice trees or lattice animals depending on which model we
consider. We will expand the first term on the right-hand side of (3.2), but do not expand

go(2).
We introduce the notion of a planted tree or animal as one which contains the origin
as a vertex of degree 1. An important role will be played by the generating function

r(z) = ZZ‘S‘, re = r(z.), (3.3)

S3s

for clusters planted via the bond {0,s} with s a specific neighbour of the origin (by
symmetry r(z) does not depend on the choice of s5). We emphasize that in (3.3) we are
abusing notation by writing S > s to denote that the bond {0, s} is contained in the planted
cluster S; we will continue to use this notational convention. The generating function r is
related to the one- and two-point functions by the identity

r(z) = zg(z) — zG,(s). (34

To see this, we use the definition of r and inclusion—exclusion to write

r(z)=z Z 26 = ZZZ'C‘ —z Z €1, (3.5)

C3s5:C30 Css C3s5,0

and observe that the resulting right-hand side is identical to the right-hand side of (3.4).
At the critical value z., we can use (2.3) to replace g by II in (3.4), and obtain

2dr. = 1 —2dz 1, — 2dz.G. (s). (3.6)

The identity (3.6) will be useful in conjunction with the following theorem.

Theorem 3.1. For lattice trees or lattice animals,

1 1 7 _
ge = €| 1= 5 + G QdPr! = s | + galze) + 02) (3.7)

The proof of Theorem 3.1 will be discussed at the end of Section 3. It is based on the
expansion for g, which we discuss next. The remainder of Section 3 is needed only for the
proof of Theorem 3.1.

3.2. Expansion for the one-point function

The one-point function for trees, and for animals in which the origin does not belong to a
cycle, have the following similar structure. A tree T, or an animal 4 for which the origin is
not in a cycle, consists either of the single vertex 0, or of some number m € {1,...,2d} of
planted clusters S; which intersect pairwise only at the origin. This is depicted in Figure 2.
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S3 Sl
S 0 S 0

Sa
(a) (b)

Figure 2. Decomposition into planted clusters S;, for (a) a lattice tree and (b) a lattice animal with 0 ¢ cycle.

Given 0 < i< j < mand a set S = {S1,...,Sn} of m planted clusters, we define

Vv (§) B —1 if S; and S; share a common vertex other than 0, (38)
v 0 if S; and S; share no common vertex other than 0. '
Let £ = {ey,ea,...,ex} consist of the 2d nearest neighbours of the origin ordered such
that ¢; = (0,...,1,0,...,0), where the 1 is located at the ith coordinate for 1 <i < d, and
e; = —e;_q for d+ 1 < i < 2d. Then we can rewrite the one-point function as
g(z) = Z Z SN ST (V) ge(2). (3.9)
m= O S1renSmEE S13581 SmOSm 1<i<j<m

The factor (1 + Vj;) ensures that S; and S; do not intersect each other except at the origin;
in particular, this excludes the possibility that s; = s;. It also ensures that the sum over m
in (3.9) is actually a finite sum, since the terms vanish for m > 2d.

It follows easily by induction on n > 0 that

[T 0+xd=1+ > xi J] (1 +xp) (3.10)

1<a<sn 1<a<sn a<b<n

Throughout the paper, an empty product equals 1 and an empty sum equals 0. Iteration
of (3.10) gives

H(1+X”):1+Zx“+ Z XaXp + Z XaXpXc

1<asn 1<a<sn 1<a<b<n 1<a<b<ce<n
+ E XaXpXeXd H + Xe). (3.11)
1<a<b<e<d<n d<e<gn

We apply (3.11) to the product H1<i<_;<m(1 + Vij) in (3.9), with the lexicographic order on
the indices (i, j). To facilitate this, for m > 2 we define

A= Afm) = {(i.1) - j <1 <myU{(k1) i<k <l<m). (3.12)
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Thus A;; consists of the indices that are lexicographically larger than (i, j). Then (3.11)
gives

[ a+viy=32-g0+72 -7+ 7, (3.13)
1<i<j<m
where
TV =1, (3.14)
TV =D (=W, (3.15)
1<i<j<m

T=3 3 Vi (3.16)

1<i<j<m (k, l)EAij

= D DD ViV (3.17)

1<i<j<m (k1)EAij (p.q)EA

Z Z Z Z VijvklquvrsIrs, (318)

I<i<jsm (k,l)EAij (P.q)EAK (raS)Equ
with Zps = [ ], yea, (1 + Vu). This leads to the expansion
g(z) =T%2) = TW() + T(2) =TV (2) + T9(z) + go(2), (3.19)

where

Dz)=>" % S TSI (1=0,1,2,3), (3.20)

m=0 " S1ynSmEE S1381 SmOSm
0
- 1 ~
(4)(2) — § mil E § SISl § Z\Sm\j’f). (3.21)
m=2 " S1ynSmEE S1351 Sn2Sm

Note that i in I'” counts the number of factors of V in each term, and the remainder
term I'® also contains the factor Z,,. This last factor could be expanded further and
the process continued indefinitely, but for the proof of Theorem 1.1 the expansion (3.19)
suffices.

3.3. Identities and estimates for the one-point function
In this section we first prove identities needed for the analysis of the I'”?. These are
then used, together with estimates whose proofs are deferred to Section 9, to provide an
expansion for g, in terms of r,.

The term I'?(z) can be immediately computed. Indeed, by its definition in (3.20) and
(3.14), and by (3.3),

0

1 m m rz
rOcz) =% —Qd)"r(z)" = @), (3.22)
m=0
The term 'V is also straightforward, as we show below. For the analysis of I'?(z) and
3)(z), it will be useful to decompose according to the cardinality of the label sets {i, j,k, [}
and {i, j,k,1,p,q} (respectively in 7%’ and J”) and we write ™" for the contribution to
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'™ arising from label sets of cardinality n. Thus, for m = 2,3, ™ =" T where m
counts the number of V factors and n counts the cardinality of the label set. In particular,
when m =2 we have the two possibilities n = 3,4, while for m = 3 the possibilities are
n=3,4,56. As we discuss in more detail below, I'®? is an error term for n =4,5,6,
as is I'™. For Theorem 1.1, we will need an accurate calculation of I'>¥(z), T?¥(z)
and T'®3(z). To obtain convenient expressions for these important terms, we make the
definitions

= > D) EEE—yy), (3.23)

51,9€E S1351 $2352

Z Z Z Z ZISIHS2HS3 1y )y 5 (3.24)

51,52,53€E 81351 S29s8) S3253

DD D D D ERPRPRIN) (3.25)

Sl,Sz,Sgeg S13s1 S22s2 S32s83

Lemma 3.2. The following identities hold:

) = 3 TOE)Z0), (326)
rdz) = %F(O)(Z)Z(z)(z), (3.27)
red:z) = ir“’)(z)z(“(z)z, (3.28)
O3 = 51O 20). (3.29)

Proof. For I'V(z), we interchange the sums over sy,...,s, € £ and 1 <i < j < m which
arise by substitution of (3.15) into (3.20), to obtain

o0

D=3 ! LBV SIS DD SELD SELIE
m= 2 I<i<j<m  si,8,€E Si>s; NEN
=3 Ly (’”)zmm
ot m! 2
= %F(O)(Z)Z“)(z), (3.30)

where we used (3.22) in the last step.

For I'?3), the condition |{i, j,k,I}| = 3 is satisfied when k =i, k = j or [ = j. In all
cases, we choose three labels from a set of m and order them; this order automatically
determines which one corresponds to i, j, k and I. Hence, the number of options for the
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labels is 3(}). Using symmetry, we obtain

e ii G 33(21) )R ID DD DL AR
m!

m=3 51,52,53€E 81351 S235) S3253

=T%=2)z%(z). (3.31)

Ww

For the case I'>¥, the labels i, j, k, [ are distinct. To determine the number of possibilities
for the labels we chose four labels from a set of m and order them. Then i is the smallest
by definition, j has the remaining 3 options, and once j is determined, so are k and I.
Hence, there are 3(’}) possibilities. By interchanging sums and using symmetry, we obtain

— 1 e
M) =3 — (2dr(2)) 3 ( 4>

m=4

x 3 YT S ssssy,

51,52,53,54€E S1251 S35 83353 S4354
3
= EF(O)(Z)Z(”(Z)Z. (3.32)
For '3 it must be the case thati < j <[,k =i, p = j and g = I. Thus the number of
possibilities for the labels is given by choosing three labels from a set of m and ordering

them in this way. By interchanging sums and using symmetry, we obtain

=1 G
3 23 o (2dr 3< 3)
x Z Z Z Z Z‘S1‘+|SZ‘+‘S3‘(—V12V13V23)

51,52,53€E S13s1 S2353 S32553

1

3'r<0 (2)Z9(z). (3.33)

This completes the proof. U]

Now we can prove Theorem 3.1, using estimates from Section 9.1. The estimates we
require are that

3 1 1
=2drl+ ——5 +02d)%, Z¥ == +02d)7% ZP=_—= +02d)7* (3.34
(proved in Lemma 9.1), and that the terms T®"(z.) (n = 4,5,6) and T¥(z.) are all 0(2d)~>
(proved in Lemma 9.2). The proofs of Lemmas 9.1-9.2 depend only on the starting bounds
(2.7), together with Lemma 5.1 which gives error estimates.

Proof of Theorem 3.1. We substitute the identities of Lemma 3.2 into (3.19), and apply
the results of Lemmas 9.1-9.2 mentioned above (together with r. < z.g. = 0(2d)~' by
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Ry
_ 1 0,

Ry €

Ry

Figure 3. Decomposition of a lattice tree T into the backbone from 0 to x (bold) and the ribs
R={Ry,....,Ro}.

(2.7)), to obtain

, 1 3 3 1 B
g, = 2 [1 5Z“ + (3,2(2 + @ )) 3,2‘3} + go(20) +0(2d)

_ eZdrc |: (2d)l" 4= (2d)2 4 :l + go(zﬁ) + 0(2d) (335)

(2d)
and the proof is complete. Ll

4. Lace expansion

We recall some fundamental facts about the lace expansion for lattice trees and lattice
animals from [13] (see also [12, 30]).

4.1. Lace expansion for lattice trees

A lattice tree containing 0,x, which contributes to the two-point function G,(x)=
> ors0x 2" of (1.10), can be decomposed into a unique path joining 0 and x, which
we call the backbone, together with the disjoint collection of subtrees consisting of the
connected components that remain after the bonds in the backbone (but not the vertices)
are removed. We refer to the subtrees (which may consist of a single vertex) as ribs. The
definitions should be clear from Figure 3.

By definition, the ribs are mutually avoiding. However, in high dimensions, if this
avoidance restriction were relaxed then intersections between ribs should be in some
sense still rare. The lace expansion is a way of making this vague intuition precise, via a
systematic use of inclusion—exclusion. To describe the basic idea, we need the following
definitions.

Let D : Z¢ — R denote the one-step transition probability function for simple random
walk on Z4, i.e

0 otherwise.

D) — { Qd)™ i Ixlh = 1, 41)

The convolution of absolutely summable functions f : Z¢ — R and h : Z¢ — R is given by

Femx) => f(hix—y (4.2)

yezd
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If it were the case that the rib Ry were permitted to intersect the remaining ribs, then
the two-point function G (x) (for x # 0) would be given by the convolution

¢(2)(2dzD * G¥)(x) = g"(2) 3 2dzD(y)G(x — y), (43)

yezZd

where the factor g!(z) captures the rib at the origin, y is the location of the next
vertex after 0 along the backbone, and GY)(x —y) captures the backbone from y to
x together with its ribs. Compared to the two-point function, (4.3) permits disallowed
intersections and thus includes too much. In fact, it provides the basis of the mean-field
model introduced in [5] and further studied in [3, 30]. The lace expansion corrects the
overcounting in (4.3) with the help of the function I, : Z¢ — R which appears in the
identity

GY(x) = 30xg"(z) + M (x) + g(2)(2dzD * GV)(x) + (I * 2dzD * GV)(x).  (4.4)

n [13], an expansion for [T = 3" _,, TI"(x) is given, of the form

0 = (=N, (4.5)

N=1

It is known (see [12]) that there is a ¢ > 0 such that for all N > 1 and all z € [0, z.],

0 < TN < NaV, (4.6)
and this implies that the only terms that can contribute to (2.6) for lattice trees are those
with N = 1,2. We define these terms next.

We define U;; (R) by

N —1 if ribs R; and R; share a common vertex,
ij (R) = (4.7)

0 if ribs R; and R; share no common vertex.

Let W(x) denote the set of simple random walk paths w from O to x, i.e., sequences
x0 =0,x1,...,x, = x with [x;41 — x|y =1 for all i, for any length n=|w| > 0. The
function IT*Y(x) is defined by

= 5 2 Z ol 3 el ty) T A+t (48)

weW(x):|w]>1 Ro>w(0 Ry, 3x 0<i<j<|o|
(L)#(O,]ol)

For a non-zero contribution, the factor U, forces the first and last ribs to intersect, while
the final product disallows all other intersection among the ribs. The function I1{"?(x) is
defined by

N2 = S 200 3 2R3 R

weW(x):|lw| =2 Ro>w(0) Ry, 3x

X Z H Uij H L+ Upy), (4.9)

LeL®[0wl] ijEL  ¥jeC(L)
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where the set £2)[0, |w|] of (2-edge) laces is given by
LP00,n] = {{0j,jn} :0<j<nlU{0j,in} :0<i<j<n), (4.10)
and where the set C(L) compatible with L € £®[0,n] is given:

(i) for L = {0j, jn}, by all pairs kI with 0 <k <! < n except 0/ with [ > j and kn with
k<j;
(ii) for L = {0j,in} with i < j, by all pairs kI except both 0! with | > j and kn with k < i.

For more details, see [13] or [12, 30].

4.2. Lace expansion for lattice animals

The two-point function G (x) =3,z for lattice animals was defined in (1.10) as
the sum over lattice animals that contain both vertices 0 and x. An animal A with this
characteristic contains a path connecting 0 to x; however, unlike the lattice tree case, this
path is not necessarily unique. To deal with this we use the following definitions.

Let A be an animal containing the vertices x and y. We say that 4 has a double
connection from x to y if there are two bond-disjoint self-avoiding walks in A between
x and y (the walks may share a common vertex but not a common bond), or if x = y.
The set of all animals having a double connection between x and y is denoted by D, ,. A
bond {x,y} in A4 is pivotal for the connection from x to y if its removal would disconnect
the animal into two connected components, with x contained in one of them and y in the
other.

An animal A 5 x,y that is not an element of Dy, has at least one pivotal bond for
the connection from x to y. To establish an order among these edges, we define the first
pivotal bond to be the unique bond for which there is a double connection between x
and one of the endpoints of this bond. This endpoint is the first endpoint of the first
pivotal bond. To determine the second pivotal bond, the role of x is played by the second
endpoint of the first pivotal bond, and so on.

For a lattice animal A that contains x and y, the backbone is the ordered set of oriented
pivotal bonds for the connection from x to y. The backbone is not necessarily connected.
The ribs are the connected components that remain after the bonds in the backbone
(but not the vertices) are removed from 4. By definition, the ribs are doubly connected
between the corresponding backbone vertices, and are mutually avoiding. See Figure 4
for an example.

Let B be an arbitrary finite ordered set of directed bonds

B = ((u1,v1), ..., (g, vp)))s

and let vg = 0 and up+; = x. Then we can regard the two-point function as a sum over
the backbone B and mutually non-intersecting ribs R = {Ro, ..., R }. It is shown in [13]
how to apply inclusion—exclusion to obtain an identity

G9(x) = 80,8 (z) + T (x) + g“(2)(2dzD * G\W)(x) + (TT'Y * 2dzD * G)(x), (4.11)

z
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Ry

Ry

Rs

Ry

Figure 4. Decomposition of a lattice animal A into the backbone from 0 to x (bold), and the ribs
= {Ro,R1,R2, R3}. The rib R, consists only of the vertex in the backbone.

with T1® given by the alternating series

o0
19 = (=N, (4.12)
N=0

It is known (see [12]) that there is a ¢ > 0 such that, for all N > 0 and all z € [0, z.],
0 < TT@N) < Ng—(WVD), (4.13)

and this implies that the only terms that can contribute to (2.6) for lattice animals are
those with N =0, 1, 2.
The following explicit formulas are obtained in [13]. First,

M0(x) = (1= o) Y 2R (4.14)
ReDy

With Z/[,-j(f{) as in (4.7) but for the new notion of ribs R,

B

nee = Y 'B[H > et T o). @)

B:|B|>1 k=0 RAEDLA R 0<i<j<|B|
(i,)#(0, B|)

with vy = 0 and up 41 = x. The factor Uy | in the previous expression forces an intersection
between the first and last ribs, and the last product forbids all other rib intersections.
Finally,

B

nedx) = Y 'B[H > sz} S TTus TI a+dy). (416

B:B|>1 =l RkED,k,,A+1 LeL£®@][0,/B|] ijeL i'j'eC(L)

with £ and C(L) as defined around (4.10).

5. Fourier estimates

In this section we formulate an essential ingredient for the error estimates in Theorem 1.1,
in Lemma 5.1 below. The proof is based on the Fourier transform.
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The Fourier transform of an absolutely summable function f : Z¢ — C is defined by

flk) =" f(x)e, (5.1)

xezZ4

where k € [—n,7]? and k- x = Z?:l kjx;. For example, the transition probability D of
(4.1) has Fourier transform

d
D(k)=d™")  cosk;.
j=1

The inverse Fourier transform, which recovers f from f”, is given by
A 4 dk
= (k) : 52
so= [ Jee (52)

Recall that the convolution of the functions f and g was defined in (4.2). We let */ denote
the convolution of [ factors of f, i.e.,

Fley=(f=f* =X

l

The Fourier transform of a convolution is the product of Fourier transforms: f/;k\g = fg
In this notation, D*/(x) is the [-step transition probability that simple random walk
travels from 0 to x in [ steps. We take f = D**" and x = 0 in (5.2) to obtain

*2m _ A 2m dk
D (0)—/[MldD(k) G (5.3)

A proof of the elementary fact that D*>"(0) < C,,(2d)™™ for some constant C,, (uniformly
in d) can be found in [19, (3.12)]. Therefore,

D 2m dk Cm
/[—n,n]d bl (2m)d S Qdym (5.4)

The infrared bound for nearest-neighbour lattice trees and lattice animals, given in [12,
(1.25)], states that for dimensions d > d (for some sufficiently large dy), there is a positive
constant ¢ independent of z and d, such that for 0 < z < z,,
cd

<6 < —
0 X Gz(k) X ‘k|29

(5.5)
where |k| = (ki 4+ --- 4+ k23)!/2. The definition of Gz(k) requires some care when z = z,
because G, (x) is not summable. Nevertheless it is possible to define qu(k) in a natural
way such that its inverse Fourier transform is G, (x). The subtleties associated with this
point are discussed in [12, Appendix A].

Let i be a non-negative integer and let C be a cluster (a tree or an animal) containing
the vertices x and y. We let

Xy (5.6)
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denote the event that there exists a self-avoiding path in C, of length at least i, connecting
x and y. We let

A= Y £ (5.7)

C30,x : 0x
1

define the two-point function for clusters in which x is connected to y by a path of length
at least i. Then

G.(x) = GP(x) = g(2)do + GL(x),

since for x = 0 the two-point function G.(x) reduces to the one-point function g(z), and
for x #* 0 a path connecting these two vertices requires at least one step.
For integers m,n > 1, and vertices x, y € Z¢, we define

SIIx) = D (G- GU)(x), (5:8)
i ++ip=m
where the sum is over non-negative integers iy,...,i,. Let
S — sup SI™(x). (5.9)
xezd

The statement and proof of the following lemma are closely related to [19, Lemma 3.1].

Lemma 5.1. Let m and n be non-negative integers and let d > max{dy,4n}. There is a
constant Cy,,, whose value depends only on m and n, such that

Cm,n
simn Gape (5.10)
Proof. We first prove that there is a constant K,,,, such that
(D G2 (x) < (5.11)
Slip EASN (2d)m/2' ’
Using the inverse Fourier transform (5.2) and f/ﬂ;\g = fg, we have
N N 4 dk
(D*m % G;n)(x) — / D(k)mGz(,(k)neilk.x )
¢ [—n,]¢ (27T)d
By the Cauchy—Schwarz inequality,
. dk \ 2 . dk \ 12
D™ * GI")(x) < D(ky*™ G.. (k)™ . 5.12
0= 62 < . b o) | |G = (5.12)

Then (5.4) gives (5.11), once we show that the second factor on the right-hand side of
(5.12) is bounded uniformly in large d. By (5.5), it suffices to verify that the integral

d2n dk
I, = , 1
¢ /[—n,n]‘l |k‘4n (2n)d (5 3)

which is finite for d > 4n, is monotone non-increasing in d.
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This monotonicity has been encountered many times previously in the literature (e.g.,
[19]), and can be proved as follows. For A > 0 and j > 0, a change of variables in the
integral leads to

t_t / B wle v Ady (5.14)
Al T() Jo . .

We apply this identity with 4 = d~!k|*> and j = 2n, and then use Fubini’s theorem to
obtain

2n—1 —u\k\ /dd
lan = r(zn /[ o / ”(2n)

2n—1 —uzja 4t :;/% -
F(Zn)/o ! (/ne 275) du T(2n) J uw | fulliya du, (5.15)

where f,(t) = ¢ and

T 1/p
il = ([ o)
Since dt/2n is a probability measure on [—n, 7],

1 Iy < 1 e (5.16)

Therefore, as required, 1441, < 44, and the proof of (5.11) is complete.

Turning now to (5.10), we first consider the case of lattice trees. In (5.7), if we neglect
the self-avoidance restriction among the first i steps in the path connecting x and y, and
treat the first i ribs as independent of each other and of the subtree that comes after the
ith step, we obtain the upper bound

GYV(x) < (2dzg(2))' (D" * G.)(x). (5.17)

For the case of lattice animals, the same bound is plausible and indeed also holds; this can
be seen using a small modification in the proof of [13, Lemma 2.1]. With the definition
of S!™"(x) in (5.8), this implies that for either model

SIMx) = > (GW - x GI)(x) < Coun(2dzg(2)" (D™ * GI)(x), (5.18)
i+ ig=m
where Cm,n is the number of terms in the sum (its exact value is unimportant). By (2.7),
2dz.g. < 2 for d large enough. Together with (5.11), this implies that
Km,n
Qdym?’
and the proof is complete. L]

S (x) < Cpp2™

6. First term

In this section we apply (2.7) to compute the leading behaviour (1.6) for g. and z.. This
provides an alternate approach to that used in [26] to reach the same conclusion, and
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makes our proof of Theorem 1.1 more self-contained. The following lemma provides some
preliminary bounds.

Lemma 6.1. For s a neighbour of the origin,

G:.(s) = o(1), (6.1)
2dr. = 1+ 0(1), (6.2)
go(zc) = 0(2d) ™. (6.3)

Proof. Since a lattice tree or lattice animal containing 0 and s must contain a path of
length at least 1 joining those vertices, we have G (s) < S{"!) < 0(2d)~"/2, where the last
inequality follows from Lemma 5.1. This proves (6.1).

The limit (6.2) follows from the identity 2dr, = 2dz.g. — 2dz.G.,(s) of (3.4), together
with (2.7)—(2.8) and (6.1).

Finally, since the minimal length of a cycle containing the origin in a lattice animal is
4, it follows that g.(z.) < S{*!, and then (6.3) is a consequence of Lemma 5.1. O

Lemma 6.2. For lattice trees or lattice animals, g. = e + o(1) and z. = (2de)™" + o(2d)~".

Proof. According to (2.7), it suffices to prove that g.=e+ o(1), and this follows
immediately from Theorem 3.1 and (6.2)—(6.3). U]

7. Second term

In this section we compute the (2d)~2 term in the expansion for z. in (1.4), and the (2d)~!
term in the expansion for g. in (1.5). We follow the strategy discussed in Section 2: we
first compute the (2d)~! terms in the expansions for G, (s) and for f[zc in (2.5)—(2.6), then
use this to compute the desired term for g., and finally obtain the desired term for z,.

A useful quantity is

0x) =D > N1 o, (7.1)
Cp30 Cy3x

where the sum is over clusters (both trees or both animals) containing 0 and x, respectively.
It is shown in Lemma 9.3 that for s a neighbour of the origin, and for both lattice trees
and lattice animals,

0(s) = 0(2d)~ . (7.2)

The proof of Lemma 9.3 uses only Lemmas 6.2 and 5.1.

Lemma 7.1. For lattice trees or lattice animals, and for a neighbour s of the origin,
e

G (s) = 2d

+o0(2d)7". (7.3)
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Proof. For a lattice tree or lattice animal containing 0 and s, either the bond {0,s} is
occupied or it is not. In the latter case, there must be an occupied path connecting 0 and
s of length at least 3. In the former case, we overcount with independent clusters at 0 and
s. This gives

G:.(s) < zeg? + GE(5) < zeg? + S, (7.4)
where the last inequality comes from (5.8)—(5.9). By Lemmas 6.2 and 5.1, it follows that

G..(s) < ﬁ+o(2d)_1. (7.5)

For a lower bound, we consider only the case where the edge {0,s} is occupied and not
part of a cycle (for lattice animals). It follows from inclusion—exclusion that

G- (s) > z.g2 — 2.0(s), (7.6)
and it then follows from (7.2) and Lemma 6.2 that

€ —1
> — . .
Go5) > 57 +0(24) (7)
This completes the proof. L]
Lemma 7.2. For lattice trees or lattice animals,
N 3e
I, = 54 +0(2d)! (7.8)

Proof. It follows from (4.6) and (4 13) that we need only consider the contributions
due to 1) for trees, and due to 10 and I1Y for animals, since larger values of N
contrlbute 0(2d)~2. Moreover, we can neglect H aO) To see this, we recall the definition
(4.14) and apply the BK inequality of [13, Lemma 2.1] and Lemma 5.1 to see that

ﬂg?,O) < Z Z G(l)(x G(J 42) O(Zd) (7.9)
i+j=4 xezd

where the restriction to i + j = 4 arises because only animals in which the origin is in a
cycle of length at least 4 can occur. Therefore, we can restrict attention to the case N = 1.
By definition,

=10+ Y nles)+ Y nhx (7.10)

s:[slli=1 x:fxll =2

A non-zero contribution to IT!! (x) requires the existence of three bond-disjoint paths as

indicated in Figure 5 (with y = 0 or y = x allowed), to ensure that U, = —1 in (4.8) or
Upp) = —1 in (4.15). This implies that
10 < Y 6. (G- (1)G-(y — x) = SL09(0) < 809 (7.11)
x,yezd

a detailed derivation of this estimate can be found in [30, Theorem 8.2], for example. The
crude bound (7.11) can be greatly improved by replacing two-point functions by factors
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Y

0 T

Figure 5. Intersection required for a non-zero contribution to HE.I)(x).

GY when there must be at least i steps taken. In this way, for contributions to 1) in
which there must exist paths from 0 to x, from 0 to y, and from x to y, of total length
at least m, we can improve the upper bound S{*% to S{™3) < 0(2d)™/2. In particular, this
implies that the last sum on the right-hand side of (7.10) is bounded by S{*? < 0(2d)~>
and is thus an error term.

The leading behaviour arises from the other two terms. We consider both trees and
animals simultancously. Consider first the lower bound. For IT{"(0), we count only
configurations with backbone (0,s,0) where |s||; = 1. By using inclusion—exclusion to
account for the avoidance between the rib at s and the two ribs at 0, we obtain

M(0) > 2dz2(g? — 28.0(5) = 5 +0(2) ™, (7.12)

by Lemma 6.2 and (7.2). Similarly, by considering the symmetric cases where either the
rib at 0 contains {0, s} or the rib at s contains {0,s}, we obtain

(s) > 222(g] — 2.0(9)), (7.13)
and hence
> i) > 57 Hoea™. (7.14)
stfsfl1=1
Altogether, this gives
(10 > 2 4 o2a)". (7.15)

For the upper bound, excepting the configurations which contributed the leading
behaviour to the lower bound, the remaining configurations that contribute to f[g”
all contain three paths of total length at least 4, and are hence bounded above by
Si43) < 0(2d)~2. This completes the proof. O

Lemma 7.3. For lattice trees or lattice animals,

3
g = e[l + ;d] +0(2d)7!, (7.16)

1 3
ze=¢ ! {m + ( 22)2} + 0(2d)~2. (7.17)
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Proof. We begin by noting that g.(z.) = 0(2d)~", by (6.3). Next, we combine the identity
2dr. =1 —2dzI1,, — 2dz.G. (s) of (3.6) with Lemmas 6.2 and 7.1-7.2 to obtain

3 1 2 _1
2dr. =1+ 2 2 +o02d) ' =1+ % +o0(2d)~". (7.18)
Then (7.16) follows immediately after substitution of (7.18) into the right-hand side of
the identity for g. in Theorem 3.1. Finally, (7.17) follows from substitution of (7.16) and

the formula for f[zl of Lemma 7.2 into (2.4). ]

8. Third term

We now complete the proof of Theorem 1.1. To do this, we first extend the estimates on
G..(s) and IAL(, obtained in Lemmas 7.1-7.2. With these extensions, we then extend the
estimate on g. of Lemma 7.3, and finally combine these results with (2.4) to extend
the estimate on z, and thereby complete the proof of Theorem 1.1. To begin, we insert
the formulas of Lemma 7.3 into the formula for Q(s) of Lemma 9.3, to obtain

0(s) = 22(,gf.’

(Zd) )2 2[ 2 + (21;) ] + 0(2d)~? (8.1)

The estimate we need for G, (s) was stated earlier as Theorem 2.1, which for convenience
we restate as follows.

Theorem 8.1. For lattice trees or lattice animals, and for a neighbour s of the origin,
7

(2d)2

G.(s) = { ! + } + 0(2d)™? (8.2)

Proof. It follows from Lemma 5.1 that G© (s) 0(2d)=>/?, so we need only consider
clusters in which a path of length 1 or 3 ]oms the points 0 and s.

For the lower bound, we consider clusters that either contain the bond {0,s} with this
bond not in a cycle, or that do not contain {0,s} but contain one of the 2d — 2 paths of
length 3 from 0 to s with this path not part of a cycle. The first contribution is equal to

s
(2d)2

by (8.1) and Lemma 7.3. With s’ a neighbour of the origin that is not equal to =+s, the
second contribution is bounded below by

(2d — 2)23 Z ZLR0\+\R1\+\R2\+\R3\ H (1+Uy))

Ro>0,R; 35 0<i<j<3
R295+S,,R395

>(02d—2)z chﬂ”l”ﬁ'&(H > ui/)

R()BO,R] EXd O<i<j<3
Ry2s+5',R33s

= (2d —2)z] (gf — 4g20(s) — 2g20(s + 5)). (8.4)

2e(g2 — Q(s)) = { ! } + 0(2d)” (8.3)
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Now we apply Lemma 6.2, and the fact that Q(x) = o(1) by (8.1), to see that this last
expression is equal to

(2d —2)z2 (g} — 4¢20(s) — 2¢20(s +5)) = B d)2 + 0(2d)7? (8.5)
Combining the above results gives the lower bound
L3 )
> e|l— B .
G..(s) = e[2d + (2d)2} + 0(2d) (8.6)

For an upper bound, we again need only consider the cases where there is a path of
length 1 or 3 connecting 0 and s. Suppose first that there is a path of length 1. If the
bond {0, s} is not in a cycle, then the above argument again gives a contribution

5
z(g2 — 0(s) =e [zld + (22)2] + 0(2d)~2. (8.7)

On the other hand, if {0,s} is part of a cycle, then we need only consider the case where
this bond is part of a cycle of length 4, because otherwise there is a path from 0 to s of
length at least 5. The contribution from animals containing {0, s} within a cycle of length
4 is at most (2d — 2)z¢g# = 0(2d)73, so this is an error term. Thus the upper bound for
the case of direct connection agrees with the lower bound. In addition, the contribution
when there is a path of length 3 is at most

(2d —2)z}gl =

® d) (2d)~2 (8.8)

so here too the upper and lower bounds match, and the proof is complete. U]

Next, we present three lemmas which extract the terms in IA]L{V) up to o(2d)~2, for
N =0,1,2. The case N = 0 occurs only for lattice animals, and we begin with this case.

Lemma 8.2. For lattice animals,

3

110 (2(21)2 +0(2d)72, (8.9)
1

go(z\) = (22)2 +0(2d) " (8.10)

Proof. According to its definition in (4.14),
D=3 R (8.11)
X#O RE’DU'X

The main contribution to the right-hand side arises when R is a unit square containing
0, with x a non-zero vertex on the square. Therefore, since there are %(2d)(2d —2) such
squares and three non-zero vertices in each one,

3
2
(24

. 1
0 < 35(2d)(2d — 2)ztgt 4 562 +0(2d)72, (8.12)
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where we used Lemmas 6.2 and 5.1 in the last equality. For a lower bound, we count
only the contributions with 0, x in a cycle of length 4, and use inclusion—exclusion for the
branches emanating from the unit square, to obtain

3
__2 -2

Qa7 +0(2d)™, (8.13)
where we have used Lemma 6.2 together with the fact that Q(x) = o(1) by (8.1). This
proves (8.9).

A similar argument gives (8.10), with the factor 3 missing due to the fact that there is
no sum over x in go. L]

e > 3%(201)(201 —2)z{[g! — 4g2Q(s1) — 28705 + )] =

Lemma 8.3. For lattice trees or lattice animals,
49

(Zd)

n = e[ ] + 0(2d)~2 (8.14)

Proof. We give the proof only for the case of lattice trees. With minor changes, the
arguments presented here also lead to a proof for lattice animals.
By definition,

=3 (8.15)

xezd
Contributions from x # 0,s,s + s, where s,s" are orthogonal neighbours of the origin, are
bounded above by S®¥ = 0(2d)~3 and need not be considered further. By symmetry, we
therefore have

1) = 100) + 24m¢ () + 2420 =2)

(s +5') + 0(2d) . (8.16)

Consider TI{!(s + s'). The shortest backbones have length 2 and there are two of these.
The shortest allowed rib intersections complete the unit square and there are three of
these corresponding to the three possible non-zero intersection points for the ribs at 0
and s+ s'. Thus we obtain

OM(s+5) <3-2z0g] + 5 + 0(2d)~° +0(2d)73 (8.17)

(2d)

Arguments like those above can be used to verify that the first term on the right-hand
side is also the leading behaviour of a lower bound, and hence

6¢
1 A -2
(s +5') = ay o (8.18)
This shows that
A0 = T10(0) + 24)(s) + (23 s+l (8.19)

Consider Hf,l)(s). We need only consider the contributions due to rib intersections
which together with the backbone form a double bond or a unit square, because the
remaining contributions are bounded by §® = 0(2d)~3. These backbones have length 1
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or 3, respectively. Thus we obtain (the first term is due to the length-1 backbone and the
second to the length-3 backbone)
TE(s) < 20Q(s) + (2d — 2)z0g2Q(s) + 0(2d)
e 2 n 16
CTd)? T (24)

by Lemma 6.2 and (8.1). It is routine to prove a matching lower bound, yielding

} + 0(2d) > (8.20)

24110 (s) = e[zzd + (21;) ] + 0(2d)72, (8.21)
and hence
) _ o 2 19
ny = )(0)+e[ + o d)2} + 0(2d)™? (8.22)

Finally, we consider the contributions to Hg‘ (0) due to backbones of length 2 and 4,
which we denote by TT1{-?(0) and I1{"9(0) respectively. First,

9(0) < 2d(2d — 2)ztg> + S = @ +0(2d)73, (8.23)
and a routine matching lower bound gives
14) 2 24
0) = (2d) +0(2d)~° (8.24)
Next,
N020) =2dz2 > 2RIFRIFRI 4 2y + sy + Unilha)
RO%O,R(;BS
O]

= 2dz; {gg—chQ(S)Jr > ZcR”RﬁRZUmUlz}

Ro>0,R;3s
R0

1 7
=e{2d+(2d) } + 0(2d) 2 + 2dz? {261

where we used Lemma 7.3 and Lemmas 9.3-9.4 in the last equality. With Lemma 6.2, this
gives

+0(2d)” ] (8.25)

{2 (0) = 2671 ot 0(2d)2. (8.26)
Thus we obtain
o) =e Bd + ( 215;)2} +0(2d)72. (8.27)
Altogether, we have
A |3 % -2
I} =e {261 + (Zd)z} +0(2d)™7, (8.28)

which proves (8.14). U]
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Lemma 8.4. For lattice trees or lattice animals,

11e

ne = 2d)72 2
= + 0(2d) (8.29)
Proof. We defer the proof to Lemma 9.5. L]

For convenience, we now restate Theorem 2.2, supplemented by an asymptotic formula
for g.(z“)). Note that the factor e is not present for g,(z\?). It is in Theorem 8.5 that we
first see a difference between lattice trees and lattice animals.

Theorem 8.5. For lattice trees or lattice animals,

A 3 E - a3671
M =e|-2;— % + 0(2d)72, (8.30)
1,4
2.(z\) = B d; + 0(2d)72. (8.31)

Proof. This follows immediately from Lemmas 8.2-8.4, together with the bounds on f[‘ZN )
for N > 2 given by (4.6) and (4.13). L]

The next theorem restates Theorem 1.1, and completes its proof (apart from the
technical lemmas of Section 9).

Theorem 8.6. For lattice trees or lattice animals,

5 3 L™ 2
c=ell+ 2= 2 2d)72, 8.32
g e{ +2d+ 24 }—l—o( ) (8.32)
1 3 U5 g la—1
_ a1l 2 24 ap -3
Ze=¢ Ld + 24P + 27 } +0(2d)7. (8.33)
Proof. By (3.7) and (8.31),
g, =2 |1 — l(2d)r2 + 1(261)%4 I + La3 + 0(2d)7? (8.34)
¢ 2 e g < d)?] T (2d) : '

A

The identity (3.6), together with the results for z., Il;, and G, (s) in Lemma 7.3 and
Theorems 8.1 and 8.5, implies that

A 2 13—1,3e!

Zdr(‘ =1- 2dZCHZc — 2dZCGZ((S) =1 + ﬁ + W

Substitution of (8.35) into (8.34) gives (8.32). Finally, (8.33) follows immediately by

substituting (8.30) and (8.32) into (2.4). ]

+ 0(2d)72. (8.35)
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9. Cluster intersection estimates

The analysis in Sections 3, 6, 7, and 8 relies on the estimates in this section, which
in turn rely on Lemma 5.1. Section 9.1 provides the estimates needed for the proof of
Theorem 3.1, and assumes only the starting bounds (2.7). Section 9.2 provides estimates
needed in Sections 7-8, and relies on knowledge of the leading behaviour g. ~ e and
ze ~ (2de)™1.

9.1. Estimates for one-point function

Throughout this section we assume only the starting bounds (2.7) and do not make use
of higher-order asymptotics. In particular, we will make use of (6.2), which states that
2dr. = 1+ o(1). We prove two lemmas which provide estimates needed in the proof of
Theorem 3.1. The first gives estimates for Z" (i = 1,2, 3) defined in (3.23)—(3.25), as well
as for Z’,Z" defined by

Z/(Z) — Z Z Z Z Z Z\S1H—ISz\+\S3\+IS4\(_V12V13V14), 9.1)

51,52,53,54€E S1251 S2252 S3383 S4354

AGED DD D DD D DA AU R A 9.2)

51,32,53,5465 S13s1 S2352 83353 S4354

We use the subscript ¢ to denote quantities evaluated at z..

Lemma 9.1. For lattice trees or lattice animals,

3
zZW = 2dr? + a7 +0(2d)72, (9.3)
zP = 7(22)2 +0(2d)2, (9.4)
ARES @ + 0(2d)2, (9.5)

Z,=7.=00Q2d)". (9.6)

Proof. We consider the four equations in turn.

Proof of (9.3). According to its definition in (3.23),

zW = 3" NN BRI yy), 9.7)

Sl,SZGS S12s1 S2282

We distinguish the two possibilities |{s1,s2}| = 1,2 for the vertices sy, 52, i.e., we distinguish
whether or not the two vertices are equal. If s; = s, then automatically —V;, = 1 because
both clusters contain sy, and this contribution gives exactly Zdrf.

For sy # 55, we consider separately the cases where s; and s, are parallel and
perpendicular. This contributes

2d > ASHRI—yy) + 2d2d —2) Y 2SI yy), (9.8)

S13s1 S13s1
NERI NEN



554 Y. Mejia Miranda and G. Slade

@/ Z <]>w < gupz > Q 5572)S£]3)

s2 7 S3 T,y,Ww wog Z+77
(@) (b)

Figure 6. (a) Intersections required for the case |{sq,s2,s3}| =3 of Z®@_ with (b) the corresponding bound.
The paths have lengths at least i, and jj, with iy +i, =i, 1+ jp+jz=j,and i+ j=7.

For the first term, at least six steps are required for an intersection of S; and S, so this
term is bounded above by S = 0(2d)~%, by Lemma 5.1. The leading behaviour of the
second term is 3(2d)(2d — 2)2(, g(z.)* (due to a square containing 0,s; and s, and where
the factor 3 takes into account the three non-zero vertices of the square at which Sy, S,
might intersect). The remaining contributions are bounded above by S{¢? = 0(2d)~3. It
is not difficult to prove a corresponding lower bound, to conclude that (9.8) equals

3(2d)*zg? + 0(2d) 7 = + 0(2d) ™2 (9.9)

3
- (2dp
where we used (2.7) for the last equality. When combined with the contribution from

s1 = sy, this completes the proof of (9.3).

Proof of (9.4). By definition
ST EERRSy Y, (9.10)

51,52,53€E 81351 S23s7 S3353

We distinguish the three possibilities |{sy,s2,53}| = 1,2,3 for the vertices sy, s, and s3.
If |{s1,52,83}] = 1, then automatically V23 = 1. In this case, using (6.2), we find that
the contribution to Z? becomes simply

2dr? = (2d)~2. (9.11)

1
(24

If |{s1,52,53}| = 2, then we consider the case s; # s, = s3 (the other cases can be handled
with similar arguments). In this case, we use |Vi3] < 1 and perform the sum over S3 to
obtain a factor r.. The remaining sum is the case s; # s, studied in the bound on Z((,l)
and shown above in (9.9) to be O(2d)~2. Thus this contribution is an error term, since
r. = 0(2d)~! by (6.2).

If [{s1, 52,53} = 3, then all three vertices are different. At least seven bonds are required
to obtain V;;Vi3 = 1 in this case. As depicted in Figure 6, this contribution is bounded
above by

Z S(z2 SJ3)

i+j=7

and is hence 0(2d)~7/2, another error term. This completes the proof of (9.4).
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Figure 7. Example of intersections for the case |{s1,s2,53,54}| =4 of Z'.

Proof of (9.5). By definition,

Z£3) — Z Z Z Z ZLSI‘+‘S2|+‘SS‘(_V12V13V23)- (9.12)

51,52,5365 S12s1 $2957 S33s3

If |{s1,52,83}] = 1, then automatically —V;2V13Vs3 = 1 and hence

Z® > 24r} = P +o0(2d)~2. (9.13)
n the other hand the inequality —V,3 < 1, together wit 4), shows that
On the other hand the i lity =V < 1 her with (9.4), shows th
1
z¥<z? = Bar + 0(2d)72. (9.14)

This completes the proof of (9.5).

Proof of (9.6). We prove that Z, and Z, are O(2d)—>. For each, we distinguish the four
possibilities |{sy,$2,53,54}| = 1,2,3,4.

If |{s1,52,53,84}| = 1, the products —V;,Vi3Vi4 = 1 and —V2Vj3Va are equal to 1, and
the sums in (9.1) and (9.2) reduce to 2dr?, which is 0(2d)~* by (6.2).

If |{s1,52,83,84}| = 2, we decompose the products —V;,Vi3Vi4 and —VipV3)Va4 into a
factor that involves the two different vertices, and the remaining two factors. We bound
these last two factors by 1, so their corresponding sums are bounded by r2 = 0(2d)~2.
The remaining sums are equal to (9.8), which by (9.9) is of order O(2d)~2.

If |{s1,52,53,54}] =3, we decompose —VppVi3Via and —VippVi3Vas into two factors
involving the three distinct vertices, and one remaining factor. We bound the latter
factor by 1, and the corresponding sum becomes r. = O(2d)~!. The remaining sums are
bounded by Z? for the case —Vi3V13V14, and by Z? or (ZV)? for the case —VipVi3Voy.
The overall contribution in both cases is therefore 0(2d)3, by (9.3) and (9.4),

If |{s1,502,53,54}] =4, an example of the required intersections for Z’ is depicted in
Figure 7. By taking into account all possibilities for Z’ and Z”, we draw the crude
conclusion that at least six bonds are needed to achieve the required intersections, and
this leads to an upper bound of the form

> ofspnsns
ni+ny+n3=6

for a fixed value of M, and is hence O(2d)3.
This completes the proof of (9.6) and of the lemma. U]
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Lemma 9.2. For lattice trees or lattice animals,

r53"> 02d)™ (n=4,5,6), (9.15)
' =o0(2d)7. (9.16)

Proof. We consider the two equations in turn.

Proof of (9.15). First we consider I'®#), and we will show that

o9 () :r«))(z)(:! 72 iz’z (z )> (9.17)

This is sufficient, by (9.6) together with the fact that T'Q) = e = O(1) by (3.22) and
(6.2). To prove (9.17), we are considering the case where the set of labels {i, j,k, 1, p,q} in
(3.17) has cardinality 4, and we may assume the labels are 1,2,3,4. We find 16 possible
arrangements for the labels, which can be reduced to the following two cases.

(i) Three labels are equal and the other three are different from the first ones and among
them, eg,i=k=p=1, j=2,1=3 and q = 4. There are four arrangements of this
type.

(ii) There are two pairs of equal labels and a pair of distinct labels, e.g., i=k =1,
j=p=2,1=3and q = 4. There are 12 arrangements of this type.

Interchanging the sums arising from substitution of (3.17) into (3.20) (with i = 3) and
using symmetry, as in the proof of Lemma 3.2, gives (9.17).

For I'>d), one of the factors V;; has labels that do not repeat, and the other two factors
share one of the labels. The sums over the s and S with the two non-repeating labels yield
ZV = 0(2d)~!. The sums over the remaining labels are bounded above by Z? = 0(2d)~2.
It is then straightforward to verify that T3 0(2d)_

For I'*®, the six sums over s give (Z(! )3 0(2d)~3, and this leads to T'*® < 0(2d)~>.
This completes the proof of (9.15).

Proof of (9.16). We use the bound |Z,] < 1 in (3.17) and (3.21) to obtain

~(¢4)|<§:% IR U (9.18)

m=4 " S1yenSmEE S13581

ST Y Y Y v

SpIsm 1<i<j<m (k1)edij (p.q)€Aw (rs)EApq

We denote the cardinality of the label set by n = |{i, j,k,I,p,q,r,s}|, so n € {4,5,6,7,8},
and exchange the sums over vertices and labels. As in (9.17), this allows us to rewrite the
upper bound of (9.18) in the form

ITW) < ZZO( (Z 4D, (9.19)
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where the sum over i is a finite sum, the o,; are constants whose values are immaterial,
and each Z®*") is of the form

Z4ni) — Z Z Zs Z zSipd), (9.20)

515 EE S1381 Sn3sn

with V) a product of 4 factors of V,, having n distinct labels in all. Since ') = O(1)
(as observed below (9.17)), it suffices to show that each Z*™) is 0(2d)~>.

For n=4,5 or 6, we substitute one of the factors in |V;jViVpVis| by 1, with the
restriction that the remaining three factors have at least four different labels. The sums
involving the replaced factor yield 1 or 2dr. or (2dr.)*> depending on whether this factor
has 0,1 or 2 distinct labels from the remaining three factors; all three cases are O(1) by
(6.2). The sums involving the other three factors reduce to the cases I'?¥, T35 or [},
which by (9.15) are 0(2d).

For n =7 or 8, we consider three factors in the product |V;jViV,V:s| that have six
different labels and bound the fourth factor by 1. The sums involving the fourth factor
yield 2dr. and (2dr.)*> for n=7 and n =38, respectively. By (6.2), in both cases the
contribution is O(1). By the bound on I'® of (9.15), the sums involving the six distinct
labels is O(2d)3. This completes the proof of (9.16) and of the lemma. U]

9.2. Estimates for lace expansion

Throughout this section we assume the leading behaviour (1.6) (proved in the present
paper in Lemma 6.2) but do not make use of higher-order asymptotics. We prove three
lemmas that were used in Sections 7-8. Recall from (7.1) the definition

0(x) =D > N so. (9.21)

Cp30 Cyox

The following lemma gives a good estimate for Q(s) when |s|; = 1, and gives a crude
(but sufficient) estimate for | x||; > 1.

Lemma 9.3. For lattice trees or lattice animals, and for a neighbour s of the origin,

2 262

+0(2d)7% = 7+ 0(2d)~". (9.22)

€

Q(S) = 2Z(rg(3~ - (2d)2

In addition, for any x, Q(x) < 0(2d)~2 X1

Proof. 1In (9.21), the clusters Cy and C, only contribute to the sum in Q(x) if they have a
vertex in common, say y. There is a path connecting O and y contained in Cy, and a path
connecting y and x contained in Cy, and we can choose these paths to intersect only at y.
We denote the paths by w° and w*, respectively. The union of w° and w* forms a path
connecting 0 to x and passing through y, which we call w. It has length at least | x||{, and
this leads to the upper bound Q(x) < SZ(J.‘XH]’Z) . Together with Lemma 5.1, this proves that
Q(x) < 02d)~2 1,

It remains to prove the first equality of (9.22), as the second equality then follows
immediately from Lemma 6.2. We write Q"(s) to refer to the contribution to Q(s) due to
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configurations where there exists such a path w of length n (the union of »° and w* as in
the previous paragraph) and no shorter path. Since

073(s) < S5 < 0(2d) 2, (9.23)

we can restrict attention to Q" for n < 4. For the case of lattice animals, the contributions
in which Cy or C, has a cycle containing both 0 and s is easily seen to be o(2d)>2.
Therefore, we assume henceforth that each of Cy and C,; does not have a cycle that
contains both 0 and s.

For Q3, we have w = (0,5, s + s,s) for some neighbour s' of the origin perpendicular
to s. There are 2d — 2 such paths and each of them has four possibilities for y. If we treat
the clusters attached to the vertices in w° and w*® as five independent clusters, we obtain
the upper bound

0%(s) < 4(2d —2)z3g> = (; d; +0(2d)72 (9.24)

with the last equality due to Lemma 6.2. For a lower bound, we use inclusion—exclusion
and subtract from the upper bound the contribution when there are pairwise intersections
among the ribs that belong to the same path, either w° or w*. This gives

2
(2d)?

(subtraction of Q(s) in the middle expression also accounts for configurations which are
counted by Q!(s) rather than Q3(s)). We conclude that

Q%(s) > 4(2d — 2)z)g] [g7 — 40(s) — 20(s' + )] = + 0(2d)~2 (9.25)

4e 2
(2d)?

03(s) = + 0(2d)~? (9.26)

For Q!, the path w is given by @ = (0,s). This means that the bond {0,s} is contained
in either Cy or Cy, say in Cy. In this case, Cy consists of the edge {0,s} and two non-
intersecting subclusters, C; and C;, the first one attached at 0 and the second at s. Let
Uy, = —1 if the subclusters C; and C; have a common vertex, and 0 otherwise. Exchanging
the roles of Cy and C, and subtracting the contribution due to the event in which both
clusters Cy and C; contain the bond {0, s}, yields

()= 228 30 37 4G 4045 — [ZZ COHIC g 4 40 )

C;30C;3s €30 Cy3s
= 22,80 — 22,8.0(s) — 22[g2 — Q(s)] . 9.27)
Since z2Q(s) = o(2d)2, together with the contributions analysed previously this gives
4e2
Q(s) = 2zc8 — 22:8:Q(5) — 228 + gz +0(24)” (9.28)

We conclude that
2

3e
(24

(14 22:8:)0(s) = 228} + +o0(2d)2. (929)
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The factor multiplying Q(s) is equal to 1+ 2(2d)~' + 0(2d)~!, so we obtain Q(s) by
multiplying the right-hand side of (9.29) by 1 —2(2d)~! + o(2d)~!. This yields the first
equality of (9.22) and completes the proof. |

The next lemma is applied in Lemmas 8.3 and 9.5. For a neighbour s of the origin, we
define

Q' (s)=>_ D Y RlHRIFR 145, (9.30)

Co20 Ci3s C>20

Lemma 9.4. For lattice trees or lattice animals, and for a neighbour s of the origin,

3
Q'(s) = ;—d +o0(2d)~". (9.31)

Proof. It is straightforward to verify that the contribution when C; contains a cycle
containing 0 and s produces an error term, so we assume that there is no such cycle. If C;
contains the bond (0, s), then Uy Uy, = 1. In this case, we can regard C; as consisting of the
edge (0,s) and two non-intersecting clusters C{ and C| attached at 0 and s, respectively.
Let Uy, = —1 if C) and C| have a common vertex, and 0 otherwise. We obtain

0 1
() =zg >z +ug)

RY350,R! 3¢

+ > ZRRER g1 + 0(2d)

Ro,R>30
Ri>eq,R13(0.e1)

(9.32)

Arguments of the type used several times previously show that the second sum on the
right-hand side is 0(2d)~!. Therefore,
3
Q'(s) = zege — 2:8:Q(s) + 02d) ™ = 55+ 0(2d)7, (9.33)

where the second equality is due to Lemmas 6.2 and 9.3. |

Finally, we prove the following lemma, which is a restatement of Lemma 8.4. It provides
an important ingredient in the proof of Theorem 8.5.

Lemma 9.5. For lattice trees or lattice animals,

N 11e _
e = a2 + 0(2d)72. (9.34)
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Proof. We give the proof only for the case of lattice trees. With minor changes, the proof
extends to lattice animals. Recall from (4.9) that

Y =% " nd(x)

xez4

_Z Z ‘”Dﬁ[ Z |R,H Z Huij H (1+ui,j,)], (9.35)

xeZd weW(x i=0 Ri3w(i) LeLD[0,|w|] ijJEL i'j’eC(L)
\w|>2

where the set of laces is
L0, o] = {{0j. jlol} :0 < j < |ol} U {0j.iol} 10 <i< <o}, (9.36)

and where the set C(L) compatible with L is defined below (4.9). Let l'[f,f’”)(x) denote the
contribution to IT?)(x) due to |w| = n on the right-hand side of (9.35). We will show that

5e

M2 = S+ (9.37)
ey — (25d)2 +o(2d) (9.38)
%4 = P d)2 + 0(2d)? (9.39)
3> = o(2d) 2, (9.40)

which proves (9.34).

Before entering into the details, we recall diagrammatic estimates for lattice trees that
have been developed and discussed at length in [12, 13, 30] (for lattice animals the best
reference is [12]). These techniques are based on the diagrams in Figure 8, which inspire
the upper bound
1% < 25049513, (9.41)
Here the occurrence of ! on the right-hand side is connected with the fact that each
loop in the bounds on diagrams in Figure 8 must consist of at least one bond, while the
appearance of 3 and 4 is due to the 7 lines in the adjacent squares, each of which represents
a two-point function. When we consider configurations for which it is guaranteed that
those two-point functions must take at least k steps in total, the upper bound (9.41) can
be improved to an upper bound

2 SEISHY = o@d) ™, (9.42)
i+j=k
and once k =5 this is an error term. We will exploit this principle in the following,
beginning with (9.40) for its simplest illustration.
Proof of (9.40). When o has length at least 5, then from (9.42) we immediately obtain

279 <23 59 < 0(2d)~2, (9.43)
i+j=5
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sup (1,4) ¢(1,3)
Y Omw ; OD]x SOD bl;pojﬁ S g
)
o 0/1/ 2 L] =T Js sttt

(a) laces (b) intersections (c¢) bounds on diagrams

Figure 8. (a) The two generic laces consisting of two bonds, (b) schematic diagrams showing the corresponding
rib intersections for a non-zero contribution to IT?)(x), and (c) diagrammatic bounds for the contributions to
I?(x). Diagram lines corresponding to the backbone joining 0 and x are shown in bold.

which gives (9.40).

Proof of (9.37). When |w| = 2, there is only the lace L = {01, 12}, and C(L) = @. Therefore,

Hgl) = Z Z ZCZ Z ZLRO‘+‘R1 HIRalg 401Uy 5. (9.44)
x:|x][1€{0,2} ®EW(x)  Ro3w(0),R; (1)
|ow|=2 Ry>mw(2)

For x =0, we have w = (0,s,0), where s is a neighbour of the origin, and Lemma 9.4
gives

3
NC2(0) = 2422 | = + 0(2d) ™" | = —— + 0(2d) 2. 9.45
B20) = 247 | 5+ 02! | = 5 +0(2d) (945)
When |x||; = 2, one way to achieve Uy U, = 1 is to have either Ry or Ry contain the
bond (0,s), and either R; or R, contain the bond (s,x). To obtain a lower bound from
such configurations, we treat the subribs emanating from these bonds as independent, and
use inclusion—exclusion to subtract the possible intersections among them. This yields

4e
(2d)?

> n2Y(x) > 42d)(2d — )zge[gf — 20(s)zeg2] = +o(2d)2. (9.46)

x:[xfl1=2
If (0, s) is not present in Ry and Ry, or (s, x) is not present in Ry and Ry, then an intersection
among the corresponding ribs requires at least four edges (including the step in ), so
as in Figure 8 we obtain for this case the crude upper bound S*4S{13) 4 L4 S#3) This
implies
4
> 0% (x) < 4Q2d)(2d — 1)zig] + SHISH 4 sMSHY — ﬁ +0(2d)72,  (9.47)

x:]x[l1=2

and with (9.45)—(9.46), this completes the proof of (9.37).

Proof of (9.38). When |w| = 3, there are three laces:
L=1{01,13}, L={02,23}, L ={0213}.
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The laces L = {01,13}, L = {02,23}. By symmetry, both laces give the same contribution
to (9.35), so of these we only study the contribution due to L = {01,13} (with C(L) =
(12,23}), which is

Z Z zf, Z ZlBOH‘\Rl\+\R2\+\R3‘u01u13(1 + U1 4 Uss). (9.48)

x:||lx]1€{1,3} weW(X) Rop2w(0),R12mw(1)
lol=3  R50(2).R:30(3)

The case of ||x|; =1. When |x|; =1, w either has the form w = (0,x,y,x) for y a
neighbour of x (possibly y =0), or w = (0,s,s+ y,x) for a neighbour s of the origin
distinct from x and for y € {—s,x}. In the first case, when w = (0,x,y,x), we have
Uiz = —1 since (1) = x = w(3). Using (1 +Ui2)(1 +Ur3) < 1, Lemmas 6.2 and 9.3, we
find that this contribution to (9.48) is bounded above by
2e
2.3.2 _
(2d) Z(rg(rQ(x) - (2(1)
Also, using (—Up1)(1 4+ Ur2)(1 4 Uzz) = (—Uo1)(1 4 Uiz + Uss), this contribution to (9.48) is
bounded below by

S+ 0(2d)2. (9.49)

_ 2e
(24
where we omit the straightforward details for the Uy U, term. This contribution gets
counted twice to account also for the lace L = {02,23}.

In the second case, when w = (0, s, s + x, x), the contribution to (9.48) is bounded above
by

(2d)*z% [g2Q(x) — 0(2d) 2 — Q(x)*] + 0(2d) 72, (9.50)

Qd)yzig? Y 2RI (—Us) = (2d)2glQ(x — 5) = 0(2d) 7, (9.51)

Ri3s,R35x

where we have employed the straightforward improvement Q(x —s) < 0(2d)™? to the
crude bound of Lemma 9.3, for ||x — s[|; = 2. Also, when @ = (0, 5,0, x), it can be checked
that due to the factor (1 + U,) at least 6 bonds are required to accomplish the intersections
required for UyU;3 = 1. Therefore, using the upper bound (9.42), this contribution is at
most 0(2d)73.

The case of |x||; =3. When ||x|; = 3, it can be checked that the required intersections
cannot be accomplished without using at least 5 bonds, and we conclude from the upper
bound (9.42) that the total contribution from all such x is at most 0(2d)~>/2.

The lace L = {02,13}. Its contribution to (9.35) is

E E z; E IR FIRs ooty 3 (1 + Uor )(1 + Upa)(1 + Uss). (9.52)
x:|x[1€{1,3} ®eW(xX) Ro3w(0),...,
|w|=3 R3>5w(3)

When | x||; = 1, either w = (0,x,0,x), or @ = (0,s,s + y, x) for a neighbour s of the origin
distinct from x and for y € {—s,x}. In the first case, automatically Uyol3 =1 since
w(0) =0 = w(2) and w(1) = x = w(3). The contribution to (9.52) is bounded above by

e
(2d)*

2dz3gt = +0(2d)72. (9.53)
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A matching lower bound is given by

2dz3 Z 2Rl RN 4 Uy + Unay + Uns) > 2d23 [gf — 3g20(x)] = % +o0(2d)2.
R[)E)O ..... ( )
R3>x
(9.54)

In the second case, when w = (0,s,s + y, x), the contribution to (9.52) is bounded above
by

2d(2d — 1)z3g? Z 2RI 7413) < 2d(2d — 1)z g2 Q(x — 5) = 0(2d) 2. (9.55)

R;35,R335x

If ||x|l; =3, the lace L = {02,13} forces an intersection between the ribs R; and R,
without intersecting R, (due to 12,23 € C(L)). It can be argued that the contribution in
this case is 0(2d) 2.

Proof of (9.39). For |w| =4, we first consider the lace L = {02,24} with x = 0, which is
the only case that contributes. After discussing this case in detail, we will argue that all
remaining contribution belong to the error term.

For L = {02,24} and x =0, the significant walks are w = (0,s,0,s,0) with s, s’ neigh-
bours of the origin. There are (2d)> such walks and they have Uplloy = 1. Treating the
five ribs emanating from the walks as independent, we obtain the upper bound

€

2.4 5
(Zd) Z.8 = (2d)2

+0(2d)72, (9.56)

and it is straightforward to verify that this is also a lower bound. This gives the formula
e(2d)~2 + o(2d)~2 that we seek for [12%), so it remains to prove that the remaining terms
contribute o(2d) 2.

The other walks of length four with x = 0 form unit squares containing the origin (the
walk (0,s,s + 5,5,0) does not contribute since it has 1 + U3 = 0). If we bound Uy, by 1,
and use the fact that there are O(2d)* such squares, then we find that this contribution to
I14(0) is bounded by (with s, s orthogonal)

0(2d)*z4gQ(s + ') = 0(2d) 2, (9.57)

where Q(s + ') takes into account the intersection of R, and R4 forced by Ufy.

For the remaining case x # 0 for L = {02,24}, and for all other laces occurring for
|w| =4, it can be checked that there must be at least one additional bond, besides the
backbone, in order to create the intersections for a non-zero contribution. Then (9.42)
gives an upper bound

> SESU = 0(2d)? (9.58)
i+j=5

for these contributions, which thus belong to the error term. This completes the
proof. U]
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