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Abstract

We study random subgraphs of an arbitrary finite connected transitive graph G obtained
by independently deleting edges with probability 1 —p. Let V' be the number of vertices in G,
and let Q be their degree. We define the critical threshold p. = p.(G, A) to be the value of p
for which the expected cluster size of a fixed vertex attains the value A\V1/3, where \ is fixed
and positive. We show that for any such model, there is a phase transition at p. analogous
to the phase transition for the random graph, provided that a quantity called the triangle
diagram is sufficiently small at the threshold p.. In particular, we show that the largest
cluster inside a scaling window of size |p — p.| = ©(Q~ 1V ~/3) is of size ©(V?/3), while below
this scaling window, it is much smaller, of order O(e~2log(Ve?)), with € = Q(p. — p). We also
obtain an upper bound O(Q(p — p.)V) for the expected size of the largest cluster above the
window. In addition, we define and analyze the percolation probability above the window
and show that it is of order ©(Q(p — p.)). Among the models for which the triangle diagram
is small enough to allow us to draw these conclusions are the random graph, the n-cube and
certain Hamming cubes, as well as the spread-out n-dimensional torus for n > 6.

1 Introduction and results

1.1 Background

Random subgraphs of finite graphs are of central interest in modern graph theory. The best known
example is the random graph G(V,p). It is defined as the subgraph of the complete graph on V'
vertices obtained by deleting edges independently with probability 1 — p, and was first studied

*Microsoft Research, Omne Microsoft Way, Redmond, WA 98052, USA. borgs@microsoft.com,
jchayes@microsoft.com

TDepartment of Mathematics and Computer Science, Eindhoven University of Technology, P.O. Box 513, 5600
MB Eindhoven, The Netherlands. rhofstad@win.tue.nl

fDepartment of Mathematics, University of British Columbia, Vancouver, BC V6T 172, Canada.
slade@math.ubc.ca

$Department of Computer Science, Courant Institute of Mathematical Sciences, New York University, 251 Mercer
St., New York, NY 10012, U.S.A. spencer@cs.nyu.edu



by Erdés and Rényi in 1960 [17]. They showed that when p is scaled as (1 + ¢)V ™!, there is a
phase transition at € = 0 in the sense that the size of the largest component is ©(log V') for € < 0,
O(V) for € > 0, and has the nontrivial behavior ©(V?/?) for ¢ = 0. Here, we use the notation
f(z) = ©(g(x)), for f(x) > 0 and g(x) > 0, to denote the existence of a constant C' such that
Clg(x) < f(z) < Cgla). Also, we wiite f(z) = O(g(x)) if f(x) < Cylx), f(z) = olg(x)) if
F()/g(x) — 0, and f(x) = w(glx)) if f(x)/g(x) — .

The results of Erdés and Rényi were substantially strengthened by Bollobas [9] and Luczak [30].
In particular, they showed that the model has a scaling window of width V~'/3 in the sense that
if p=(1+AyV =3V~ then the size of the largest component is ©(V?*?) whenever Ay remains
uniformly bounded in V, is o(V%3) whenever Ay — —oo, and is w(V?/3) whenever Ay — oco.

Considerably less is known for random subgraphs of other finite graphs. An interesting example
is the n-cube Q,, which has vertex set {0,1}" and an edge joining any two vertices that differ
in exactly one component. Let V' = 2" denote the number of vertices in Q,,. It is known since
the work of Ajtai, Komlés and Szemerédi [5] that for p of the form p = (1 + ¢)n™!, the largest
component is of size O(n) when ¢ is fixed and negative, and is of size at least ¢2™ for some positive
¢ = c(e) if € is fixed and positive. However, very little is known about the scaling window. The
best results available are those of Bollobds, Kohayakawa and Luczak in [10], who showed the
following. We use the standard terminology that a sequence of events FE, occurs asymptotically
almost surely (a.a.s.) if lim, .o, P(E,) = 1. In [10], it is shown that that for p = (n — 1)7'(1 +¢)
the size of the largest cluster is at most O(ne2) if € < —e~°™ is a.a.s. (2log2)ne 2(1 + o(1)) if
e < —(logn)*(loglogn)~'n~'/2, and is a.a.s. 2¢2"(1 + o(1)) if € > 60n"'(logn)®. Note that the
resulting bounds, while much sharper than those established in [5], are still far from establishing
the behavior one would expect by analogy with the random graph, namely a window of width
O(V~Y/3) where the largest cluster is of size ©(V?3), with different behavior outside the window
on either side.

For random subgraphs of finite subsets of Z", Borgs, Chayes, Kesten and Spencer [14] system-
atically developed a relationship between critical exponents and the width of the scaling window.
In particular, they determined the size of the largest component inside, below, and above a suit-
ably defined window, under certain scaling and hyperscaling hypotheses (proved in n = 2 and
conjectured to be valid whenever n < 6). These results gave the appropriate version of the Erdds
and Rényi [17], Bollobés [9] and Luczak [30] results for random subsets of Z2.

Very recently, steps have been taken to extend the Erdds and Rényi [17] analysis to more
general finite graphs. Frieze, Krivelevich and Martin [19] showed, in particular, that for random
subgraphs of pseudorandom graphs of V' vertices, there is a phase transition in which the largest
component goes from O(log V') to ©(V'). Alon, Benjamini and Stacey [6] use the methods of [5] to
study the critical value for the emergence of the ©(V') component in random subgraphs of finite
regular expanding graphs of large girth. Note, however, that in the language of the discussion
above, both [19] and [6] consider only € fized; they do not get any results on the scaling window.

In this paper, we study conditions under which random subgraphs of arbitrary finite graphs
behave like the random graph G(V,p), both with respect to the critical point and the scaling
window. More precisely, let G be a finite connected transitive graph with V' vertices of degree (2.
Consider random subgraphs of G in which edges are deleted independently with probability 1 — p.
We show that if a finite version of the so-called triangle diagram is sufficiently small at a suitably
defined transition point p. (see below), then the model behaves like the random graph in the sense
that inside a window of width |p — p.| = ©(Q'V~1/3) the largest cluster is of order ©(V?/3) while

2



it is of order o(V?*?) below this window. These results are essentially optimal within and below
the scaling window. While we do obtain results much stronger than previous results above the
scaling window, our bounds in this region are still far from optimal. It is likely that a condition
beyond the triangle condition (e.g., an condition on the expansion of the graph) will be necessary
to achieve optimal results in this region above the window.

For percolation on infinite graphs, the triangle diagram has been recognized as an important
quantity since the work of Aizenman and Newman [4] who identified the so-called triangle condition
as a sufficient condition for mean-field behavior for percolation on Z". Here, the term mean-field
behavior refers to the critical behavior of percolation on a tree, which is well understood. The
triangle condition is defined in terms of the triangle diagram

V() = 3. (@, u)ny(u,0)7(v,y), (1.1)

u,veV

where the sum goes over the vertices of the underlying graph, and 7,(x, y) denotes the probability
that « and y are joined by a path of occupied edges (in the random subgraph language, 7,(x,y)
is the probability that = and y lie in the same component of the random subgraph). On Z",
the triangle condition is the statement that at the threshold p., V, (z,z) is finite. The triangle
condition was proved on Z" by Hara and Slade [23, 24], using the lace expansion, for the nearest-
neighbor model for n > 19 and for a wide class of spread-out (long-range) models for all n > 6.

Let x(p) denote the expected size of the cluster containing a fixed vertex. Aizenman and
Newman used a differential inequality for x(p) to show that the triangle condition implies that
as p /" p., the expected cluster size diverges like (p. — p)~7 with v = 1. Subsequently, Barsky
and Aizenman [7] showed, in particular, that the triangle condition also implies that as p \, p.
the percolation probability goes to zero like (p — p.)® with 8 = 1. Their proof is based on
differential inequalities for the magnetization. These inequalities, which were motivated by an
earlier inequality of Chayes and Chayes [15, 16|, had been used previously by Aizenman and
Barsky to prove sharpness of the percolation phase transition on Z™ [2]. The exponents v and 3
are examples of critical exponents. For percolation on a tree, the above behavior for the percolation
probability and the expected cluster size can be relatively easily established with v = 3 = 1.

In order to apply the above methods to prove mean-field behavior for percolation on finite
graphs, several hurdles must be overcome. The first is the fact that it is a priori unclear how even
to define the critical value p.. Second, the triangle condition must be modified, since V,(z,y) is
always finite on a finite graph. Third, the method of integration of the differential inequalities of
[2, 4, 7] requires that at p., the expected cluster size diverges, which is again not possible on a
finite graph G. All these facts, which we deal with below, require substantial modification and
generalizations of the methods and concepts of [2, 4, 7].

In addition to the methods involving differential inequalities, our results are based on a second
set of techniques, developed in [14], relating critical exponents and the width of the scaling window.
We will apply these methods here to obtain information on the size of the largest cluster from
information on the cluster-size distribution.

The results of this paper are valid assuming the triangle condition. For the complete graph
G(V,p), we will easily verify the triangle condition below, thereby reproducing some of the known
results for the phase transition in the random graph. In [12], we will use the lace expansion to
verify the triangle condition for several other examples of finite graphs, including the n-cube and



various tori with vertex set {0,1,...,r — 1}". This leads to several new results for these models;
see Section 2.2 below.

1.2 The setting

Let G = (V,B) be a finite graph. The vertex set V is any finite set, and the set of bonds (or
edges) B is a subset of the set of all two-element subsets {z,y} C V. The degree of a vertex z € V
is the number of bonds containing x. A bijective map ¢ : V — V is called a graph isomorphism
if {o(x),p(y)} € B whenever {z,y} € B, and G is called transitive if for every pair of vertices
x,y € V there is a graph-isomorphism ¢ with p(z) = y. Transitive graphs are by definition regular,
i.e., each vertex has the same degree.

Let G be an arbitrary finite, connected, transitive graph with V' vertices of degree 2. We
study percolation on G, in which each of the bonds is occupied with probability p independently of
the other bonds, and vacant otherwise. We denote probabilities and expectations in the resulting
product measure by P,(-) and E,(-), respectively.

As usual, we say that x is connected to y, written as x < y, when there is a path from z to y
consisting of occupied bonds. We define the connectivity function 7,(x,y) by

(x,y) = Py(z < y). (1.2)

We denote by C'(z) the cluster of a vertex x, that is, the set of all vertices in G which are connected
to x, and by |C(x)| the number of vertices in this cluster. Note that the distribution of |C'(z)| is
invariant under the automorphisms of G, and hence independent of z. Instead of |C(x)|, we will
therefore often study |C(0)|, where 0, the “origin”, is an arbitrary fixed vertex in V.

Our main results involve the cluster size distribution,

Por(p) = Pp(IC(0)] = K), (1.3)

the susceptibility

x(p) = Ep|C(0)], (1.4)
(i.e., the expected size of the cluster of a fixed vertex), and the size of a maximal cluster Cpax,
namely

|Cinax| = max{|C(x)| : x € G}. (1.5)
By definition, the function y is strictly monotone increasing on the interval [0, 1], with x(0) = 1
and x(1) = V. Also,
x(p) =E, > Iz € C(0)]=> 7,(0,). (1.6)
eV zev

Recall that for G(V, p) the largest cluster inside the transition window is of order V?/3. Tt is not
difficult—in fact, easier—to determine the expected cluster size inside the window, which turns
out to be of order V/3. Motivated by this fact, we define the critical threshold p. = p.(G, \) of a
finite graph G to be the unique solution to the equation

X(pe) = AV'/3, (1.7)

with A > 0. There is some flexibility in the choice of A, connected with the fact that the transition
takes place within a window and not at a particular value of p. A convenient choice is to take A
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to be constant (independent of V). We will always assume that 1 < A\V'/3 <V so that p, is well
defined and 0 < p. < 1.

The definition (1.7) is appropriate for graphs that obey mean-field behavior, which we expect
only for graphs that are in some sense “high-dimensional.” As we discuss in more detail in
Section 3.4.2, we expect that a different definition of the critical threshold would be appropriate
for a graph providing a finite approximation to Z" for n < 6 (with a lesser modification required
also when n = 6).

1.3 Main results

In this section, we state our main results, which hold for arbitrary finite connected transitive
graphs, provided the triangle diagram (1.1) at p. is sufficiently small. To be more precise, we will
assume that

Vpc($, y) < 5:p,y + ay (18)

for a sufficiently small constant ag, a condition we call the finite-graph triangle condition, or
more briefly, the triangle condition. Although we have not done the necessary computations, the

constant ay need not be extremely small, and we expect our results to hold for ag of the order of
1
E.

By (1.6), >yev Vp(2,y) = x(p)*. As a consequence, the triangle condition implies that

In particular, it is necessary that A be chosen to be small in order for the triangle condition to
hold. It turns out that choosing A small is also sufficient to imply the triangle condition for many
graphs G. For the random graph, this is shown in Section 2.1, and for several other models in [12];
see Section 2.2. Indeed, we will show that for these models,

V(@ y) = doy + O(Q7) + O (p)/V) (1.10)

whenever x3(p)/V is small enough.
Our results concerning the critical threshold are given in the following theorem. In its state-
ment, we make the abbreviations

€ = = \yTE, 1.11
" X(pe) (L1)
and B
= . 1.12
Vp = max V,(z,y) (1.12)

Theorem 1.1 (Critical threshold). For all finite connected transitive graphs G, the following
statements hold.
(1) If X > 0 and the triangle condition (1.8) holds for some ag < 1, then

1 — €p
1—¢ <Qp. < . 1.1
€0 > 3Pe > 1_ ao ( 3)
(ii) Given 0 < \; < Ay < 00, let p; be defined by x(p;) = \VY3 (i =1,2). If V,, < 1, then
Mo Lo 1 de L1

AAy VIB = S 1=V, M VB



For example, if G is the complete graph on n vertices (so that V' =n and Q =n —1), and if p,
is inside the transition window consisting of p with Q[p — 2| = ©(V~1/3), then p; remains within
the transition window for any constant \; < As.

Our results concerning the subcritical phase are given in the following theorem.

Theorem 1.2 (Subcritical phase). There is a (small) constant by > 0 such that the following
statements hold for all positive X\, all finite connected transitive graphs G and all p of the form
p=p.— Q7 te with e > 0.

(i) If the triangle condition (1.8) holds for some ag < 1, then

1 1

< < -
€+ € <x(p) < €0 + [1 — aole

(1.15)

(i3) If the triangle condition holds for some ag < by, if by > X'V =3 and for the lower bound of
(1.16) if V is larger than some constant Vy, then

10752 (p) < By (|Cmaxl) < 20°(p) log(V/X*(0)), (1.16)
2 3 Ve
Pp<|6’max! < 2x°(p) log(V/x (p))> 2 B loe Ve () (1.17)
and, for w > 1, , , B
Pp(ICmaxl > ;60(53)) > (1+ 365‘/(79)) . (1.18)

Our next theorem states our results inside the scaling window.

Theorem 1.3 (Critical Window). Let A > 0 and A < oo. Then there are finite positive
constants by, . .., bg such that the following statements hold for all finite connected transitive graphs
G provided the triangle-condition (1.8) holds for some constant ag < by and \V/3 > byt with by
as in Theorem 1.2. Let p = p. + Qe with |e] < AV =13,

(i) If k < 0, V?/3 then

bf? < Poilp) < 33% (1.19)

(i)

baV*/* < By (|Cunax|) < b5V*/? (1.20)
and, if w > 1, then
Pp(w—lv2/3 < [Crma| < wV2/3> >1 - be. (1.21)
w
(iii)
b VY3 < x(p) < bsVV/3, (1.22)

In the above statements, the constants by and bz can be chosen independent of X and A, the constants
bs and bg depend on A and not \, and the constants by, by, bg and by depend on both \ and A.

Our results on the supercritical phase are given in the following theorem.



Theorem 1.4 (Supercritical phase). Let A\ > 0. The following statements hold for all finite
connected transitive graphs G provided the triangle-condition (1.8) holds for some constant ag < by
and \V'/3 > by, with by as in Theorem 1.2. Let p = p. + €Q~" with € > 0.
(1)

By (|Cunax|) < 216V + 7V%/3, (1.23)
and, for all w > 0,

IPp(\Cmax\ > w(V?3 —i—eV)) < 2 (1.24)

1
w
(i) If 0 < e <1 then

x(p) < 81(VY/3 +812V). (1.25)

Note that Theorem 1.4 does not give lower bounds on the size of the largest supercritical cluster.
We believe that this is not a mere technicality. Indeed, the formation of a giant component in
the random graph is closely related to the fact that moderately large clusters have a significant
chance to merge into a single, giant component as € is increased beyond zero by an amount of order
V=1/3 This fact involves the geometry of the random graph, and may not be true for arbitrary
transitive graphs obeying the triangle condition. It would be interesting to know whether there
exists a sequence of transitive graphs G,, such that the largest cluster above the window is o(eV'),
at least if eV =13 — oo sufficiently slowly. On the other hand, as we explain in more detail in
Section 2.2 below, our results apply to the n-cube Q,,, and for QQ,, we prove complementary lower
bounds to the upper bounds of Theorem 1.4 in [13]. Our proof of these upper bounds is valid for
e > e~ and not in the full domain ¢ > V=13 = 2-7/3 where we would conjecture that they
are valid. The methods of [13] rely heavily on the specific geometry of Q,, and do not apply at the
level of generality of Theorem 1.4.

We close this section with a theorem that gives a more precise bound on the susceptibility
below the window, under the assumption that the stronger triangle condition (1.10) holds. We
make the constants in (1.10) explicit by assuming that

Vo(r,y) <8y + K1 Q1+ sziﬁm (1.26)
for some constants K, Ky < oo and all p < p.. Let
a=K Q4+ K\, (1.27)
Ky = Ky/(1—a), (1.28)
ale) = K971 + KQA?’EOJF(;O_G)G. (1.29)

Theorem 1.5 (Sharpened bounds). Let A > 0 and let G be a finite connected transitive graph
such that (1.26) holds for all p < pc, with the constant in (1.27) obeying a < 1. Let p = p. — Q7 Le
with € > 0, and let Ky and a(e) be given by (1.28)~(1.29). Then

1 —
1— e < Ope < U (1.30)
1-— K1Q71 — KQ)\SEO
1 1
< < . 1.31



The inequality (1.30) implies that [Qp. — 1| = O(Q~! + A7V ~1/3) (assuming A < 1). The
significance of (1.31) is most apparent if we consider a sequence of graphs with A > 0 fixed,
V — oo and © — oo, for € such that €¢/¢y — oco. In this limit, (1.31) implies that

L1+ o(1). (1.32)

X(p) = c

We will apply Theorem 1.5 to the random graph in Section 2.1.

1.4 General sequences of finite graphs

To illustrate our theorems, it is instructive to consider a sequence of finite connected transitive
graphs G,, = (V,,B,,) with |V,| — oco. We will say that such a sequence obeys the finite-graph
triangle condition if there exist a A > 0 such that the condition (1.8) holds for all n, with a constant
ao that is at most as large as the constant by in Theorem 1.2.

Consider thus a sequence of finite connected transitive graphs G,, satisfying the finite-graph
triangle condition. Consider also a sequence of probabilities of the form

DPn = Pe T+ Q_len- (133)

Motivated by the random graph (and our theorems) we say that the sequence p, is inside the
window, if limsup,,_, |€,V,}/?| < oo, below the window if €,V}/* — —oo, and above the window if
€,V}/3 — 00 as m — o0o. In order to avoid dealing with higher order corrections in ¢,, we assume
here that ¢, — O.

Consider first a sequence below the window, i.e., assume that enVnI/ 3 - —o0oasn — oo. The
first statement of Theorem 1.2 then implies that

X(pn) = ©(€,”) (1.34)
with v = 1, while the second implies that
0(6,") < Ep([Cmaxl) < O(e;* log e V7%, (1.35)
and
O(€,2) < [Comax| < O(€;2 log |, VV3])  a.as. as n — oo. (1.36)

Note that this implies, in particular, that below the window, |Cax| = 0(V,?/?) a.a.s. as n — oo.
Next, consider a sequence p, inside the window, i.e., a sequence of the form (1.33) with
limsup |€,V,}/3| < co. Theorem 1.3 then implies that

X(pn) = O(V,7), (1.37)
Ep (|Cnax|) = O(VZ3), (1.38)
with the probability of the event
_ |Cmax|
wn)™t < —"5 < w(n) (1.39)
Ey (|Cuna])

going to one whenever w(n) — 0o as n — 0.

Let us finally consider a sequence p,, above the window, i.e., a sequence of the form (1.33) with
€,V}/3 — 0o. Theorem 1.4(i) then implies that the expected size of the largest cluster is O(¢,V,,),
and Theorem 1.4(ii) shows that x(p,) = O(2V},).
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1.5 The percolation probability and magnetization

It is a major result for percolation on Z™ that the value of p for which x(p) becomes infinite is
the same as the value of p where the percolation probability, or order parameter, IP,(|C(0)| = o),
becomes positive [2, 31]. In the present setting, since the graph is finite, there can be no infinite
cluster and the definition of the order parameter needs to be adapted. A natural definition of the
finite-size order parameter is the ratio of the expected maximal cluster size to the volume V:

E, (|Cunax
9(19)2(‘ )

s (1.40)

However, we are unable to prove a good lower bound on (1.40) in the supercritical regime,
and we therefore consider an alternative definition in terms of the cluster size distribution Psy(p).
Parameterizing p as p = p. + €71, we define the percolation probability by

Oa(p) = Pp(|C(2)] = Na) = Pon,(p), (1.41)
where 1
N, = 6—2(6V1/3)a. (1.42)

Here « is a constant with 0 < a < 1. This definition is motivated by the known behavior of
the random graph. Above the window (corresponding to €V'/? — o0), it is known that a.a.s., the
largest component has size [Cpax| = 26V [140(1)], while the second largest has size 262 log(e3V)[1+
o(1)]. For the random graph above the window, the cutoff N, in (1.41) is therefore much larger
than the second largest, and much smaller than the largest cluster. Thus we regard 6,(p) as an
appropriate substitute for #(p). (The above reasoning actually suggests the wider range 0 < o < 3
for «, but for technical reasons we require 0 < a < 1.) Our results for 6,(p) are stated in the
following theorem.

Theorem 1.6 (The percolation probability). Let A > 0 and 0 < o < 1. Then there are finite
positive constants by, by, b1y, bia such that the following statements hold for all finite connected
transitive graphs G provided the triangle-condition (1.8) holds for some constant ay < by and
AVI3 > bt with by as in Theorem 1.2. Let p = p. 4+ eQ L.
(1)

bioe < O,(p) < 276, (1.43)
where the lower bound holds when byV~'/3 < e <1 and the upper bound holds when eV/? > 1.

(i) If max{bV =13 V1) <€ <1, where n = 322 then

bu

D (1.44)

Py IConl < [1+ (V) 0ulp)V) 2 1 -

In the above statements, the constants by, b1y, b11 and bis depend on both o and A.

Theorem 1.6(i) is analogous to results proved for percolation on Z" (assuming high n for the
upper bound) in [2, 7, 23]. Theorem 1.6(ii) shows that it is unlikely that the largest supercritical
cluster is larger than 6,(p)V, at least for € not too small. As we will describe in more detail in
Section 2.2 below, it is shown in [13] that when G is the n-cube, it is possible also to prove a lower
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bound on |Cpax|, S0 that |Cpax| is of the same order of magnitude as 6,(p)V, at least when € is
not too small. The fact that 6,(p) can be used in this way serves as further justification for the
definition (1.41). In [14], a similar approach was used for Z" in low dimensions.

Our analysis of 0,(p), and more generally our analysis of the cluster size distribution P>k (p), is
primarily based on an analysis of the magnetization. Let Py(p) be the probability that |C(0)| = k.
The magnetization M (p,~) is defined by

\%4

M(p,y)=1-= (1 —7)"Pu(p). (1.45)
k=1

Thus M (p, ) is essentially the generating function for the sequence Py(p), and M (p,0) = 0 for all
p. Estimates on M (p,~y) for small 7 can be converted into estimates on Py(p) for large k, via an
analysis reminiscent of a Tauberian theorem. The name “magnetization” is used because M (p, )
is analogous the magnetization in spin systems, and the variable h > 0 defined by v = 1 —e™"
plays the role of an external magnetic field in that context. Our main results for the magnetization
are summarized in the following theorem.

Theorem 1.7 (The magnetization). Assume that ag is sufficiently small, and let 0 < v < 1.
(i) If p < p. then

1 . :

3 min{y/7,7x(p)} < M(p,7) < min{y/12y, 7x(p)}- (1.46)

(ii) If p = p. + Qe and € > 0 then

M(p,~) < /127 + 13e. (1.47)

Let 0 < o < 1 and p > 0. There is a positive ¢ = c(a, A) and big = bis(a, A, p) such that if
bisV13 < e <1 then
M(p, pN;') > cemin{1, p*/?=)}, (1.48)

1.6 Guide to the paper

In Section 2, we discuss several examples where our general results can be applied. In Section 3,
we indicate some of the main ideas that enter into the proofs of our main results.

The following table indicates where the various theorems are proved. The notation [u.b.] refers
to the upper bounds on |Cpax| and [1.b.] to the lower bounds.

Theorem || 1.1 [ 1.2 (i), (ii) [wb] [ 1.2 (ii) [Lb] | 1.3 (i) | 1.3 (ii-iii) | 1.4 (i)
Section 4 4 7 6 3 6
Theorem || 1.4 (ii) 15 16(G) |16®)]| 17

Section 8 4 6 9 5

There is no dependence on Section 4 in Sections 5-9. The bounds on the magnetization proved
in Section 5 are crucial for Sections 6-9. Section 7 depends on Section 6, which in turn depends
on Section 5. Sections 8 and 9 each depend on Section 5 and on no other section. Sections 7, 8
and 9 are mutually independent. Three differential inequalities, needed in Sections 4, 5, and 8, are
proved in Appendix A.
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2 Examples

2.1 The random graph

In this section, we illustrate both the finite-graph triangle condition and our results when G is
the random graph on n vertices. In the notation of the last section, we thus consider the graph
G = K, the complete graph on n vertices, with V' = n vertices of degree {2 =n — 1.

2.1.1 The triangle condition for the random graph

For the random graph, the triangle diagram can be explicitly and easily calculated in terms of the
expected cluster size x(p), as follows. Due to the high degree of symmetry of the complete graph,
the two-point function takes on only the two distinct values 7,(z,z) = 1 and 7,(z,y) = 7 (say) for
x # y, so that 7,(z,y) = 6, + 7(1 — 0,,). The triangle diagram (1.1) is therefore given by

1+3n—1)7*+(n—1)(n—-2)7 if =y,

. 2.)
3r+3n—2)72+[14+(n—1)(n—2)]7* ifz#y.

vp(xa y) = {

Also, by (1.6), 7 = (n — 1)} (x(p) — 1). Since x(p) < n, this implies that 7 < n~'x(p). It is then
straightforward to see that

Vip(2,y) < 0uy +

ng(zm [1+3x 7' () +3x7°(0)] < buy + T "X (). (2.2)

Recalling that by definition,
X(pe) = An'/?, (2.3)

we have thus obtained the triangle condition (1.8) with ag = 7A%. In addition, (1.26) holds with
K;=0and Ky = 7.

2.1.2 The phase transition for the random graph

Having verified the triangle condition, we can now apply the results of Section 1.3 provided we take
A to be a sufficiently small constant. Starting with Theorem 1.5, since Q@ =n—1=n(1+0(n™1)),
(1.30) implies that

e — 711(1 +Om ). (2.4)
While we cannot expect that p. = 1/n (in fact, (1.30) implies that p. < 1/n if A is small enough),
it differs from the traditional value by only a small amount, small enough to keep it inside the
scaling window. Thus our definition of p,. is quite sensible for the random graph.

In Theorems 1.2-1.5, we have used the parameter ¢ = Q(p — p.). For the random graph,
we will use the scaling p = p.(1 + A,n"'/?), which corresponds to ¢ = (n — 1)p.A,n""/3. Then
€ = €,[1 + o(1)], where

€n = Ayn 13, (2.5)

Note that if A,, — —oo then for K; = 0 we have a(e) = O(|A,,}|), and (1.31) implies the simpler
statement

W) = (1 4+ 0(A; ), (2.6)

B |€n|
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as claimed below in (2.7).
The conclusions of Theorems 1.2-1.6 for the random graph are summarized in the following
theorem.

Theorem 2.1. Let p = p, = p.(1 + Aun™Y3) with p. = pe(n, \) defined by (2.3). There exists a
constant Ao such that the following statements are true for all fixed, strictly positive X < \g, with
the constants implicit in our O(-) and O(-) possibly depending on .

(1) (Subcritical phase). If A, — —o0 as n — oo then

nl/3 »
) = (1 O(A 1), (2.7
2/3 ) 2/3 log [Ay| -1

n?PO(A%) By ([Cnasl ) < 6n%° =25 (14 O(A)), (28)

with
2/3 -2 2/3 log [Ay| -1
n“O(A %) < [Crax| < 61 T(l +O(A,")) a.a.s. asn — oo. (2.9)
(11) (Critical window). If A =limsup |A,| < co as n — oo then

X(p) =0(?),  E,(|Cuaxl) = O0*), (2.10)

with
’Cmax|

w(n) a.a.s. asn — oo (2.11)

wn)™' < 2 <
Ep(|cma><|)
whenever w(n) — oo as n — oo. If kn=2/3 is small enough (depending on A\), then
Pxi(p) = O(k™?). (2.12)
(iii) (Supercritical phase). Let 0 < o < 1. If A,, — 00 asn — oo and €, = A,n"'/3 — 0 then
X(p) = 0('*A2),  Ey(|Cuaxl) = O(ean), (2.13)

and
0 (p) = O(cr). (2.14)

2
If A, — oo at least as fast as ns =" = n3G-2w , then

Pp<|cmax| < (1+ Eim)@a(p)n> >1-— O(W) (2.15)

It is interesting to compare Theorem 2.1 with previously known results for the phase transition
in the random graph. Since p, = n~! + O(n™*3), if we change our parametrization to p =
n~t 4+ An~*3 then we effectively change A by a constant. This affects the constants in the critical
window and has an asymptotically negligible effect in the subcritical and supercritical phases.
This new parametrization is the standard parametrization used (with A instead of A) in much of
the random graph literature. We refer to the book of Janson, Luczak and Rucinski [29], where
references to the original literature can be found. Results in [29] are expressed in terms of the
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variable s, where § + s gives the number of occupied edges, and our formulas can be compared to
theirs by setting s = 4n?/3,

In the subcritical phase, we show that the largest component has size between ¢;n?3A~2 and
con?3A~21og |A|, while [29, Theorem 5.6] gives, in particular, that the largest component is asymp-
totically of size 6n**A~2log|A|. The constant 6 in the upper bounds in (2.8)-(2.9) is therefore
sharp.

In the critical window, we show that the largest component has size ©(n??), while [29, Theo-
rem 5.20] gives, in particular, that the largest component has size X!n?/3 where X! is a random
variable with a nontrivial distribution on (0, c0).

In the supercritical phase, let € = An~'/3 so that p = %(1 + ¢). We show that the largest
component has size O(en). As mentioned below the statement of Theorem 1.4, we have no lower
bound on the largest subcritical cluster in our general setting. In [29, Theorem 5.12], the largest
component is shown asymptotically to have size 2en (their 5 is asymptotic to s when € — 0).
Moreover, [29, Theorem 5.7] yields that the rth largest component (for any fixed r > 2) has size
asymptotic to 6n*2A~2log A. We are unable to get any reasonable upper bounds on the size of
the second largest component.

Although our results are not state-of-the-art for the random graph, it is nevertheless striking
that they follow from a general theory that makes no calculation specific to the random graph
apart from the simple verification of the finite-graph triangle condition in Section 2.1.1. More
importantly, our theorems apply much more generally, to models such as the n-cube and finite tori
in Z" for n > 6, where they imply strong new results.

2.2 The n-cube and several tori

In [12], we use the lace expansion to prove quite generally that for finite graphs that are tori the
triangle condition for percolation is implied by a certain triangle condition for simple random walk
on the graph. As we show in [12], the latter is easily verified for the following graphs with vertex
set {0,1,...,r—1}™

1. The nearest-neighbor torus: an edge joins vertices that differ by 1 (modulo r) in exactly
one component. For r = 2, this is the n-cube. For n fixed and r large, this is a periodic
approximation to Z". Our results apply in the limit in which V' = r™ — oo, in any fashion,
provided that n > 7 and r > 2.

2. The Hamming torus: an edge joins vertices that differ in exactly one component (modulo r).
For r = 2, this is again the n-cube. Our results apply in the limit in which V' = 7" — o0, in
any fashion, provided that n > 1 and r» > 2.

3. The spread-out torus: an edge joins vertices x = (xy,...,2,) and y = (y1,...,y,) if 0 <
max;—1__n |x; —vyi| < L (with |- | the metric on Z modulo ). Our results apply in the limit
r — oo, with n > 7 fixed and L large (depending on n) and fixed. This gives a periodic
approximation to range-L percolation on Z".

Our conclusions thus apply to the percolation phase transition for each of the above examples,
which are all high-dimensional graphs. We do not expect the triangle condition to hold for low-
dimensional graphs, and in particular do not expect the triangle condition to hold for the spread-
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out torus in dimensions n < 6. Nor do we expect the conclusions of our theorems to hold in low
dimensions.

Combined with [12], our results show that the phase transition for percolation on the n-cube
Q,, shares several features with the phase transition for the random graph. In particular, it follows
from the triangle condition for @, proved in [12] and Theorem 1.5 that p.(Q,,\) = n~!' +O(n™?),
for any sufficiently small choice of A. In [27], it is shown that there is an asymptotic expansion for
Pe(Qy, \) to all orders of n~!, with rational coefficients, and in [28] it is shown that p.(Q,,\) =
n'+n? 4+ In7% + O(n™*). In addition, in [13] we use the lower bound on the percolation
probability of (1.43) to prove a lower bound on the largest supercritical cluster for the n-cube.
This leads to a substantial improvement of some of the results of [5, 10].

Our results for fixed n > 7 and » — oo show that in a window of width »~"/3 centered at the
critical value p, = p.(r,n) of the torus, the largest cluster has size ©(r?"/3). It is interesting to
compare this with a previous result for Z". For p = p.(Z"), consider the restriction of percolation
configurations to a large box of side r, under the bulk boundary condition in which the clusters in
the box are defined to be the intersection of the box with clusters in the infinite lattice (and thus
clusters in the box need not be connected within the box). How large is the largest cluster in the
box, as r — 007 The combined results of Aizenman [1] and Hara, van der Hofstad and Slade [22]
show that for spread-out models with n > 6 the largest cluster has size of order r*, and there are
order r"~% clusters of this size. For the nearest-neighbor model in dimensions n > 6, the same
results follow from the combined results of [1] and Hara [21]. The size ¢ for the largest critical
cluster size is different than the /3 that we prove for p = p.(r,n) under the periodic boundary
condition of the torus. Aizenman [1] had raised the question whether a change from bulk to
periodic boundary conditions would change the 7* to 72*/3. It would be interesting to attempt to
extend our results, to show that p.(Z") lies inside the critical window centered at p.(r,n) for large
r, thereby providing an affirmative answer to Aizenman’s question.

3 Overview of the proofs

3.1 Differential inequality for the susceptibility

The results for the critical threshold and the subcritical susceptibility, stated in Theorems 1.1,
1.2(i) and 1.5 are all derived from the differential inequality
_ dv—1
1-V,]0< _dx(p)
dp
where y~! denotes the reciprocal of x, and where V,, is defined by (1.12). This differential in-
equality was proved by Aizenman and Newman [4] with infinite graphs in mind, but their proof
applies also to finite transitive graphs. We recall the proof of (3.1) in Appendix A.1. The triangle

condition is used to bound the left side of (3.1) from below. In Section 4.1, we will show that
integration of (3.1) leads directly to proofs of Theorems 1.1, 1.2(i) and 1.5.

<Q, (3.1)

3.2 Differential inequalities for the magnetization

Aizenman and Barsky [2] used differential inequalities for the magnetization to prove sharpness
of the phase transition for percolation on Z". In [7], they derived a complementary differential
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inequality, assuming the triangle condition, which implied that on Z" the magnetization and
percolation probability behave asymptotically as M (p.,v) = ©(,/7) and P,(|C(0)| = 00) = O(p —
Pe). In Section 5, we recall the statement of the differential inequalities of [2], and in Appendix A.2
we derive a variant of the complementary differential inequality of [7]. In Section 5, we show
how to integrate the differential inequalities to obtain the bounds on the magnetization stated in
Theorem 1.7. In performing the integration, care is required to deal with the finite size effects.

The bounds on the magnetization proved in Section 5 lie at the heart of our method, and play
a crucial role in all of Sections 6-9.

3.3 The cluster size distribution

The magnetization is a generating function for the sequence P,(|C(0)| = k), and its behavior
for small ~ is closely related to the behavior of Psj(p) for large k. This is made precise in
Section 6, where Theorem 1.3(i) and related bounds on Psg(p) are obtained from the bounds on
the magnetization proven in Section 5. The upper bounds on the magnetization easily lead to
upper bounds on the cluster size distribution for all p € [0, 1]. The lower bounds are more difficult.
We will need matching upper and lower bounds on M (p, y) to obtain good lower bounds on Ps(p),
and, in the supercritical phase, our lower bounds on M(p, ) are in the restricted form given in
(1.48), with ~ proportional to N;*. Our bounds on Ps(p) then lead to a proof of the bounds on
0a(p) = P>n, (p) stated in Theorem 1.6(i).

3.4 The scale of the largest cluster
3.4.1 The random variable 7>

Given k > 0, let
Zor = Y 1|0(@)| 2 1 (3.2

xeV
denote the number of vertices that lie in clusters of size k or larger. Then

Ep(Z>k) = V Psi(p). (3.3)

By definition, |Cpax| > k if and only if Zs, > k, and hence, by the Markov inequality,

VP (p)
]P)P(|Cmax| Z k) S T (34)
and
Ep(|Cumax|) <k + Bp(Zx) =k + V Por(p). (3.5)
In addition,
|Crnaxe| = max{k : Z>;, > k}, (3.6)

and hence the random variables { Z> }x>1 provide a characterization of |Cpax|-
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3.4.2 A useful heuristic

The identity (3.6) suggests that if the distribution of Zs is sufficiently concentrated about its
mean, then it should be the case that

By (|Cunax|) = ©(max{k : E,(Z>4) > k}). (3.7)
Define kg = ko(p) to be the solution of the equation
ko = EP(ZZko) = VPZko(p)' (38)

Then we are led to expect that
E, ([Conax|) = © (o (p))- (3.9)

Under certain conditions, this heuristic was made rigorous in [14] to analyze percolation on finite
subsets of Z™, n < 6, and it underlies our approach to obtaining bounds on |Cyayx| from bounds on
the cluster size distribution Psx(p). As a reality check, we note that for the random graph it is
possible to verify, with some effort, that as |e| — 0,

2¢21og(e3V)(1 +0(1)) below the window,
ko(p) = { ©(V?/3) inside the window, (3.10)
2¢V (14 o(1)) above the window.

To leading order the values of (3.10) are the size of the largest cluster of the random graph,
confirming (3.9). Since we are working in settings where random graph scaling should apply,
(3.10) also serves as a guide for our more general transitive graphs.

In particular, as noted in [14], if at the critical threshold we have

Psy(pe) = O(k™°), (3.11)

then kg = O(V9/0+D) and (3.9) predicts that E,, (|Cmax|) = ©(V¥ D). This provides a connection
between the critical exponent § and the size of the largest cluster at criticality. If we assume that
X(pe) is well approximated by B, (|Coax|)Pp. (0 € Cinax) & VO/OFDY=140/(0+1) 1it also suggests that
the correct definition of the critical threshold, in general, is that value of p for which x(p) =
YV @=D/+1) - Again, a constant factor A could be introduced on the right side without significant
effect. For a critical branching process, it is the case that § = 2. For percolation on Z" with n
sufficiently large, it was proved in [25] that § = 2 in the sense that Py(p.) = ck~%/2(1 + k=2) for
some a,c > 0. On the other hand, it is believed that ¢ is strictly greater than 2 below the upper
critical dimension n = 6. Thus we expect that the results of Section 2.2 do not extend to the
spread-out torus for n < 6, and that our definition of p. also requires modification in this case,
namely in (1.7), the exponent 1/3 should be replaced by (6 — 1)/(d6 + 1). Logarithmic corrections
may enter the analysis when n = 6.

We have in mind a high-dimensional graph G for which cycles are of limited importance. Since
each vertex has Q neighbors, criticality corresponds to pQ) ~ 1, or p, ~ Q~!. According to the
above, the value § = 2 gives the familiar value V?/3 for the largest critical cluster. How near to
p. can we expect this behavior to hold, i.e., how wide is the critical window? Let us consider
p < pe, which is easier. First consider the Galton-Watson branching process with Poisson offspring
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distribution of mean 1 — e. This process is known to have total size k with probability precisely
KRN "le ™ (1 — e)*le* and therefore it has size at least k with probability ©(k~1/2e~#/2).
Now suppose our process, with p = p. — Q7 'e, is well approximated by this Galton-Watson process.

Then we would have
const 29
—e .

VEk
When k = O(V?/3) and € = O(V~1/3), the exponential of (3.12) is ©(1), so that Ps.(p.) and

Ps1(p) are of the same order. For e > V~1/3 however, the exponential of (3.12) goes to zero and
this is no longer the case. This suggests that the system behaves critically when e = O(V~/3).

Psy(p) = (3.12)

3.4.3 Our method of proof

Our proofs of bounds on |Cpax| proceed as follows. For p < p., we obtain a mean-field upper bound
on |Cuax| by applying the upper bound

Poi(p) < \/ie_k/(w), (3.13)

which is valid for k¥ > x*(p). The bound (3.13) is proved in [4, Proposition 5.1] and [20, (6.77)]
(the proofs apply directly to any finite transitive graph). We use (3.13) in conjunction with (3.4)—
(3.5), choosing k in accordance with the subcritical case in (3.10). The details are carried out in
Section 4.2. For a lower bound on |Cpax|, we prove a variance estimate for Zsj and use this in
conjunction with the second moment method. The details are carried out in Section 7.

Inside the critical window, our bounds on |Cpax| follow directly from monotonicity and the
subcritical and supercritical bounds. This is discussed in Section 3.6.

In the supercritical phase, the bounds on |Cpax| of Theorem 1.4(i) follow directly from our upper
bounds on P>k (p), and are derived in Section 6. To prove the upper bound on |Cp.x| stated in
Theorem 1.6(ii), we prove another variance estimate for Z;. This estimate allows us to bound the
probability that Z>y,, differs from its expectation V6, (p) by more than a small multiple of V8,(p).
The variance of Z>y, is ultimately estimated in terms of the magnetization, and the details are
carried out in Section 9. The restriction e > V=7 in (1.44) (with n € (3, ) for a € (0,1)) means
that this upper bound on |Cpax| has not yet been proven for all p above the window.

3.5 The supercritical susceptibility

The magnetization has a useful and standard probabilistic interpretation. We define i.i.d. vertex
variables taking the value “green” and “not green” by declaring that each x € V is green with
probability v € [0,1]. The vertex variables are independent of the bond variables. Let G denote
the random set of green vertices. Then, by definition,

Vv
M(p,~) = 2_:[1 — (1= P,(|C(0)] = k) = Py (0 = G), (3.14)

where {0 < G} denotes the event that 0 < x for some x € G. Let

14

X(p,7) = (1 - 7);71\4(29, 7) =Y k(1 =)'y (IC(0)] = k) = E,, (ICO)I(0 4 G))  (3.15)

k=0
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and

v
xL(p:7) = YA = (1= ) By (|C0)] = k) = By, (IC(0)[1(0 = G)). (3.16)
k=0
The proof of Theorem 1.4(ii) is based on the decomposition

x() = x(,7) + xL(,7), (3.17)

which is valid for all v € [0, 1]. Note that (3.17) reduces to the identity x(p) = x(p,0) when v = 0.
It follows from (1.47)-(1.48) (with « = 0 in the latter) that M(p, €?) = O(e) above the window.
For the random graph the largest cluster above the window has size of order €V, so the origin is
in the largest cluster with probability of order e. Thus the probability that the origin is connected
to the green set G and the probability that the origin is in the largest cluster should both be
O(e), when we choose v = ¢2. Thus we regard the green set G as playing the role of an ersatz
giant cluster, when v = €2. From this perspective, x(p, €2) corresponds to the expected cluster size
omitting the giant cluster, whereas x (p, €?) corresponds to the expected cluster size of a vertex
that is in the largest cluster. Thus we might expect to prove that for p > p., x(p, €?) is bounded
above by O(e™!) (appealing to the “symmetry rule” of [29] to relate the supercritical susceptibility
with the largest cluster omitted to the symmetric subcritical susceptibility), and that x| (p, €?)
is bounded above by O(¢2V). An upper bound on x(p,7) will follow easily from our bounds on
the magnetization. To obtain a bound of the form O(e*V) for x| (p, €?), we will make use of the
random variable
Zg=> Iz G), (3.18)
eV
which counts the number of vertices in clusters containing at least one green vertex. This will
require a differential inequality for the expectation of Zg, which is proved in Appendix A.3.

bounds of Theorems 1.2 and 1.4 for the subcritical and supercritical phases.

Proof of (1.22). By the monotonicity of x(p) in p, the lower bound follows from the lower bound
of (1.15) (with p = p. — AQ~'V~1/3) and the upper bound follows from the upper bound of (1.25)
(with p = p. + AQ™1V71/3), O
Proof of (1.20). The upper bound follows from monotonicity of E,(|Ciax|) in p and the upper

bound (1.23) (with p = p, + AQ™'V~1/3). The lower bound follows from the lower bounds of
(1.16) and (1.22). O

Proof of (1.21). It follows from the upper bound of (1.20) and Markov’s inequality that

b
Pp<ycmax| > wV2/3> <% (3.19)

w

for all w > 0. For the complementary bound, we bound P,(|Cpmax| > w™1V?/3) below by its value
at p = p. — AQ7'V~1/3 and apply (1.18) in conjunction with (1.22). O
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4 The subcritical phase

In Section 4.1, we apply a differential inequality for x(p) due to Aizenman and Newman [4] to
show that the triangle condition (1.8) implies the bounds (1.13), (1.14) and (1.15), and that the
stronger triangle condition (1.26) implies the bounds (1.30) and (1.31). In Section 4.2, we apply
the bound (3.13) on the cluster size distribution, also due to [4], to prove the upper bounds of
(1.16)(1.17).

4.1 The subcritical susceptibility and critical threshold

Recall from (1.12) that V, = maxg e Vp(2,y). In Appendix A.1, we prove the differential

inequality
—1

_ dy

1-V,|Q < — <Q

[ p] — dp — ’

which is valid for all p € (0,1). The differential inequality and its proof are due to Aizenrrlan and
Newman [4]. Integration of (4.1) over the interval [p, ps], together with monotonicity of V,, in p,

gives

(4.1)

1=V, ]2 —p1) < x7H(p1) = X7 (p2) < Qpa — 1) (4.2)
Proof of (1.13) assuming (1.8). We set p; = 0 and py = p. in (4.2) and note that x(0) = 1 and
X(pe) ! = €, to obtain (1.13). O
Proof of (1.14). This follows from (4.2) with p; defined by x(p;) = A\;V/3. O
Proof of (1.15). This follows from (4.2) with p; = p and py = p.. O

Proof of (1.31). The lower bound has been proved already in (1.15). For the upper bound, we use
the upper bound of (1.15) and (1.26) to see that for p < p. and x # y,

1 3
<K 4K () 4
Valwy) S K0T VT (e (43)

with ag = a = K1Q7 ' + Ky\3. We now integrate the lower bound of (4.1) over the interval [p, p.],
using (4.3) to bound the triangle diagram. This gives

XHp) — e > /0 dé[l KO- K2V1<1)g>3}

€+ (1 —ag
2
=e(1-K,Q7") — W(f{iao) Lolz - (M) }
=e(l-KiQ™) - 2502V[(?— ao) [1 141 1— Cbo):o] [1 i 1"'(11_‘10):0
2 e(l - Ku7) — 602‘/(}1(2— ap) [1 1+ 1_ GO):J
= €<1 — K07 - K2/\31 + (1 jao)e/eo)' o
The upper bound in (1.31) is equivalent to (4.4). =
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Proof of (1.30). The lower bound of (1.30) was proved already in (1.13). We deduce the upper
bound from the right hand inequality of (1.31) with p = 0, with the last € replaced by Qp,. (which
is the value of € when p = 0); in addition we use that (1 —a)(1 —e€) <1 — € < ¢, which follows
from the first inequality of (1.31) with p = 0. O

4.2 Upper bound on the largest subcritical cluster
Proof of the upper bound of (1.16) and of (1.17). We will prove that

By ([Coax]) < 2X(p) log(V/X*(p)) (4.5)

and

2 3 Ve
Pp(’Cmax, < 2x°(p) log(V/x (M)) > 1 - [21og(V/x3(p))]?/?’ (4.6)

if x(p) < e 2VY/3. The desired bounds follow immediately from (4.5) and (4.6), provided A =
V13x(p.) < e2. However, it follows from (1.9) and our assumptions ag < by and V=3 < by
that A3 < by + A3b3, which gives A < by(1 — b3)~! < 72 (since we take by to be small).

To prove (4.6), we let A =1log(V/x3(p)) and k = 2Ax?(p). By assumption, A > 6 > 1/2, and
hence k > x%(p). We can therefore apply (3.4) and (3.13) to obtain

V Posay2(p) (P) Ve oA — ve (4.7)
24v2(p) (24)3/2\3(p) (24)3/2” '

IA

Py (ICuasl = 24x°(9)) <

which is the desired bound (4.6).
To prove (4.5), we set k = 2(A — 1)x?(p). Combining (3.5) and (3.13) leads to

VVE  an

Ey ([Conl) < 204 = D*(p) |1+

(2(A = 1))3/2x3(p) (4.8)
= 2Y'*(p) log(V/x’(p))
with
0D )] o
- A 2(A—1) ' '
To complete the proof, it suffices to show that
3/2
e 1
(su=n) <4 10

since this implies that Y < 1. To prove (4.10), we use the monotonicity of the function z —
(x — 1)3/2% and the fact that A > 6 to conclude that

8(A—1)% _ 1000
(A2 ) > =5 > el (4.11)

]
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5 The magnetization

In this section, we prove Theorem 1.7. This theorem provides upper and lower bounds on the
magnetization, which is defined by

14

M(p,7) =D [1 = (1= P,(IC(0)] = k). (5.1)
k=1
For fixed p, the function M(p,-) is strictly increasing, with M(p,0) = 0 and M(p,1) = 1. In
addition, for v € (0,1), M(p,~) is strictly increasing in p. Finally, recalling (3.15), we note that
OM /3y = (1 — ) 'x is monotone decreasing in 7. Since M (p,0) = 0 this implies that

1_77x(p, v) < M(p,vy) < vx(p,0). (5.2)

5.1 Bounds on the magnetization

We formulate our results in the general setting of a connected transitive graph G with V' vertices
and degree ), not necessarily obeying the triangle condition (1.8). Instead, we will assume that
one or several of the following conditions hold:

Pe S ay, (53)
Qpc S 1 + az, (54)
Qp. > 1 — as, (5.5)

and, last but not least, the triangle condition (1.8) itself. The constants ag, a1, ay and a3 in
the following statements refer to these assumptions, and when a constant is not mentioned in a
theorem, the corresponding assumption is not used.

Note that when we do assume the triangle condition, then the assumptions (5.3)—(5.5) all
follow, with aq, as, az determined in terms of ag and A, provided V is large enough. To see this, we
note that for any bond {z,y} € B, we have p < 7,(z,y) < V,(z,y) (just take u =v =z in (1.1)),
and hence

Pe < Qo (5.6)

whenever the triangle condition (1.8) holds. In addition, (5.4)—(5.5) follow from (1.13). Therefore,
in particular, the constants a;, as and a3 can be made as small as desired by assuming that ay and
€0 = A"V ~/3 are sufficiently small (as assumed in the theorems in Section 1.3).

The following propositions and corollaries immediately imply Theorem 1.7. The first pair gives

lower bounds on the magnetization, and the second pair gives upper bounds. For Corollary 5.2,
we recall that N, = ¢ 2(eV1/3)® was defined in (1.42).

Proposition 5.1. (i) Let 0 <p <1l and0 <~y <1, and let K =1+ %. Then
1 _
M(p.v) 2 55 [\/Mﬂ +x72(p) — X 1(19)} , (5.7)

S min{y @) 5:8)

so that, in particular,

M(p,v) >
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(1)) If0<po<p<1,0<yw<y<land0<a<1, then

M(p,~) > min { (%)&M@O,%), Z:)M(po,%) +(1—a)?k ;p‘) } (5.9)

Corollary 5.2. Assume that (5.3)—(5.4) hold with a; and as sufficiently small.
(i) If 0 < v <1 and p < pe, then

M(p,7) > 5 minfy/7,1x(0)} (5.10)

(i) Let 0 < a < 1,a = (2—a)™, p>0, andp = p.+Q e, Letbis = A2~ IfbsV 13 <e<1
then . o
M(p, pNy") = 3 min{(1 — @), p*A*"}. (5.11)

Lemma 5.3. Let p < p. and 0 <~ < 1. If (1.8) and (5.5) hold with ay and as sufficiently small,

then
M(p,7) < min{y/127, yx(p)}. (5.12)

Proposition 5.4. Let p=p.+ Qe > p. and 0 <~ < 1. If (1.8) and (5.5) hold with ay and as
sufficiently small, then
M(p,~) < /127 + 13e. (5.13)

Proof of Theorem 1.7. This is an immediate consequence of Corollary 5.2, Lemma 5.3 and Propo-
sition 5.4. L

Note that for p < p. the lower bound (5.10) and the upper bound (5.12) differ only by a
constant, for all v. For p > p., our results are much weaker: If we specialize to + proportional to
N7', and assume that ¢V/'/3 is large enough (in particular, this implies that N ! > ¢2), then our
lower and upper bounds (5.11) and (5.13) differ only by a constant.

Our bounds on the magnetization are proved using the three differential inequalities stated in
the next lemma.

Lemma 5.5. If0<p<1and 0 <y <1, then

oM oM
) < _ el ‘
(1-p)%, <o -n)MT, (514
oM
< 2 - ‘
M 78 +M+Map, (5.15)
and our
M > k(p)(1 = )M~ (5.16)
Oy
where N
k(p) = l<2>p2(1 — p)9*2 [(1 — V;;‘a”‘)2 - V;nax} —p— V;naX] S (5.17)

22



The differential inequalities (5.14)—(5.15) were derived and used by Aizenman and Barsky [2]
to prove sharpness of the percolation phase transition on Z", and will be used to prove our lower
bounds on M (p,7). The derivations in [2] extend without difficulty to an arbitrary transitive
graph, and will not be repeated here. The differential inequality (5.16), which is a variant of an
inequality derived by Barsky and Aizenman [7], will be used to prove our upper bounds on M (p, 7).
We give a proof of (5.16) in Appendix A.2.

5.2 Lower bounds on the magnetization

In this section, we prove Proposition 5.1 and Corollary 5.2, using the first two differential inequal-
ities of Lemma 5.5.

Proof of Proposition 5.1. (i) We fix p € (0,1), and drop the p dependence from the notation.
Inserting (5.14) into (5.15), defining K = 2 and using 1 — v < 1, we get

1-p’
dM ~ L dM
M <y—+ M? + KM*——. (5.18)
dry dry
Since M > 0 as long as v > 0, we get
1 dvy 1 - dy
— — — v <K 5.19
Mad ) St T ar (5.19)
where we are using the fact that M (p,-) has a well-defined inverse function. Therefore,
d (v = dy
— (=) <K+ —. 5.20
dM <M> = A dM (5.20)

Next we integrate (5.20) and use that v(0) = 0 and limy;_o % =+/(0) = 1/M'(0) = x*(p)
to get
Y -1 *
— < KM 5.21
N SXT HEM Ay, (5.21)
where we used the shorthand ! for y7*(p). Observing that 1 — (1 —9)¥ > 1 — (1 —~) = v, we
see from (5.1) that v < M, which simplifies (5.21) to

2 —1
- < KM 5.22
N SN HEM, (5.22)
where K = K + 1. Multiplying by M /K and completing the square on the right side, we thus
obtain
v [x ' X'’
— || <M+ . 2
%+ ) <[+ 3] 523
Since M > 0, this implies that
L b
M>\=+ || — ) 5.24
“\K " [21{] 2K (5.24)

This completes the proof of (5.7).
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To prove (5.8), let us first assume that v > x72?(p). By (5.7) and the fact that the function
flz) = ﬁ(\/x +x 2 — x 1) is increasing, we conclude that

1) 2\ LK)

\/>f AKX 2(p ”A‘K;Kl_lﬁ
zviglmewm» (5.25)

On the other hand, if ¥ < x~?(p), we use the fact that the function g(z) = L(vz + x2 — x ') is
decreasing, together with the bound M (p,y) > 2vg(4K~) of (5.7), to arrive at the same conclusion.
This completes the proof of (i).

(ii) The result is immediate if g = v or py = p so we assume that 79 < v and py < p. We rewrite

(5.15) as
1oM 10

0< ——+ —(pM — 5.26
< i+ oM D) (5.26)
and then integrate (5.26) over the rectangle [yo, ] X [po,p]. This yields
M(zw)) vl . -
0< [ dplog [ 2= o [T 452 (pM(p, A) — poM (po, 7) — (p — po)) - 5.27
[ apton (1220 ) 4 [ M) < M0 D)~ =) 620
Since
0 < M(po,70) < M(B,7) < M(p,7) (5.28)
whenever (p,5) € [v0,7] X [po, p], it follows that
M(p,7) ) (7)
0<(p— log| ————= | +log | — M (p,~) — poM (po, —(p— . 5.29
= mtox (G220 ) 0w (1) M)~ M)~ =) (529)

Dividing by log(/v), we conclude that

— log{ M M
M(p.2) > P20t ) 4 2200 |1 - BRI 20} (5:30
It M(p,v)/M(po,0) < (7/70)%, then (5.30) gives

M(p,») > Z;(]M(po,’yo) 4L ;po 1-al. (5.31)

If, on the other hand, M (p,~)/M (po,v0) > (7/70)%, then it is trivially the case that
M(p,7y) = M(po,70)(v/70)" (5.32)

Therefore, as desired,

M(p,~) > min { (%)&M(po, %), Z;OM(])O, ) + (1 — &)p ;po } (5.33)
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]

Proof of Corollary 5.2. (i) The function K = K(p) = 1+ Qp/(1 — p) is increasing in p, so
K(p) < K(p.) for p < p.. Since the function (v4K + 1 —1)/2K is decreasing in K, for a lower
bound we can replace K by K(p.) in (5.8). Since K(p.) is bounded above by 2 in the limit as a,
and ag go to zero, (5.10) then follows.

(ii) We apply Proposition 5.1(ii), whose conclusion is repeated above in (5.33), with py = p,
v = pN;t and 79 = €? = x %(p.). The requirement v > v, for (5.33) is equivalent to our
hypothesis that € > b3V /3. 1t suffices to show that

a € - -
(7) M (pe, o) =2 5p"A™ (5.34)
Yo 3

and b
- Ve € ~
> —(1—a). 5.35
e ta-a (5.35)
For (5.34), we use (5.8) and the observation in the proof of part (i) to see that

Pe N
;M(pc,'yo) +(1—-a)

VK +1-1] > L (5.36)

X (pe)
oK

3
if a; and ay are sufficiently small. Since (7/70)% = p®\*%(e/ey), (5.34) follows. For (5.35), we
bound the first term on the left side below by zero, and note that

M (pe,v0) >

p_pc_ € €
p e+ Qp. — 3

(5.37)

since € < 1 by assumption and Qp. < 2 if as is small enough. O

5.3 Upper bounds on the magnetization

We now prove Lemma 5.3 and Proposition 5.4. Lemma 5.3 is proved by integration of the differ-
ential inequality (5.16), assuming the triangle condition. We then use the extrapolation principle
of [2, 3, 7] to convert the upper bound on M (p.,~) to an upper bound valid for p > p.. This is
perhaps surprising, since M is an increasing function of p. However, it is also increasing in ~, and
we will see that it is possible to use the differential inequality (5.14) to compensate for an increase
in p with a decrease in 7.

Proof of Lemma 5.3. We first note that M (p,~v) < vx(p) for all p and v, by (5.2). Since M(-,~)
is increasing, it suffices to prove that

M (pe,7) < \/127. (5.38)

We assume that the triangle condition is satisfied and that (5.5) holds for a sufficiently small
constant az. Under these conditions, 1 —az < Qp. < (1 — ag)™! (by (1.13)), p. < ap and
Q= Qp./p. > (1 —as3)/ap, so (5.16) implies that

OM (pe,y)

9 M (pe,7)*. (5.39)

M(pe7) > 51— Olag v ax)] (1~ )
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For p = p,, this gives
10M? 2¢

2 0 < 1 {1 —O(ag Vv G3)}- (5.40)
We integrate (5.40) over the interval [0, 7], using M (p.,0) = 0, to see that
4e
M?(pe,v) < 1 _Fy {1 — O(ag vV a3)}- (5.41)

1

For v € [0, 53], this implies (5.38), provided ag and as are sufficiently small. Finally, we note that

we can remove the restriction v € [0, 1—12], since trivially, M (p,v) < 1 < /12y if v > % ]
Proof of Proposition 5.4. Following [7], we apply the extrapolation principle used in [2], to extend
(5.38) to (5.13). The extrapolation principle is explained in [3] (see also [18]). In our setting, the
finite size effect will need to be taken into account. We find it most convenient to use the variable
h rather than v, and define M(p,h) = M(p,1 —e~"), for h > 0.
Assuming that € < 1, the differential inequality (5.14) implies that

oM - OM

— < AQOM — 5.42

op — oh ( )
where A = (1 —p. — Q7 ')~™' =1+ O(ag) + O(az). For fixed m € [0, 1] and fixed p € (0,1), we
can solve the equation M (p, h) = m for h = h(p), so that M (p, h(p)) = m. Differentiation of this
identity with respect to p gives

OM  OM Oh
— +t = = = 0. (5.43)
dp oh Op|y_,.
Therefore, )
oM
0<— on = P < AQm. (5.44)
8p Ni— oM
m. 9h

The upper and lower bounds of (5.44) imply that a contour line M = m; in the (p, h)-plane
(with p-axis horizontal and h-axis vertical) passing through a point P, = (p1,hy) is such that
M(P) < m; for all points P in the first quadrant that lie on or below the lines of slope 0 and
—AQm; through Pi; see Figure 1. In addition, if Py = (pa, he) is on the line through P, with slope
—AQm,, with py < p;, then P, lies above the contour line M = my, so if we set my = M(Pz),
then mqy > m;. We will use the fact that my > m; below.

Fix h, and fix € > 0. Let P, = (p. + €Q~', h), and define m; = my(e) = M(P,). Let

€ =e+

(5.45)

Am1 ’

and define P, = (p., Amy€’) and my = M (P,). The point P, lies on the line through P; with slope
—AQm;. Therefore, as observed above, m; < msy. Applying (5.38) gives

M(pc + 6971’ h) = ml S m2 — M(pc’ Amlf,) S \/E(l _ e*Amlﬁl)l/Q
— \/E(l o efAmle + efAmle[l o e,h])1/2
< V12(Amae + )7, (5.46)
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P, (Pc, Amlﬁl)

p
Pe
Figure 1: The extrapolation geometry.
with v =1 — e7". The inequality
m} < 12(Amqe + ) (5.47)
has roots
= = 6A4e £ /127 + (6A¢€)2. (5.48)
The root m™ is positive and m™ is negative. Thus we have
M(p.+€Q 1 y) =my <mt < 6Ae+ /12y + (6A€)? < 124e + /127, (5.49)
using vVa+b < \/a+ Vb in the last step. This completes the proof of (5.13), since we can choose
A arbitrarily close to 1 by choosing ay and ag sufficiently small. O
6 The cluster size distribution
In this section, we prove Theorems 1.3(i), 1.4(i) and 1.6(i). The magnetization
%
=> - Pp(IC(0)] = k) (6.1)
k=1
is a generating function for P,(|C(0)| = k). In the spirit of a Tauberian theorem, we will use
the bounds on M (p,y) established in Section 5 to obtain bounds on Ps4(p). We recall the upper
bound
M(p,v) < /127 + 13¢, (6.2)

proved in (5.13) for all p > p. provided ay and ag are sufficiently small, and the lower bound

M(p,) 2 5 minfy/7, ()} (63
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proved in (5.10) for all p < p. provided a; and as are sufficiently small. The discussion of Section 5.1
shows that the constants aq, as and as can be made arbitrarily small if ag < by, €y < by and by is
chosen small enough.

The cluster size distribution and magnetization are related by the following lemma.

Lemma 6.1. Let p € [0,1], k >0 and 0 < v, < 1. Then

Porlp) < ——<M(p, k™), (6.4)
Porlp) 2 M(p,7) = £ M (p. ), (6.5)

Proof. The bound (6.4) follows immediately from the definition of M and the fact that 1 —e™! <
1—(1—k~1)* whenever ¢ > k.

To prove (6.5), we note that [1 — (1 — )¢ < £y. Also, (7 < e —1 = (1 — e), which
combined with e™7 > 1 — 7 gives (7 < (1 — (1 — ¥)%). Therefore,

Mp.7) = Y2(1= (1= 7)) By(CO)] = )
<1 R(CO)I =0+ 2 B(ICO) = 0)
< ge%M@, 7) + Por(p). (6.6)

We will use (6.2)—(6.3) and Lemma 6.1 to prove the bounds in the following lemma.

Lemma 6.2. There is a constant by such that the following statements hold provided ey < by and
the triangle condition (1.8) is valid with ag < by.
(i) If p=p. + Qe > p. then

Por(p) < 21e + 6k, (6.7)

(it) If p < pe then

1
%k’m < Por(p) < 6k71/2 (6.8)

provided k < ﬁ)((p)2 for the lower bound (this assumption is not needed for the upper bound).
(iii) If p = p. + €Q™' (e may be positive or negative here) and k < [100(|e| + €o)] ™2 then

1
kP <p < 6k~ 12, 6.9
S P) < (6.9)
Proof. (i) Inserting (6.2) into (6.4) gives (6.7).
(ii) For the upper bound in (6.8), we take p < p. and note that Ps;(p) < Psi(p.) < 6k~1/2 using
monotonicity in the first step and (6.7) in the second. For the lower bound, we apply (6.5) with
4 =1/k. Since

M(p, k™) < M(pe, k') < /12/k (6.10)
by (6.2), (6.5) implies that
Pi(p) > M(p,y) — V12kve. (6.11)
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If v > x72(p), then (6.3) implies M (p,7) > 5./7, and hence

Psi(p) > ;\/& — V12kve > éﬁ(l - 30\/77@). (6.12)

The choice v = g5 gives the lower bound of (6.8).
(iii) To prove the upper bound of (6.9), we note that k& < [100(|e| + €o)] =% implies |e| < k72
It then follows from (6.4) and (6.2) that

Poi(p) < Porlpe +0.01671707") < - - - [VIZ 4018k, (6.13)

which gives the desired bound. For the lower bound, we note that Ps.(p) > Psi(p. — ||27!) and
that the condition on % in (6.9) implies the condition on & in (6.8) for p. — |e|27*, by the lower
bound on the susceptibility in (1.15). Therefore (6.9) follows from (6.8). O

Proof of Theorem 1.3(i). Lemma 6.2(iii) immediately implies the statement of Theorem 1.3(i)
with by = [100(A + A1)]"2, by = 1/360 and by = 6. 0

Proof of Theorem 1.4(i). We set k = V?/3 in (3.5) and apply (6.7) to obtain, as required,

By (|Cunax|) < 216V + 7122, (6.14)

The bound (1.24) then follows from Markov’s inequality. O
Recall from (1.41) that the percolation probability 6, is defined, for p > p. and 0 < a < 1, by
0a(p) = Pon. (D), (6.15)

with N, = € 2(eV'/?)®. We now prove the bound (1.43) on 6, (p) of Theorem 1.6(i).

Proof of Theorem 1.6(i). (Upper bound on 6, (p).) If a > 0 and €V*/3 > 1, then N, > ¢ 2 and the
upper bound of (1.43) follows from (6.7).

(Lower bound on 0,(p).) We use (6.5) with k = N,, ¥ = N, !, and v = pN;! (with p > 0 to be
chosen below) to obtain
Oalp) = M(p, pN, ") — peM(p, Ni ). (6.16)

Let @ = (2 — ). Let by = A™2%p~% and assume that ¢ > byV/ /3. By Corollary 5.2(ii),
M(p, pN;1) > %min{(l — &), pPEAEY, (6.17)

Assuming that N, > ¢ 2, which follows if we also assume by > 1, it follows from Proposition 5.4
that

peM(p, N;Y) < pe(v/12 + 13)e. (6.18)
Therefore, |
Oa(p) > e<3 min{ (1 — &), p* A%} — pe(V/12 + 13)). (6.19)

Since a < 1 implies @ < 1, we can make the ratio of the first to the second term as large as we
want by choosing p sufficiently small depending on « and A. This gives the lower bound of (1.43),
with by and by depending on « and . O
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7 Lower bound on the largest subcritical cluster

In this section, we complete the proof of Theorem 1.2(ii) by proving the lower bound of (1.16),
and (1.18). Given s > 0, let Z>; be the number of vertices that lie in clusters of size s or larger,
as defined in (3.2). We will use the bound on the variance of Z> given in the following lemma.

Lemma 7.1. Let s >0 and p € (0,1). Then

Var, [Z5] < Vx(p). (7.1)
Proof. Let
X=5(p) = B[ ICO)[T[|C(0)] > s]]. (7.2)
We will prove that
E,(Z2,) < (By[Z5:])" + Vxza(0) (1 — Poa(p)), (7.3)

which implies (7.1).
We start by rewriting the expectation of Z>S as
Ep(22)= X > X B(Cl)=5,Cl) =T). (7.4)
x yGV S:xeS, T:yeT,

|S|>s |T|>s

Next, we observe that C'(z) and C'(y) must be identical if they are not disjoint. As a consequence,
the sum decomposes into two terms: the term

Y Y B(C)=8) =3 3 ISIP(Cle) = §) = Vi=s(p) (7.5)
z,yeVv SIT Iyes zeV S\s:céi
and the term

X Y Y P(C)=5.C@y) =T)

xeV S z€S, er\S T:yeT,

S|>s |T|>s
:ZZP,,( )Z\PQC Yl >s|Cx) = S9). (7.6)
zeV S|sl\€2§ yeV\S

Given a connected set S contributing to the sum in (7.6), we denote the set of all edges which
either join two points in S or join a point in S to a point in V\ S by B, (S). Given y € V\ 5,
may then rewrite the conditional probability as

]P’p(]C’(y)] >s| C(x) = S) = IP’p(]C(y)\ > s | all edges in B, (S) are Vacant). (7.7)

By the FKG inequality, (7.7) is bounded above by the unconditioned probability IP’p(|C (y)| > s).
Therefore, (7.6) is bounded by

> X B(Cl) =S) 3 B(ICw) = )

zeV Sl‘sxéi yeV\S
=V 3 (V= I8])P,(C(0) = S)B,(|C(0)] > s)
S:0€85,
51>
= (]Ep [Zzs])Q - vXZs(p)PZS<p> (78)
The combination of (7.5) and (7.8) proves (7.3) and hence (7.1). O
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Proof of (1.18). Let p < p. and w > 1. Assume that ¢y < by and that (1.8) holds for some ay < by
with by as in Lemma 6.2. We must show that

X*(p) 36x°*(p)\
Con ) > (1 ) . 7.9
(‘ 2 3500,) 2 (1 =y (7.9)
By definition, |Cpax| > s if and only if Z>¢ > 0. By the Cauchy—Schwarz inequality,
Ep|Zss] = By Z5:1[Z5, > 0]] \/IE 72,)By (250 > 0) (7.10)
and thus )
E,|2>.))
P, (|Cumax| = ) = P, (Z5, > 0) > (Bs|Z:]) =(1+2)7", (7.11)
p( ) p( ) Ep (ng)
where
Var, | Z>
- M (7.12)

(2] 2-.]) "

By Lemma 7.1, the variance of Z, is bounded by Vx(p). Combined with (3.3), this gives & <
X(p)VPs4(p)] % and thus

Py (|Cones] > 5) > (1 + ‘%)1. (7.13)

To complete the proof, we note that (7.9) is trivial if w > x?(p)/3600. For w < x?(p)/3600, we

choose s = x?*(p)/3600w and use (6.8) to bound Ps,(p) from below by W\/(i)' This gives (7.9). O

Proof of the lower bound of (1.16). We recall from (1.9) that x*(p)/V < x*(p.)/V = A3 < ap+V L
Therefore, by (7.9), we can choose ay and V=1 sufficiently small that, say,

By ((Coel) 2 X OB, Gyl 2 LB > 1902, an

This gives the lower bound of (1.16). O

8 Upper bound on the supercritical susceptibility

In this section, we prove the bound (1.25) of Theorem 1.4(ii), by showing that if ag and ag are
sufficiently small and p = p. + Q2 'e with 0 < e < 1, then

x(p) < 81VY3 4+ (81€)*V. (8.1)

The proof of (8.1) is based on the decomposition

x(p) = x(p,7) + x1(p,7) (8.2)
discussed in Section 3.5, where
X(0,7) =By, (IC(0)1(0 4 G)) = ;; k(1 —)"P,(|C(0)| = k) (8.3)
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and

XL(p. ) =By, (IC(O)1(0 = G)) = Zkr—l— B, (1C(0)] = k). (8.4)

For an upper bound on x(p,7), it follows from Proposition 5.4 and the lower bound of (5.2)

that

12 13e
x(p,7) </ —+—. (8.5)
Yooy

whenever ag and as are sufﬁciently small and p = p, + Q27 te > p.. This gives a bound O(e7?), if we
choose 7 proportional to €2. To obtain a bound of the form O(e*V) for x, (p, €?), we will make use
of the random variable Zg = Y v [(z < G). As a first step, we prove the following two lemmas,
which give bounds on x (p,7) that are valid for all p and .

Lemma 8.1. Let 0 <p<1and 0 <~ < 1. Then

1
X1 (P 7) < B (23) < VM (p.7) + X1 (p.7), (8.6)

Proof. Under the condition that 0 < G, |C(0)| can be bounded by the number of vertices that are
connected to a green vertex, so that

|IC(0)|1(0« G) < ZI(:L‘HQ)](OHQ) (8.7)

zeV

Combined with transitivity and the definition of Zg, this implies the lower bound in (8.6).
To prove the upper bound, we decompose the expectation of ZS as

Ep~ Zg Z Ep\[I(x < G)I(y < G)I(x & y)]

z,yev

+ > E iz G)(y « G)(z « y)l. (8.8)

z,yeV

As an upper bound, the three events in the first term can be replaced by {z < G} o {y < G}.
We then use the BK inequality (with respect to the joint bond/vertex measure) to bound the first
term by

> Epyll(@ = 9B, [I(y < G)] = VEM*(p, ). (8.9)

z,yev

Since the second term can be rewritten as

> B llm = G)I(z < y)] = D By [|C@)I(z < G)l = Vxuilp, 7). (8.10)
z,yeVv zeV
this proves the upper bound in (8.6). O

Lemma 8.2. Let 0 <p<1and 0<~vy<1. Then

B ICOPIO0 # )] < xa.7) < W) (8.11)
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Proof. We first note that

1 v k 17.2p o o 8XL(]7:7)
jEmUC( P10 # )] = EZ: FR(CON=k) = =5 7= (812)

is monotone decreasing in . Using this fact and the observation that x,(p,0) = 0, integration
over [0,7] gives

yi’yEm“O(O)]?I(O # 9)] < x1lp7) <7

1

LB fcororg)] s

v=0

The right hand side is simply YE,[|C(0)[?], which is less than yx(p)® by the tree-graph inequalities

[4]. O
In Appendix A.3, we use Lemmas 8.1-8.2 to derive the differential inequality
0 30 1—x
%Ep,v(zé> HTM(Z% ”Y)Epﬁ(zé)> (8.14)

forany 0 < p <1 and 0 <~ < 1. We use this to prove the following lemma, which is the final
ingredient needed for the proof of (8.1).

Lemma 8.3. If ay and as are sufficiently small, p = p. + Qe > p. and 0 < v < 1, then

Xi(p,7) <1379V eXp{?H(\/EJF 135)} (8.15)

Proof. We divide (8.14) by the expectation on its right side and integrate over the interval [p., p|.
Since M (p,~)/(1 — p) is monotone increasing in p, the right side (after the above division) is
bounded by its value at the upper limit p of integration. This leads to

3 1—v
Eyo(28) < By (Z8) exp { 7= = M(p.) . (8.16)

We will show that
Ep.~(Z5) < 137V2. (8.17)

With (8.6), (8.16) and Proposition 5.4, this gives the desired estimate. To prove (8.17), we combine
the bounds of Lemmas 8.1 and 8.2 with Proposition 5.4, to get

Ep.+(Z5) < 129V + 93 (pe)V = 129V + 4 A V2, (8.18)

It suffices to show that A < 1. If V =1, (8.18) is trivial, so let us assume that V' > 2. In this case
we may use the bound (1.9) to conclude that A < 1 whenever ay < 1/2. O

Proof of Theorem 1.4(ii). It follows from (8.2), (8.5) and (8.15) that
1 2 2 3 2 2
x(p) < - <,/126 + 13€> + 134V exp {( 125 + 136) } (8.19)
€ gl g L=p g 7
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To estimate the factor 1 — p, we use the bound (5.6) and the definition (5.5) of a3 to see that

l—p=1—p.—Q'e>1—qy— o

(8.20)

1— as
whenever 0 < e < 1. Setting v = 52¢2, and assuming that ay and as are chosen small enough to

ensure that ﬁ(\/?)/li’) +1/4) < 3/4, we then get

3 3
x(p) < -+ (26¢)2V et < o (81€)V. (8.21)

Let ¢ = éV‘l/ 3. We distinguish the cases € < € and € > ¢. In the first case, we use monotonicity
and (8.21) to obtain

x(p) < x(p. + Q7€) < i81V1/3 + VB <81V, (8.22)
If € > €, we use e ' < 81V1/3 to obtain
3
x(p) < 181v1/3 + (81€)?V < 81VY/2 + (81¢)?V. (8.23)

The combination of these two estimates gives (8.1). O

9 Upper bound on the largest supercritical cluster

In this section, we prove the upper bound on the largest supercritical cluster stated in Theo-
rem 1.6(ii). For p < p., we used the variance bound Lemma 7.1. For p > p., we will use the
following alternate bound on the variance of Z-,. For its statement, we define

X<s(p) = B, |[C(O)|I[IC(0)] < s]]. (9.1)
Lemma 9.1. Let s >0 and p € (0,1). Then
Var, [Zss] < (1+pQs)Vx<s(p) < 4s(1+pQs)VM(p,s™1). (9.2)

Proof. We define the random variable Z., = V — Zs, = Y,y I[|C(v)| < s| and express the

variance as

Vary[Zs.] = Var,[Zo] = > [P,(C(v) = 8,C(w) = T) = P,(C(v) = S)P,(C(w) = T)|, (9.3)

v,w,S, T

where the sum is over connected sets S, T with |S| < s, |T| < sand v € S, w € T. Let dist(-, )
denote the graph distance on G. If dist(S,7T") > 1, the events {C(v) = S} and {C(w) = T}
are independent and so the difference is zero. If dist(S,7) = 0, then SN T # @, and the first
probability is zero unless S = T'. The corresponding contribution from the first term is just

Z P,(C(v) = 5) = Vix<s(p), (9.4)

S:|S|<s,
v, wWES
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implying that the contribution from both terms can be bounded by (9.4).

We are left with the contribution of the terms (v, w,S,T') with dist(S,7T) = 1. We need some
notation. Given a connected set S, let F(S) be the set of all edges with both endpoints in S, and
let 0S be the set of edges with exactly one endpoint in S. Finally, let A(S) be the event that E(S)
contains a set O of occupied edges such that the graph (S, 0) is connected. With this notation,
the event C'(v) = S is just the intersection of the event A(S) with the event that all edges in 95
are vacant. Note also that the two events are independent, so that P,(C(v) = 5) is the product
P, (A(S))(1 — p)*S.

If dist(S,T) = 1, the events A(S), A(T) and the event that the edges in 95 U 0T are vacant
are independent. For these (S,T), the difference in (9.3) can thus be rewritten as

B,(C(0) = 5, Clw) = T) = By(C(v) = S)B,(Cw) = T)
= P,(A(S)P(A(T))| (1 = )5 — (1= p) ¥ (1 — )"

—P,(C(v) = S,C(w) = T) [1 (- p)laSOBTI} (9.5)

To continue, we use the inequality 1 — (1 — p)* < pk to obtain

1—(1—p)?»9T <ploSnoT|=p Y. IweSIyeT). (9.6)

z,y:dist(z,y)=1

Combining (9.6) with the identity (9.5), we now bound the contribution to (9.3) due to the terms
(v,w, S,T) with dist(S,7) =1 by

p Y B(IC)| < s,w e Cv),|C(w)] < s,y € Clw),C(x) # Cly))

v,W,T,Y
dist(z,y)=1

=p > P(IC@)] <s,veC@),|C) <sweCly),Cx) #Cy)

z,Y,v,w
dist(z,y)=1

=p Z E,(|C ()| I[|C(x)| < sICWIIC(y)] < s,2 4 y])
dist (1og) =1

<ps L E(IC@IC@) <)

dist(z,y)=1

= psQV x<s(p). (9.7)

Combining this term with (9.4), we obtain the first bound of (9.2).
For the second bound of (9.2), it suffices to show that

X<s(p) < 4sM(p,s™1). (9.8)

For s > 2, we bound x(p,s™!) in (3.15) from below by restricting the sum over k to k < s. We
then use (1 — s™1)* > (1 — s71)* > 1/4 to conclude that y..(p) < 4x(p,s'). Combined with
(5.2), this gives (9.8) for s > 2. If s < 1, the left side of (9.8) is zero and the bound is trivial.
Finally, if 1 < s < 2 then the left side of (9.8) is at most 1, whereas it follows from the fact that
M(p,v) > P, (0 € G) =~ that the right side of (9.8) is at least 4. O
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Proof of Theorem 1.6(ii). Let p = p. + Q 'e. It suffices to prove that under the hypotheses of
Theorem 1.6 there are constants by1, b1o such that

bll

@y .

Py 1G] 2 [14 (V) |V 0a(p) ) <
if max{b;,V /3 V} < ¢ < 1. (The proof actually applies for b1,V "1/3 < ¢ < 1, but the
result is not meaningful unless ¢ > V=) To prove (9.9), we first note that V0,(p) > N, if
bio[eV /33~ > 1, by (1.43). To satisfy bioleVV/33~% > 1, we will take bio > bry’ ™. Thus we
have

P,,(ycmaxy > [1 + (ev">1]vea<p)) _ ]P’I,(ZENQ > [Conse| > [1 + (EV")I]VHQ(p)>
< By (1Zox, = VOup)| 2 (V) Vo). (910

It therefore suffices to show that if max{b;,V /3, V~"} < e < 1 then

bll

B, (128, = VAalo) = (V') V0u(0)) < (g

(9.11)

By the variance estimate (9.2), the triangle condition, and the fact that pQQ = p.Q + e <
1.1 +1 = 2.1 if ap is sufficiently small by (1.13), Var[Zs,] < 12s*V M (p,s~!) for s > 1. Since
M(p,v) < /127 + 13¢ by (5.13), it follows from the fact that N, ! < ¢* that

1

Var[Zsy,] < 200e N2V = 20063_7mv1+2a/3. (9.12)
Therefore, by Chebyshev’s inequality and (1.43),
_ Var[Zsn,] _ 20 1
1 2 - «@
P(1Zen, = Voal 2 (V)7V0a) < (V555 < o ommp s (9.13)

Since 1 = 135__26%, the important factor on the right side is equal to (eV7)~(=2®). This gives (9.11)

and completes the proof. O

A Appendix: Derivation of differential inequalities

A.1 Differential inequality for the susceptibility

In this section, we prove (3.1), which is restated here as Proposition A.1. We follow the original
proof of Aizenman and Newman [4], with a minor extension for the lower bound to deal with an
arbitrary transitive graph G. The proof also provides an instructive preliminary to the proof of
(5.16) in Appendix A.2.

Proposition A.1. For allp € (0,1),

1 -V, (p)? < dgﬁ < Qx(p)> (A1)
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Recall that Eo F' denotes the event that E and F' occur disjointly. Given a bond configuration,
we say that a bond is pivotal for x < y if x < y in the possibly modified configuration in which
the bond is made occupied, whereas x is not connected to y in the possibly modified configuration
in which the bond is made vacant.

Proof of the upper bound in (A.1). By Russo’s formula (see [20, Theorem (2.25)]),

d
—1(z,y) = > P,({u,v} is pivotal for z < y). (A.2)
dp {u,v}€B
Therefore, by the BK inequality,
d
dprp(x,y) <Y P({zcuto{veyl) <) nrun(vy), (A.3)

(u,v) (u,v)

where the sum over (u,v) is a sum over directed bonds. We then perform the sums over y, v, u (in
that order) and use transitivity to obtain the desired upper bound. O]

For the lower bound of (A.1), we will use the following lemma and definition. In the first lemma,
we use transitivity to give an alternate representation for -, (o ,yep V,(0,v). This is related to
an issue raised by Schonmann [32] (see also [33]), who pointed out that the use of differential
inequalities plus the triangle condition to prove mean-field behavior on general infinite transitive
graphs can be accomplished under the additional assumption that the graph is unimodular, and
that it is an open problem to determine whether the assumption of unimodularity is essential.
Finite transitive graphs are always unimodular, so the issue raised in [32] is less relevant for our
purposes. In any case, we will bypass the issue altogether by applying the following lemma. For

its statement, we define
Ti(z) = > > (2 w)7p(2,y)7p(y, v). (A4)
(u,v) yeV

The equality (A.5) of Lemma A.2 will be applied only in (A.20) and (A.53).
Lemma A.2. For each u,z € V,

Ti(z) = Y. Vy(u,v) <QV,. (A.5)

vi{u,v}€B

Proof. The inequality follows from the definition of V,, in (1.12). To prove the equality, let

Dw) = > Vywv)= > > 5w 2)5(zy)50). (A.6)

vi{u,v}eB vi{u,w}eB y,z€V

We first prove that T5(u) is independent of u; a similar proof applies for T7(z). By transitivity,
there is a graph automorphism ¢ = ¢, such that ¢(u) = 0, where 0 is a fixed vertex. Since

(7, ) = Tp(p(7), 0(y)),
To(u)= > > 7(0,0(2)7(0(2), ()7 (2(y), 0(v)). (A7)

vi{u,v}€B y,2€V
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Since ¢ is an automorphism, {u,v} € B if and only if {¢(u), p(v)} = {0, ¢(v)} € B. Similarly, as
x runs over all vertices, so does ¢(x). Relabelling ¢(y) to y, ¢(v) to v, and ¢(z) to z, we thus get

Tow) = > > w(0,2)7(z y)7(y,v) = T2(0). (A-8)

v:{0,v}€B y,2€V

Since Tj(x) (i = 1,2) is independent of x € V| it is equal to the average of its sum over x € V.
Since Y ,cy 11(2) = X uev To(u), this implies that T (z) = Ty(u) for all u, z € V, which proves the
equality in (A.5). O
Definition A.3. (a) Given a bond configuration, and A C V, we say x and y are connected in

A, and write z < y in A, if there is an occupied path from z to y all of whose bonds have both
endpoints in A, or if x =y € A. We define a restricted two-point function by

7 (z,9) = P(z < y in V\A). (A.9)

(b) Given a bond configuration, and A C V, we say = and y are connected through A, if z < y and
every occupied path connecting x to y has at least one bond with an endpoint in A. This event is
written as z < Y.

(¢) Given a bond configuration, and a bond b, we define C®(z) to be the set of vertices connected
to x, in the new configuration obtained by setting b to be vacant.

Proof of the lower bound in (A.1). We say that a directed bond (u, v) is pivotal for 0 « x if {u, v}
is pivotal for 0 «» 2 and also u € C“)(0), v € C™¥)(z). By definition,

{(u,v) is pivotal for 0 <> z} (A.10)
— {0 < uin C™(0)} N {v < z in V\C™(0)}.

Conditioning on C'**)(0), it follows from (A.10) that

IP’p((u is pivotal for 0« )

CE(0) = A,0 > uin A,v < z in V\A)

P,(C(0) = A,0 < u)7 (v, x), (A.11)

v)
A:AS
Z P,(C™(0) = A,0 < u in A)P,(v < z in V\A)
A:AS
Z 7
A:AS
as we now explain. First, for the second equality, we use the fact that the events {C'®)(0) =
A} N{0 < win A} and {v < 2z in V\A} are independent, since the former depends only on the
status of bonds with at least one endpoint in A, while the latter depends only on bonds with both
endpoints in V' \ A. Also, for the third equality, we have used the fact that if 0 <> u but it is not
the case that 0 <> u in A then v must be in A and hence 7';)4(1}, z) = 0. Therefore,

P,((u,v) is pivotal for 0 < z) = E, (I[O — ul Té(u’v)(o)(v, x)) . (A.12)
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Since

{vezin VA ={v o2\ {vda), (A.13)
the identity (A.12) can be rewritten as

_
P,((u,v) is pivotal for 0 «» x) = 7,(0, u)7,(v, x) — E, <I[0 — u|P,(v L0, x)) . (A.14)

By the BK inequality, for A C V we have

B0 2) < By U{v o yholy o)

yeA

< 3Ty € AP ({v = y} o {y — a})

yev

<> 1y € Alrp(v,9)7(y, ). (A.15)

yev
Therefore, for A = C'®)(0) C C(0), we have

Py (v < 0y < 37 1y € CO)]7 (v, 1)7 (v, 2)- (A.16)

yev

Substitution yields

P,((u,v) is pivotal for 0 < z) > 7,(0, u)7,(v, ) — > Pp(0 = u = )7 (v, y)7p(y, z).  (A.17)
yev

The tree-graph bound [4] (which is an elementary consequence of the BK inequality) implies that

P,(0 = 1,0 < y) < 7,(0,2)7,(2,9) (2, ). (A.18)
zeV
Therefore,
P,((u,v) is pivotal for 0 <> x) > 7,(0, u)7,(v, x) (A.19)
= > (0, 2)7m (2, y) (2, W) (y, )7 (v, ).
y,2z€V

Recalling (A.2), and performing the sums over z and over directed bonds (u,v) leads to

Cbc(ig) > Qx(p)? = x(0) X 7(0,2) D° D 7(2,9)7p(2, w)Ty(y, )

zeV (u,w) yev
= W(p)® = x(p) D 7(0,2)T1(2)
zeV
> Qx(p)*[1 = V), (A.20)
by Lemma A.2. O
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A.2 Differential inequality for the magnetization

In this section, we prove the differential inequality (5.16). Our method of proof for (5.16) is related
to, but simpler than, the method used in [7] to prove an analogous statement for percolation on
Z™. See [26, Section 3] for related results for Z™ which are stronger but more difficult to prove. We
restate (5.16) as (A.21) in the following lemma. Note that, by (3.15), the factor (1 —~)0M /07y on
the right side of (5.16) can be replaced by x(p,7). Recall that VI*** = sup, , v [Vp(7,y) — 04y)-

Lemma A.4. If0<p<1and0 <y <1, then

M(p,7y) > w(p)(1 — 7)M*(p, v)aMgs’w (A.21)
where 0
k(p) = l<2>p2(1 —p)? [(1 — V)2 — V;nax} —p— V;naxl 293 (A.22)

Before proving (A.21), we first discuss some preliminaries. Recall the use of the “green” set G
discussed in Section 3.5. Let {v < G} denote the event that there exist x,y € G, with z # y, such
that there are disjoint connections v <+ z and v < y. Let F{,,) denote the event that the bond
(u,v) is occupied and pivotal for the connection from 0 to G, with {v < G}. Let F' = Ugy) Fluw),
and note that the union is disjoint. Since 0 < G when F' occurs,

M(p,v) = ]P)pw<0 = G)> ]PP,W<F) = Z ]P)P,’Y(F(“ﬂ)))? (A.23)
(u,v)

and it suffices to prove that [P, (F) is bounded below by the right side of (A.21).
For z,y € V, we define a “green-free” analogue of the two-point function by

Ton(@,y) =Ppy(z < y, 2 4 G), (A.24)
so that
X(,7) = 7p4(0,2) (A.25)
zeV

and x(p,0) = x(p). Given a subset A C V, we define 7. () to be the probability that (i) z < y
in V\A, and (ii) x <+ G in V\A, which is to say that = <» G after every bond with an endpoint
in A is made vacant. We write I{“"}[E] to be the indicator that E occurs after {u,v} is made
vacant.

Lemma A.5.

Py (Fluw)) = PEpy {Té(um)(v)(oa U)]N{u’v} v g]] : (A.20)

p?’y

Proof. We first observe that the event F{, ) is given by

Fluw = {0 uin WC™ ()} n {0 4 G in V\C™)(v)}
N {{u,v} occupied}
N {v < G after {u,v} made vacant}. (A.27)
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The bond {u,v} has an endpoint in C“*)(v), and hence the event that {u,v} is occupied is
independent of the other events above. Therefore,

Boo(Fum) = # 3 B, [ 1[C™) (v) = AT o & G (A.28)

XI[(0 <> uwand 0 G) in V\AJ].

The two events in the first line depend only on bonds with an endpoint in A (but not on {u,v})
and vertices in A, while those in the second line depend only on bonds with no endpoint in A (so
not on {u,v}) and on vertices in V\ A. Therefore,

Py (Fluw) =2 2 Epa[TICW)(0) = ATV o & G] |7 (0, ), (A.29)
A:Adv

which implies the desired result. [
Proof of Lemma A.j. We use the identities

Tp, w(u U)(v)(o u) = Tpy(0,u) — (Tp7’7(07 u) — Tzfv(u’v)(v)m’ u)) (4.30)
and
[ty & G = Iv < G — (Iv & 6] - I™" v« g]) . (A.31)

It follows from Lemma A.5 and (A.25) that

Py (F) = pQx(p,7)Pp~(0 & G) (A.32)

=2 > Tpr (0B, [I[v & G = 1Mo & g
(u,v)

—p ) By, [(TPW(O u) = C( U)(v)(o )) 9y & g” :
(w0)

We write (A.32) as X; — X5 — X3, bound X; from below, and bound X, and X3 from above.
Lower bound on X;. We will prove that

Q
Py, (0 & G) > (2>p2(1 — )P M (p,7)[(1 = Vp)? = V], (A.33)
which implies that
Q - max max
X0 2 ) (5 )P0 - 02 (- V2 - v (A4

Let E. s be the event that the bonds (0,e) and (0, f) are occupied, all other bonds incident on
0 are vacant, and that in the reduced graph G~ = (V~,B™) obtained by deleting the origin and
each of the €2 bonds incident on 0 from G the following three events occur: e « G, f < G, and
C(e)NC(f) = 2. Let P, denote the joint bond/vertex measure on G~. We note that the event
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{0 & G} contains the event U, ¢E, ;, where the union is over unordered pairs of neighbors e, f of
the origin, and the union is disjoint. Then

Ppy(0=G) = ]P)p,w( Ue.s Ee,f) - ZPPQ’(E
e.f

=p*(1-p)? Y P, (e~ G, f—G, Cle)nC(f) =2). (A.35)
ef

Let W = W, ; denote the event whose probability appears on the right side of (A.35). Condi-
tioning on the set C(e) = A C V~, we see that

P (W)= Y B, (Cle)=A4, e, foG Cle)nC(f)=2). (A.36)

A:A>e

This can be rewritten as

P, (W)= > P, (Cle)=A, e~G, f—GinV \A), (A.37)

by
A:A>e

where {f <> G in V~ \ A} is the event that there exists x € G such that f <> z in V- \ A. The
intersection of the first two events on the right hand side of (A.37) is independent of the third
event, and hence

P, (W)= > P, (Cle)=A4, eGP, (f <~ GinV \A). (A.38)
A:Ase

Let M~ (z) =P, (r < G), for z € V~. Then, by the BK inequality and the fact that the two-point

function on G~ is bounded above by the two-point function on G,

P, (fe GV \NA) =M (f) =P, (fEG)>M (f) =Y molf, )M (y).  (A.39)

yeA
By definition and the BK inequality,

M~ (2) = M(p,7) = Pyy(z <2 G) > M(p,7)(1 = 70(0,2)) > M(p,7)(1 - VyE). (A40)

In the above, we also used 7,0(0,z) < V,(0,z), which follows from (1.1) (with u = v =y = 0).
It follows from (A.38)—(A.40) and the upper bound M~ (z) < M(p,~) that

P, (W) = M(p,) Z P, (Cle)=A, e« g)[ — V) — Z ooy }

A:A>e yeA

= M(p.A)[M ()1 = V5™) = 3 m0(fsy)B, (e =y, e = G)]. (A.41)

yev—

It is not difficult to show, using the BK inequality, that

Byye oy, co G) < Y mole.w)mow, y) M~ (w), (A.42)

weV—
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and hence, by (A.40)-(A.41),

P, (W) = M(p,7) [ M~ (e)(1 = V3™) = 32 7ol fs y)70(e, w)mp0(w, y) M~ (w))]

y,weV—
> M (p,7)[(1 = Vi™)? = v, (A.43)
This completes the proof of (A.33), and hence of (A.34).
Upper bound on Xs. This is the easiest term. By definition,
Xo=p 3 750, 0)Ey, [0 & G = T o & ] (A44)
(u,v)

For the difference of indicators to be nonzero, the double connection from v to G must be realized
via the bond {u,v}, which therefore must be occupied. The difference of indicators is therefore
bounded above by the indicator that the events {v < G}, {u < G} and {{u,v} occupied} occur
disjointly. Thus, by the BK inequality, we have

E,, [I[v & G] - I""[v & G]| < pM*(p, ), (A.45)

and hence,
Xy < p*QM*(p,7)x(,7)- (A.46)

Upper bound on X3. By definition,
Xs=p (Z) Epry [(7pr(0,1) = 75,7 (0, u)) T™Ho & G]] (A.47)
The difference of two-point functions is the expectation of
10 < u,0 <5 G| — I[0 < u in V\C™)(v),0 ¢ G
+ 1[0 < w in V\C®™(0),0 &> G] — I[(0 < u,0 ¢ G) in V\C®)(v)]
<10 £ 0 4 g, (A.48)

since the second line is non-positive and the first line equals the third line. Since the indicator in
(A.47) is bounded above by I[v < §], it follows that
Cwv) (y
X;<p Y E,, {IP’M(O M0, 40 4 ) v G| (A.49)
(u,v)

By [26, Lemma 4.3] (which is proved by conditioning on G),

Py (05w, 045 G) < 3 70 (0,9) 70y, u)I [y € A (A.50)
yev
The important point in (A.50) is that the condition 0 <& G on the left side is retained in the factor
7,~(0,y) on the right side (but not in 7,0(y,u)). With (A.49), this gives

X3 <p Y 3 1y (0,9)70(y, WE,, [T[v & Gy € C(v)]] . (A.51)

(u,v) yev
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Since

I[v& Gy € C“(v)] < 3~ I[{v < w}o{w = y}o{w e G}ofve G, (A.52)

wevV

a further application of BK gives

XS S p Z Tp,’y(()? y) Z Tp,0<y7 U) Z Tp,O(U? w)Tp,D(ya w)M2(p> P)/)

yev (u,v) wevV
= pM?*(p,7)x(p,7)T1(0) < Vy=pQM?(p,7)x(p,7), (A.53)
where we used Lemma A.2 in the last step.
The combination of (A.34), (A.46) and (A.53) completes the proof of (A.21). O

A.3 The differential inequality (8.14)

Let 0 <p<1,0<~v<1, and let Zg denote the number of vertices that are connected to a green
vertex. The differential inequality (8.14) states that

1
%Ep,v(zé> 177]\/[(17» ”Y)EP,W(ZS)- (A-54)

Proof of (A.54). Let A,, be the event that z «<» G and y < G. Then

Epr(Z25) = Y Ppa(A (A.55)

z,yeV
and hence, by Russo’s formula,

;Epv (23)= > > P,,({u,v} is pivotal for A, )
D

z,yeV {u,v}eB

1
=—— > > P,,({u,v} is vacant and pivotal for A, ). (A.56)

1 - p z,yeV {uv}eB

If {u,v} is vacant and pivotal for A, ,, then exactly one of the two endpoints of the edge {u,v}
is connected to a green vertex. Moreover, if one of the two endpoints of {u,v} is connected to a
green vertex, and the other is not, then the edge {u, v} is automatically vacant. As a consequence,

Gagng’7<Zé) = 1i > Y P, ({{u,v} is pivotal for A, } N{u < Gy N{v £ G}), (A5B7)

z,y€V (u,v)

where the sum over (u,v) is a sum over directed edges. To analyze the probability in (A.57), we
distinguish two cases: either exactly one of the two vertices x and y is connected to a green vertex,
or neither of them is connected to a green vertex. It is not possible that both are connected to G,
because we are in a situation where {u,v} is vacant, and it cannot then also be pivotal for A, .

Let us first estimate the contribution due to the event that neither x nor y is connected to a
green vertex. A moment’s reflection shows that this contribution can be rewritten as

Pzw({u A g} N {1’ Sy vdh g}) (A.58)
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We will estimate (A.58) by applying the BK inequality, as generalized by van den Berg and
Fiebig [8] to cover intersections of increasing and decreasing events, to the joint distribution P, ,
(alternatively, the decoupling inequalities of [11] could be applied). With respect to P, ., the event
{u < G} is increasing, whereas the event {z < y <> v ¢ G} is the intersection of an increasing
and a decreasing event. In addition, these events must occur disjointly. Therefore, by the BK
inequality, (A.58) is bounded by

Ppo(u = G)Ppy (2 =y < v G). (A.59)

Consider now the contribution from the event that x is connected to a green vertex, while y is
not. This contribution can be rewritten as

Ppy({u = Gt n{zr = Gy n{y < v # G}, (A.60)
which we bound using the BK inequality by

Ppy({u = Gy 0 {z = G}HPpy(y < v 4> G). (A.61)
Interchanging the role of z and y, we obtain a similar bound on the contribution of the term with

Yy« Gandx <+ G.
Inserting these three bounds into (A.57), and recalling (A.25), we get

0 1
aprﬁ(Zé) < Z Z Ppr(u = G)Pp (2 =y v G)

p 1 -Pp z,y€V (u,v)
2
+— Z Z Pp,v({u - Q} N {x — g})Ppn(y v g)
-p z,y€V (u,v)
VQ 20
= HM(% NE,L[IC0)*1(0 - G)] + gx(p, 7By (Z5). (A.62)
To complete the proof of (A.54), we estimate (A.62) by using Lemmas 8.2 and 8.1 for the first
term, and using the lower bound of (5.2) for the second term. O
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