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Abstract

We consider oriented bond percolation on Z® x N, at the critical occupation density pe,
for d > 4. The model is a “spread-out” model having long range parameterised by L. We
consider configurations in which the cluster of the origin survives to time n, and scale space
by n!/2. We prove that for L sufficiently large all the moment measures converge, as n — o0,
to those of the canonical measure of super-Brownian motion. This extends a previous result
of Nguyen and Yang, who proved Gaussian behaviour for the critical two-point function, to
all r-point functions (r > 2). We use lace expansion methods for the two-point function, and
prove convergence of the expansion using a general inductive method that we developed in a
previous paper. For the r-point functions with r > 3, we use a new expansion method.

Subject classifications: 60K35, 82B43.

1 Introduction and results

1.1 Introduction

The lace expansion has been used to prove mean-field behaviour in high dimensions for models of
self-avoiding walks, lattice trees and lattice animals, and percolation. In particular, there has been
recent progress in identifying the scaling limit of lattice trees above eight dimensions, and of the
incipient infinite percolation cluster above six dimensions, as integrated super-Brownian excursion
(ISE) [12, 13, 22, 23, 37]. In this paper we prove a related result for oriented percolation (also
called directed percolation).
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We consider “spread-out” oriented bond percolation on the lattice Z¢ x N, at the critical bond
occupation density p = p., with d > 4. As we will explain in more detail below, the spread-out
model involves a parameter L > 1 that describes the extent to which connections in the model are
spread-out in space. We study configurations in which the cluster of the origin survives to time
n, and scale space by n'/2. We prove that for L sufficiently large, all oriented percolation moment
measures converge to the moment measures of the canonical measure of super-Brownian motion,
in the limit n — oco. This result goes part way to proving that the scaling limit of the incipient
infinite cluster is the canonical measure of super-Brownian motion, for d > 4. An additional
tightness result, which we have not proved, would be required to conclude weak convergence in
the sense of measure-valued processes.

The spread-out models are believed to lie in the same universality class as the nearest-neighbour
model, for all finite L > 1. Our results therefore support the conjecture that the scaling limit
of critical oriented percolation is super-Brownian motion, for the nearest-neighbour model with
d+ 1 > 5. We believe it should be possible to extend our results to the nearest-neighbour model
for sufficiently high dimensions d, but this work has not been carried out.

The limit L — oo is a mean-field limit, and our method employs the lace expansion to perturb
about a mean-field theory. However, we do keep L finite, and our results include models with
long but finite range. This should be contrasted with the recent work of Durrett and Perkins [14]
(see also [10]), who prove that the critical contact process converges to super-Brownian motion in
dimensions d > 2, for models in which the range of infection diverges at a particular rate as time
goes to infinity. In their limit, mean-field behaviour is observed also below d = 4. It would be of
interest to extend our results for oriented percolation to the finite range contact process for d > 4.
The recent proof of the triangle condition for the contact process with d > 4 and L sufficiently
large [35] would provide a starting point for such an extension.

The identification of d+1 = 5 as the upper critical dimension for oriented percolation originated
in the physical analysis of [33]. Recently, hyperscaling inequalities for oriented percolation and
the contact process have been derived and used to show that mean-field critical behaviour is
incompatible with d + 1 < 5 [36].

1.2 Main results

The spread-out oriented percolation models are defined as follows. Consider the graph with vertices
Z% x N and directed bonds ((z,n), (y,n + 1)), for n > 0 and x,y € Z%. Let D be a fixed function
D : 7% — [0,1] which is symmetric under replacement of any component z; of x € Z¢ by —u;,
and under permutation of the components of z. Let p € [0,|D||3}], where || - || denotes the
supremum norm, so that pD(y —x) < 1. We associate to each directed bond ((z,n), (y,n+1)) an
independent random variable taking the value 1 with probability pD(y — z) and 0 with probability
1 —pD(y — x). We say a bond is occupied when the corresponding random variable takes the
value 1, and vacant when the random variable is 0. The joint probability distribution of the bond
variables will be denoted IP,, with corresponding expectation denoted E,. Note that p is not a
probability.

We say that (x,n) is connected to (y, m), and write (x,n) — (y, m), if there is an oriented path
from (x,n) to (y,m) consisting of occupied bonds. Note that this is only possible when m > n.
We write C'(x,n) for the set of sites (y, m) such that (x,n) — (y,m), and denote the cardinality
of C(z,n) by |C(z,n)|. We adopt the convention that every site is connected to itself, so that



(z,n) € C(z,n) for every site (z,n). Define p. to be the supremum of the set of p € [0, || D||}] for
which E,|C(0,0)| < co. The critical value p. can also be characterised as the infimum of the set
of p for which |C(0,0)| is infinite with positive probability [2, 30].

The function D will always be assumed to obey the properties of Assumption D of [27]. As-
sumption D involves a positive parameter L, which serves to spread out the connections, and
which we will take to be large. The parameterisation has been chosen in such a way that p. will
be asymptotically equal to 1 as L — oo.

For an absolutely summable function f : ZC~D4 — C (r = 2,3,...) and for k = (k... k1)
with each k; € [—m, 7%, we define the Fourier transform

fRy="Y  f@e™, (1.1)

where £ - Y= Z;;} k;-y;. When r = 2, we write simply k in place of k.

The properties of Assumption D are as follows. We require that > .z« D(x) = 1, that D(z) <
CL~¢ uniformly in z, and that there is an € > 0 such that 3, |z|?**?**D(z) < co. In this paper, we
strengthen the latter to require that

sup [z]?D(z) < CL*% and Y |z[***D(z) < CL*™*. (1.2)
Let
o = ¥ [2[?D(x), (1.3)
zeZ?

where | - | denotes the Euclidean norm on RY. We also require that there are positive constants

1, c1, c2 such that
o L?|k[> < 1= D(k) < o L?|k[? (ke < L7Y), (1.4)
L —D(k) > 1 (I1&lloo = L7, (1.5)
1—D(k)<2—1 (k € [-m, 7). (1.6)

It follows from (1.4) that o is bounded above and below by multiples of L.
Examples of functions D obeying the above assumptions are given in [27]. A simple example
is
2L + 1)~ o <L
D) = {( )™l < (1.7)

o otherwise.

In this example, the bonds are given by ((z,n),(y,n + 1)) with ||z — y||l < L, and a bond is
occupied with probability p(2L + 1)~
We begin by stating our results for the two-point function.

1.2.1 The two-point function

Given D obeying the above assumptions, p € [0, ||D]|}], n > 0 and x € Z¢, we define the two-point
function
Tu(z) = P,((0,0) — (z,n)). (1.8)

Our main result for the two-point function is the following theorem. In its statement, € is the
parameter in the tail estimate assumed for D, and o is given by (1.3).
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Theorem 1.1. Let d >4, p = p,, and § € (0,1 Ae A 52). There is an Lo = Lo(d) such that for
L > Lg there exist positive constants v and A (depending on d and L), and Cy,Cy (depending only
on d), such that the following statements hold as n — oo:

(a)

4. (ko) = Ae™ 501+ O(|k[2n~0) + O(n~@=9/2)], (1.9)
(b) X
z?7,(x) = voin n=° .
%n(o)gr *7n () [14+0(n™)], (1.10)
(c)
CL L~ =%% < sup To(x) < CoL™n =2, (1.11)

1

with the error estimate in (a) uniform in k € R® with |k|?(logn) =1 sufficiently small.

Constants implied by the O notation in the above error terms may depend on L. Parts (a) and
(b) of Theorem 1.1 were first proved by Nguyen and Yang [32] using generating function methods,
with somewhat weaker error estimates. Our proof uses very different methods, based on induction
in n rather than generating functions. Part (c) is new, and will be essential in our analysis of the
r-point functions for r > 3.

Our proof makes use of the general inductive method of [27]. The inductive method requires
the verification of certain assumptions, which we will verify in this paper. Once these assumptions
have been verified, a number of further consequences follow immediately from [27]. In particular,
it follows that

Pe=1+0(L"", A=1+0(L%, v=1+0(L"%, (1.12)

where the constants in the error terms here of course do not depend on L. Identities obeyed by
Pe, A and V are given in (2.11)—(2.13) below. As is explained in [27], a version of a local central
limit theorem for 7,,(x) also follows. (A new approach to the lace expansion, based on the Banach
fixed point theorem, has been recently introduced [7]. An extension of this approach to oriented
percolation might possibly lead to an improved local central limit theorem.)

In addition, an infrared bound follows from the induction hypotheses of [27], once we verify
the necessary assumptions. To state the infrared bound, we define

m@:i@@f(mm@y (1.13)

It is then possible to show, using the induction hypotheses of [27], that under the assumptions of
Theorem 1.1 it follows that o

P —
R
uniformly in k € [, 71]¢, 2 € [0,1), p < p,, for some constant C' (depending on L). The infrared
bound (1.14) played a crucial role in the analysis of [31, 32]. In particular, (1.14) implies the
triangle condition of [3], which can also be derived directly from Theorem 1.1(a,c).

For k = 0, the Fourier transform 7,(0) is given by

M@zZﬂMﬁEJZH@@—ﬂmm:&WQMMWXMM. (1.15)

x€Z4 xcZ4

|T.(k) (1.14)
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Figure 1: The shapes for r = 2,3,4, and examples of the 7-5-3 = 105 shapes for r = 6. The
shapes’ edge labellings are arbitrary but fixed.

Theorem 1.1(a) shows that this expectation converges to a nonzero finite constant A as n — oo,
when p = p.. For p < p. in general dimensions, the corresponding limit is zero, while for p > p,.
it is infinite. (See [2, 3] or [30] for the relevant exponential decay when p < p,, and [6, 19] for the
relevant shape theorem when p > p,.)

1.2.2 The r-point functions, r > 3
The r-point functions, for all » > 2, are defined by

Tv(mrl),.‘.,nrfl(xh vy @pg) =P,((0,0) — (a;,my) foreach i =1,...,r —1). (1.16)

Note that the event on the right side makes no statement about the occurrence of (z;,n;) —
(xj,n;) for any i # j.

In order to state our result for the r-point functions, we require the notion of shape. Shapes
are certain rooted binary trees. For r > 2, we give a recursive definition of the set X, of r-shapes,
as follows. Each r-shape has 2r — 3 edges, r — 2 vertices of degree 3 (the branch points) and r
vertices of degree 1 (the leaves) labelled 0, 1,...,r —1. There is a unique 2-shape given by the tree
consisting of vertex 0 joined by a single edge to vertex 1. We think of this shape as corresponding
to a particle travelling from vertex 0 to vertex 1. There is a unique 3-shape, consisting of three
vertices 0, 1,2 each joined by an edge to a fourth (unlabelled) vertex. We think of this shape as
corresponding to a particle that originates at 0, then splits after some time into two particles that
travel to 1 and 2. In general, for > 3, to each (r — 1)-shape «, we obtain 2r — 5 r-shapes by
chosing one of the 2r — 5 edges of a, adding a vertex on that edge together with a new edge that
joins the added vertex to a new leaf r — 1. The resulting r-shapes represent the different ways
in which an additional " particle can be added to the family tree of » — 1 particles represented
by a. Thus there is a unique shape for r = 2 and r = 3, and [[;_3(2j — 5) distinct shapes for
r > 4. When r is clear from the context, we will refer to an r-shape simply as a shape. For
notational convenience, we associate to each shape an arbitrary labelling of its 2r — 3 edges, with
labels 1,...,2r — 3. This arbitrary choice of edge labelling is fixed once and for all; see Figure 1.

We will often consider vectors with » — 1 components, as in (1.16), as well as vectors indexed
by the edges of a shape, with 2r — 3 components. To distinguish (r — 1)-component vectors from
(2r — 3)-component vectors, we will write, e.g., 7 = (nq,...,n,_1), whereas m = (mq, ..., mo,_3).
Given a shape a € ¥, and k = (ky ..., k1) € RO we introduce k(o) € R34 as follows.
First, for each vertex j of degree 1 in o, other than vertex 0, let w; be the set of edges in a on the
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path from 0 to j (j =1,...,7—1). For £ =1,...,2r — 3, we define the /"™ component k(o) € R?
of k(a) by

r—1
]{Zg(Oé) = Z ]{Z]][g S Wj], (117)
j=1
where, on the right side, k; denotes the 5 component of k and I is an indicator function. Con-
versely, given 5§ € R¥ 3 we define the j™ component 3;(a) of 5(a) € R! by

Si(a)=>" s (1.18)

tew;
We also define an (r — 2)-dimensional subset R c) of R%~? by
RAa) ={5:5(a)=1}. (1.19)
For example, for r = 3, there is a unique shape a and we have simply
Ria) = {(s,t1 — s,ta — s) : s € [0, 11 A 2]} (1.20)

We will abuse notation by writing |, R{a) 45 for the (r — 2)-dimensional integral over Ry{«).
Our main result for the r-point functions is the following theorem. In its statement, the
constants A and v are the same as those appearing in Theorem 1.1.

Theorem 1.2. Letd >4, p=1p., 0 € (0,1 AeA %), r>3,t=(t,....tr_1) € (0,00)" ", and

k= (ki,.... k1) € RO"DI There is a constant V, with |V — 1| < CL™, and an Ly = Lo(d)
(independent of r) such that for L > Ly,

2 (E/M) — 22 A28

[nt]

2r—3 B
> [ o as ] e"’f“a“gf”dwm—é)], (1.21)
R

acs, Bl 0

with the error estimate uniform in k in a bounded subset of RUr—1d,

Constants implied by the O notation can depend on L and on the t,. Uniformity cannot be
expected as t, — 0, since taking ¢, = 0 amounts to a reduction in r and changes the branching
structure.

For r = 3, (1.21) reduces to

= t1/Ato
%[Z’ﬂ (k/Vvo?n) = nV A3 UO ds e~ kitkel?s/2d =k [2(t1=5)/2d o~ |kl (t2—s) /2d om0, (1.22)

Equation (1.22) can be interpreted as indicating that a cluster connecting the origin to (x1, |nt;])
and (4, |nty]), with the 2; of order n'/2, can be considered to decompose into a product of three
independent two-point functions joined together at a branch point. Each two-point function gives
rise to a Gaussian, together with a factor A, according to Theorem 1.1(a). This decomposition into
independent two-point functions is not exact, but is compensated by the vertex factor V' associated
with the branch point. The integral with respect to s corresponds to a sum over possible temporal
locations of the branch point, with the additional factor n accounting for the change from a sum
to an integral.



Similar considerations apply to (1.21), with additional structure due to the proliferation of
shapes. There are r — 2 branch points in the general case, each contributing nV, and 2r — 3
two-point functions, each contributing A times a Gaussian. The integral over R{«) corresponds
to a sum over time intervals between the various branch points, and is constrained so that the
shape’s leaves are specified by the times Lnt_]

It is an elementary consequence of the tree graph bounds [3, 18], together with the bound
on the two-point function of Theorem 1.1(a), that the left side of (1.21) is bounded above by a
multiple of n"~2. By (1.21), this elementary upper bound gives the correct power of n, above the
upper critical dimension.

1.2.3 Convergence to super-Brownian motion

Theorems 1.1-1.2 can be rephrased to say that, under their hypotheses, the moment measures of
rescaled critical oriented percolation converge to those of the canonical measure of super-Brownian
motion. We now make this interpretation of Theorems 1.1-1.2 more explicit. Throughout this
section, we write [ =r —1 € {1,2,...}.

First, for £ = (t1,...,t) € (0,00)!, we define discrete finite random measures X{fj’)tﬂ on R¥ by
placing mass (A2Vn)~! at each site at times |nt,|,..., [nt;| in (va?n)~/2C(0,0). The character-
istic function of the moment measure of this random measure is given by

MOAR) = (A*Vn) 7000 (k/Vvo?n). (1.23)

We want to compare ]\;[g){(l;) with the corresponding quantity for the canonical measure of super-
Brownian motion.

Super-Brownian motion has been discussed in several recent books and major reviews [11, 16,
17, 28, 34], as a basic example of a measure-valued Markov process. In particular, the canoni-
cal measure of super-Brownian motion is described in [28, 34]. See also [38] for a nontechnical
introduction. The canonical measure for super-Brownian motion is the scaling limit of a single
critical branching random walk which starts at the origin and survives for some positive rescaled
time. Since critical branching random survives to time n with probability proportional to n™1, to
obtain a nontrivial limit it is necessary to multiply probabilities by a factor n. This produces an
unnormalised measure, the canonical measure, in the scaling limit. The canonical measure is a
measure Ny on continuous paths from [0, co) into non-negative finite measures on R?. We take Ny
to be normalised to have unit branching and diffusion rates.

By definition, the ' moment measure of Ny has Fourier transform

!
N (R) = No( /]R Xy (dan) - X, (dy) ]E[l i), (1.24)
where each X; is a random non-negative finite measure on R?. Using the notation of (1.17)—(1.19),

ST TN s .
+ (k) is given by

o~ Ik2t/2d 1=1),

M(F) = 5 T]2-L ek (@)Is; 1.25
t ( ) { Zaezl_H th—(a) ds HJZZle €—|k](a)| 5;/2d (l > 2) ( )



The formula (1.25) is essentially [1, Theorem 3.1] (see also [15] and [28, Proposition IV.2.(ii)]).
The following corollary then follows immediately from Theorems 1.1 and 1.2. It shows that the
moment measures of Ny provide the joint mass distributions, at distinct times, of the average

over configurations of the scaling limit of spread-out critical oriented percolation above dimensions
4+ 1.

Corollary 1.3. Let d > 4, p = p., | > 1, t; € (0,00) (i = 1,...,1), t = (t1,...,t;), and
k= (ki,..., k) € RY There is an Ly = Lo(d) such that for L > Ly,

lim AVnMU{k) = MY (F). (1.26)

n—oo n

In other words, AVnIP’(X”)FE -) converges to Ny in the sense of convergence of finite-dimensional

n,

distributions.

Corollary 1.3 can be interpreted as stating that spread-out critical oriented percolation and criti-
cal branching random walk have the same scaling limit, for d > 4 (compare [34, Theorem I1.7.3(a)]).
A crucial difference between oriented percolation and branching random walk is that particles can
coexist at the same site for the latter, but not for the former.

Corollary 1.3 is a statement of convergence of finite-dimensional distributions. To prove weak
convergence, as a measure-valued process, of rescaled spread-out oriented percolation for d > 4 to
the canonical measure of super-Brownian motion, it would be necessary also to prove tightness.
We do not address tightness in this paper. Another problem not addressed here is to prove that
there is a constant B such that critical oriented percolation survives to time n with probability
asymptotic to (Bn)™!, for d > 4. Tt is shown in [24, Theorem 1.5] that if the survival probability
is in fact asymptotic to (Bn)~! then it must be the case that B = AV/2, which in turn implies
that the factor AVn in (1.26) corresponds asymptotically to twice the reciprocal of the survival
probability.

Our results are restricted to dimensions above the upper critical dimension 4 + 1, below which
different scaling behaviour is expected. Often the upper critical dimension of a statistical mechan-
ical model can be understood as the dimension above which particular random objects generically
do not intersect. For example, the critical dimension of self-avoiding walk is d = 4, which can
be understood as the dimension above which two 2-dimensional Brownian motion paths typically
do not intersect. For non-oriented percolation, the critical dimension is d = 6, which can be un-
derstood as the dimension above which a 4-dimensional cluster does not intersect a 2-dimensional
backbone [22].

For oriented percolation, as we will discuss in more detail in Section 3, the upper critical
dimension can be understood as the dimension above which the graphs of Brownian motion and
super-Brownian motion do not intersect. Intersection of the graphs implies a collision of the two
processes at the same time. It is known that d = 4 is critical for such a collision [5]. This can
be understood heuristically in the following way. We first assume that since both processes are
moving, we may think of one as being stationary (this is a leap of faith). Regarding the super-
Brownian motion as stationary, its support at fixed time is 2-dimensional. The Brownian path,
which is two-dimensional, will generically not hit this support in dimensions greater than 4 = 2+ 2.
Alternately, if we regard the Brownian motion as being fixed, then its support is a point, hence
0-dimensional. The 4-dimensional range of super-Brownian motion will generically not hit this
point in dimensions above 4 = 4 + 0.



Oriented percolation has no infinite cluster at the critical point [6, 19]. The notion of incipient
infinite cluster is used to refer to the large emerging structures that are nevertheless present at
the critical point. In [24], a construction of the incipient infinite cluster is given for spread-out
oriented percolation above 4 + 1 dimensions. We conjecture that the scaling limit of the incipient
infinite cluster for oriented percolation in dimensions d +1 > 4 + 1 is the canonical measure of
super-Brownian motion, conditioned on survival for all time.

1.3 Scaling limits and super-Brownian motion

Recently, super-Brownian motion has been shown to arise in scaling limits of a number of models
in statistical mechanics and interacting particle systems. We have already mentioned the work
of [14] proving convergence of the critical contact process to super-Brownian motion for d > 2,
in a particular limit in which the range of infection diverges to infinity with time. In addition,
the finite-range voter model converges to super-Brownian motion in dimensions d > 2 [9]. These
results for the contact process and voter model use methods quite different from ours, and are
reviewed in [10].

Our methods are based on the lace expansion, which was first used to link scaling limits
with super-processes in [12, 13|. There it was shown that sufficiently spread-out lattice trees in
dimensions d > 8, or nearest-neighbour lattice trees in sufficiently high dimensions, converge to ISE
(integrated super-Brownian excursion), as had been conjectured by Aldous [4]. ISE is the time
integral of the canonical measure of super-Brownian motion, conditioned to have total mass 1.
Later, in [22, 23], results linking non-oriented percolation and ISE were obtained. The fact that
super-Brownian motion arises in these diverse contexts involving critical branching demonstrates
that super-Brownian motion has a universal character. In this section, we discuss the work on
non-oriented percolation in more detail, and discuss natural conjectures for both oriented and
non-oriented percolation.

1.3.1 Non-oriented percolation and ISE

The upper critical dimension for non-oriented percolation on Z< is 6. Consider d > 6 and p = p,,
and condition on the event that the connected cluster of the origin consists of exactly N sites. The
work of [22, 23] provides partial results supporting the hypothesis that the scaling limit of such a
cluster, with space scaled by N/ is ISE. However, in that work there is no explicit percolation
“time” variable, and the results correspond to time having been “integrated out.”

1.3.2 Oriented percolation and ISE

In our results for oriented percolation, we condition the cluster of the origin to reach time n, but
do not condition on the total size of the cluster. It is natural to conjecture that if we condition
the cluster of the origin to have size N = n?, and scale time by n and space by n'/?, the scaling
limit will be ISE. A formulation of the conjecture in terms of generating functions was given in
[37]. It is an open problem to prove a result of this type linking critical oriented percolation and
ISE, for d > 4. We expect that the methods of [22, 23] could be extended to provide such a link.



1.3.3 Non-oriented percolation and super-Brownian motion

As mentioned above, the work of [22, 23] on non-oriented percolation does not involve a time
variable. It would be of interest to study the scaling limit of a cluster in critical non-oriented
percolation in terms of a time variable, with or without fixing the total cluster size. Here we
discuss the case analogous to our work on oriented percolation, in which the cluster size is not
fixed.

To introduce a natural candidate for a time variable, we define the backbone B(x) of a cluster
containing 0 and x € Z? to be the set of sites u € Z¢ for which there are bond-disjoint connections
between 0 and u, and between u and x. We then think of the number of sites |B(x)| in the
backbone B(z) as being a time variable analogous to the time variable n in oriented percolation.
Define

t(7) =P, (0 — z; and |B(z;)| = n; for each i =1,...,r —1). (1.27)

Then ¢}’ (F) is analogous to the oriented percolation probability 7.”(Z) of (1.16).

We conjecture that for non-oriented percolation (nearest-neighbour or spread-out) in dimen-
sions d > 6, the scaling limit of the cluster of the origin, in which backbones scale as n and space
scales as n'/?, is super-Brownian motion. In particular, the conjecture includes the statement that
Corollary 1.3 holds with t(ﬁﬂ replacing 7" .

An alternate time variable would be the number of pivotal bonds for the connection between
0 and x;. We expect this to scale in the same manner as the backbone size, for d > 6, leading to

the same scaling limit.

1.4 Organisation

The remainder of this paper is organised as follows. In Section 2, we give a detailed overview
of the proof of Theorems 1.1-1.2. The proof is based on the lace expansion combined with the
results of [27] pertaining to induction on n for the two-point function, and on induction on r for
the r-point functions with » > 3. In Section 2, we reduce the proof of Theorems 1.1-1.2 to the
estimation of several quantities arising in the lace expansion. These estimates are summarised in
Propositions 2.2 and 2.3. Sections 3-7 are devoted to the proof of these two propositions.

In Section 3, we review the lace expansion method for the two-point function, which is the basis
for the proof of Theorem 1.1. In Section 4, we obtain bounds on the expansion for the two-point
function that verify the hypotheses of the induction method of [27], and complete the proof of
Proposition 2.2 and Theorem 1.1.

To analyse the r-point functions for » > 3, we extend the expansion for the two-point function
to general r-point functions in Section 5. The r-point functions, for » > 3, are then studied in
Section 6 using a second expansion, as was done for non-oriented percolation in [22] and for lattice
trees in [13, 21]. The expansions used here for the r-point functions are simpler than the related
expansions of [22; 23], as the magnetic field employed in [22, 23] is not used here.

Finally, in Section 7, we obtain bounds on quantities arising in expansions for the r-point
functions, to prove Proposition 2.3 and complete the proof of Theorem 1.2.
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2 Overview and reduction of the proof

In this section, we reduce the proof of Theorems 1.1-1.2 to Propositions 2.2-2.3. In the process,
we provide an overview of the entire proof. Proposition 2.2 will be proved in Sections 3-4, and
Proposition 2.3 will be proved in Sections 5-7.

2.1 The two-point function
2.1.1 The expansion

The proof of Theorem 1.1 makes use of an expansion for the two-point function, which we state
below. We postpone the derivation of the expansion to Section 3, and here we provide only a
brief motivation. We will make use of the convolution of functions, which is defined for absolutely
summable functions f, g on Z% by

(fx9)(@) = f(y)g(z —y). (2.1)

To motivate the basic idea underlying the expansion, we consider the much simpler correspond-
ing expansion for random walk. We will abuse notation by writing

D((xz,n)) = D()0n1. (2.2)

The two-point function for random walk is defined by setting go(z) = 0o, and

@)= > p"]] Dw@)-w(lG-1) (n>1), (2.3)
w:0—zx j=1

where the sum is over all walks w : {0,...,n} — A with w(j) € Z x {j}, w(0) = (0,0) and

w(n) = (x,n). To obtain an “expansion” for g,(z), we simply observe that by dividing the walk

into two parts, consisting of its first step and the last n — 1 steps, we obtain

gn(z) = p(D * go_1)(z)  (n>1). (2.4)

To adapt (2.4) to oriented percolation, we will regard an oriented percolation cluster connecting
(0,0) to (x,n) as a “string of sausages.” An example of a such a cluster is shown in Figure 2(a).
Unlike the situation for random walk, there can be multiple paths of occupied bonds connecting 0
to . However, for d > 4 we expect there to be on the order of n pivotal bonds, which are essential
for the connection. The pivotal bonds are denoted by bold lines in Figure 2(a)—the string in the
string of sausages. With this picture in mind, we can regard a percolation cluster as a kind of
random walk whose vertices are “sausages” and whose steps are the pivotal bonds. There can
be no connection from one sausage to a later sausage other than the connection via the pivotal
bonds between these sausages, or the pivotal bonds would not be pivotal. This introduces a kind
of repulsive interaction between the sausages, but for d > 4 we expect this interaction to be weak.

Fix p € [0,]|D||3}]. As we will argue in Section 3, the generalisation of (2.4) to oriented
percolation takes the form

n—1

To(2) = (D % Tpor) (@) 4+ Y p(Tm * D Typy_1) () + T0n(2) (n>1), (2.5)

m=2
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Figure 2: (a) A bond configuration. (b) Schematic depiction of the configuration as a “string of
sausages.”

where m,(z) is defined in Section 3. In particular, 7,(z) depends on p, is invariant under the
lattice symmetries, and m(x) = m1(z) = 0. For n = 0, 1, we have 15(x) = 0y, and 7 (z) = pD(z),
which is consistent with (2.5) (the last two terms on the right side of (2.5) vanish for n = 1,2).
The identity (2.5) can be regarded as an inductive definition of the sequence m,(z), for n > 2.
However, to analyse (2.5) it will be necessary to have a useful representation for m,(x), and this is
provided in Section 3. Note that (2.4) is of the form (2.5) with 7, (z) = 0.

In Section 3, we will express m,(x) as

M) = 3 (1) @), (2.6)

N=0

The terms in the right side of (2.6) are of diminishing importance as N increases, although all make
essential contributions. The first term 7{”(z) is zero for n < 1, and is equal to the probability that
there is no pivotal bond for the connection from 0 to x for n > 2. Some insight into the expansion
(2.5) can be obtained by looking at the contribution to the right side of (2.5) due to 7 (z). The
contribution due to 7\’ (z) in the last term of (2.5) arises from configurations in which the string
of sausages consists of a single sausage only. The term (pD % 7,,_1)(z) arises from configurations
where there is at least one pivotal bond and the bottom of the first pivotal bond is the origin. This
neglects the repulsive interaction mentioned above, since there is no restriction in (pD*7,_1)(x) to
guarantee that the first pivotal bond really is pivotal. Similarly, "% (7©Q % pD %7, _,,,_1)(z) arises
from configurations where there is more than one sausage and the first sausage has “height” at
least two (height one is not possible), with the first sausage treated as independent of the cluster
above it. The first sausage is in fact not independent of what comes later, due to the repulsive
interaction, and therefore corrections are required. The corrections are provided by the terms
N > 11in (2.6), via a sophisticated inclusion-exclusion analysis. The analysis is carried out in
detail in Section 3.

There are two formulas for 7,(x) already available in the literature. Hara and Slade [20]
developed an expression for 7,(z) in terms of sums of nested expectations, by repeated use of
inclusion-exclusion. In [20], non-oriented percolation was considered, but the expansion of [20]
applies more generally, and, in particular, applies to oriented percolation without modification. For
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oriented percolation, Nguyen and Yang [31] developed an alternate expression for m,(x), without
nested expectations, by an adaptation of the lace expansion of Brydges and Spencer [8]. The
Nguyen—Yang expansion relies on the Markov property of oriented percolation, and does not apply
to non-oriented percolation. The functions 7, that appear in both of these analyses are of course
the same, since (2.5) uniquely determines 7,. However, the expansions are different, in the sense
that each expansion leads to (2.6) but with different expressions for the 7" (x). On the other
hand, in either expansion, 7$")(x) is nonnegative for all n,z, N, and can be represented in terms
of Feynman diagrams. The Feynman diagrams are similar in their essential features for the two
expansions, and obey similar estimates. We will make use of both expansions, and discuss them
in detail in Section 3.

The identity (2.4) can be solved using the Fourier transform to give ¢,(k) = [¢1(k)]". Using
¢1(z) = pD(x), the central limit theorem can then be easily derived. Our method will involve
showing that m,(x) is small for p = p. if d > 4 and n and L are both large, so that (2.5) can
be regarded as a small perturbation of (2.4), leading to a central limit theorem for the critical
two-point function.

2.1.2 Implementation of the inductive method

In what follows, we will use the notation || f ||OO sup,eza | f(z)] for a function f : Z% — C, and
1]l = (27)~ f[ ﬂ.ﬂ.]dlf( )|d?k for a function f : [—m,7]? — C.
Our analysis of (2.5) begins by taking its Fourier transform, which gives the recursion relation

Tur1 (k) = pD(k)7n (k) k) D m(B) (k) + Fnga (k) (n20). (2.7)
m=2
The right side of (2.7) explicitly involves 7,,(k) only for m < n. We will show in Section 4 that
it is possible to estimate 7,,(k), for all m < n + 1, in terms of 7,,(0) and ||7,]| With m < n.
This opens up the possibility of an inductive analysis of (2.7). A general approach to this type of
inductive analysis is given in [27], and we will apply a general theorem of [27] to (2.7) to prove
Theorem 1.1.
To put (2.7) into the notation of [27], we introduce the following notation. (In [27], p is written
as z.) Let

fn(kQP) = 7A-nA(k)a Bn(k‘;p> = ﬁn(ﬁ) (n > 0)7
gi(k;p) = pD(k), gn(k;p) = pD(k)7p_1(k) (n>2),

(

(
where the dependence of 7 and 7 on p has been made explicit in e, f, g. Note that 71 (k) = pD(k
The recursion relation (2.7) can then be written as

2.8)
2.9)
(k).

n+1

folksp) =1, fas1i(ksp) = D gm(ksp) fasr—m (kD) + ena(ksp)  (n>0). (2.10)

m=1
Since 7, = 0 for m < 1, we have e;(k;p) = g2(k;p) = 0.

The result of Theorem 1.1 was shown in [27] to hold for solutions of the recursion relation (2.10),
subject to a certain set of assumptions on é, and §,. Moreover, subject to these assumptions, it
is shown in [27] that the critical point is given implicitly by the equation

1

. , 2.11
1 + Zﬁ:Q 7Tm(O; pc) ( )

Pec =
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and that the constants A, v of Theorem 1.1 are given by

o0 -1
A= [pc 02 mﬁm(O;pC)} : (2.12)
m=2
v = pcA[l —po 2 VQﬁm(O;pc)], (2.13)
m=2

where we have added an argument p. to emphasise that p is critical for the evaluation of m,, on
the right sides of (2.11)—(2.13). Convergence of the series in (2.11)—(2.13), for d > 4, will follow
from Proposition 2.2 below.

As described in [27, Section 1.4.2], the only substantial assumptions to verify are Assumptions E
and G of [27], which we restate here together as Assumption 2.1. Its statement involves the small
parameter

p=L" (2.14)

and o2 of (1.3). An essential aspect of the assumption is that bounds on f,, for 1 < m < n imply
bounds on e,, and g, for all 2 < m < n + 1. It is the inclusion of m = n + 1 for the implied
bounds that allows the inductive analysis of [27] to proceed.

Assumption 2.1. There is an Ly, an interval I C [1 — «, 1 + o] with « € (0,1), and a function
Ky — C,(Ky), such that if the bounds

fn(0ip)] < Ky, |[V2£n(05p)| < Kyo?m, | D fu(5p)|1 < KpBm =2 (2.15)

hold for some Ky > 1, L > Lo, p € I and for all 1 < m < n, then for that L and p, and for all
ke [—m 7w and 2 < m < n+1, the following bounds hold:

lem (k5 )| < Co(Kp)Bm™ "2, |gm(k; p)| < Co(Ky)Bm~ 2, (2.16)

|009m (0; p)| < Cy(Kp)Bm~ =272, (2.17)

V29 (05 p)| < Cy(Kp)o®Bm~ D72, (2.18)

lem(k; D) — em(0;p)| < Co(Kyp)[1 = D(k)]Bm~ 4272, (2.19)

|9m (k3 p) = g (05 ) — [1 = D(k)]o V2 g, (05 p)| < Cy(Kp)B[1 — D(k)) < m~ =222 - (2.20)

with (2.20) valid for any € € [0,e A 1].

The validity of (2.20) for ¢ € [0, € A 1] differs from the requirement € € [0, €] in the statement
of Assumption G in [27]. However, we may assume that ¢ < 1 without loss of generality, since the
statements of Theorems 1.1-1.2 involve only € A 1, and since (1.2) implies the same estimate for
¢ < e, by Holder’s inequality.

Note that Assumption 2.1 does not assume that (2.15) holds, but rather that if (2.15) holds
then (2.16)—(2.20) must hold. Once we establish Assumption 2.1, Theorem 1.1 then follows im-
mediately from [27, Theorem 1.1]. Moreover, as explained in [27, Section 1.3], it is a consequence
of establishing Assumption 2.1 that, for p = p., (2.15) holds for all m > 1 and (2.16)—(2.20) hold
for all m > 2. Assumption 2.1 will follow from the following proposition.
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Proposition 2.2. Assume (2.15), forp € I and 1 < m < n. Then there is a fy > 0 and a
finite C' (both depending on Ky but not on € ), such that for § < By, € € [0,e A 1], and for all
2<m<n+1,

(i)

S|l (2)] < CBo%m~ 92 (g =10,2,4), (2.21)

(ii)
|7t (k) — 7 (0) — [1 — D(K)|o™2V27,,(0)| < CB[1 — D(k)]*+<m~@-272/2, (2.22)

(iii)
POy m(0)| < Cm~ 212, (2.23)

The proof of Proposition 2.2 is deferred to Section 4. We now show that it implies Assump-
tion 2.1. As discussed above, it therefore gives the proof of Theorem 1.1 and establishes the
estimates (2.15).

Verification of Assumption 2.1 assuming Proposition 2.2. By definition, we have that em(k;p) =
Tm(k), go(k;p) = 0, and g,,(k;p) = pD(k)Ttp—1(k) for all m > 3. The bounds (2.16) therefore
follow immediately from (2.21) with ¢ = 0, for 2 < m < n + 1. By definition,

0pGm(0;p) = Tm—1(0) + pOyTrpm—1(0). (2.24)
The bound (2.17) therefore follows from (2.21) with ¢ = 0 and (2.23). By symmetry,
V29 (0;p) = —poapm_1(0) + pV27,-1(0). (2.25)

The bound (2.18) therefore follows from (2.21) with ¢ =0, 2.
For (2.19), we use (2.22) with ¢ = 0 to obtain

€ (05 p) — em(k; p)| = [T (k) — 7 (0)]
< [1 = D(k)] [a2|v2ﬁm<o)| + Opm- @272, (2.26)
and apply (2.21) with ¢ = 2.
For (2.20), by definition and symmetry we have

9mn(k; ) = gm(0;p) — [1 = D(k)]o>V?g,,(0; p) (2.27)
_ p(frml(k;) 1 (0) = [1— D(k)]aQVerml(O)) + pl1 = DU (0) — 71 ()],

The second term on the right side is better than required, by (2.19). The first term gives the
required bound, by (2.22). O

2.2 The r-point functions, r > 3

Now we move on to the r-point functions with » > 3, and give an introduction to our expansion
methods. Together with the inductive analysis of the two-point function, these expansion methods
constitute the part of this paper that is essentially new. Full details of the expansion are deferred
to Sections 5-6. For the remainder of the paper, it will be convenient to use new notation for sites
in Z4 x N. We write A = Z¢ x N, and we write a typical element of A as x rather than (z,n) as
was used until now. We fix p = p. throughout Section 2.2 for simplicity, though the discussion
also applies without change when p < p.. We begin with an overview of the expansion.
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Figure 3: Schematic depiction of a configuration as a “tree of sausages.”

2.2.1 Overview of the expansion

The basic picture underlying the expansion for the two-point function is that a cluster connecting
0 to « can be viewed as a string of sausages. For connections from the origin to multiple points
& = (x1,...,2,_1), the corresponding picture is a “tree of sausages” as depicted in Figure 3.
In the tree of sausages, the “string” represents the union over ¢ = 1,...,r — 1 of the occupied
pivotal bonds for the connections 0 — x;. We regard this picture as corresponding to a kind of
branching random walk, with the sites of the walk being the sausages and the steps of the walk
being effectively independent when d > 4. We will use this picture now to give an overview of the
expansions we will derive in Sections 5-6.

The basic idea is that we may regard the configuration depicted in Figure 3 as approximately
a product of four independent factors. These factors are the following:

1. atwo-point function corresponding to the connection from the origin to the bottom of the piv-
otal bond leading into the first branching sausage, i.e., the sausage from which the branches
to @1, x5 and to x3 emerge;

2. the first branching sausage together with the pivotal bond leading into it and the two pivotal
bonds leading out of it;

3. a two-point function corresponding to the branch to x3;
4. a three-point function corresponding to the branch to x, x-.

The above decomposition into a product is only approximate, and corrections are taken into
account in an iterative fashion leading to an expansion. The net effect of the first branching sausage
(item 2 above), following the expansion, is to produce a certain factor ¢ that is analogous to .
However, whereas 7 is a kind of two-point function, 1) will be a kind of three-point function. Our
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estimates will show that the first branching sausage is typically small and scales to a point in the
scaling limit. Its net contribution is to provide the vertex factor V of Theorem 1.2. The three-point
function of item 4 will be treated recursively, and is approximately given by a convolution of three
two-point functions with another factor of . This leads to a decomposition of the configuration
of Figure 3 into a product of five two-point functions, and two factors ¥ which each reduce to a
factor V' in the scaling limit. This produces the contribution to the asymptotic behaviour (1.21)
of the four-point function due to the shape depicted in Figure 3. The factor n? in (1.21) arises
from a time rescaling of the branching locations.
To describe the expansion in more detail, we use the following notation. For r > 3, let

J={12....r—1},  J =J\{1} (2.28)

For I = {iy,...,is} C J, we write &7 = {x;,,...,x;,} and & —y ={x;, —y,...,x;, —y}. Given
a subset I C Jy, let 1y = |J\I|+ 1 and ry = |[I]| + 1. We will use the notation D(v) = D((v,j)) =
D(v)d;; of (2.2).

We focus on the first pivotal bond for the connection from 0 to x;, thereby assigning a special
status to x;. If there is no pivotal bond for 0 — «;, the configuration contributes to an error
term and we will not consider this case in detail now. To a first approximation, we regard the first
sausage as being independent of the remaining sausage, allowing for factorisation of expectation.
The first sausage may contain none of the components of &,,, as in Figure 3, or it may contain
any nonempty subset of ;. Taking into account corrections to the approximation, in Section 5
we will prove an identity

rO(E,) = AD(E,) + 3 S B vy, #,)70 (@5 — vy). (2.29)

ICJy v1

Here, the set I indicates which &; are in the first sausage, and the factor 70 (Z 5 ; — v1) gives
the desired item 4 in the list above, in the case when I is nonempty. The derivation of (2.29) is a
nontrivial procedure, and both A™ (&) and B"2™ (v, &) represent many-point generalisations of
the function 7 arising in the expansion for the two-point function. In particular, A (&) includes,
among other terms, the probability that there is no pivotal bond for the connection 0 — x;. To
leading order, B2 (v, &) represents the first sausage for the connection 0 — @1, together with
the first pivotal bond (u,v;) for the connection, and a branch leading to &;.

When [ is not empty, we perform a second expansion. For the leading contribution to
B2 (v, &r), the second expansion allows for a decoupling of the the branch to ®&;. The second
expansion leads to a result of the form

BT (vy, &) = C(v1,02)7"2 (&8 — v2) + R (vy, &), (2.30)

V2

where R"2%Y (v, &) is an error term. To a first approximation, C'(v;, vy) represents a truncated
branching sausage at 0 together with the pivotal bonds ending at v, and vy, with two branches
removed. In particular, C(vy,vs) is independent of /. The leading contribution to C(vy,vs) is
p?D(v1)D(v,), corresponding to the case where the truncated branching sausage at 0 is the single
vertex 0. For details, see Section 6, where (2.30) is derived. The term C(v;, vy) represents most of
item 2 in the above list, but it lacks the lower pivotal bond. This will be corrected in Section 2.2.2,
where we will return to items 1-4 above.
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For r = 2, only the term I = & exists and (2.29) becomes

7_(2)( ) (2) _|_ Z B2) Ul)- (2.31)

v1EA

Comparing with (2.5), we see that

AP (x) = o0 + (), B®(vy) =Y A®(u)pD(v1 — u), (2.32)

u€eA

2.2.2 The main identity and estimates

To simplify the notation, we write & in place of £; = (@1,...,x,_1). To isolate the one term on
the right side of (2.29) in which 7 occurs, we define
Oé<T) (i) = A<T>(£) + Z Z B(T2+l>(’01, i[)T(T1>(£J\[ — ’Ul), (233)
ICJi:1#2 v1
so that
T(&) = a(&) + > BY (v)7" (& — v). (2.34)
veEA

In particular, comparing with (2.31), a'® is equal to A® of (2.32).
The recursion (2.34) can be solved by iteration. For this, we let

= > flw)g(x —v) (2.35)

vEA

denote the space-time convolution of f and g, and we define
=3 (B (z). (2.36)
1=0

Here, (B®)* denotes the I-fold space-time convolution of B® with itself, with (B®)*(x) = o 4.
The sum over [ in (2.36) terminates after finitely many terms, since by definition B® ((z,n)) # 0
only if n > 0. Then (2.34) can be iterated to give

@) = 3 v(v)a" (& — v). (2.37)

vEA

The function v can be identified as follows. Extracting the [ = 0 term from (2.36), using (2.32)
to write one factor of B® as pD x A® for the terms with [ > 1, and using (2.37) with r = 2 (in
which case a® = A®) it follows that

v(x) = dox +p(D* A? xv)(x) = o4 + p(D *x7%) (). (2.38)
Subsituting (2.38) into (2.37), the solution to (2.34) is then given by

(&) = a(Z) + p Z 2 % D)(v)a" (& — v), (2.39)

veEA

which, using (2.32) and a® = A®| recovers (2.31) when r = 2.
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Our next step is to write a'” = f™ + ¢ where f is the contribution that will provide the
leading behaviour of the right side of (2.39), while g gives an error term. This is achieved by
substituting (2.30) into (2.33) and setting

f(M(CE) = Z Z C(’Ul, UQ)T(Tl)(a_‘;J\I — '01)7'(’“2)(51 — ’02), (240)
I1CJy:1#2 V1,02
9@ =A@+ Y DY R (v, &)T "V (Z g — v1). (2.41)
ICJ1:I#2 v1
Defining
y17 y2 Z pD u,Ys; — u)v (2'42)
u€eA
(@) = (&) + Y p(r® * D)(v)g"(Z — v), (2.43)
veEA

(2.39) becomes

T(T)(i) = Z TQ)(’UW(Ul —V,U2 — 'U) Z 7'(”)(56.]\1 — 01)7'(”’)(561 - U2) + SO(T)@)’ (244)

v,01,02€A ICJi:|I)>1

where we recall that r = |J\I| + 1 and 7 = |I| + 1. The first term on the right side of (2.44)
is the main term and is depicted schematically in Figure 4. In Figure 4 and in the main term of
(2.44), each of items 1-4 from Section 2.2.1 is clearly visible. The leading contribution to ¥ (y,, y,)
1s

U221, Y2) Zp D(u)D(y1 — u)D(y> — u), (2.45)

using the leading contribution to C' described under (2.30). Here, we are writing ¥, m, (Y1, y2) for
Y((y1,m1), (Y2, ma)). By definition, ), m,(y1,y2) = 0 if one of my or my is less than 2, due to the
inclusion of the pivotal bonds to v; and vy in C'(vy,vs).

We will analyse (2.44) using the Fourier transform. We write 7 = (ng,...,n,_1) and k=
(ki,... ke_1). For I C {1,2,...,r — 1}, we write k; = (ki)ier, k1 = Sicr ki and k = Y11 k;. We
also write n; = min;c; n;, n = min; n; and define 7; — m to be the vector obtained by subtracting
m from each component of 77;. With this notation, the Fourier transform of (2.44) becomes

By~ n;—no

i A(z) k) Z Z Z 'L&m1,m2(kz]\17k1)

no=0 ICJ1:|I|21 mi1=2 mo=2

x 700 (FAD) TS (k) + 85 (F). (246)

Ng\1—Mm1—n0 Ar—ma—ng

A(T) ]{Z

The identity (2.46) is our main identity and will be our point of departure for analysing the r-point
functions for r > 3. Apart from ¢ and ¢, the right side of (2.44) involves the s-point functions
with s = 2,r,r9. Since r; + 1y = r + 1 and ry,r, > 2, it follows that r; and ry are both strictly
less than r. This allows for an analysis by induction on 7, with the » = 2 case given by the result
of Theorem 1.1. The term involving v is the main term, whereas ¢ will turn out to be an error
term.

The analysis will be based on the following important proposition, whose proof is deferred to
Section 7. The proof of Proposition 2.3 will involve showing that ¢ and ¢ can be estimated
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Figure 4: Schematic depiction of the first term on the right side of (2.44).

in terms of 7,,(0) and ||7,]|c, Which have been controlled already in Theorem 1.1. The decay
in mq, my for &ml’m(k‘l, ks) given in the proposition is a more precise statement of our previous
comment that the branching sausage (item 2 of Section 2.2.1) is typically small. In the statement
of the proposition, V; represents partial differentiation with respect to k;.

Proposition 2.3. Fizrd > 4, § € (0,1 Ae A %) and p = p.. Let n denote the second-largest
element of {ni,...,n,_1}. There exist constants Cy, C;’ > 0 (independent of L) and Lo(d), such
that for all L > Ly, q € {0,2}, m; > 2, i, r > 3 and k; € [—m,7|%, the following bounds hold:

(i) Vi, my (0,0) = 0 and

N Ty (K1, k2)| < Cpa®m?? (my v my) =42, (2.47)

)

(i1)
@5 (k)] < Cgrar 272 (2.48)
Moreover, for (my,ms) # (2,2), a factor  may be included in the right side of (2.47).

It follows from Proposition 2.3(i) that the constant V' defined by

V= fj Uy (0,0, (2.49)

mi,mo=2

with p = p., is finite. This is the constant V of Theorem 1.2. Since t,5(0,0) = p? = 1+ O(8) by
(2.45) and (1.12), it follows from the final remark in the statement of Proposition 2.3 that

V=1+0(). (2.50)

This establishes the claim on V' of Theorem 1.2.
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2.3 Induction on r

In this section, we prove Theorem 1.2 assuming (2.46) and Proposition 2.3. We fix p = p. through-
out this section. The formulas (1.25) for the characteristic functions of the moment measures of
the canonical measure of super-Brownian motion can be written as

—|k|2t/2d —9
=17\ _ ) € (T = )
T S P AR ) 251)
Let 7 denote the second-largest element of {nq,...,n,_1}. We now prove that for d > 4 there are

positive constants Lo = Lo(d) and V = V/(d, L) such that for p = p., L > Lo and § € (0, IAeAnT2),
we have

70 (k/Vvo?n) = A(AQVn)T*Q (MG (k) +O((m+ 1)) (r>3) (2.52)

uniformly in n > 7 and in k& € R4 with 7! |k;|? bounded. Since the Mti’"*l)(l_c)) are smooth
functions of ¢, proving the above is sufficient to prove Theorem 1.2.

We will prove (2.52) by induction on 7, with the case r = 2 given by Theorem 1.1. Indeed,
Theorem 1.1(a) gives

0 (kN vo2n) = 7, (kny*n Y2 )\ Jvo?ng) = [ ~lkPm2dn L O (ny 4+ 1)_6)] : (2.53)

using the facts that |k|? is bounded, ny < n, and § < 2.
Before proceeding with the proof of Theorem 1.2, we first recall the following standard recursion
relation for the moment measures M 9)(1{;):

]\/[(r 1) / dt <1>(k) Z Mtﬁ;il 11(]{]\1) Aé}'il)(’m (r > 3)’ (2'54)
ICJyi:|I|1>1

where t = min; t;, k = 3/~ k;, and r; = [J\I| + 1, ro = |I| + 1. This recursion can be understood
from the fact that a shape a € 3, contributing to the left side of (2.54) can be decomposed into
the edge adjacent to the root and the two shapes a; € ., as € ¥,, emanating from the vertex
in « adjacent to the root. We take a; to include the vertex labelled 1 in a. By construction,
rm+ry=7r+1r <rand ry < r. The integral with respect to ¢t in (2.54) corresponds to
integrating out the time variable associated to the edge of o adjacent to the root. The identity
(2.54), which shows features analogous to (2.46), will be used in the proof of Proposition 2.3.

Proof of Theorem 1.2 assuming Proposition 2.3. Let r > 3. The proof is by induction on r, with
induction hypothesis that (2.52) holds for 7¢) with 2 < s < r. We have seen in (2.53) that (2. 52)
does hold for r = 2. The induction will be advanced using (2.46). By Proposition 2.3(ii), ¢%' (k)
is an error term. Thus, we are left to determine the asymptotic behaviour of the first term on the
right side of (2.46).

Fix k with |k|? bounded. To abbreviate the notation, we write # = k/vvo?n. Recall the
notation n = min{ns,...,n,_1}. Given 0 < ny < n, let ny = min{ng,n — ng}. We will show that
for every nonempty subset I C Ji,

D1~ n;—no

Z Z wml’mZ K/J\I7K’I) ’r<7,]1\)1 mi— no( J\I) T(LIQ)mQ ’no( ) VT’I“L]l\)I no(K’ \ ) T<L]2)TL0(/_{I>

mi1=2 mo=2

< On"(ny+1)7°. (2.55)
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Before establishing (2.55), we first show that it implies (2.52). Since |7,,(x)| is uniformly
bounded by Theorem 1.1(a), inserting (2.55) into (2.46) and applying Proposition 2.3(ii) gives

n

n
A(T) Z A(Q) Z 7A'T(LJ1\>I no(lij\]) 7(3] no (Ii[ + O TLO + 1 + O(nr72ié).
0=0 ICJ1:\I|21 n0=0

(2.56)

Using the fact that 6 < 1, the summation in the error term can be seen to be bounded by a
multiple of n'=% < n'~%. With the induction hypothesis and the identity r; + 7 = 7 + 1, (2.56)
then implies that

N r— Z Sr(ri—1 7 ro—1 r—2—9
U( £) = VAN AV n) Z_ no/n Z M((ﬁ%f\f)—no)/n(kJ\I)M((Ni 7)m)/n(kj> + O,

ICJ1:|I\21

(2.57)

where the error arising from the error terms in the induction hypothesis again contributes an
amount O(n" ) ¥ _(ng+1)7° < O(n"~27?). The summation on the right side of (2.57), divided
by n, is the Riemann sum approximation to an integral. The error in approximating the integral
by this Riemann sum is O(n~'). Therefore, using (2.54), we obtain

n/n N N = -
AR = ATV [T ) S M (RS (k) + ()

n= i\t -t
0 .
ICTI|>1

= A(A2Vn) 2MY Y (E) + O(n =270, (2.58)

i/n

Since n > 7, it follows that n"=27% < Cn"~2(7 + 1)7%. Thus, it suffices to establish (2.55).
To prove (2.55), we write the quantity inside the absolute value signs on the left side as

T+ T, + Ty, (2.59)

with

1™ nOnI—no

mi=2 mo=2

npr—"on;—no

Z Z (djml mo RJ\DRI) wml m2(0 0)) 12;\)1 nO(I{J\ ) T(L12)n0("%1')7 (2'61)

mi1=2 mo=2

&3
I

D\1—"0 n—ng

T3 = Z Z qﬂml,mg ('LiJ\I7 'Li[)

mi1=2 mo=2

To complete the proof, it suffices to show that for each nonempty I C J;, the absolute value of
each T; is bounded above by the right side of (2.55).
By the induction hypothesis and the fact that n;, < n, it follows that |A(Tf)( ] < O(n"i7?),

uniformly in 7;, and in. Therefore, it follows from Proposition 2.3(i) and the definition of V' in
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(2.49) that

O(n"3)
’T1| S Z (ml \Vi mo + 1)(1/2 S O(

my > Dy — "o

“B(ny + 1)"@H/2), (2.63)

or mz > n; — no
Similarly, by Proposition 2.3(i) with ¢ = 2, a second-order Taylor estimate gives

Dy~ n;—no O(n“g)

T| < 2 2 <O(n 1)79). 2.64
T 30 X mlodl 4 mal) S SO0 gt 1)) (264)

It remains to prove that
IT5| < O 3(ng +1)7°). (2.65)

To begin the proof of (2.65), we note that the domain of summation over my, my in (2.62) is
contained in U3_,S;(77), where
So(ii) = [0, 5(np\; = no)] X [0, 5(n2r — mo)],
S (1) = [%(QJ\I - no)7@J\1 —ng| % [0,1; — n),
Sy(71) = (0,51 — no] X [5 (1 — n9), ny — 1)

Therefore |T3| is bounded by

z;) %: ‘wml ma2 HJ\I7HI)‘ T’li,‘]l\l —mi— no(K/J\I) 7(l[2>m2 no('%‘[) _%%?Gl—n0</€ \ ) 7(L[2>n0(ﬁ;l)’ : (266)
J me

The terms with j = 1,2 in (2.66) can be estimated as in the bound (2.63) on T, after using the
triangle inequality and bounding the r;-point functions by O(n"i—2).
For the j = 0 term of (2.66), we write

~(r1) ~(r1) = (r1) ~(r1)
TnJl\I —mi1—nno (/{J\I) Tﬁ.]l\[—no('l{]\[) + [Tn;\] —mi— ’VZ()(KJ\I) TnJ\I TL()( J\I):| Y (267)
T g (R1) = F02 0 (Rr) 4 [R5y g (Rr) = 252, (RD)] (2.68)

We expand the product of (2.67) and (2.68). This gives four terms, one of which is cancelled by
%72;\)1 no (R\1) 7(112 no (A1) 0 (2.66). Three terms remain, each of which contains at least one factor
from the second terms in (2.67)-(2.68). In each term we retain one such factor and bound the
other factor by a power of n, and we estimate z[) using Proposition 2.3(i). This gives a bound for

the 7 = 0 contribution to (2.66) equal to the sum of

O(n"2)
Z ) (m1 V meo + 1)d/2

(m1,m2)€So (7

2 (r1) A (r1)
T”Jl\l —mi— no(/{J\I> TnJ\I no(’iJ\I)‘ (269)

plus a similar term with J\ replaced by I. By the induction hypothesis, the difference of r;-point
functions in (2.69) is equal to

AAVR) 2 [ f (g —my —no)/n) — f((Fng —no)/n)| + O™ 2y +1)7°)  (2.70)
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with f(t) = Ati"l’l)(lg‘]\l). Using (2.51), the difference in (2.70) can be seen to be at most
O(myn~1'). Therefore (2.69) is bounded above by

O(n")
Z (my V mg + 1)(@=2)

(m1,m2)€So(7)

This establishes (2.65).
Combining (2.63)—(2.65) yields (2.55). This completes the proof of Theorem 1.2, assuming
Proposition 2.3. O

75+ O (g +1)7°) < O (ng + 1)), (2.71)

3 Expansion for the two-point function

There are two possible expansions available for oriented percolation. The Nguyen—Yang expansion,
which is close in spirit to the original lace expansion of Brydges and Spencer [8], was used in [31, 32]
to study the critical oriented percolation two-point function in high dimensions. We are extending
the results of Nguyen and Yang in this paper. The Nguyen—Yang expansion relies on a Markov
property valid for oriented percolation (but not for non-oriented percolation). The Hara—Slade
expansion [20] is an alternate expansion, based on inclusion-exclusion rather than using the notion
of “laces.” It was derived in the context of non-oriented percolation, but it applies to oriented
percolation without alteration.

Both expansions lead to the same quantity m,(x), obeying the same identity (2.5). How-
ever, the expansions lead to different decompositions of 7, (z) into alternating series of the form
Sx_o(=D)NrM(x). In each expansion, the 7™ (x) are described by Feynman diagrams. The
diagrams for the two expansions are almost identical, and they obey identical upper bounds (see
Section 4.4). However, the precise definition of the 7" (x) is different according to which expan-
sion is used. In the Hara—Slade expansion, 7{"(z) is given by an (/N + 1)-fold nested expectation,
whereas the Nguyen—Yang expansion involves only a single expectation for each N. In this respect,
the Nguyen—Yang expansion is simpler.

We will mainly employ the Hara—Slade expansion, since it can be extended from the two-point
function to general r-point functions, as we will describe in Sections 5-6. This seems simpler to us
than attempting to extend the Nguyen—Yang expansion to general r-point functions, as the use of
the Markov property becomes problematic for » > 3. In particular, the use of the Markov property
seems well suited to extraction of the two-point function mentioned in item 1 of Section 2.2.1, but
the two branches mentioned in items 3 and 4 coexist in the same temporal domain and it is unclear
to us how the Nguyen—Yang expansion might be modified to allow for their decoupling.

However, we will make use of the Nguyen-Yang expansion in proving the bound on pd,7,,(0)
of Proposition 2.2. This is because the p-dependence is simpler within the single expectation of
the Nguyen—Yang expansion, so that its derivative is easier to analyse.

Our approach to the two-point function differs from that of Nguyen and Yang not just in the
use of a different expansion. Whereas Nguyen and Yang proved convergence of the lace expansion
using generating functions, we will instead apply the inductive approach of [27], which generalises
the method of [25]. Implementation of the induction method was described in Section 2.1.2.
The induction method avoids the necessity of extracting the asymptotic behaviour of a sequence
from the singularity structure of its generating function. It also provides the bound on ||7;, ||« of
Theorem 1.1(c), which will be needed in our analysis of the r-point functions for r > 3.
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In the remainder of this section, we will derive the two expansions for the two-point function.

3.1 The Hara—Slade expansion

In this section, we derive the expansion (2.5) for the two-point function, using the method of [20].
Although the derivation presented here is essentially identical to that of [20], we include it both to
make this paper more self-contained and to allow for reference later when we derive the expansion
for the r-point functions in Section 5.

The expansion produces a function 7,,(z) such that

n—1

To(2) = p(D % Tyt (@) + > p(T % D % Typpo1) () + Ta(2) (0> 1), (3.1)

m=2

which is just (2.5). We will use the notation & = (z,n) introduced in Section 2.2. In addition,
we will use (u,v) as a summation index when it is guaranteed that the temporal component of v
exceeds that of w by exactly 1. In this notation, (3.1) becomes

T(x) = 002 + Z pD(u)T(x —u) +p Z m(u)D(v — u)T(x — v) + 7(x), (3.2)

(0,u) (u,v)

with D(x) given by (2.2). The function 7(x) = 7, (x) will be written in terms of functions 7" (x)

as
00

m(z) = Y (-1)Na™(x). (3.3)
N=0
To begin the expansion, we make three definitions which underlie the string-of-sausage image of
Figure 2.

Definition 3.1. (a) Given a configuration and & € A we define C(z) ={y € A : ¢ — y}.

(b) Given a configuration, we say that @ is doubly connected to y, and we write € = y, if there
are at least two bond-disjoint paths from @ to y consisting of occupied bonds. By convention, we
say that € = « for all x.

(c) Given a configuration, we say that a bond is pivotal for x — y if © — y in the possibly
modified configuration in which the bond is made occupied, whereas « is not connected to y in
the possibly modified configuration in which the bond is made vacant.

To begin the expansion, we define
7@(x) =P(0 = x) — dox (3.4)

and distinguish configurations with 0 — @ according to whether or not there is a double connec-
tion, to obtain
() = o + 77 (x) + P(0 — z & 0=~ ). (3.5)

If 0 is connected to x, but not doubly, then there is at least one pivotal bond for the connection,
and hence a first such pivotal bond. Denoting this pivotal bond by (u,v), we can write

P(0O—x& 0= x)= > P(0 = u and (u,v) is occupied and pivotal for 0 — x). (3.6)

(u,v)
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Now comes the essential part of the expansion. Ideally, we would like to factor the probability on
the right side of (3.6) as

P(0 = u) P((u,v) is occupied) P(v — x) = (50@ + W(O)(u))pD(u —v)7(x —v). (3.7)

However, it does not factor in this way because the sausage connecting 0 to u is constrained not
to send out a branch that would intersect the portion of the cluster after v in such a way as to
contradict the pivotal nature of the bond (u,v). What we can do is approximate the probability
on the right side of (3.6) by (3.7), and then attempt to deal with the error term. For this purpose,
we need several more definitions.

Definition 3.2. (a) Given a bond configuration, and A C A, we say « and y are connected in A,
if there is an occupied path from x to y having all its endpoints in A, or if x =y € A. We define
a restricted two-point function by

7 (x,y) = P(x and y are connected in A\ A). (3.8)

(b) Given a bond configuration, and A C A, we say & and y are connected through A, if every
occupied path connecting ® to y has at least one bond with an endpoint in A. This event is
written as & — Y.

(¢) Given a bond configuration, and a bond b, we define C?(x) to be the set of sites y such that
x is connected to y in the new configuration obtained by setting b to be vacant.

(d) Given an event F, we define the event {E occurs on C'®¥)(x)} to be the set of configurations
such that E occurs on the modified configuration in which every bond that does not have an
endpoint in C'*)(z) is made vacant. We say that {E occurs in A\C®?)(x)} if E occurs on the
modified configuration in which every bond that does not have both endpoints in A\C®?)(z) is
made vacant.

In terms of these definitions, we have the following important lemma, which is essentially [22,
Lemma 2.4].

Lemma 3.3. Fiz p € [0,1]. Given a bond (u,v), a site w and events E, F determined by the
occupation status of finitely many bonds,

E, (I[E occurs on O (w) & (u,v) is occupied & F occurs in A\é(“’”)(w)])
=pD(v —u)E, (I[E occurs on C“%) (w)|E, (I[F occurs in A\C®) (w)])) : (3.9)

We omit the proof of Lemma 3.3, as it is a small modification of the proof in [22]. The lemma is
proved by conditioning on the restriction of C'®®)(w) to a finite time horizon in A that is sufficient
to include all bonds on which E and F' depend. This ensures that we condition on a finite cluster,
and we therefore do not need the restriction p < p. of [22, Lemma 2.4].

In the nested expectation on the right side, the set C*%)(w) is a random set with respect to
the outer expectation, but it is deterministic with respect to the inner expectation. The inner
expectation on the right side effectively introduces a second percolation model on a second lattice,
which is coupled to the original percolation model via the set C (w0) ().
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To apply Lemma 3.3, we first note that

{0 = w and (u,v) is occupied and pivotal for 0 — x} (3.10)
— {0 = u occurs on C“?)(0) & (u,v) is occupied & v — x occurs in A\C™)(0)}.

The identity (3.10) is slightly more delicate than its non-oriented counterpart, due to the fact that
it is possible in the oriented context for the clusters C'**)(0) and C™?)(v) to intersect each other
even when (u,v) is pivotal for 0 — @. To prove (3.10), we first observe that the event on the left
side implies that 0 = u occurs on C'*%)(0), that (u,v) is occupied, and that v — z. To see
that v is connected to @ in A\ C'(“’“)(O), suppose to the contrary that every occupied path from
v to x contains a site z € C(®?)(0) (which may depend on the path). Then 0 is connected to @
via z even after (u,v) is made vacant, contradicting the pivotal nature of (u,v). Conversely, the
event on the right side of (3.10) implies that 0 = wu, that (u,v) is occupied and that 0 — @.
To see that (w,v) must be pivotal, we observe that if it is not then & € C**)(0) and it cannot
be the case that v — & in A\C®*)(0). This proves (3.10).
By Lemma 3.3, (3.10) gives the important identity

P(0 = w and (u,v) is occupied and pivotal for 0 — x)
=pD(v —u)E <[[0 = u occurs on é(“’”)(O)}Té(u’v)(o) (v, IB))
= pD(v — wE (1[0 = w7 O (v, )), (3.11)

where we can drop the condition “occurs on C'*¥)(0)” since 0 = w is independent of the
occupation status of the bond (u,v), due to the orientation. On the right side, Tc(u’v)(o)(v, x) is
the restricted two-point function given the cluster C**)(0) of the outer expectation, so that in the

(inner) expectation defining 7¢™”© (v, x), C*)(0) should be regarded as a fized set. We stress
this delicate point here, as it is crucial also in the rest of the expansion. As mentioned above, we
should think of configurations corresponding to the expectation defining 7C(0) (v, ) as living
on a different lattice than C'®*¥)(0).

It follows from (3.6) and (3.11) that

PO —z&0=x) =Y pD(v—uw)E (1[0 = u] 7O (v,2)). (3.12)
(w0)
We write
Té(u’v)(o)('v, x)=7(x—v)— (T(ZB —v) — Té(u’v)(o)('v, az)) =7(x—v)— ]P’(v o), :c), (3.13)
insert this into (3.12), and use (3.5) and (3.4) to obtain
(@) =000 + 7 (x) + > (50# + 7@ ('u,))pD(v —u)7(x — )

(u,v)

- 3 pD( —w)E (10 = uPv < 2. (3.14)
(w0)

This completes the first stage of the expansion.
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Figure 5: A configuration appearing in the second stage of the expansion, with the heavy and light
lines corresponding to percolation clusters living on distinct copies of the same lattice.

Before proceeding with the expansion, we take stock of what has been achieved so far. If
we were to neglect the final term in (3.14), we would have an equation analogous to (2.4), with
(00,2 + 7 (w)) corresponding to the weight of a single “site” along a generalised random walk. We
expect the final term of (3.14) to be small, provided the backbone joining v to @ typically does
not intersect the cluster C (“’”)(O). Above the upper critical dimension, the backbone should have
the character of Brownian motion and the cluster C'**)(0) should have the character of a super-
Brownian motion. For oriented percolation, intersection of the backbone and cluster corresponds
to intersection of the graphs of Brownian motion and super-Brownian motion. As explained near
the end of Section 1.2.3, the critical dimension for such an intersection is d = 4.

To continue the expansion, we would like to rewrite the final term of (2.4) in terms of a
convolution with the two-point function. A configuration contributing to the expectation in the
final term of (2.4) is illustrated schematically in Figure 5, in which the bonds drawn with heavy
lines should be regarded as living on a different lattice than the bonds drawn with lighter lines, as
explained previously. Our goal is to extract a factor 7(x — v’).

Given a configuration in which v 4, x, the cutting bond (u’,v') is defined to be the first pivotal

bond for v — @ such that v 2 o', It is possible that no such bond exists, as for example would

be the case in Figure 5 if only the bottom four sausages were included in the figure, with @ in the

~1(w,v)
location currently occupied by u’. To analyse P(v i N x), we define the events

E'(v,x: A) = {v -5 z} N { Apivotal (v, v') for v — @ s.t. v - u'}, (3.15)
E(w,u/ v x; A) = E'(v,u; A) N {(u/,v') is occupied and pivotal for v — x}. (3.16)

By partitioning {v A, a} according to the location of the cutting bond (or the lack of a cutting
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bond), we obtain the partition

v 2} =FE'(v,x; A U E,u, v, x; A), (3.17)
(u',v')
which implies that
Plv -5 x) = P(E'(v,2; A) + S P(E(v,u/, v, x; A)). (3.18)
(u'v")
Defining )
E"(v,u/,v'; A) = {E'(v,u; A) occurs on C¥)(v)}, (3.19)

the event E(v,u’,v’, x; A) can be rewritten as

E(w,u' v x;A) = E"(v,u/,v"; A) N {(v,v') occupied} N {v/ — & occurs in A\C™*)(v)}.
(3.20)
Using Lemma 3.3, this gives

Pv -5 z) = P(E' (v, x; A)) + p > D@ —u)E (I[E"(v,u’,fv’; A)] Té(u/’v,)(”)('u’,m)) . (3.21)

(u',v")

We note that E”(v,u’,v’; A) in (3.21) can be replaced by E'(v,u'; A), since E'(v,u'; A) is inde-
pendent of the status of (u’,v’), due to the orientation. Using this observation, and inserting the
identity (3.13) into (3.21), we obtain

P(v - x) = P(E' (v, x; A)) + p(Z,) D(v' — v )P(E' (v,u; A)) 7(x — V')

-p > D(v’—u')El(I[E’(v,u’;A)]IP’Q(v/M ). (3.22)

(uw',v')

In the last term on the right side, we have introduced subscripts for C and the expectations, to
indicate to which expectation C' belongs.
Let
T (x) = 3 pD(v — u)E, (1[0 = ulP,(E' (v, z; C§*"(0)))) . (3.23)

(u,v)

Inserting (3.22) into (3.14), and using (3.23), we have

(@) = 0o + () — 7V () + > (50,u + 7 (u) — W(l)(u))pD(v —u)7(T — V)

(u,v)

+ > pDv—u) > pDW —u)

(u,v) (u/ ")

x E, (I[O — E, (I[E' (v, u'; Co ™" (0))|P.(v/ a4, :1:))). (3.24)

This completes the second stage of the expansion.
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We now repeat this procedure recursively, rewriting P, (v’ M x) using (3.22), and so
on. This procedure stops after a finite number of steps, because each appearance of the last term
of (3.22) uses up at least one unit of time, and the last term of (3.22) will vanish as soon as the
temporal component of v’ exceeds that of x. This leads to (3.2)—-(3.3), with 7 and 7 given by
(3.4) and (3.23), and, for N > 2,

N—-1
@)=Y Y { 11 pD(v; — ui)}]EOJ[O — ) (3.25)
(u0,v0) (uny—1,ony-1) ~ =0

X EJJ[E' (vo, u1;Co)] -+ Ex  I[E' (vn_a, un_1; Cy_o)|ExI[E' (vx_1,2; Cn_1)].

Here, we have used the abbreviation C; = C’](uj 9 )('vj_l).

3.2 The Nguyen-Yang expansion

In this section we recall the derivation of the Nguyen—Yang expansion from [31]. As explained at
the beginning of Section 3, we will use the Nguyen—Yang expansion only to prove the bound on
pO,Trm (k) of Proposition 2.2(iii). This proof will be given in Section 4.4.

Fort=0,1,2,..., we define W, ;(z) to be the event that (0,0) — (x,n) with exactly ¢ occupied
pivotal bonds for the connection, and let

Tnt(x) = Pp(Wyi(2)). (3.26)

By definition, 7,(z) = >3, Tnt(z). We will rewrite 7,,(x) in terms of a repulsive interaction
between the sausages in the string of sausages representing the connection (0,0) — (x,n). When
W,.+(x) occurs, there are exactly t 4+ 1 sausages.

Given a bond b = {(z,n), (y,n + 1)}, let b = (y,n + 1) be the “top” of b, and b = (z,n) the
“bottom” of b. We will write b < b’ to mean that the temporal component of b is less than that of
¥, and, in an abuse of notation, we write b < n when the temporal component of b is less than n.
Fort > 1, let

Bin)={b=(by,....b):0<b <---<b <n} (3.27)

denote the ordered vectors of ¢ bonds, up to time n. Given b€ By(n), we define by = (0,0),
b1 = (z,n). We also define

t t

T(b, (z,n)) = Ol {b; occupied} OO {b; = b1 ). (3.28)

Note that if T'(b, (x,n)) occurs, then the only possible candidates for occupied pivotal bonds for
the event (0,0) — (z,n) are the elements of b. We define the random variables
Kli,jl= I (1+Uyq)  with  Uy=—Ib; = b (3.29)
i<s<t<j

—

The product in (3.29) is 0 or 1. If K[0,¢] = 1 and T'(b, (x,n)) occurs, then the occupied pivotal
bonds for the event (0,0) — (x,n) are precisely the elements of b. Therefore

Tat(@) = > B, [I[T(b, (z,n))]K[0,1]]. (3.30)

beB;(n)
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The lace expansion involves a decomposition of K[0,¢]. To describe this, we need some standard
terminology [8, 29]. A graph on an interval [a,b] is a set I' = {i1j1,...,ipmJn} of edges, with
a < i < j; <bfor each [, and with M > 0. We say that a graph I' is connected on |a,b] if
Usjerlis j] = [a,b]. We denote the set of connected graphs on [a, b] by Gla,b], and let

> 11Uy (3.31)

reglo,s] ijel’

Expanding the product in (3.29) leads to a sum over all graphs, and by partitioning according
to the support of the connected component of 0, the following decomposition emerges (see [29,
(5.5.9)] for more details)

K[0,t + 1] :K[l,t—i—l]+zt:J[0,s]K[s+1,t+1]—|—J[O,t+1] (t >0). (3.32)

s=1

In the right side of the above equation, the middle term is taken to be 0 if ¢t < 1, and K|a,a] = 1.
Let

Tmo(x) =P,((0,0) = (a: m)) — 30.200.m = Tm.o(Z) — d0.200.m, (3.33)
Toms(T) = Z Ep[I[T(, (z,m)]J[0,s]] (s >1). (3.34)

@l

It can be seen from the above definitions that 7, s(z) = 0 whenever m = 0,1 or s > m. Substitu-
tion of (3.32) into (3.30), followed by application of the Markov property, then gives the recursion
formula

n t

Tnt1,041(%) = p(D * T p) () + Z Zp(ﬂ}ms Dk Tpyyt—s) (@) + Tpyre41(x),  (£>0).  (3.35)

m=2 s=0

Summing (3.35) over t then gives the basic recursion formula (3.1), with
= Tm,s(2). (3.36)
s=0

Finally, we rewrite m,, s(x) in terms of laces. A lace on [a,b] is an element of Gla, b] such that
the removal of any edge will result in a disconnected graph. Given a connected graph I" € Gla, b],
we define the lace L C I' to be the graph consisting of edges sity, sats, ... given by

t1 = max{t:ateTl}, s =a, (3.37)
tiv1 = max{t:ds <t; such that st € I'}, Sit1 = min{s : st;y; € I'}.

(It is not hard to check that Lr is indeed a lace.) Given a lace L, let C(L) denote the set of
compatible edges, i.e, the set of edges 7j such that Lyg;3 = L. Define L™ ]a,b] to be the set of
laces on the interval [a, b], consisting of exactly N edges. It is then a standard calculation [8, 29]
to conclude that

e}

Tms(@) = Y (=)NIQ (), (3.38)

N=0
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with 1) () = Tpm,0()do,s and

—

My () = (=) 3 Ep{f[T(b,(x,m))] > T1us 11 1+U”} (N >1). (3.39)

beBs(m) LeLNMo,s]ijeL  i'j’eC(L)

The combination (—1)"I];;ez Ui; is either 0 or 1, so II(Y),(z) > 0. The above gives the identity
(3.2), but now with the decomposition

o

= > (-1)VOP(x) with I (x ZH“V) (3.40)

N=0

in place of (3.2).

4 Proof of Proposition 2.2

In this section, we prove Proposition 2.2. For Proposition 2.2(i-ii), we will use the Hara—Slade
expansion of Section 3.1, whereas for Proposition 2.2(iii) we will use the Nguyen—Yang expansion
of Section 3.2. We begin in Section 4.1 by indicating how 7™ (x) of (3.25) can be bounded in
terms of the two-point function, with these bounds conveniently organised using diagrams. The
diagrams are then estimated in Section 4.2. This will be used in Section 4.3 to prove the bounds on
7(x) of Proposition 2.2(i-ii). Finally, in Section 4.4, the diagrammatic estimates will be extended
to the Nguyen—Yang expansion, to estimate pd,m(x) and prove Proposition 2.2(iii).

4.1 Diagrammatic bounds
4.1.1 Diagrams

We now indicate how useful diagrammatic bounds can be obtained for 7™ (z), using the method
of [20]. A key ingredient in the diagrammatic estimates is the following special case of the BK
inequality (see [18]). Let Vi,...,V,, be sets of oriented lattice paths, and let E; be the event that
at least one of the paths in V; is occupied. The event E; o --- o E,, represents the event that there
exist pairwise bond-disjoint occupied paths w; € V; (i = 1,2,...,n). Then the inequality

P(Ey o0 E,) <P(E)P(E,) ...P(E,) (4.1)

follows from the BK inequality and the fact that the F; are increasing events.
Using (4.1), we immediately obtain the estimate

7 (z) = P(0 = @) — Joa =P((0 — ) 0 (0 — @) — doo < 7(2)? — G0 (4.2)

To bound 7™ for N > 1, we estimate the nested expectation (3.25) from the inside out (right to
left). For the innermost expectation E, we first observe that E'(vy_1, x; C~’N_1) is a subset of the
event that there exist wy € Cy_; and t € A with four disjoint paths realising the connections
vy — t, t — wy, wy — x, t — x. Applying the BK inequality gives

EvI[E (vn_1,2;COn-1)] < Y Iwy € Cn_i]7(t —vn_1)T(wy — t)7(z — wy)7r(x — t). (4.3)

twy€EN
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The indicator I[wy € C’N,l] is a random variable for the expectation E,_, that must be treated
in conjunction with the event E'(vy_2,un_1;Cn_2) (when N > 2). It is not difficult to show (see
[20, Lemma 2.5] or [29, Lemma 5.5.8] for details) that

]Ei (][E,(’Ui_l, u;, C’i_l)]l[wiﬂ € éz])
< Z I[wi € C~’i_1]7(wi+1 - Zi)T(Uz‘ - wi)T(wi - t)

wi,z;it,y

X <T(t — ’Uz‘_l)T(ZZ' — '[Z)T(’U,Z — Zi) + T(Zi — 'Ui_l)T(t — Zi)T('U,Z‘ — t)) (44)
Finally, the expectation [, is estimated using

B,y (1[0 = uo)I[w; € Co]) < 3 7(uo)7(20)7(uo — 20)7(w1 — 20), (4.5)

which follows from the BK inequality and the fact that the intersection of the events on the left
side is a subset of the event that there exists zy with four disjoint connections 0 — wug, 0 — 2o,
Z0 — Up, 290 — Wq.

The upper bounds (4.3)—(4.5) have a convenient diagrammatic representation, as illustrated in
Figure 6. Diagrams are interpreted as follows. Each diagram vertex is assigned a lattice variable
and each diagram line is assigned a two-point function evaluated at the (oriented) difference of its
endpoint variables. Unlabelled vertices are summed over all possible values. In Figure 7, and in
later figures, we will also use a pair of short line segments to indicate vertices that are separated
by unit time; these correspond in Figure 7 to the pivotal bonds (u;, v;) of (3.25) and carry weight
7(v; — u;) = pD(v; — u;). More generally, a diagram is a graph with multiple edges between
vertices allowed, with factors of 7 associated to each edge and summed as described above.

In Figure 6, we also show the effect of shifting the diagram line 7(w;; — z;) to the diagram
arising in the upper bound for the expectation E,, ,, rather than keeping it in the upper bound for

E,, for i =0,..., N — 1. With this shift, a convenient recursive structure emerges. To see this, we
define
Pr(ug, z0) = 7(uo)7(20)7 (10 — 20), (4.6)
Po(wi1, 21, w5, 2) = Y pD(vig — uiq)7(w — t)7(u; — w)T(w — 2i_1)
t,w,'vi,l

X (T(zi — v, )7T(t — z)T(w; — t) + 7(t —v,_1)7(2; — t)T(u; — zi)),
Py(un_1,zy-1,2) = Y. pD(vn_1 —un_1)7(t —vN_1)T(z — t)T(x — w)

tw,vN-_1

X T(w —t)T(w — zn-_1). (4.8)

The right sides of the above equations correspond to the diagrams appearing in Figure 6 after
shifting lines, with the difference that the bonds (w;_1,v;-1) appear in (4.7)—(4.8) but not in
Figure 6. For N > 1, we define

N—-1

PM(@)= > - > Pl(uo,zo){ I Po(wisi, zic1, wi, 2:) | Ps(un—1, z2y-1,2),  (4.9)

(u0,20) (un—-1,2N—-1) i=1
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N-1
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Figure 6: Diagrams representing (4.3)—(4.5), showing also the result of a shifted line.

where the empty product arising when N = 1 is defined to be 1. We also define the bubble diagram
B(z) = 7(x)?, and set P®(x) = B(x) — dp,. The inequalities (4.3)—(4.5) can then be combined
with (3.25) to give

7™M (x) < P™N(x) (N >0). (4.10)

The diagrams P™(x) are depicted in Figure 7, for N = 0,1, 2.

The inequality (4.10) shows that 7™ (x) can be bounded by a sum of products of two-point
functions 7(y), with the temporal component of y no larger than that of . These inequalities
will provide the key ingredient needed to prove Proposition 2.2, which simply asserts that certain
bounds on 7(y) imply bounds on ().

4.1.2 Diagrammatic constructions

We now introduce some diagrammatic constructions that will be useful to estimate P™(x). A
related procedure was employed in [22].

Definition 4.1. (a) Given a diagram, and given any line A of the diagram, Construction 1*(y)
is the operation in which a new vertex y is inserted in line A. Explicitly, this means that the
two-point function 7(v — u) (say) corresponding to line A is replaced by 7(v — y)7(y — u).

(b) Construction 1*(1) is the operation in which Construction 1*(y,1) is performed and then fol-
lowed by summation over y (leaving [ fixed). Explicitly, this means that 7;_;(v — u) corresponding
to line A is replaced by >, 7j_i(v — y)1—i(y — u).

In the diagram P, we declare one of the lines in the bubble to be admissible. For N > 1,
we declare the lines 7(t — vy_1) and 7(x — t) appearing in (4.8) to be admissible. These are the
lines on P3 from which the terms of P, can be obtained by adding an additional vertex. Writing
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o m

Figure 7: Diagrams representing P™(x), N = 0,1, 2.

P®-Y(z:1*(z)) for the result of applying Construction 1*(z) to P®~Y(x), it then follows from
(4.9) that
PN (z) =3 > PN (u;1M2)) P3(u, 2, ) (N >1), (4.11)

u,z )\
where the sum over ) is over two admissible lines for N > 2 and over one admissible line for N = 1.
We will formalise the operation occuring in (4.11) in a definition. For this, we define

LOw,t,x) = 7(x — w)r(x — t), (4.12)
LO(u, z,x) =7(x — 2)>_pD(v — u)t(x — v). (4.13)

Given a diagram F'(u) with two labelled vertices having labels 0 and u, and with a certain set of
admissible lines indexed by A, let F'(u;1*(2)) denote the result of applying Construction 1*(z). It
then follows from (4.8) that

P3(u7 z, CE) = ZL(1)<U7 Z,w; 1a(t))L(0)(t7 w, w)a (414)

tw
where « is the line from v to w occuring in L™ (u, z, w) (with v the summation index in (4.13)).

Definition 4.2. Given a diagram F(u) with two labelled vertices having labels 0 and u, and with
a certain set of admissible lines indexed by A, Construction 2{ (w) produces the diagram

FO(w) =33 Fu; 1M2)) LY (u, 2z, w), (4.15)

)\ u’z
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and Construction E,(w) produces the diagram

FO(w) =33 Fu; 1M(2)) Ps(u, 2, w), (4.16)

A u,z
where the sum over A is the sum over admissible lines.

We may then understand the factor Ps(u,z,x) in (4.11) as corresponding to application of
Construction Fy(x) to P™~Y(u). By definition and (4.14), Construction F,(x) is equivalent to an
application of Construction 2{’(w) followed by Construction 2! (x), where the unique admissible
line prior to applying Construction 2 (x) is the line from v to w added to the diagram in the
application of Construction 2{’(w). (Here, v corresponds to the summation index in (4.13).) Thus
P™(x) is obtained by N applications of Construction E to the bubble diagram, for all N > 1.
To estimate P™(x), it therefore suffices to estimate the bubble and to investigate the result of
applying Construction E,(x) to a diagram whose behaviour is already understood. For this, it
suffices to understand the result of applying Construction 2{’(w) to a diagram whose behaviour
is already understood.

4.2 Estimation of diagrams

The main goal of this section is to obtain an estimate for the diagrams P of Section 4.1. The
result, which will be at the heart of the proof of Proposition 2.2, is stated in Lemma 4.5. A
secondary goal is to develop a general method for estimating diagrams, that will be useful also in
Section 7.

We begin with a lemma that converts the Fourier-space bounds of (2.15) for 1 < m < n into
x-space bounds for 0 < m <n + 1. The inclusion of m = n + 1 in the x-space bounds is essential
for obtaining the bounds of Proposition 2.2 for 0 < m < n + 1. It will be convenient in what
follows to return to the (x,m) notation for sites.

Lemma 4.3. Suppose that (2.15) holds for 1 < m < n and for some p € I. Then there is a K,
depending on Ky, such that for 0 < m < n +1 and for that p, the following bounds hold:

i (m#0)
7n(0) < K, 2r(x) < K oo < 4 M2 4.17
() K, X faPr(@) < Kot _{1 o, 1D

1\ (@22
) . (4.18)

suplof(a) < Ko (2o

We will interpret the bound on ||7,, ||« of (4.17) as

(4.19)

__KB__ (if m # 0 is guaranteed)
m+1)d/2 &

1) (otherwise).

Proof of Lemma 4.3. The bounds are all trivial for m = 0. For m < n, the first two bounds are
immediate from (2.15). For m =n+ 1, given [ > 0 and 0 < j < [ we use Boole’s inequality and
the Markov property to obtain

() =Py( U, {(0,0) — (y,§) — (,1)}) < ILAULEICE) (4.20)
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Taking [ = n+ 1 and j = 1 in (4.20), we obtain 7,,.1(0) < 71(0)7,(0) = p7,,(0), which gives the
first bound of (4.17) for m = n + 1. The second bound can be obtained similarly, for m = n + 1,
using also the estimate |z|? < 2(|y|*> + |z — y|?) and the definition of o in (1.3).

Next, we consider the third bound of (4.17). For m = 1, we have ||11]| = p||D|lec < K3, by
the assumption above (1.2). For m > 2, we use (4.20) twice, as well as the inequality [|h|s < ||]]1,
to conclude that )

T () < (71 % 71 % T 2) (%) < PP D*Fnall1 (4.21)

Thus (2.15) implies (4.17) for all m < n + 2.
For (4.18) with m = 1, we use the first assumption of (1.2). For (4.18) with m > 2, we use
(4.20) with | = m and j = [m/2] to obtain

2T () < 2> (1?4 |2 = y1*) T2 (U) T my2) (2 — )
Y
< 2<H7—mlm/2J Hoo Z |y|27—Lm/2J (y) + “TLm/ZJ “oo Z |y‘27mem/2J (y)> (4-22)
) Yy

Then (4.18) follows from (4.17) for m < n + 1 (in fact for m of order 2n). O
As was explained above the statement of Proposition 2.2, (2.15) will follow once we establish
Assumption 2.1 by proving Proposition 2.2. Therefore the bounds (4.17)—(4.18) of Lemma 4.3 will
also follow, for all m > 0.
Next, we give a simple example of an estimate for a diagram. Following the example, we will
develop a more systematic approach to such estimates.

Example 4.4. We define a diagram G,,(z) by

Gu(z)= Y. > miw)m)m—j(v —uw)n(w — v)Tm_g1(z — 0)Tm_j(z — ). (4.23)

0§]§k<m u,v,w

This diagram is the contribution to 7()(x) that arises when the rightmost loop in the diagram
P"(z) shrinks to the single vertex (z,m). Note that all subscripts on the right side of (4.23) are
at most m. To estimate G,, = Y., Gn(x), we bound the second and sixth factors above by their
maximum possible values to obtain

G < > Imlllmklloolimams a7l 7ot 1 7o lloo- (4.24)

0<j<k<m
Assuming the bounds (4.17)—(4.19) for 7, with [ < m gives

Gn < K8 Y (k+1)""(m—j+ 1) <cK°B(m + 1)~ (4.25)

0<j<k<m

In the above estimate, we used the fact that since m —j > 0 we obtain a factor 3 when using (4.19)
to estimate ||7,,,—j||c. In addition, we used the fact that for d > 4 there is a constant ¢ = ¢(d)
such that
SOGH) P —i+ 1) <c(n+ 1) (4.26)
0<i<j<n
holds uniformly in n > 0. To prove (4.26), we divide the sum into two cases, depending on whether
J < n —1 or not. The contributions due to each case are equal, due to the symmetry present in
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the sum on the left side of (4.26). When j < n —i, we have n —i > n/2, because ¢ < j. Therefore,
the left side of (4.26) is bounded above, as required, by

o

2:2m+ 1) X (G122 + )T (G+ )T <e(n+ )7 (4.27)

0<i<j<n 7=0

Convergence of the above sums gives a sharp criterion requiring that d be above the critical
dimension 4.

Consider, in addition, the effect of associating to G,,(z) a factor |z|? or |z|* before performing
the sum over z. Using |z|? < 2(|u|?+|z—u|?) and (if we are considering |z[*) |z|* < 2(|v]|*+|z—v])?,
we can associate factors of |z|* to one or two distinct (when considering |z|*) diagram lines. By
(4.17)-(4.18), the effect of a factor |z|*> on an upper bound on an ' or [* norm is to increase
the estimate by a factor o? times the temporal displacement of the diagram line. The latter is
bounded by m + 1, and we can thus conclude from (4.25) that

S |2|9G () < CKOBoi(m + 1) =072 (g € {0,2,4}). (4.28)
This completes Example 4.4. O

We now come to the principal lemma of this section. In view of (4.10) and the fact that
7wV (x) > 0 by definition, it is only the last inequality of (4.29) that remains to be proved.

Lemma 4.5. Let d > 4 and assume the bounds (4.17)—(4.19) for 0 < m < n + 1. There are
constants C' and Ly (both depending on Ky), such that for L > Lo, N > 0, ¢ € {0,2,4} and
2<m<n+1,

0< Y Ja'm) (2) < 3 Je|"PL0 (@) < CNgtBNYIm (-9, (4.29)

Before proving Lemma 4.5, we first state and prove a lemma that explains the effect of applying
Construction 1, 2 or F to a diagram. This will be useful in estimating the diagrams P™(x), which
are obtained by repeated application of Construction E.

Lemma 4.6. Let 0 <1 <m <n+1 withm > 1, and assume (4.17)-(4.19) for0 < m <n+1. Let
G and F,,(x) be diagrams with all vertices having temporal component respectively no larger than
n+1 and m. Suppose that G and Y, F,,(z) can be bounded respectively by B and B(m + 1)~%/2
by associating I* and [°° norms to diagram lines as in Exvample 4.4 and by using (4.17)—(4.19) to
estimate these norms. Then the following statements hold.

(a) Application of Construction 1;(\) to G produces a diagram that is bounded by 29T2/2K B,
where K is the constant of Lemma 4.35.

(b) The diagram ¥, F'?(x), obtained by applying Construction 2((27,@ (x,m) to Fr(u), is bounded
by CBB(m +1)"%42 with C independent of Fy(u) and B except for dependence on the number of
admissible lines in Fy(u).

(c) Application of Construction E, ) (x,m) to Fy(u), followed by summation over x, produces a
result that is bounded above by CB'B(m + 1)~%2, with C independent of Fi.(v) and B except for
dependence on the number of admissible lines in Fj(u).

In each of (a)-(c), the bound on the new diagram is obtained by associating I* and 1> norms to
diagram lines as in Example 4.4 and by using (4.17)—(4.19) to estimate these norms.
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Proof. (a) Application of Construction 1;(A) replaces a factor 7;(x) associated to line A by a factor
pi(x) = Ly mi(w)mja(x — w). By (4.17), [|plly < |I7ll1l7j-illy < K?, compared to ||7[ly < K. In
addition, ||pjle < 2W@F2D2K2B8WYi(5 +1)~42 compared to ||7j||le < KB (5 + 1)~%2. To see this,
we assume first that [ < j/2, in which case j — > j/2. In this case, by (4.19), we have

pi(@) < lImjmlloolimll < 292 K267 (5 + 1) 742, (4.30)

The case | > j/2 obeys the same bound. Thus the effect of replacing a diagram line 7;(z) by p;(z)
is to obtain, at worst, an additional factor 2(4*?/2K in a bound.

(b) We first show that

supZLMm u,z,x) < 22HAREBR(m — 5+ 1)72 (< k). (4.31)

Consider first the case i = 0, for which the left side of (4.31) is given by

SUp Y Tk (T — )T j(z — 2). (4.32)

uz

Since k is the greatest temporal vertex in Fi(u) by assumption, we may assume that j < k. In this
case, by (4.17)-(4.19) the above expression is bounded by ||7y_;|co | Tm_tll1 < K?*(m —j +1)~%2,
which is better than required. The desired bound for ¢ = 1 follows from (a) and the observation

that L;; . (u, z,x) is obtained from Lé;m(u, z, ) by applying Construction 1*(k + 1), where X is

the line 7,,_x(x — u). The factor § arises because both m —j > 1 and m — k > 1 for L™ and this
ensures that a factor § is produced from the [*° norm in bounding (4.32).
By (4.15),

S EO@) <Y Z (ZFkul)‘Z] )(supZLkamu2x>. (4.33)

By (a), there is a constant ¢; such that

3" Fi(u;12(2,4)) < et B(k +1)"%2 (4.34)

U,z

Using this with (4.31), we see that (4.33) is bounded above by

BB Y. (k+ 1) (m—j+ 1) (4.35)

0<j<k<m

By (4.26), this gives the desired result.

C 1s Tollows from , since Construction rp(x, m) 1s obtained by application of Construc-
This foll f b), si C ion Ey 1 is obtained b licati fC
tion 2 followed by Construction 2. ]

Proof of Lemma 4.5. In view of the observation above the statement of the lemma, it suffices to
show that

Z 2|7 PY) (2) < CNa1NY (m + 1)(@=D/2 (N > 0). (4.36)
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We first consider the case ¢ = 0. By definition, for m > 1,
Zpéi» ZTm 2 < |7 [l oo | T 11 (4.37)

The case N = 0, ¢ = 0 of (4.36) then follows immediately from (4.17)-(4.19). The result for
general N (with ¢ = 0) then follows from Lemma 4.6(c) and the fact that P®(x) is obtained from
the bubble diagram B(x) = o + P (x) by N applications of Construction F.

For ¢ = 2,4 we note from Figure 7 that there are two disjoint paths starting at (0,0) leading
to (x,m), for each P™"?. The number of lines constituting each of these paths is at most 2N + 1.
Denoting the displacements along each of these lines by u; and v;, we have x = >, u; = >, v;.
Therefore

lz|? < (2N + 1) Z]ul, |z|* < (2N + 1) Z|vz|2 (4.38)

Estimating the resulting diagrams term by term and arguing as in Example 4.4, we see that
the effect of the factor |z|? is to multiply the bound on the case ¢ = 0 by O(N?)o9m/? <
CNoima/?, O

4.3 Proof of Proposition 2.2(i-ii)

In this section, we prove Proposition 2.2(i-ii).

Proof of Proposition 2.2(i). Note that (4.17)—(4.19) for 0 < m < n + 1 follow from (2.15) for
1 <m < n, by Lemma 4.3. The desired result then follows immediately from Lemma 4.5, since

() = EX_o (=D ¥m) (). =

Proof of Proposition 2.2(ii). The following proof is the same as the proof of [26, Proposition 5.1(ii)].
We give separate arguments for ||kl < L™ and ||k|joc > L' For ||k|joo > L1, it follows
from Proposition 2.2(i) and (1.5) that for 2 <m <n+1

) ) . e cg  CB  CB—D(k
Tm(k) — 7m(0) — [1 — D(k)]o QVQWM(O)‘ < md/2 + md/2 + 7[71(d_2)/§ )

_ CB1L—DM)] _ CA[L— D(k)P

=T @z =T iz

(4.39)

by changing the constant C' appropriately. This contribution satisfies (2.22).
Henceforth, we restrict attention to ||k||.c < L™'. By the triangle inequality,

(k) = 7 (0) = [1 = D(k)]o 2V 27, (0)] (4.40)
|k [?

7Arm(k) - 7A"rn(o) 2

— V% (O)’+’[1—D k)|o

By symmetry, the first term on the right side of (4.40) can be rewritten using

(k) — T (0) — ‘I;Ji Vi (0) = (Cos(k cx)— 1+

T

(k - x)*
2

)7 () (4.41)
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There is a constant ¢ > 0 such that |cost — 1 + 22| < ct*2 for all € € [0,e A 1]. Since
|k - x>t < k[>T 222, it follows that

k: 2 ! /
|7tm (k) — T (0) — |26|iv2frm(0)| < kPPN 2P (). (4.42)
By Holder’s inequality and Proposition 2.2(i) with ¢ = 0,4,

, 3 1+T€/ K 2+42¢’
Sl (o)l < (Sl (Shell) < i (43

x T xT m

The desired bound on the first term of (4.40) then follows by combining (4.42)—(4.43) with the
lower bound of (1.4).

It follows from (1.2) and Holder’s inequality that 3, |z|**2¢ D(z) < CL**?¢ for each € € [0, €].
By Proposition 2.2(i) with ¢ = 2, arguing as above and using (1.4), it therefore follows that the
second term of (4.40) is bounded by

Kp ~ _|kPPo?

K 2+25’L2+2e’ K R
—a |l DR = = Bk <

1+€
- m(d—2)/2 = pd—2)/2 [1 - D(k)] ) (4.44)

which satisfies (2.22). O

4.4 Proof of Proposition 2.2(iii)

In this section, we prove Proposition 2.2(iii), using the Nguyen—Yang expansion of Section 3.2. To
begin, we recall from (3.26) the decomposition

To(2) =Y Ts(w), (4.45)
=0
and we recall from (3.36) that
(k) = 3 (). (4.46)
=0

The following lemma provides an appealing formula and bound for pd,7, (k).

Lemma 4.7. For p € [0,1] and d > 1, the following formula and bound hold:

pgpﬁ-n(k) = Ztﬁn,t(k>7 (447)
t=0

POy (k)| < n > T(0). (4.48)
N=0

Proof. By Russo’s formula (see [18]),
1 n
OpT(x) = ; Y 7). (4.49)
=0
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Taking the Fourier transform of (3.35) gives

n t
Totre41(k) = pD(E)7,(k) + pD(k) Z Z Tom,s(K)Tn—mt—s(K) + Fng1 41 (k). (4.50)
m=2 s=0
Combining (4.49)—(4.50), we obtain
n n t
8,,7:”4_1 Z t + 1 [pD Tn,t(k) +pD(/{:) Z Z ﬁm,s(k)%n—m,t—f,’(k) + ﬁn—l—l,t—&-l(k) . (451)
=0 m=2 s=0

We evaluate the contributions due to the two terms in the factor (¢+ 1) separately. By (2.7), (4.45)
and (4.46), the term 1 in the factor (¢ + 1) contributes p~![#,11(k) — Fn110(k)]. The contribution
due to the term ¢ in the factor (¢ + 1) can be evaluated with the help of (4.45) and (4.49), leading
after calculation to the conclusion that

ialk) = - [Fun (k) = Fusah)] + DRIPO,(F) + DOk) i o (k)P0 ()
n m n+1
) 32 3 snaK) (k) + 3 (). (452

On the other hand, differentiating (2.7) with respect to p gives

Ouir(K) = 1 [Funs() = s (0)] + DDUODZR) + pD(R) D on K12y

m=2

+pD(k) S Oyt (k) Fnm (k) + Oy (K). (4.53)

Comparing (4.52) and (4.53), we see that

n A A n 1 n+1 A
k) Z POy T (k) Tr—m (k) + Opfrni1 (K Z Z $Tm.s (k) Tn—m(k) + = Z STnt1,s(k). (4.54)
m=2 m=2 s=0 s=0

We will now prove by induction on n that the derivative of 7, (k) is given simply by
pOyTn(k) = s7tns(k), (4.55)

as claimed in (4.47). For n = 1, we have 7(k) = 0 and 7, s(k) = 0 for all s, in agreement with
(4.55). Next, assume that pd,7,,(k) = Y0", s7m (k) for all m < n. The advancement of the
induction then follows from (4.54).

Therefore .

[pOp7tn (k)| < nz |7n,s(B)| < m Z Z H(N) =n Z ﬂizN)(OL (4.56)
5=0 N=0s=0 N=0
where we have used (4.55), (3.38), (3.40), and, in the second inequality, the fact that I1{Y)(x) >

0
for every n, s, x, N. O
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Figure 8: Disjoint connections occurring in II{"(z), and corresponding diagrammatic upper
bounds, for N =1, 2.

In view of (4.48), to complete the proof of Proposition 2.2(iii) it suffices to show that the
estimates (4.17)—(4.19) (which follow from (2.15) by Lemma 4.3) imply that

I 0) < VMY n4+1)"%2 (N >0). (4.57)

This is immediate for N = 0 by Lemma 4.5, since 11 (0) = 7, (k) = #(0) by definition. For
N > 1, upper bounds on II{™ (z) in terms of diagrams are discussed in [31]. The diagrams that arise
are almost identical in structure to the diagrams that were shown to bound 7™ (z) in Section 4.1.1.
Using the definition of II{¥(z) in (3.39), it can be argued as in [31] that configurations contributing
to II{¥)(x) must contain the disjoint connections depicted in Figure 8, for N = 1,2. Higher values
of N have a similar pattern. In Figure 8, upper bounds on II{"(z) are also depicted, for N =1, 2.
The diagram for N = 1 is precisely the diagram estimated in Example 4.4. The diagrams for
N > 2 can be estimated using Construction 2 in a similar fashion to the proof of Lemma 4.5. We

omit the details, which lead to the conclusion that (4.57) indeed holds.

5 Expansion for the r-point function

In this section we derive the expansion (2.29) for the r-point function, for » > 3. The derivation
also applies when r = 2, in which case it reproduces the expansion for the two-point function of
Section 3.1.

Two approaches to the derivation of (2.29) are possible. One approach is to begin with the
expansion for the two-point function with magnetic field developed in [23, Section 4]. Although
the expansion with magnetic field was derived in [23] for non-oriented percolation, it applies also in
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the oriented context without modification. When the expansion of [23, Section 4] is differentiated
r — 2 times with respect to the (site-dependent) magnetic field and the magnetic field is then set
equal to zero, an expansion for the r-point function results. However, the magnetic field introduces
subtleties that are not required for our present purposes, and we find it simpler and more direct
to use a different approach that does not employ a magnetic field. This second approach adapts
the expansion of Section 3.1 to deal with r > 3 directly.

In this adaptation, the string of sausages of Figure 2 of Section 2.2.1 is replaced by the tree of
sausages of Figure 3 of Section 2.2. We regard the tree of sausages as a string of sausages joining
0 to x;, with branches emerging from the sausages and leading to xs,...,x,_;. The point x;
therefore plays a distinguished role in the expansion. The derivation of the expansion shares many
common features with the derivation of the Hara—Slade expansion of Section 3.1, but contains
additional features when r > 2. A central feature of the expansion is the location of a suitable
cutting bond, and, like the cutting bond defined above (3.15), it will be important that we define
the cutting bond to be the first bond having a desirable property.

Using the definitions J = {1,2,...,r —1} and J; = J\{1} of (2.28), the identity (2.29) asserts
that

T(T)<£J) = A(T>(£J) + Z Z B<T2+1)(’U1, .CE[)T(H)(.’EJ\[ — 'Ul), (51)
ICJ; v1
where r; = [J\I| + 1 and r, = |I| + 1. In what follows, we suppress the superscript () from
the notation, as this superscript can be determined from the number of vertices appearing as
arguments. We will again use the notation @ for sites, rather than (x,n). The expansion will be
performed in iterative stages, which will lead to expressions for A and B of the form

A(Z) = i(—l)NA“V)(ﬁJ), B(v, &) = i(—l)NB(N)(v,il). (5.2)

The superscript (V) in (5.2) should not be confused with the superscript (r) denoting r points in
(5.1), and it should be clear from the context which superscript is intended.
Given I C J, we define

F(v,&;) = {v — x, for all i € I}. (5.3)

Using this notation, the r-point function can be written as

T(Z;) =P(F(0,&,)). (5.4)
We also define
AZ;) =P(0 = x1) N F(0,%,,)). (5.5)
Since 0 is either doubly connected to @, or it is not, we have
(%) = A9(Z)) +P{0 — x; & 0= 21} N F(0,&,,)). (5.6)

If 0 is connected but not doubly connected to @y, then there is a first pivotal bond (u,v) for the
connection and hence

P{0 — x; & 0= 21} N F(0,%,,))
= > P({0= u & (u,v) is occupied and pivotal for 0 — &1} N F(0,Z,)).  (5.7)

(u,v)
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Regarding the connection 0 — @« as a string of sausages as we did in Section 3.1, we partition
the event on the right side of (5.7) according to the set [; C J; such that &y, lies in the first sausage
and &7, does not. In other words, I; is the largest set such that @; C C**)(0). Defining

F'(u,v,&1,) = {{(0 = u) N F(0,&,)} occurs on C*)(0)}, (5.8)
we claim that, as in (3.10),

)
P({0 = u} & {(u,v) is occupied and pivotal for 0 — x,} N F(0,Z ,))
= > P(F"(u,v,#,) N {(u,v) occupied} N {F (v, &) occurs in A\C™?(0)}).  (5.9)

IL1CJy

To prove (5.9), we partition the event on the left side according to the set I; of components
of &; that are in C‘(“””)(O), obtaining a disjoint union of events that we denote in this paragraph
as Er,. Given I, we show that Ej, is equal to the event appearing on the right side of (5.9).
To show that £}, is contained in the event of the right side, by definition of Ej, it follows that
F"(u,v,&;,) occurs, that (u,v) is occupied, and that F'(v,Z 1) occurs. Thus it suffices to verify
that F(v, &5, ) occurs in A\C®™?)(0). To see that F(v, Zj\1,) occurs in A\C®?)(0), we observe
that otherwise v must be connected to some x; (with i € J \ 1) through C**)(0). But this
contradicts either the fact that (w,v) is pivotal for 0 — @1 (if i = 1), or the fact that i¢l; (if
i # 1). Conversely, suppose that the event of the right side of (5.9) occurs. Then it is clear that
all the events in the definition of E}, occur, except it is not immediately obvious that (u,v) must
be pivotal for 0 — x1. However, if (u,v) is not pivotal, then =, € C®™?)(0), which contradicts
the fact that F(v, &, ) occurs in A\C®?)(0). This completes the proof of (5.9).

Given A C A, we define a restricted connectivity function by

(v, %) = P(v — x; occurs in A\A for each i € I). (5.10)
Applying Lemma 3.3 to the summand in (5.9), we obtain
P(F"(u,v, %) N {(u,v) occupied} N {F(v, Z ) occurs in A\C™(0)})  (5.11)
= pD(v — wE(I[F" (u,v,81,)] 7" O (v, & 1,)).
Let v 2% Z; denote the event that v — x; for all 7 € I and that v 4, x; for at least one 7 € 1.
By definition,
TA('U> a_fJ\fl) = 7-(C_é<]\11 - U) - {T(iJ\Il - U) - TA(U’ ij\IJ}
:T(£J\11 —’U) —P(’U A{é]\[1>. (512)
Let
BO( ZpD v — u)P(F"(u,v,%r)). (5.13)
Using (5.7)—(5.13) with (5.6) yields
T<£J) = Aw)(:ﬁJ) + Z Z Bm)(”a j‘11)7—(53:7\11 - U)

L v

- Y Y e - wE (I e E B T E)) (614)

I1CJ1 (u,w)
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Figure 9: Examples of cutting bonds (u/,v’) for v A, &y for K = {1,2,3}.

This completes the first stage of the expansion. As in Section 3.1, we have used subscripts in
(5.14) to coordinate the cluster C’éu’v)(O) and the expectation E, with respect to which ~(§u’v)(0)
is random.

Fix K C J with K 5 1, and let K; = K\{1}. To continue the expansion, we begin by
analysing the probability ]P’(v Az K) occuring in (5.14). Our first task is to identify a cutting
bond analogous to the cutting bond introduced above (3.15). For this, given a configuration for
which v 2 & Kk, we temporally order the pivotal bonds for the connection v — x;. The cutting
bond for v — x; is then defined to be the first pivotal bond (u’, v’) for v — x; (if there is one)
such that either (i) v A or (ii) 3 € K; such that {v 4, x;} occurs on C™*)(v). Examples of
cutting bonds are depicted in Figure 9.

The cutting bond has been defined in such a way that the cluster C’(“"”/)(v) remains appro-
priately “well connected” to the set A = ééu’v)(O). The term “well connected” is being used in a
vague sense here. Roughly speaking, it means that if connections in both C®*)(v) and é’éu’v)(O)
are considered, 0 should be doubly connected to the bottom u’ of the cutting bond. In case (i),
depicted in the first configuration in Figure 9, the choice of cutting bond is quite similar to the
cutting bond defined in the expansion for the two-point function above (3.15). In case (ii), de-
picted in the second configuration in Figure 9, we have a situation that does not occur for the
expansion of the two-point function. In case (i), the cluster C**)(v) is well connected to the set
A= C’éu’u)(()) via a branch to some x; with ¢ # 1. The general philosophy is to select the cutting
bond to be the first pivotal bond for the connection 0 — x; such that the cluster C®*)(v) is
well connected to A = éé“’v)(O). It is important to choose the first such bond, so that the cluster
C'(v’') is unconstrained by A.

We partition the event v Az i according to the location of the cutting bond, or the absence
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of a cutting bond. For this, the following notation will be used. Let

G' (v, 21, Zk,; A) = {v 4, Zr} N{Aa cutting bond for v — ;1 }, (5.15)
G" (v, v, Z,; A) = {G'(v, 4/, &g, ; A) occurs on O (v)}, (5.16)

where 4’ plays the role of x; in G'(v,u/, Zk,; A). Comparing with (3.15) and (3.19), we see that
G'(v,x1, &y A) = E'(v,x1; A), G'(v,u/ v, Zy; A) = E'(v,u/,v'; A), (5.17)

which relates the events (5.15)—(5.16) to corresponding events arising in the expansion of Sec-
tion 3.1. By definition, we have the partition

{v i:EK} =G'(v, @, Tx,; A U U (G’ v,u', Tr; A)

ICK: (u/ )

N {(u,v") occupied and pivotal for v — x} N F (v, Zx\7) ). 5.18
\

The event in large parentheses on the right side, consisting of an intersection of three events, can
be rewritten as

G" (v, u', v, Zr; A) N { (v, v) occupied} N {F(v', &x\;) occurs in A\C™ ) (v)}. (5.19)

The proof of (5.19) is similar to the proof of (5.9) and is omitted here. By Lemma 3.3, the
probability of the event (5.19) is equal to

pD(' — u)E(I[G" (v, w' v, &; A)| 7 O (0 &) ). (5.20)
Using an identity corresponding to (5.12), this leads to

Pl(v i> a_fK) = ]P)1(GI('U> L1, iKl; A))
+ > D> PG (v, v, E A))pD(v' — u)T(E ks — V)

ICKy (w' )
o o a0 ) )
- > > pD(v —u)]El(I[G (v,u', v, Z1; A)|P,(v —>33K\1)> (5.21)
ICK; (u/ )

Note that (5.21) is well set up for iteration, since a probability of the same form as the left side
occurs also on the right side.
We now define

AV(E)) = 3 3 pD(v — wE,(I[F"(u,v,21,)IP, (G (v, @1, & 5,1, C5"(0)))),  (5.22)

I CJ1 (u,v)
BV, &)= > > > pD(v—u)pDv —u)
Il (uw) o
X Bo(I[F"(w, v, &1,)]P,(G" (v, w/, v/, &1,5 C5(0)))), (5.23)
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to arrive at

(&) = AV(&)) — AV(E) + 3 Y [BO(v, &) — B (v, &)| (&0 — v)

IcJ; v
Y Y Y Y pDw—upD — w)E (1 (u,v.3,)
I CJy I, i\I1 (u,w) (u/ ')

. ~(u,v é<u/’vl>(v) —
% E, (I[G”(’U, u/7,U/’ Zr,; C(() ) )(0)))]P2(v' -t 7 a}J\(IIU[2))>>. (524)

This completes the second stage of the expansion.

We now repeat this procedure, replacing the probability P, on the right side of (5.24) using
(5.21). This procedure stops after finitely many steps, because each application of (5.21) uses up
at least one temporal interval on the way to x;, and ; has a finite temporal component. We
again use the abbreviation C; = C’;uj 9 )(vj_l) that was introduced below (3.25). The result is
(5.1)—(5.2), with A and B defined in (5.5) and (5.13), and with A®) and B defined for N > 1
by

N-1

A9GE) = Y Y e % [HpD(vZ-—ui)}EOI[F”(uO,vo,a?IO)]

Ich Iop,..., IN_1:U7;LL'=I (uo,vo) (uN_l”UN_l) =0
X EJ[G”(’UO, Uy, vy, T C~'0)] e ENfll[G”(’UN—27 UN_1, UN—1, L1y ,; CYN—M
X ]EN[[GI(’UN 1,£J\[;CN 1)] (525)
BYwE)= Y Y - Z:%w{HpD s = ) |EoT [F" (s, 00, 31,
Tor In:Us I;=1 (H0-00)  (uN,UN)
x B, I[G" (vo, uy, v1,%1,; Co)] -+ - EyI[G" (vn-1,un, vn, &1y; Cn_1)]. (5.26)
The differences between A®) and B® are minor. In A® there is a sum over I, whereas [ is fixed
for B™. In B™ the event in the N'" expectation has a double prime, whereas the corresponding

event in A™Y) has a single prime. Finally, in B® there is an additional sum over (uy,vy), with
vy fixed to equal v.

6 The second expansion
In this section, we perform a second expansion to derive the identity (2.30), which states that

B (v, &) = Y Clv,w)r"""(&; —w) + R (v, &) (I # 2). (6.1)

The left side of (6.1) is defined by (5.2), (5.13) and (5.26). In what follows, we will drop the
superscripts on B and R in (6.1), which should not be confused with the superscripts (V) of (5.2)
that we will need.

Before going into the details, we give a brief overview of the second expansion. As a first step,
we will identify the contribution b to B, in which exactly one I; is nonempty, as the main term.
Thus, in b, there is exactly one expectation, say the expectation at level-j, in which a connection to

48



xy is present. Secondly, for j < N the cluster C’j at level-j plays a role also at level-(j+1). To place
all restrictions on the level-j configuration within a single expectation, we will interchange E; and
E,... The resulting event at level-j then depends on the configurations at levels-(j £ 1), and the
second expansion takes place on this event. Thirdly, we will need to define a suitable cutting bond
for the second expansion. This cutting bond needs to be chosen after all the restrictions placed on
the configurations from levels-(j £ 1) have been satisfied, and early enough that the bottom of the
cutting bond remains “well-connected” in a sense related to that discussed in Section 5. Using the
cutting bond, we apply the factorisation Lemma 3.3 in the usual way. The details are as follows.

The contribution to B™ for which more than one I; # @ in (5.26) corresponds to branching
of degree greater than three. This is neglible in the scaling limit and is an error term that forms
part of R. Such a contribution can only occur when |I| > 2. We denote the sum over N of
these contributions by c(v, ;) = S%_,(—=1)Vc™ (v, &), with c(v,®;) = 0 when |I| = 1. Thus
B(’U, .’i]) = b('v, .’i]) + C(’U, CE[) with

o0

= (=)™ (v, Z), (6.2)

N=0

where 0 (v, Z;) = B” (v, &) and

K F) =3 T 3 (x,w[ﬂpp —ul}]EOI[0:>uo]

J=0 (uo,v0) (un,vN)

X B I[E' (vg, ui; Co)] -+ By I [E' (-9, u51; Cj )]
x B, I[G"(v;- 1,u],'v],:131,é 1)]
X B, I[E (vj,uj11;C))] - ExI[E (vy_1,un; Cn_1)] (N >1). (6.3)

Here, we have used (5.17) to replace G” by E” in all expectations other than E,, and then replaced
E" by E' as discussed below (3.21). The form of (6.3) is slightly different when j = 0, in which
case E' events appear in all expectations except E,, where the event F”(ug, vo, Z;) appears as in
(5.26). Note that the form of 6™ (v, &) is the same as that of (7™ % pD)(v) (see (3.25)), apart
from the event occurring at level-j.

The goal of the second expansion is to “cut off” the connection to &; in the configuration at
level-j, to produce an identity

= 3 Clw,w)r " (@) —w) + d(v. ). (6.4)

Equation (6.4) will give the desired result (6.1), with
R(v, %) = c(v, Zr) + d(v, Z). (6.5)

The derivation of (6.4) will require a detailed study of the nature of the level-j configuration. The
level-j configuration enters (6.3) both at level-j, where the configuration is required to exhibit the
connections inherent in the definition of the event G”(v;_1,u;,v;, &r; éj_l), and at level-(j + 1)
(when j # N), where the level-j cluster C'j is required to intersect the level-(j+ 1) configuration in
the manner prescribed by the event E'(v;, w;41; C'j). We will focus in what follows on the generic
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case in which 0 < 7 < N, as the modifications required for the special cases j = 0 and j = N are
routine.

In order to fix the cluster at level-(j + 1), so that all demands on the level-;j configuration can
be clearly specified, we will use Fubini’s Theorem to interchange the expectations E; and E,,,. Let

H;(@r) = G"(vj-1,u;,v;, @1 Cjo1) N E' (v, w415 Cj), (6.6)

where we suppress the dependence of H; on the w;, v; from the notation. (For j = N the event £’
should be omitted in (6.6), and for j = 0 the event G” should be replaced by F”.) In (6.6), the
event £'(vj, wjq1; C']) is regarded as a restriction on the level-j configuration, given the level-(j+1)
configuration. It then follows from Fubini’s Theorem that

b (v Z Sy 5UNU[HpD —ul}EOI[0:>uo]

J=0 (up,v0) (un,vN)
x B I[E (v, ur; Co)] -+ By I [E' (v; 9, uj 1; Cj0)|E, P, (H,(Z1)) (6.7)
X B, oI [E (041, wj40; Cja)] - ExI[E (v 1, un; Cy 1))

The second expansion will take place within P;(H;(Z;)).

To carry out the second expansion, we will need to define a “cutting bond” as in Sections 3 and
5. For this, we begin by decomposing the event G'(v,_1,u;, Zr; éj_l) that is relevant for H;(&;)
(see (5.15)). We define

Gh(vj_1,uy, @1 Cin) = G (v, wy, & Cioy) N E (v, uy5Cia), (6.8)
Gh(v; 1, w5, @1 Cj1) = G (vj 1, 5,815 Ci) 0 (B (w1, u55.Ci0)) (6.9)

so that G'(v,_1,u;,@;;C;_1) is the disjoint union of the two events G’ (v;_1,u;, &; Cj_1) and
GYy(v;_1,u;,@1;Cj_1). The events G and G should be compared respectively to the cases (i) and
(ii) above (5.15). As usual, we use G” to denote the event that G, occurs on C;. We also define
C’}a’b) to be the vertices of C; that remain connected to v;_; after (a,b) is made vacant. The
cutting bond is defined differently on G} and G%, as follows. (i) Given a configuration on which
H;(Z;) N GY occurs, the cutting bond (a, b) is defined to be the first pivotal bond (if it exists) for
the event {v; | — @; Vi € I} such that E'(v;_i,u;;C;_1) N E'(v;,u;.1; C;) occurs on C’;a’b).
(ii) Given a configuration on which H,(Z;) N G4 occurs, the cutting bond (a,b) is defined to be
the first pivotal bond (if it exists) for the event {v, 1 — @; Vi € I} such that there exists a y

such that {v,_1 — y SRR a} N {y = u;} N E'(vj,ujy1;C;) occurs on C'J(a’b). Examples of
cutting bonds are depicted in Figure 10.

The event H; can be partitioned according to the location of the cutting bond, or the absence
of a cutting bond. For this, we define

Hj(&;) = H;(€;) N { A a cutting bond for v;_, — &/}, (6.10)
_ ~(ab)
H}(a,b) = {Hj(a) occurs on C;""}. (6.11)

In view of the pivotal nature of the cutting bond (a, b), as in (5.9) we have

H;(Z;) = Hj(Z;) |J (Hj’.'(a, b) N {(a,b) occupied } N {F(b, &) occurs in A\é’}a’b)}). (6.12)
(a,b)
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Figure 10: Examples of cutting bonds (a, b) for the second expansion, for G (left) and G (right).

Using Lemma 3.3 (now applied to the lattice with the bond (u,v) removed) and (5.12) gives

P,(H;(Z1)) = P,(H}(&)) + Y pD(b— a)E,,(I[H](a, b)]Ci5” (b, Z))
(ab)
=P,(Hj(&))) + (Z) pD(b — )P, (H!(a,b))r"*" (% — b)
~(a,b)
— > pD(b—a)E,, (I[H;’(a, b)|P,,(b G0, 53’1)). (6.13)
(ab)

The subscripts 7,0 on C’J(%’b) denote level-0 of the second expansion applied to level-j of the first
expansion.
The expansion could be continued by repeatedly using the recursion (5.21) for the probability

A(a.b)
5,0 - . . . . .
P,,(b —/—— &) in (6.13). However, we can now use a somewhat simpler organisation, which

effectively stops the expansion earlier. Thus, given a configuration in which b Az 1, we will now
define the cutting bond to be the first bond (a’, ") (in the direction b — ®;) such that (i) (a’, ")

is pivotal for b — @; for all i € I, and (ii) b A a Tt is possible that no such bond exists. Let
E'(b,Z1; A) = {b A, Zr} N { A cutting bond}, (6.14)

and recall the definition E”(b,a’,b'; A) = {E'(b,a’; A) occurs on C**?)(b)} from (3.19). Then,
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as in (5.9), we have
(b &} =E' b ;A

U (E”(b, a',b'; A)N{(a’,b’) occupied} N {F(b', Z;) occurs in A\C’(“"b,)(b)}) (6.15)
(a/,b")

As usual, using Lemma 3.3, this leads to

P,.(b &) =P, (E'(b,Z; A) + > pD® — a)P,,(E'(b,a’; A)T" (& — b')
(a’,b")
C",(a b)( )
= 3 pD(b — a@)E,,(I[E'(b,a; A)P,,(b ——— &), (6.16)
(a’,b")

where we have replaced the E” events by E’ events as explained below (3.21).
The second expansion is generated by recursively using (6.16) in (6.13), and substituting the
result in (6.7). The result is (6.4), with C' and d of the form

o0

Clo,w) = 3 (~)VMC0 (v, w), (6.17)
M,N=0

dw, &)= > (~1)NMa@0(y Fp). (6.18)
M,N=0

Here d(v, &) arises from the P;(H}(Z;)) term in (6.13) and from the term P(E’(b, Z;; A)) in (6.16)
or its iterates. The term C™*) (v, w) is given by (6.7) with IP;(H;(&,)) replaced by the expression
>aPio(Hj(a, w))pD(w — a) for M = 0, and by

DS 5wa[HpD (bi — a; }Ej,OJ[H;'(aO,bO)]

(ao,bo) (anrr,bur)

X E]-J][E (bo, a; Oj,O)] s ]ELMI[E (bM—la a,r, éj,M—l)] (619)

for M > 1. The term d""" (v, &;) is given by (6.7) with P,(H;(Z)) replaced by P,(H}(Z)) for
M =0, and by

M-1

SRS [ T »D(b: - ai)}Emu[H]’/(ao, bo)]
(ao,bo) (apr—1,bpr—1) =0
X ]E]-J][El(bo, ai; ijo)] cee Ej’M][E,(bM_l, CE]; Oj,M—l)] (620)

for M > 1.

7 Proof of Proposition 2.3

In this section, we prove Proposition 2.3, which completes the proof of Theorem 1.2. In Section 7.1,
we reduce the proof of Proposition 2.3 to Lemma 7.1, which provides estimates on quantities arising
in the expansions of Sections 5-6. In Section 7.2, we show how these quantities can be bounded
in terms of diagrams using the BK inequality, as was done for m,(z) in Section 4.1. Finally, in
Section 7.3, we estimate the diagrams and prove Lemma 7.1.
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7.1 The main estimates

Proposition 2.3 gives bounds on the Fourier transforms of ¥, m,(y1,%2) and %’ (Z), and we begin
by recalling their definitions. As usual, we write 7 = (ny,...,n,_1), n = min{ny,...,n,_1},
J={1...,r} J1 = J\{1}, and given I C Jy, we let r = |J\I| + 1 and ro = |I| + 1. Also, for any
I C J, we write k= (ki)ier and k;y = Y ;cr ks In this section, we will use the (z,n) notation for
lattice sites, rather than .

The function ® is given in (2.42) by

¢m1 mao y17y2 Z pc m1 1,mo— 1(91 — U Y2 — u)> (71)

uczZ4

and ¢ is given in (2.43) by

0% (T) HESY ch 7i—1 % D)( )gf:)](* v). (7.2)

vezd j=1
The quantities o’ (7) and g5’ (¥) are given in (2.33) and (2.41) by

D1

W@ =AY@+ Y XY B o) (s v), (7.3
ICJi:I#2 v j=1

YAV,

g7 (%) = AZ(@) + 30 33 R (0, E)m) (En — o), (7.4)

ICh:I#@ v I=1

with R"2*Y and B2*Y given by (6.5), and above (6.2), as

RyZ (v, Zp) = 27 (0, 81) + dJ2 (v, 71), (7.5)
By (v, @) = b2 (0, ) + 2 (v, 7).

The following lemma, whose proof is deferred to Section 7.3, provides estimates sufficient to
prove Proposition 2.3.

Lemma 7.1. Letd >4, p=1p., s > 3,1 = (n1,...,ns_1) with each n; > 0, and let n denote the
second largest component of . There exists an Lo = Lo(d) and a constant C' = C(d, s) such that

for all k € [—m, 7571, ¢ € {0,2}, L > Ly,

AD (B)] < O (ny 4+ 1)7@272 4 Cn* 4 (ny +1)7972, (7.7)
13<5>(/2)| < O ¥y + 1) D2
k)| < Cre~tny +1)" D2 (5> 4), (7.9)
5 Vn +1)’d/2 (s =3)
o (k (”1 2 7.10
D 2| Coy o (w1, 22) | < CBo'ni” (n1 Vg +1)"4? ((n1,n2) # (1,1)). (7.11)

1,22
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Proof of Proposition 2.3 assuming Lemma 7.1. (i) For (mq,m) = (2,2), it follows from (2.45)
that 1y o(ky, ko) = pPD (k1 + ko) D(ky)D(k2), which obeys the bound (2.47) of Proposition 2.3(i).
The desired bound for (my,ms) # (2,2) follows immediately from (7.11) and (7.1) (including the
factor § mentioned at the end of Proposition 2.3).

In addition, Viﬂmth(0,0) = Yui s Ti¥myms (T1,2) = 0, because it is a consequence of
the lattice symmetry that >, Cym,(T1,22) = Yu, Coyma (@1, —22) and Y, iy m, (21, 22) =
Ezg Om1,m2(_x17 372).

(ii) Our goal is to prove that
oy (k)] < O(m*7)  (r=3), (7.12)

where ¢ is fixed in (0,1 AeA %). By the tree-graph bound [3, Proposition 4.1] and the uniform
bound on 7, (k) provided by Theorem 1.1(a),

FPOR) <O (> 2). (7.13)

In (7.13), the factor 7"~2 can be understood from the fact that each of the r — 2 temporal sum-
mations in the tree-graph bound stop at most at n, since these sums correspond to the temporal
components of branch points in the tree graph bound and these are at most n. In conjunction
with (7.2)—(7.4), it follows from (7.13) that

LUSAY o J

BB <AL Bl+e Y S 2| BE2 (kg ir)| + > B2 ke ).
Jj=0 ICJy:1#2 j=0
(7.14)

The contribution to the first term on the right side of (7.14) due to the first term of (7.7) is
bounded by

Cr3 > (ny — j+1)"@I2 < o3, (7.15)
§=0

as required. Since the choice of @, as the direction in which to perform the expansion was arbitrary,
we may assume without loss of generality that n; is not the largest component of 77, so that n; < n.
In this case, the second term of (7.7) is bounded above by the first term of (7.7), and hence also
leads to the bound (7.15).

For the remaining terms, note that for each nonempty I we have r1 +ro =r+1land rp + 1 =
|I| +2 > 3. To bound the term on the right side of (7.14) containing B, we recall that ¢® = 0 by
definition, use (7.8)—(7.9), and note that n*~4(j +1)~(@=4/2 < 7ps=3(j +1)=4=2/2 since j < n < 7.
The term in (7.14) containing B is therefore bounded above by

c Y iﬁ”‘%””(g‘ +1)"W=22 < o3 (7.16)

ICJy:1#@ j=0

(with C' dependent on r), as required.

We estimate the term in (7.14) containing R according to whether ro + 1 = 3 (in which case
|[I| =1and ry =r—1) or ro + 1 > 4 (in which case |I| > 2). When ry + 1 = 3, we write [ = {i},
and we use ¢® = 0 and (7.10) to bound the term containing R by

n (i} J

cRr Yy (IV (n; —j)+ 1)~ < o3, (7.17)

i€Jp j=0 I=1
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as required. When 79 +1 > 4, by (7.9)—(7.10) the term containing R is bounded above by

n B\1—
c Y anTEane Z Z (I+1) 92 < On*nfy. (7.18)

ICJy:|I|>2

We may again assume, as we did under (7.15), that n; < 7, so that npr <ng <N This gives the
desired bound on (7.18) and completes the proof. O

7.2 Diagrammatic bounds

It remains to prove Lemma 7.1. The proof is in two steps, which will be carried out in this and the
next section. In this section, we will show that the left sides of (7.7)—(7.11) can be bounded above
by certain diagrams, as we did for m(x) in Section 4.1. Our main conclusion will be the inequalities
(7.21)—(7.25) below. In Section 7.3, we will complete the proof of Lemma 7.1 by estimating these
diagrams, using methods analogous to those of Section 4.2.

Throughout this section, we fix s > 3 and drop the corresponding superscript from A®, b,
¢ and d®. In its place, we will instead use superscripts N and M to denote the order to which
the expansion has been performed. We will use the & notation for vertices.

The quantities A and B are given by sums over N of A™) and B™) | with the latter defined by
(5.5), (5.13) and (5.25)—(5.26). As was pointed out below (5.26), B™) is a minor variation on A™).
By definition, B = b™) + ™ with 6™ and ¢ forming a partition of the various contributions
to B™). Once we have obtained bounds on A™ bounds on b*) and ¢ will follow easily.

The difference between A® and 7™ is due to fact that the event G"(v;_1,u;,v;, &p;; Cj_1),
rather than E”(v; 1, u;j,v;;C;_1), occurs in (5.25), as well as to the extra connections to ¥y,
present in the expectation at level-0. As was observed in (5.17), these differences disappear at
any level with I; = &. To understand the effect of a nested expectation containing the event
G”(vj_l,uj,vj,ﬁffj;é’j_l) with I; # @, we begin by analysing this event in some detail. As in
Section 4.1.1, we will need to consider the set G'(v;_1, w;, &p;; C'j_l) in conjunction with the event
{w; 1 € C;} that arises from bounding the expectation at level-(j + 1).

Recall the decomposition of G’ into G} and G% in (6.8)—(6.9). We will estimate the contributions
due to G} and G}, separately. We will use the Constructions 1, 2 and E defined in Definitions 4.1~
4.2, as well as two new Constructions ¢ and E defined in Definitions 7.2-7.3. Construction ¢ adds
a new line to a diagram, while Construction E is a modification of Construction E.

7.2.1 The event G} and Construction /¢

We begin with the event G}, as this event is closest to the event F, and involves estimates similar
to those used to estimate 7 in Section 4.1. By definition,

Gy (vj-1, w5, @153 Cjor) H{wjin € O} C E' (01, w53 Cjmr) {1 — wja} N{v — &1}

(7.19)
The BK inequality can be applied to estimate the expectation of the indicator of the right side in a
similar fashion to the estimate (4.4), which corresponds to the case I; = @. The difference when I,
is nonempty entails adding additional vertices and lines to the diagram on the right side of (4.4),
to make additional connections to &;;. These connections will be handled using the constructions
defined in the following definition.
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Figure 11: A bound on the event G (v;_1,u;, 7,; Cj—1) N {w;1 € C;}, showing also the effect of
the shifted lines. The vertex z; must lie on a bold line.

Definition 7.2. (a) Given a diagram containing the vertex w, Construction ¢, (y) is the operation
in which a line is added from u to y followed by a sum over w. Explicitly, this means that we
multiply the diagram by 7(y — u) and sum over wu.

(b) Given a diagram and a line X in the diagram, Construction ¢*(y) is the diagram obtained by
inserting a new vertex u on line A, followed by Construction £, (y). Explicitly, this means that the
two-point function 7(v — w) associated with line A is replaced by >, 7(v — u)7(u — w)7(y — w).
Construction £(y) is then defined to be the procedure that applies Construction £*(y) to each line
A in a given graph, and then sums the resulting diagrams over the lines A in the graph.

(¢) Given a diagram, Construction £(y) is the sum of all diagrams obtained by first performing
Construction £(y, ), then performing Construction ¢(y,) to each of the resulting diagrams, and so
on in an iterative fashion until the components of 4 have been exhausted.

The probability of the right side of (7.19) is then bounded above by the result of applying
Construction £(Z;;) to the diagram on the right side of (4.4). This is depicted in Figure 11. In
assembling the diagrams arising from each expectation, we will again shift the connection joining
zj to wjiy from level-j to level-(j + 1), as in Figure 6. This shift is also depicted in Figure 11.
The admissible lines, on which z; may lie, are drawn in bold in Figure 11. Thus the event G
has the same effect as the event E’, apart from an additional Construction ¢(Z;,). Note that the
first line added in applying Construction £(Z;,;) can be attached at O(n;) sites, since the time
components of each of w;;; and u; are at most n;. The remaining added lines can be attached at
O(n) sites, since a point of attachment can be no later than the time coordinates of the endpoints
of the attached line and of the later endpoint of the line to which it is attached.

To summarise, the event G leads to Construction E followed by Construction £(Z;,). This
corresponds to a minor modification of the procedure used in Section 4.1 to estimate m, where
Construction £ alone was applied.
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Figure 12: Connections implied by the event G4(v;_1,uj,#7,;C;j—1) N {wjs1 € C;} when (a)
w; —~ wjiq, and (b) w; — w;4;. In (a), the site z; must lie on a bold line.

7.2.2 The event G, the function P,, and Construction F

Next, we consider G4 (v;_1, u;j, 71;; C;_1)N{w;1 € C;}. Again we will use diagrammatic construc-
tions, including a new Construction E that is a modification of Construction E. By definition,
the event Gy (v;_1, uj, x7;; Ci_1) N{w;y1 € C;} is a subset of the event that (i) v;_; — uy, (ii)
the bottom of the last sausage for this connection is connected to an z; via a site w; € C;_;, (iii)
vj_1 — wjqq, and (iv) v, — ifj\{i}. Examples of the disjoint connections implied by this
are depicted schematically in Figure 12. A site z; is identified as follows, according to whether or
not w; — wj4. If w; —~ wj, then we choose z; such that v;_; — z;, either z; — w; or
w; — z;, and z; — w;;;. This is depicted in Figure 12(a). The bold lines in Figure 12(a) are
the admissible lines, on which z; must lie when w; —~ w,44. If, on the other hand, w; — wj1,
then we set z; = w;. This is depicted in Figure 12(b).

The line joining z; to w,41 (together with any branches to points @) will be shifted to the next
expectation, as in Section 4.1.1. We will distinguish the two cases (a) w; -~ w,; and (b) w;, —
w;1 depicted in Figure 12. In case (a), a line will be present from w; to the site a; identified in
item (ii) of the previous paragraph, but we will regard this line as to be added via a later application
of Construction £y, (x;). In case (b), the shifted line is required to have a branch to the site x;,
but we will regard this branch as to be added via a later application of Construction ¢(a;). The
procedure can be described in terms of the function ﬁ’g(uj_l, Zj_1,U;, 2, w;) defined in Figure 13.
When using pg(uj_l, Zj_1,u;, Z;, w;), the following rules summarise the above discussion and must
be followed: (i) Construction £y, (x;) must be applied to the first term, and (ii) Construction /(x;)
must be applied to the line joining w; = z; to w,; that was shifted from the second term. The
function ]52(uj_1, Zj_1,uj, zj, w;) then replaces the function Py(w;_1, 2,_1, u;, z;) of Section 4.1.1,
in an expectation containing G5. Construction £(Z;,\(;) must also be applied appropriately in
conjunction with P,. Finally, a sum is performed over i € I;. We summarise the above with
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P, (vj-l’zj—l 9uj,zj,w') = ) .
R

-1

u.
J

Figure 13: Definition of pz(’l,l,j_l, Zj_1,u;, Z;, w;). In the first term, a sum is implied over insertion
of z; on any of the bold (admissible) lines.

Construction E, defined as follows.

Definition 7.3. Given a diagram containing vertex u;_; and containing a certain set of admissible
lines, Construction Ey,_,(u;,w;) produces the new diagram defined as follows. First, Construc-
tion 1(z;_1) is performed on an admissible line. The diagram is then multiplied by

Z peD(vj 1 —uj1)T(t —v;1)7(u; — O)7(y — t)7(u; — y)7(w; — y)7(w; — 2;-1)  (7.20)

vji-1,t,Y

and summed over z;_; and over the admissible lines of the original diagram (see the first term
of Figure 13 for a depiction of (7.20)). The result is a sum of diagrams. An admissible line of a
resulting diagram is any line in (7.20) except 7(w,; — z;_1). With an abuse of terminology, we also
include the site w; itself as one of the admissible “lines.” Following Construction E’ujfl(uj, w;),
the constructions outlined in rules (i) and (ii) above should be carried out, with rule (ii) invoked
when w); is used as an admissible “line” in a further Construction F or E. If there is no such
further Construction (so no further shifted line), then rule (i) applies also in this case.

For later use, we note that Construction Eu]._l (u;, w;) is equivalent to application of Construc-
tion 2  (w;), followed by Construction 1(y) applied on the line from v;_; to wj, followed by
Construction 23 (w;) with the line from v;_; to y serving as the unique admissible line.

To summarise, the event G leads to Construction E followed by Construction lw, (2;) in
case (a), and ¢(x;) applied to the line from w; = z; in case (b), completed with Construc-
tion £(€,\(;)). Finally, a sum is performed over i € I;.

7.2.3 Bounds on A, b, ¢

We now define the diagrams that serve as upper bounds for A,b,¢c. Given a nonempty subset
v CH{0,..., N}, consider a nested expectation contributing to (5.25) in which the event G appears
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Figure 14: Examples of diagrams contributing to P®"' (a1, &2, x3), with the lines in (a) S® (x1, a)
and (b) S® () drawn in bold.

at level-j with I; # @ in the expectations indexed by the set v, and E appears in the remain-
ing expectations. In the convolution of Py, P, and P defining P™) in (4.9), we replace P, by
Py + P, at level-s for each s € 7. (This applies for s # 0, N; levels-0 and N require minor mod-
ifications very briefly indicated below.) Starting from the bubble, any of these diagrams can be
obtained by application of Constructions F and E. We refer to the sum of resulting diagrams as
Yacy S™ (21, d,), where a denotes the subset of  for which the term P, was used and for which
w, was not used as an admissible “line” (and hence has not been summed over), @, is the set of w;
that have not been summed, and S™(xy, d,) represents the sum of diagrams arising with these
constraints. We then apply the Constructions £(Z;;) to the diagrams contributing to S™(x1, d.),
adding the x;’s associated to each expectation to the appropriate lines, and paying attention to
the rules (i) and (ii) associated with Construction E. In the special case where I is nonempty,
we apply Construction ¢(&j,) appropriately. If Iy is nonempty, then we omit the vertex zy from
the level-N construction. The result is a sum of diagrams which we denote by P (&), with
j = 1 arising from the case |y| = 1, and with j = 2 arising from |y| > 2. Examples are depicted in
Figure 14. Figure 14(a) should be compared to Figure 12(a) and the first term of Figure 13, while
Figure 14(b) should be compared to Figure 12(b) and the second term of Figure 13.
The above discussion then implies that

AM(E,) < PONE,) + PM2(Z,) (N >0). (7.21)

It then follows from the simple relation between B and A" described under (5.26), together
with the decomposition B™ = p™ + ¢ discussed around (6.2), that

b(E) <3 peD(xr — w) PN (w, @) (N > 0), (7.22)

(@) <3 peD(y — W) PV (u, Ep ) (N > 1), (7.23)
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7.2.4 Bounds on C and d

The diagrammatic bounds on C' and d involve estimation of the terms C'™* and d™* defined
in (6.17)-(6.20). For this, we first bound the event H; above by an event expressing the existence
of various disjoint connections, then use Fubini’s Theorem to restore the original order of the
expectations, and then use the BK inequality. The process is tedious and we simply state the
results rather than including all the details.

We begin with C™*)(vy,v5). This involves a doubly nested expectation in which all ex-
pectations contain an event E', except level-(j,0) where the event H; appears. There are two
contributions to the event H; defined in (6.6), corresponding to the events Gy and G of (6.8)-
(6.9).

Consider first the contribution to the case M = 0 due to G;. In this case, v, is the later endpoint
of a bond (w9, vy) which served as a cutting bond as defined above (6.10). This contribution can
be bounded above by the diagrams obtained from Y, P™(wu1)p.D(v1 — uq) as follows. First, for
each line X in P™(w;), Construction 1*(w) is performed. Then Construction 2 (us,) is applied,
with a finite set of admissible lines in applying this construction. The result is then multiplied by
peD(v2 — ug) and summed over uy. See Figure 10. When M > 1, the contribution due to G
involves application of Construction 1*(w), then Construction 2% (ay), then M Construction E’s
ending at the vertex wus, followed by multiplication by p.D(vs — us) and summation over us.

An upper bound for the contribution to C™*"(vy, v,) due to the contribution to H; from Gs is
obtained as follows. For M = 0, the upper bound on b applies after the following modifications.
Firstly, the Construction £, (xs) or ¢(x2) arising from rule (i) or (ii) is replaced by a Construc-
tion 2{%(uy) (this entails an additional Construction 1(w) when Construction ¢(x;) is involved).
This effectively replaces a “tail” to x5 by a double connection. See Figure 10. For M > 1, further
application of M Construction E’s is required, in a similar fashion to the upper bound on the
contribution due to G. Finally, an additional factor Y-, p.D(v2 — us) is required.

Denoting the sum of all diagrams arising as above by Q®*), we have

|CN (v, v9)] < QWM (w1, v3). (7.24)

Examples of diagrams contributing to Q®? (v, vs) are depicted in Figure 15.

For the bounds on d, it is convenient to denote by Q@ (v1,u2) the diagrams arising in
Q"M (vy, v9) before multiplication by p.D(vy — uz) and summation over us. For s = 3, an upper
bound for d"* (v, xs) is simply Q(N’M)(fv,wg). For s > 4, an upper bound on d™* (v, &) is
obtained by applying a Construction £(z;) to Q™™ (v, u,), then Construction £, (x;), followed by
Construction ¢(Z ;;3) (and summation over 4, j € I). Denoting the result of these constructions

by Q) (v; &;), we have

AN (v, ;) < Q(N,M)(,U; Z;) (s>4). (7.25)

7.3 Proof of Lemma 7.1

We begin by showing that Lemma 7.1 is a consequence of the following lemma. We fix s and omit
the superscript (s) from the notation. Recall that 7i; is the vector with components n;, i € I.
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U1 A U1
0
(a) (b) ()
0 0 0

Figure 15: Examples of diagrams contributing to Q®? (v, vs).

Lemma 7.4. Fixd >4, p=p., q € {0,2}, s >3, 7= (n1,...,ns_1) with each n; > 0, and let 0
denote the second largest component of i. There exist constants Ly = Lo(d) and C' = C(s,d) such
that the following bounds hold for L > Lo and M, N > 0:

ZPEN” < (CH)Y R TE I + 1) (j=1,2), (7.26)

(Cﬁ)lV(NJrM)ang/Q
(n1 V no + 1)d/2

{(05)N+M(n1 Vg +1)742 (s

((nhn?) 7£ (171))7 (727)

Z | ;|7 ;ﬁﬁg 71, 19) <

1,22

> QN (w1, @) < i; (7.28)

T1,%

(Cﬂ)N+Mﬁs—4(n1+1)—(d—4)/2 (

| \/

Proof of Lemma 7.1 assuming Lemma 7.4. The bounds (7.7)—(7.9) on A, b and ¢ follow immediately
from (7.21)—(7.23) and (7.26). The bounds (7.10)-(7.11) on d and C follow immediately from
(7.24)-(7.25) and (7.27)~(7.28). O
The remainder of this section is devoted to the proof of Lemma 7.4. First we will prove (7.26)
assuming that N
N . (&)
> S (w,da) < (v 1+ 1)

Z1,0a

(7.29)

where I = max;e, l; and where S™) was defined in Section 7.2.3. Then we will prove (7.29).
Finally, we will prove (7.27) and (7.28).

To proceed, we will need to know the effect of applying Construction ¢, (x) or Construc-
tion /(x) to a diagram. When Construction ¢,,(x) is applied, followed by summation over x, by
Theorem 1.1(a) the resulting diagram is bounded by a constant multiple of a bound on the origi-
nal diagram. By definition, Construction ¢(x) corresponds to an application of Construction 1(u)
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followed by Construction ¢,(x). When followed by summation over x, the effect of the latter
on a diagrammatic bound is merely to multiply by a constant. By Lemma 4.6, the effect of the
former on a diagrammatic bound is multiplication by cn, where n is the minimum of the temporal
component of  and the largest time coordinate of any vertex in the original diagram. (The sum
over the spatial component of u has no effect, and the sum over the temporal component yields
at most cn.) In our applications, this n is at most 7, which is the second largest of the n;. Thus,
the net effect on a diagrammatic bound of Construction ¢(x) followed by summation over x is
multiplication by cn. The constants ¢ in this discussion can depend on the number of lines in
the original diagram, and hence can depend on N, but this dependence is polynomial and can be
bounded by C¥ for some C.

Proof of (7.26) assuming (7.29).

The bound on P™-'. The construction of Py (i) starts from the diagrams contributing to

Y1 CaaCy i S:ljlv,)fa (x1,d,). Here, « = @ or |a| = 1.

When o = @, Construction (&) is applied to >, S{’(z1). Assuming (7.29), the latter is
bounded above by (C3)N(n; + 1)~%2. The effect of the first Construction £(x;) is to add to the
estimate a factor ¢(ny + 1), while each of the remaining s — 3 produces a factor cn. Altogether,
this produces a factor 7*~3(n; + 1). Combined with (C3)Y(n; + 1)7%2, this agrees with (7.26).
As observed above, there are N-dependent factors arising from the Constructions ¢(x;), but these
can be absorbed into the factor CV of (7.29).

When |a| = 1, one Construction (4 (2;) is applied, followed by s — 3 applications of Construc-
tion /(z;). These constructions are applied to >, , Sy (21, a), which is assumed to be bounded

above by (CB)N(ny V14 1)"%2. The time variable [ must be summed out after application of
Construction £(4)(1), giving rise to a bound

= (@)Y (B
Z (TLl V l + 1)d/2 S (77,1 —+ 1)(‘1*2)/2.

(7.30)

=0

The effect of the remaining s — 3 applications of Construction £(x;) is an additional factor 7°~3.

This gives the bound of (7.26) in this case. O

The bound on P™*. When |vy| > 2, |a| may take on any value in {0,..., N}, since events Gy do
not contribute to o and since it is possible that any w, appearing due to events G at levels-0 to
(N — 1) may be used as admissible vertices at the next level, removing them from the list d,.

Consider first the case |o| > 2. In this case, we proceed as above, applying Construction ¢,(x;)
|a| times (once for each component a of d@,), followed by s — 2 — || applications of Construc-
tion ¢(x;). For the applications of Construction £, (x;), we choose the two largest time components
from among these x;’s, say n;, > n;,, and we apply these two Constructions €a(a:ij) first. Let {,
denote the temporal component of a, and let I; = maxgeq\ iy [ and lg,j = MaXpea\{ij} k- As-
suming (7.29), and using our observations above regarding the effect of Construction ¢,(x), the
application of Construction ¢,(x;,) leads to an upper bound

S ©oy (Y

: 7.31
liy =0 (ni VI VI +1)42 = (ng VI +1)d=2)/2 (7.31)
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Similarly, the application of Construction ¢,(x;,) produces an upper bound

(BN R (0
(na VI, + 1)@/ = (g + 1)/’

11,12

(7.32)

The remaining || — 2 applications of Construction ¢,(x;) each give a factor of at most 7 from the
summation over the time variable of a,, (which is the number of possible temporal locations of a,,
— it is to avoid producing a factor max; n; here that we dealt with n;, and n;, above). Finally,
the s — 2 — |a| applications of Construction ¢(z;) each produce an additional factor 7. The result

is a bound N
77Ls—2—|o¢|ﬁ|oz|—2 (Cﬁ)
(ny + 1)(d74)/2’

(7.33)

in agreement with (7.26).

This leaves the cases |a| = 0,1. In these cases, we first perform 2 — |a| Constructions 1(a;) on
diagram lines belonging to expectations that do not contain any a, (so no restriction when « is
empty). This gives a factor O(n; + 1)271%! as this is the number of temporal locations at which
the vertices a; may be placed. We then perform 2 Constructions ¢, (x;) at the sites a, and a; (so
only at the two sites a; when « is empty). Assuming (7.29) and proceeding as in (7.31)—(7.32),
this leads to an upper bound, at this stage, of

(BN (BN

2—|a .
(nl + 1) (nl + 1>(d—2|a|)/2 - (nl + 1)(d—4)/2' (734)

Next, we perform s —4 Constructions £(x;), producing an additional factor n*~*. This again gives
a bound of the form (7.26). O

Proof of (7.29). We will prove (7.29) by induction on N. The induction hypothesis is that

- Cﬁ)Nfl
(N Hl) — < ( .
Z thla (:U:l? aa) = (nl v+ 1)d/2’ (7 35)

.
Z1,00

with I’ = max;e, [;. We also assume, as part of the induction hypothesis, that the bound (7.35)
is obtained by applying [*° and ! norms to diagram lines. The induction is started by noting
that S is the bubble diagram with o = @, from which (7.35) follows from Theorem 1.1(a,c) by
applying the {® norm to one line of the bubble and the I' norm to the other.

To advance the induction, we note that in constructing the diagrams S® from S™ Y we apply
either Construction E or E to S®Y. When S®-Y had its last level added via Construction E,
there are two cases according to whether the next construction uses an admissible line or the
admissible vertex at the level-(N — 1); see Figure 13.

We first consider the case where Construction F is applied to level-(/N —1), using an admissible
line rather than an admissible vertex from level-(N — 1). Construction E is defined by (4.16) and
(4.14). From (4.14), we conclude that it suffices to show that Constructions 2 inductively preserve
the bound (7.35), provided a factor 3" is produced. For this, we argue in a similar fashion to the
proof of Lemma 4.6(b). Application of Construction 20 (x1,n1) to 3z, S;:l{j)(y,&'a) gives an

(y,m)
upper bound

n1 niA(mvIl’) (Cﬂ)N_l C
(mVIU+1)42(ng — (mAj)+1)4/2

(7.36)
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Here, we have associated the [* norm to the longest of the two lines ending at (z1,n) that were
added by Construction 2, and associated the I' norm to the other. The upper bound n; A (m V1)
occurs for the sum over j for the following reasons. Firstly, 7 < n; by definition of Construction 2.
Secondly, if an admissible line from an E at level-(N —1) is used then j < I’ if I’ > m and otherwise
j <m, and j < m if an admissible line from an E at level-(N — 1) is used.

Since (m V1) 4+ (ny — (m A j)) > ny VI, (7.36) is bounded above by

2d/20NﬁN 1 na mAmvl) 1 1
7.37
(ny VI + 1)d/2 2_: ]z%) (m\/l’—l—l)d/2+ (ny — (mAJ)+1)d/2 (7.37)

For the first term in (7.37), we divide the sum according to whether j < m or j > m. When
j < m, the sum is bounded above by >>7°_, >0 o (m + 1)"%? < co. When j >m weusem < j <[’

to bound the sum by (I’ + 1)~%2 Zj meo 1 < (I'4+1)7@=9/2 < 1. The second term in (7.37) can be

bounded using 227, _o(mVj+1)~ /2 < 00. This shows that Construction 2 inductively preserves
the bound (7.35), apart from a missing factor 5. Similarly, Construction 2 inductively preserves
(7.35), but here it can be checked that a factor # will be produced (along the lines of the discussion
below (4.32)). Thus we have advanced the induction in this case.

Now suppose, on the other hand, that Construction E is applied to level-(N — 1), that there
is an admissible vertex at level-(N — 1), and that Construction E makes use of this admissible
vertex. Again, we use the fact that Construction E is given by Construction 2 followed by
Construction 2. Recall the definition of I} above (7.31). Letting [; denote the time coordinate of
the admissible vertex where Construction E is applied, we obtain the upper bound

i i_l: o = I (7.38)

(mVIUNVIL+ 142 (ng—(mAL)+1

for an application of Construction 2 (the additional factor 5 on the right side is as discussed in
the previous paragraph). By considering separately the cases m < [; and [; < m, (7.38) with the
factor (CB)Y omitted is bounded above by

5 1 1 S 1 1
(V1 +1)42 (ng —m+ 1)4/2 (mV I+ 1)%2 (ny —1; +1)%/2°

0<m<I;<ny 0<l;<m<n,

(7.39)

The two terms in (7.39) are identical, so we consider only the second term. When I/ < ny, the
second term can be bounded by

1 1 C C
< = 7.40
2 (m+ 142 (ny —l; + 1)¥2 = (ng + D)%% (ng VI +1)4/2 (7.40)

0<l;<m<ny

using (4.26). On the other hand, when n; <}, we have instead the upper bound

1 1 C C
- < = . 41
(16 4 1)d/2 Z (ny —L; +1)%2 = (Il + 1)4/2 (ny V I+ 1)d/2 (7.41)

0<l;<m<ni

This gives a bound of the desired form. Finally, application of Construction 2 preserves the
bound, as in the previous case. Note that the upper bound on S™ is in terms of a set « that has
been reduced in size by one element from the o for S™~Y as is appropriate in this case.
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Next, we advance the inductive bound in the case where Construction E is applied to a diagram
in S::lil)(y, o). As was pointed out below Definition 7.3, Construction Ey(x;,a) is equivalent to

application of Construction 2{’(a) (where a is the new vertex in « for level-N), followed by
Construction 1(¢) applied on the line from vy’ (the upper vertex on the pivotal bond from y) to
a, followed by Construction 2{”(x;) with the line from %’ to ¢ serving as the unique admissible
line. The effect of the Construction 2{"(a) is identical to the effect of Construction E explained
above, and produces the inductive bound produced by Construction E. With summation over
space but not time, Construction 1(t) then produces a diagram that obeys the inductive bound
with the set o enhanced to include ¢. But then Construction 2;” () is again identical in its effect
to the application of Construction E discussed above, except no additional factor of 8 occurs.
This completes the advancement of the induction for Construction E, and hence completes the
advancement of the induction. This completes the proof of (7.29). m

Proof of (7.27). We discuss only ¢ = 0, since ¢ = 2 can be handled as in the proof of Lemma 4.5.
The diagrams Q™" were defined in Section 7.2.4. There are two contributions to Q™ depend-
ing on whether G or G is used at level-(N,0). When G} is used, the diagrams are produced from
P (r1) as described in Section 7.2.4, by first applying Construction 1, which effectively changes
the bound from (CB)N (n; +1)~%2 to (CB)N(n1Vny+1)~%2 and then applying Construction 2,
followed by M applications of Construction E. The inductive proof of (7.35) shows that these
last constructions do not affect the bound, apart from producing the necessary factor (C3)™, as
in (7.37)—(7.38).

When G is used, consider first the case where Construction £y, (x2) is replaced by Construc-
tion 2 as explained above (7.24). In this case, the removal of the line due to Construction £y, ()
produces a contribution to S™(xy, @), which obeys the bound of (7.35). Subsequent applications
of Construction 2 and Construction E then lead to the desired bound, as in the proof of (7.26).
This leaves the case where Construction £(x5) is replaced by a combination of Constructions 1 and
2, which is bounded exactly as in the discussion of GG; above.

When M = N =0 and (n1,ns) # (1, 1), at least one diagram line is more than a single vertex,

and this can easily be used to extract a factor j. ]

Proof of (7.28). The omission of multiplication by p.D(vs — u2) has no significant effect on the
bounds. For s = 3, the desired result follows from (7.27). For s > 4, we begin with the bound
(CRNM(ny Vima 4+ 1)"%2 on 3, 4, N;ﬁ%é (x1,u2). Application of Construction ¢(x;) gives rise
to an additional factor (ny V mg+1). Application of Construction ,,(x;) gives rise to the bound

e’} C N+M C N+M
Ma=0 (n1 V mo + 1)( —2)/2 (nl —+ 1)( —4)/2
Finally, the remaining s — 4 applications of Construction ¢(x;) produce a factor n°~*, which gives
the desired bound (7.28). O
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