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Abstract The strong interaction limit of the discrete-time weaklif-ssoiding walk
(or Domb-Joyce model) is trivially seen to be the usual yreelf-avoiding walk.
For the continuous-time weakly self-avoiding walk, theiatton is more delicate,
and is clarified in this paper. The strong interaction limithe continuous-time set-
ting depends on how the fugacity is scaled, and in one extieaus to the strictly
self-avoiding walk, in another to simple random walk. Thase extremes are in-
terpolated by a new model of a self-repelling walk that we t& “quick step”
model. We study the limit both for walks taking a fixed numbksteps, and for the
two-point function.

1 Domb-Joyce model: discrete time

The discrete-time weakly self-avoiding walk, or Domb—Joyeodel [6], is a useful
adaptation of the strictly self-avoiding walk that contstto be actively studied [1].
Itis defined as follows. For simplicity, we restrict att@mtito the nearest-neighbour
model onZY, although a more general formulation is easy to obtain.
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Letd > 1 andn > 0 be integers, and lé#;, denote the set of nearest-neighbour

walks inZ9, of lengthn, which start from the origin. In other word%};, consists

of sequence¥ = (Yo,Y1,...,Yn) with Y; € 78, Yy = 0, [Yii1 —Yi| = 1 (Euclidean
distance). Let¥, denote the set of nearest-neighbour self-avoiding walkgin
these are the walks witt; # Y; for all i # j. Letc, denote the cardinality of/,. For

Y € #, andx € Z9, letn, = nk(Y) = 3L, Lv.—x denote the number of visits toby

Y. The Domb-Joyce model is the measureZnwhich assigns to a walk € #;
the probability

1
DIy 93 czd (Y) (M(Y)—1)
Y)= € Yoxez , (1)
g.n( ) CR](g)
whereg is a positive parameter and
C,?J(g) _ Zﬂ @ 9% yezd () (M(Y) 1) )
YEWn

The Domb-Joyce model interpolates between simple randdkand self-avoiding
walk. Indeed, the casg= 0 corresponds to simple random walk by definition, and
also

glli_ruoe_QXXEZd M (Y)(nx(Y)-1) _ Lyes ©)

and hence 1
lim POA(Y) = = lye,. (4)

g— Cn

This shows that the strong interaction limit of the Domb-e#oynodel is the uni-
form measure or;,. (For an analogous result for weakly self-avoiding lattiees,
which is more subtle than for self-avoiding walks, see [2].)
A standard subadditivity argument (see, e.g., [10, Lemm&]).implies that the
limits
u(g) = lim ™", = lim " (5)
exist and obeyRJ(g) > u(g)" andc, > " for all n. The number of walks that
take steps only in the positive coordinate directiongd"isand such walks are self-
avoiding, soc, > d", Also, it follows from (2) that if 0< g < go then (2d)" >
ch’(9) > cR¥(go) > cn > d", and hence @ > (g) > p(go) > p > d. In particular,
by monotonicity, limy_.. t(g) exists in[u,2d]. If we take the limitg — o in the
inequalityc?y(g) > p(g)" > u", we obtainc, > (limg_.. 4(g))" > p". Takingn®
roots and then the limit — o then gives
Jim p(g) = p. (6)
Let #1(x) denote the subset of;, consisting of walks that end atc 79, Let
In(X) = SN #a(X), and letc,(x) denote the cardinality of/(x). Let

CR‘&(X): z @ 9%gezd (V) (Mx(Y)-1) -
YT
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Letz > 0. The two-point functions of the Domb-Joyce and self-avgjavalk mod-
els are defined as follows:

oY)

Gga(X) Z D) Gy(x) = Zocn(x)z”. (8)

These series converge far p(g)~* andz < p~* respectively. Presumably they
converge also foz = u(g)~! andz= p~! but this is a delicate question that is
unproven except in high dimensions (in fact, the decay oftweepoint function
with z= pu~1 is known in some cases [4, 8, 9]). The following propositibiows
that the strong interaction limit @23(x) is G,(x).

Proposition 1. For z€ [0, u~1) and xe Z9,
lim GR3(X) = Gz(x). 9)

g—o

Proof. Fix z< [0,u™1). By (6), if go is sufficiently large the < p(go) 2. Thus,
sincec?Y(g) is nonincreasing i, there are < 1 andC > 0 such thatl¥(g)z" <
c2(go)Z" < Cr" for all n, uniformly ing > go. Thus, for allg > go,

Gga¥) < Y G0 Z) < <o (10)

erd

By (3), limg . CRy(X) = cn(x), and the desired result then follows by dominated
convergence. 0

2 The continuous-time weakly self-avoiding walk

Our goal is to study the analogues of (4) and Proposition ltHercontinuous-
time weakly self-avoiding walk. The continuous-time moudeh lattice version of
the Edwards model [7]. It has been useful in particular duiésteepresentation in
terms of functional integrals [5] that have been employeckitormalisation group
analyses.

2.1 Fixed-length walks

We first consider the case of fixed-length walks, in which adfikeambem of steps

is taken by the walk. We will find that the strong interactionit depends on how

an auxiliary parameteg is scaled, where® plays the role of a fugacity. The scaling

is parametrized by € [, «]. The casea =  leads to the strictly self-avoiding
walk, the casea = —» leads to simple random walk, and the interpolating cases,
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ac (—m, ), define a new model of a self-repelling walk that we call thaitg
step” model.

Let X denote the continuous-time Markov process with state spdci which
uniformly random nearest-neighbour steps are taken aftiependent Ex) hold-
ing times. LetE denote expectation for this process started at 0. We disshde-
tween the continuous-time wakand the sequence of sites visited during its first
steps, which we typically denote by #4,. Conditioning on the firsh steps ofX
to beY is denoted byE(- | Y).

For fixed-length walks, the continuous-time weakly selbiding walk is the
measureQq . n on #;, defined as follows. Herg is a real parameter at our dis-
posal, which we allow to depend @> 0. Let T, denote the time of thén+ 1)st
jump of X, and letLy n(X) = fOT” lx(g—xdsdenote the local time atup to timeT,.
By definition, ¥, ;4 Lxn = Th. FOrY € #4, let

Y) = E (e 95 ntPSxbn |y 11
Qupnl¥) = 55 E (e 1Y), (11)
where )
Zn(g,p) = 5 E(e9%butPiduny), (12)
2= )
Forac Randme N, let
) atu m-1 2
Im(@) :/a((m_)l)le ? du. (13)

Proposition 2. Leta = a(g,p) = %g‘l/z(p —1), and letp = p(g) be chosen in
such a way that & limg_.., a (g, p(g)) exists in[—w,]. Let n>1and Y € #;.
Then )
i Mxey € InX(Y)(a) ifa € (—oo,00),
lim Qg p(gn(Y) = { &lves, ifa=oo, (14)

g— 1

where 7 is a normalisation constant, and the product over x is over distinct
vertices visited by Y .

Proof. As before, we writey = ny(Y) for the number of times thatis visited byY.
Thusyyny = n+ 1 is the number of vertices visited by(with multiplicity). Since
the sum ofmindependent Ex{) random variables has a Gamfrmal) distribution,
we have

o —1
E (e 92xHntPExbn | v) = / S e Se IS TP% s, 15
( | ) x|;|( o (M—1)! > (13)

where the product is over tltistinctvertices visited byr. We make the changes of
variablegy = gl/zs( and theruy =ty — a. After completing the square, this leads to
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E (e*QZxLinJrPZx Lxn | Y) = g*(n+1)/2 I_l eaz|nx(a)~ (16)

xeY

Case ac (—o,): the quick step modeSuppose thatr — a € (—,0) asg — .
In this case, by the continuity of,(a) in a,

E (e*QZxL?(.nJFP(g) SxLxn | Y) ~ gf(n+1)/2 |_| eazlnx (a)7 (17)

xeY

and thus

. 1
im Qopi90Y) = 7 [ Eln(@ (@ —ac(-ww©).  (18)

Case a= co: limit is uniform on.#,. Suppose thatr — 0 asg — . In this case,
sinced is nonzero we can use (16) to write

E (e*QZXLinJFP Sxbxn | Y)

oo nx—1
— (g~ Y20\ gea?\n+1- 1Y / (1+u/a) % d 19
(g ) ( ) XI;lY —a (nX7 1)| u)(, ( )

where |Y| denotes the number of distinct vertices visited YaySince the factor

(ae“]’z)”ﬂLl‘IYI goes to zero unlesg is self-avoiding, in which case the factor is
equal to 1 anchy = 1 for the vertices visited by, and since also

lim e Wdu, = /T, (20)
—00 /g
this gives

E (e*QZxLE,nJrP(Q) SxLlxn | Y) ~ (g*l/zeaz\/ﬁ)nJrl]lYEYn' (21)

When we take the normalisation into account we find that

1

gljm Qg.,p(g),n(Y) = C*]lYef’n (@ — o). (22)
n

Case a= —oo: limit is uniform on ;. Suppose thatt — —c asg — . We will
show that, fom> 1,

e"’zlm(a) ~(=2a)™™ asa — —oo. (23)
With (16), this claim implies that

]E (e_gzx L)%,n+p(g> ZxLx‘n | Y) ~ g_(n""l)/z |_| (720)_nx — (7209_1/2)n+1' (24)

xeY
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Since the right-hand side is independenYothis proves that the limiting measure
is uniform on’#, as required. Finally, to prove (23), we $et —a and obtain

(20)"e” I;n(—b)

Copmy? [C ()™t o _/°° U™t en)2u
— (2b) eb_/b @ = [ e du  (25)

By dominated convergence, las- «, the integral on the right-hand side approaches
1 because it becomes the integral overfitien, 1) probability density function. O

Proposition 2 shows that the cage— « leads to the uniform measure on self-
avoiding walks, whereag — —co leads to simple random walk. These two extremes
are interpolated by the quick step walk, @r— a € (—w,) (e.g.,a=0if |p| =
o(g'/?) ora=cif p ~ 2cg¥?). The name “quick step walk” is intended to reflect
that idea that the largg limit of the continuous-time walk should be dominated
by quickly moving continuous-time walks. In fact, wher= 2ag"/2, by completing
the square the weiglet 2x0%n—PLxn) can be rewritten ag2xl—(0" -2+ Thys
walks with smallely , receive larger weight, and this effect grows in importarse a
g — 00, '

The particular case of Proposition 2 for the choice

p(g) = (2glog(g/m)*?, (26)

which corresponds ta= «, was proved previously in [3].
For the cas@ = 0, evaluation of, v (0) in (18) gives

. 1 r(ng(Y)/2
Im Qo n) =5 [ 5y, (@0 @)

Large values ofi, are penalised under this limiting probability, so this is adal
of a self-repelling walk. It is an interesting question wietthe quick step walk is
in the same universality class as the self-avoiding walkafe (—co, ). We do not
have an answer to this question.

2.2 Two-point function

Now we show that whep is chosen carefully, depending gnthe two-point func-
tion for the continuous-time weakly self-avoiding walk gerges, ag — , to the
two-point function of the strictly self-avoiding walk. Theo-point function of the
continuous-time weakly self-avoiding walk can be writtartwo equivalent ways.
This is discussed in a self-contained manner in [5], and wensarise the situation
as follows.

The version of the two-point function that we will work withk written in terms
of a modified Markov proces¥ = X(t), whose definition depends on a choice of
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5 € (0,1). The state space &9 U {d}, whered is an absorbing state called the
cemetery. WherX arrives at statex it waits for an Exy1) holding time and then
jumps to a neighbour ofwith probability (2d)~*(1— &) and jumps to the cemetery
with probability . The holding times are independent of each other and of the
jumps. The two-point function is defined, foe Z9, to be

GET(x) = %Ew) (e omeastoplay 1), (28)
where we leave implicit the dependenceGt’ on &, whereE (%) denotes expecta-
tion with respect to the modified process, and wigere any real number for which
the expectation is finite. The random number of steps takex bgfore jumping to
the cemetery is denoteagl, and the independent sequence of holding times will be
denotedody, 01, . .., 0y.

A special case of the conclusions of [5, Section 3.2] (thete g = 1 andrg, 5 =
o0 for all x, and restricted to finite state space) is the equivalentditam '

G55 = [ B (e PBeantir gy ) &P 9T, (29)

where nowX is the original continuous-time Markov proce$svithout cemetery
state, andt denotes its expectation when started from the origiﬁcbﬂ—|ereLv,T =
fOT Ly (s)—vdsis the local time ofX atv € 79 up to timeT. We will work with (28)
rather than (29).

As in Proposition 2, we writer = a(g,p) = 39 Y/2(p — 1). Throughout this
section, we mainly choose= p(g) in such a way that

lim g~Y/2e7*(@P(®) = p ¢ [0, 0) 0

g—

For example, (30) holds fgu > 0 whenp(g) = 2[glog(p,/g)]*/?, which is a choice
closely related to that in (26). Note that §m, p(g) = c whenp > 0. Itis natural
to considerp — o, because ifp is fixed to a value such thﬁgoTp(x) < oo for
somegp > 0, then by dominated convergence din, Ggg(x) = 0. The conclusion
of Proposition 3 shows that this trivial behaviour persestsn whenp(g) — o in
such a way thap = 0.
Givenp € [0,), let
z=(2d)"(1-9)pym (31)

The following proposition shows that, under the scaling) (8@e strong interaction
limit of the continuous-time weakly self-avoiding walk twmint function is the
two-point function of the strictly self-avoiding walk deéd in (8).

Proposition 3. Letd € (0,1), ze [0, u~ 1), and xe Z9. Suppose thgB0) holds with
the value of pe [0, ) specified by z vi&31). Then

éiﬂ(‘n G&E@(X) = pVTG(X). (32)
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The proof of Proposition 3 uses three lemmas, and we distese thext. For
me Nanda > 0, let

oo m—1 >
In(a) :/_a %e‘“ du. 33)

Lemma 1. Given anye > 0 there exists 4> 0 such that for alld > A > Ag and
m>1,

Jn(a) < (1+€)In(A). (34)

Proof. Form> 2, Jy(a) is a non-increasing function of € (0,) because

dﬁéa) - _(m—lz)! /°° : (1-+ /o)™ e
+/ (1+u/a)™2 - (1—u/a)™ e Pdu

(35)

(note that in the first line the contribution from differeattng the limit of integration
vanishes), and thus (34) holds even wath: 0. For the remaining casa= 1, since
Jy is increasing and ligp_. Ji(a) = /7T (see (20)), given ang > 0 there exists
Ao > 0 such thatifdt > A> Agthen 1< Ji(a)/h(A) <1l+4+e. O

Recall thatn is the random number of steps takenXefore jumping to the
cemetery state. Fore Z9, let

1 _ 2
Wi(g,p;X) = SB[ OX Pl oy ), (36)
1
Wn(g,p) = EE@ [efgva%pZﬂn:n]_ (37)

Let wn(g;X) = Wn(g. P(9);X) andwn(g) = wn(g. p(g)) with p(g) chosen according
to (30).

Lemma 2. Suppose that30) holds with p> 0, and let z be given b§81). Then for
n> 0and xe 79,

lim wn(g;x) = py/7ien(x)Z". (38)

Proof. Given thatn = n, letY € #;(x) denote the sequence of jumps madeXby
before landing in the cemetery, and ¢t denote the cardinality of the rangeof
By conditioning onY and using (19), we see that, @s> o,
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Wa(gX) = [(2d) (1= &) (g M2 )™ Y (ae )M gy (a)
Ye#n(X) veY

~ ()T A-)"p Y (ae ) NI gy, (@), (39)
Ye#n(x) veY

where the product is over the distinct vertices visited'tgnd|Y| denotes the num-
ber of such vertices. It suffices to show that, for ang #n(x),

lim (ae=@*)n1-1v| [ 9 (a) = Tyey,m™ /2, (40)
g veY

Sincep > 0, we havea — o, and soae° — 0. Therefore, the above limit is
zero unless1+ 1 = |Y|, which corresponds t¥ € .%}; the product over remains
bounded ag — « and poses no difficulty. Sinck (a) — /T as in (20), the result
follows. O

Lemma 3. Suppose thaf30) holds with pe (0,), and let z be specified {31).
Let

p(g,p) = lirpsupwn(gp)l/ " (41)
Then
Ii?sur)u(g,p(g)) <zu. (42)
Proof. Let Lyjij] = Z;';:i okly,—x, where thegy are the exponential holding times.

Let IE§,6) denote the expectation for the process started in gtaistead of state O.
For integersn > 1 andm > 1, an elementary argument using the strong Markov
property leads to

2 2
Wn+m(g,p) < %E(é) [e*QZxLXT[Orn]+PZxLx.[O.n] e*@ZxLxﬂ[n+1ﬁn+m]+PExLx,[n+1ﬁn+m]]lq:n+m]
&) 1= 93xLZ 0 P 3xLx o, 1 (8)1 g5 l2+pTuly

— ZE( )[e 2xLyjom P Zxbxjon) ]1Yn+1:y}5E§/ )[e gyxLit+pyxL Tn—m_1]
y
1-0 _gyL2 L

_ 5 E(©) [e 9>x L5 jon TP 2x X'[O’n]]ln:n]wmfl(gyp)

< Wn(g, P)Wm-1(9; P)- (43)

It is straightforward to adapt the proof of [10, Lemma 1.2@]Jobtain from this
approximate subadditivity the equality

K(g.p) = infwn(g.p)"/ ™. (44)

Then we have
Wn(g, p)Y MY > (g, p). (45)
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We letg — o in the above inequality, witlp(g) chosen as in (30); note that
a — oo sincep > 0. By Lemma 2, fon > 0,

lim win(g) = PV Z". (46)
By (45), this gives
(pv/TICy) Y/ (MU 2/ (L) > im sup(g. p(9)) (47)
Now we taken — oo to get
pz> Ii? 1SUpL(9. P(9)). (48)

as required. O

Proof of Proposition 3We consider separately the cages 0 andp = 0.
Case p> 0. We write p = p(g). By (28), and by (36) witlp = p(g),

Ggp(x) = ;Wn(g; X). (49)

By Lemma 2, the result of taking the limif— o under the summation gives the
desired result

oV icn<x)z“, (50)

and it suffices to justify the interchange of limit and sumiarat For this, we will
use dominated convergence. Singgg; X) < wy(g), it suffices to find ap > 0 and
a summable sequen8g such that, foig > go andn € Np,

Wn(g;X) < Bn. (51)
This will follow if we show the stronger statement that fordag
Wn(9) < Bh. (52)

Sincezu < 1, there exists > 0 such that1+€)2(uz+¢) < 1. Sinceg~/2e%* —
p > 0, there is a (largedjo such that ifg > go theng=2/2e7” < ggl/ze"g(1+ £),
whereaqy is the value ofa corresponding tg = go; alsoae 9 < aoe“’g. There-
fore, by (39), and by Lemma 1 (increasiggif necessary),
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w(g) = [(2d)~}(1— 8)|"(g /2e )™ 2, (ae ™)™ M an (@)
YEWn veY

< [(2d) 11~ 8)]"(gy %" (1+ €))L > (aoe0)™ =N 7 Jn,(00)
YEWn

veY

= (1+&)2™w(go). (53)
We setBn = (1+ €)™ Lwy(go). Then

limsupBy " = (1+ €)1 (go. p(go)) < (1+£)2(zu+¢) < 1, (54)

n—oo

by takinggo larger if necessary and applying Lemma 3. Therefog®, converges,
and the proof is complete for the case- 0.

Case p= 0. We will prove that

lim S wn(g) = 0. (55)

|— 00
=

By (49), this is more than sufficient. We again wriie= p(g). By conditioning on
Y and using (16), fon > 0 we have

(@)= (20 1-0)" 5 [9 ™% In,(a). (56)
Y

W XeY

The change of variables= a+uin (13) gives, fom> 1,

a? _a? [7 Mt —(s—a)?
e In(a) =¢€ /0 (m—1)!e ds

~00 —1
JO —d4):

seR

Lete > 0. Sinceg*l/ze"’2 — p=0, we can findg(e) such that forg > g(¢) and
m> 2,
g*l/ze"’zx/ﬁg £ gfm/zea2+or+1/4 <em (58)

Henceforth we assume thgt> g(¢). By (57),
g 26" (a) < €™ form> 2. (59)

Form= 1, we obtain an upper bound by extending the range of theritégthe
first line of (57) to the entire real line, whereupon it evaéisato./71. Thus, by (58),

g*l/ze"’zll(a) < €. By (56) and the fact that the number of walks# is (2d)",
for n > 0 we then have

Wn(g) < [(2d) (1~ 8)]" Zﬂ [1e™=(1-3)"e" (60)
Y

epveY
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(The casen = 0 corresponds ton = 1 because the number of visits to state O is
no = 1.) Therefore limsup.,, ¥ _oWa(9) = O(¢). Sincee is arbitrary, this proves
(55), and the proof is complete0
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