Comg'ex Numbers
Wr?"e. ze € ‘fori

. 2
2:0~+i.\o) ¢t =-1.

NoTe; Z, = 22_ ;f 2' - Q, + t'.b|
2,> O+ L by

with @, za;

b\:bz

Notation: Re (2) = a
Im(2) =

‘AJJI+€on

(a+i\>) + (c,+;J) = (a+c)+ i(b+J)

L] MuH‘.‘p\iCq"’ion

(a...;\,,\(c,-r iJ) = O0C + lqcl-l-i\)c-l- iz‘)J
= (ac-5d) + i (ad+ be)

® Division

o+ib - o+ib. c-id

c+ id c+id c-1id
= oc +bd . L(\)c-a&).
ct+ d? ct+ d?

CarTesion Coordinate Representation

=Im(2
4= l2) Think o#:

Zza+ib Zza+ib € C
/ as o Vec“'or z
X = Re (2) (a,%) € R".




Modulus: V2| = (cuza- bz)/z
NoYe: this is the \en%ﬂ\ of the Ve.o‘l'or (a,b).
Note: 12,- 2,1 = ((ay-a2)"+ (b-b,) )%

is the distance between Z, and Z,.

ex) Sketch lz-il=1.
nY

Circle of raJius |
cenfred at .

> A

ex) Describe the set lzl= 3lz-il.

121%= 9 V21l

- Wrile 2= x+‘u3.
x"+a§'= 9 ( (x-1)°+ Y )

D x*. Yy = X -2x% +| +«3,"
q

= gx”a- g.;-Zx + | =0

9 9
=)x1+\3"-°\x+j_=0
“ 8
= (x- ‘H q* \3 4 =0
8 g* g
D (x-9)+y*= 4
8 g

“ Circle of radivs 3 centred ot 2

—

8

g |0




ex)

More identities:

'2| 27.' = |Z|| 'zz\

zl IZ7,|

Trian %|e. Ine qua \; '}3

\2““ zz‘ -é |Z|‘+ ‘zz|

7\ Z,za, + ib,
/ Z2,c< Q9 + ibz
-7 2, + 2y (Ox\)b.) + (.42., ’Oz)

Reverse Triangle Ineq,ua |i+§.

| 1z - 120 | £ )2 -2,

FinA Sma“esT M>o st _|_~ < M -for al|
|2-6l |z+1| £V,

Need: |‘Z-6| 2 M-‘.
Reverse *rian%h; l2-6| = | 2+l =7 '
Z\lZHl -7 '
= 7 - |2+l since |2+ £\
2 7-1| since ~|241| 2~|
Sl2-el26 D Mzyy. Nife: 220 aftains this bound-



Com p\e.x Con ,"u%a‘\'e :

Z=za+ib Z=zoa-ib.
N
o 2 Reﬂechon
> aboul X-oaxis
oz

Prapex'\'\'es of COMP‘GX C.onéu%q"'e,

(o.\ Z,+2, = 24-?,_

(b)?:z

(c) Relz) = L (2+3), Im(z)=) (2-2).
2 .

r X

€ 22 = 2 2
(e) 12\’ 22
() \zl=12|

Some more remarks :

(i) Rel?) < )2
Im(2) £ )2l

(ii) Rel(iz)=-1Im(2)

Liii) Re (V2) >0 & Relz)>o0



ex\

1 _

T
A

‘ e
L -

Po\a\r Caorc‘inafes

2 Z:x+‘u3,

/ 2= re|cp

i isine )
Z=vre'% = \"(Cosq)+| i

“sine) = r.
* Sin @ =
|2\ = (Y}C.D.S(_P + r )

for e (-mT].

Notation: Ar% (z) =

e
N

—l“f/z
ex)-L = e

X=¥ Cosep
\A:Y‘Sin(p

(reose) + i (rsine)



ex)

Somelimes use lower case HPor
mulfivalued ow'%umen‘l' Function:

ar%(Z\: «w «+ 21TK) K:o);l_w)-l;z)
we (mmr].

Wﬁ"\'e- |- in Po|ar -eor‘m) amJ cmnpu.fe.

r |-
‘\-i\r-m = A %( )-
}\‘ cos@ = /U2

Sinw = "‘/lrz
(l“l.\ J2 e —'TV
Anb (\-i) = "'%:' :

Some pro Pe.rTieg ;

(a) "“-Q = ) = ech
-<e

(b) ||z |

c) '@ oi@2 _ ei(w.ne;)

LA\ ei@. efCPz _ ei(‘ﬂ."‘-ez)

(e) e.i(q’”'m() = e:q



ex)| Write 1414

Note: complex multiplication in polar form:
7,2, =(re@) (r,e'%)

= (o, v, ) 0! (0, + @)
Note. complex cansu%a’ﬁon '-

z=ve® D Z2-= Y'e-“.e-

in polar form.
-

. i
4 ( = J'ze/"
2 £
_if \
\E—i:?.e.‘/b @1 <

Uy - 2 éﬁ% 2

]
De Moivre s Formula

0 \N N
(€)' - e

“ -
'-’) (Coscp + isince) = Cosnw + LSInn.

ex\ Wryife $in3LQ in terms of Sin and sin3q.

(%)

3
(Cosco + ismce) = Cos3®Q + iSin3w.
"

3 . 2 .2 .2 .3 3
cos @ + 3L cos®@ Sin@ * 31 cospSin +1sin




Take Im (#):

3coszq7 S\InQ - singcq = Sin 3.

3(\— smzce) Sin@ - Sin3<.? = Sin 3 .
3sn -4 s{n3gq = Sin3Q.

S\'nacP = 3sin -\ sin3q.
4 4

Note. mrc} (2\ 2,_\ = ar%(Z,S T+ mrcb (2,_)
Ar% (ztzz\ ‘—\'- Anb (21) * Aﬁb (.27,).

L7
eq. Z,= ¢ = 2,

: |
3m

AT 123 ) = =
o (22,) I




Comp'ex exPonen‘\Ta\ £u.nc,‘\'ion

2 X iy

e T e e Z:X-l-ita,.

J
el = ¥ (cosy + as.'ma\,

Pro pe.r‘h‘es-.

(i\ e2.+ 22 - 62‘ eZz

(i() e!+211‘|' - ez-

Z+TC( 2
(iii) e - —e
((V) e® - ea
(v) & = | (=) z=il(2mk), K=0%),t2 ..

(vi) \e®l 21 % Re(2) ¢0

Often used fact

2 2
e' e’ (D 7 =2+il(2mK).




Roo'\'s o'-f' ComP|e_x V\\kmbers

z
i(zw)
e
ex) \zz: \ ex) MNER
"= | RN
(-|\4 = |
-)' =)
ex) l3 = |
(ZTY | 2
l’3)) = |
3
e‘(q%)) =\
21‘(A‘
Roots o'-c \mi‘\'\zr’- W, = e
The. nﬂ‘ roo"S 0“" umd'«a oaYe -
‘ 2 n-\
SL ) W, Wy, -, Wy 2
K n
Note: (w,) =1, K=o t,*2
Nole O.)n“ = ‘) wnm.: Wy, , wnn-l-?- = wn2,
K K - 2
= iwn erz/ = i\,wm w




®
ex\ ® e.x\
o o o
w" 3
/8
2 ® o W
“3 (2, A
W, = e 3 w, = e
W,
ex) o °°
o
¢ °
(2%
Ww. = & /S
S
Remark'a The $o|u"'|'ohs o"’ 'Zn=| ave:-

ex)

K
Z:z w, ) K=ol -, n-\.

J

Z = eXP(L(‘LlK))J K=0,)\ ., n-\
n

T\\ev'e avre Y So\u'\'\'ohs 'l'o 2" 1.

2 \
Show Wp+ W, +:-+ W, = -\
Start grom %eome‘\'ric sevies

z -
\ + W + w +---+w”‘ = ‘—o)“.
-
| -W

2 n-\ _
D+ W+ w +-+w” = 0.




How to So‘\le 21\: -;

@ Write '§:/o eie,

1@ Sel ‘Z=Y‘eke

@ Eqn is: r"ei(nm :IO e.ie

@ Soln are: ¥ = /a‘/"
incg:ieq—zm(i,) K=0 %1 +2 ..

@ Write using rosts of um”ﬁa:
2 = P‘/n exP ( L% + L(?:IT_K)) K=0, -, n-|

N

L ie/ K
Zz=p e " w, , K=o,n-.

s .
ex) Solve Z =1+ ¢(.
R \PA
1+i=VJze ¥
s 1/
2 z=Jze %

Ve TS 2w/
s Tz K S
Z:(\]'z) e *° w, | k:0,,234. we= e

3
ex) Solve 2’ - (2+1)".




