F\mchons 013 * N ComE\ex Vav{a\o\e

We consi devr fun(.'.hons o‘-t Z e Q.
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Notation : ?(x,«z) = LA(,X,%) + 0V (XI%).

Some fermindo%xk_ on Se.‘\'_g S ¢ C:

(.‘3 S s open id . V‘Zoe.S) d¢ >0 st

D _(2)= %Ze € : |z-2) ¢ r?
satisfies D.(z) € S.
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(('\) S 15 Conne.c:\'e,J i'-"—‘- e\le\r\b Pair of PoinTs mn 5
Can be éoineJ \)\3 o~ finite
number of line Se%mevﬂ's

\%in% en'h‘re,l\z w S.

© ©

S i connected S is not cOnnccfeJ
S:iz:|<|z|<23 S=%Z:|2I<l or |2|>22




ex)

(l'l'i) A domain S EC is an O pen Conv\ecj'ecl Se“'-

(LV) The \)ounclana_ o# S consists of all poinfs Zo
Such that: every disc D‘-(%\:%'z'z"\‘r?

con‘\'qms ot 'eas‘l' one Poin in S amA
one poinf not in S.

o o O

S=§(|‘z\$|2 BJJ(S)=%I2|:|}

(v) S s

closed ¥ it contains all its \)ounclav%'
(Vi) S is bounded it there exists R>0 st

s € §l=1 <RJ.
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“F\'nA the ima\%e“ pro\o\ems

Find the imq%e of- S = %2 .

under $()z=z". S’z £(5)="T

Write w:f(z\) 2= re;(p

0 < AY%(Z) é‘l‘%;

with 0¢@ £7/q.

W= rzeziq’) 042 ¢ T/y.
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ex)

{
Y

S\z %w : OﬁAr%(w)é‘rl/zg

Find the image of S-= <(2: 12| £\ OéAra(%\ﬁ'll
2
wnder W= #$(2)=-22>.  S'-$(5) =7

Wride 2= ve'® Otrel, 04 T/

) o,
W= _2r3e3|¢?

wz 2y exp ( (Tl‘+3¢Q3)

)

S :g(w plwlé2 1 éAnb(w)_é %T\' g
)lz\:l i> A\w\:Z
N

Find the image of S=%2z: |z-1] €13

under w=$£(2)= \/z.

Since z='"/w = |'/u/"|£'
=) |W-I' < |wl.

= Jwal e jwl®

|



lef W=zu+iv. (u-l\z+ viz usv?
:7 -2U ¢ < 0

$'=$w Re(w)z\/z}: $(s).
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S A

1z2+1\ £

e,x\ Find the image od S-= %Z= |2\ 21, Imlz)Zog
under w=z=f(2)= 2 .
Zz

@

Write Z=Yve' , ¥zl of@<sm.

- @ ]
W:&e,l = e
Y P

)

s;S(w; \wll_-z) Im(w)/_-oj)

£
S 1
\2\5\/\
NP
jwi=2
Note: ©¢ W= z4+ ﬁ '\'ramS\ad'fDY\
® w-= e,ie°z Tofa‘hon 5\8 an%'e 99
® w=az, a>0 strelching ¥ a>|

Con‘\'fao“'ion i a<)




ex)

ex) Find the image od 6 = % 2 Izlélj Imtz)zo}

under W= $(2)= (1+i)z + 3.
R T/
+iYzVze™ =D w-3iz=Uze 'z

T
ZF V2e & v
2 3¢
/ 5 {4
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T
Z P"\fzei
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S'= g“’ : Jw-3il 2 vz, '% 2 Arg (w-3i) £ 5; ;
Af\a\é‘\‘\'c Functions

Dcﬁ:

£: S S C s od\a\z'hc on o Aowm{n Secc ¥
(A\ 'g(x\g\ = U(xy) + L\I(,x,-j\ where the A\'"ha\

Ae.r\‘la'\'nles o£ U and V
exist and ave continuous.

(B) The Cauchy - Riemann equations  hold:

du = 9v u - -Qv ,
ox 9\3 a~3 ax

19()(,.3\ = -2)(\3 + L(*z_‘zz)

U= ‘?;X%- - Uy = -2y = 2x = Ux= \’v-a.
\A.a = =2% = =2

e f- is amq\\a‘\'\'c over & .



ex) $lxy) = %

W =¥ = U = | X 0‘—'\/\3 = £ is ot anq\~a+ic.
N =0

Intuition for oma\\\A,hc ?eumc,'hons : "'\ne\z can be wriflen

@us“' U.Simé Z=z """é"

ex\ £ = Z ama\*ahc
ex) $:=2Z +{ not av\al‘afic
ex\ £= Z2

not am\xah‘ c

x=(Y2)(Z+Z )
g =bin)(2-2)

Can write f(x,?) oy f(z 2) for o %enera\
Function . Co>cC.
Chain rule: ?i = @}_ Q_i_z + 3_2 2f

Change of Variables : (7= x+ iy i
- Z X-—Hé,

92 22 ox 92 3y
=1 (?} - i 9%

2 \ 9x 3\6
'..Q_:L(a‘l‘-_a_) (2_-{- 2)
22 2\ 9x oy ° 2

C\ai\mi Co.uc.‘\tb r\)\e,Momn eqn L“) 1@
‘-@ U+ tV ux-—V.&
u\b--
check: 3_£ = ‘_(_9_ + Lg_ (’uLx%) + Lva,‘ay)
oz 2 \ 9% 3»

:%_(Ux‘\’%“'i(\’x*“\g))—



ex)

ex)

S\AMMQY'\AJ LC“— '-e \)e C.‘ on S &€ €. Then:

'g ama\%"'lc- (—) 913 =0 “no Z cxppear.‘n%".
on S 92

1))

No‘\'e‘- ‘ﬁ s C.‘ means £ U.Lx,%)+ LV (X, \ and
Pox\’\a\s o® u awu\ V exist and
are continuous.

NoTation: I# % is analytic, write $'(z):= 3¢
oz

Te.rmino\o%‘a" “enhfe" means an«‘a‘l’ic on all €.

2)=2° = eV =2z

Properhesi

(o.) (£+c¢2)) = £’+ c%‘

(b) (#9) = §'g + o %’

(<) A £(g(@) = £ (3(2) 9'(2)

LA\A z" - nZn‘
a7

Show F(2):= ez (s ana\%"'ic_ and ﬁ'(zhf(z).

% . b 4
'-?= (4 cos\a + e Sima.

3_?:1(94,\,9 )(e, Cosy + 1€ Snﬂta)

9z 2
o l (exa:s% ¥ e. S\wa - \e,xswha, —e 4053 ) 0.
2

Since ‘-? s C.\ omc\ 3_{ :OJ ? is oma\%'l'ic.
~¥3
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-2 B (e, cosy + Le 5‘“‘3\

t
X Q)IQJ

ni-

(e cosy + {e” 5“"‘3"’ e siny +e 6053)

Zz

= e . =) f\(z\‘:e.z
ex)| $(2)= 5o s analytic on €\O.

In feyms o Xy 1= 2

= X—i:t )

121% x*+ \3"'

oo {(x,\a) = - % so\Ves Cauc\n\a-— R\'ermmn eg(n-

Xk \3 x’+3"

Theovem: If £ 15 anq\ta‘hc, n o AoMain S<cda omA
f'(2)=0 e\le,v‘\bwhere in 5) then £ = const

in S.
Proo®: Let #(*,‘3)2\1(%,&3\1- L\/(,x,ca).
O:g-#: _-99>(U+LV)
oz

0 = (Uy+vy) + 1 (v -uy).

.o %Mx = -V\a ) Combine this with Caw\c,\\xa- Riemann :

\A\%: VX \Lx = V\a )
u\a = -\,x
=) V‘b = -\/.8 => Ny =0 = Uyx=D
Ve = —Vy \l\a:D Uy =0

Since YV =0 \ is constaut
Yu=0, wis constant.
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ex)

ex)

H aymonic Fu.nchons

LeT u: 5 - IR be o real—\lq\uca flu\c'hbh on o Aomaih S
cR* € R

Suppose all Z"J oréer Par\'ia\s o£ u exist

S“‘ﬁ W is harmonic if Vzu = 0.

Recall: YV WU = 9,9, U + 3.3930(.

Theovrem: If f-u+iv is anq|~a+.'c on S €4
and 2" partials o U,V ave continuous,
then U(x,Y) and Vixy) are harmonic on SER

Pfoof: Mxx + u\z% - 3* u,‘ + 3.3 u\a

= V"‘b - V"‘b
= 0,
O
:e: ez % 2
uupa): € cosy VYuczczo
Vixy) = e sing V'v=0 .

Find an mnct\ahc function £ t. Re($)= Xy =X +y
2(0)=0.
f=u+iv, U=z XY =% +Y.

Cauc,h\b - Riemann



ex)

ex)

@ xd @

=D %Lx\ =

'£= Xta,—x

"e('Z\ = 25

= Re (2°)

S;m.\ \ar \\b B

= x+| = -2

X+ = “b'(x)
"_’iz- X+ C.

2

2

2

*9 +l(—x:+z-_x_3))

2

1S an a‘ahc .

= Re_(rseisa)

= Y.SC0556 o
2

v?_ (\AnCosne)

AV4 Lr'n Sinne)

Sub in‘\'o @ =D VLX,\a) = _iz+

3% ( %_‘2—3“3("’)

2.2’*-3 + C.
2

since C=0
because £(0) =O.

harmonic.
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