ex)

MulYi - Valued Functions

Given 2, whal are the solutions w to e,w‘—’ z 1

W = \0%2 = |nlz] + L(AV%(Z\ “’ZWK\, K=0,%,%2,...

where Z:=\z| eiQ) “T4LWET, Ar%(z) = .

We call \O%Z the multi-valued \o%ariﬂ\m-
Recd\= Lo%Z - \n \2| t 'LArg, (ﬂ was infroduced
ear lier. It is one choice amona the Many

va\lues of \O%?’

LO%Z =“prmc;pa\ \)ranc‘\ of ‘O%"

wy | e”
Wy : /_\>
w, Z
-
|
I U
| \o% 2
\oc) (2;) = 1

2i=2e" D log2i = 2+ (T +2mk)
2 /
k=0,%,+2 -~

Some Proper‘h’esi

(,i) \oob (,‘Z|2,) = ‘o% Z, + \o% Z,
(i) log (L) = -log 2

(iit) \o% 2" X n \0%2.



Ex Ponen"'S

Let XeC A X0. Define the multi-valued Function:
Ze( - e°(|o¢a2-

ol (Inlzl + ¢ (Arg 2 + 27K)
I.e. Zd:e.(n “ L )

ex) Compu\’e it

- ° .' . - -

it- et ; ‘O%L =Inl + LT+ L(2T\'K), K=0,t),£2,-
i -T -2mk 2

D v=-e‘e , k=0,%|,t2,.

L () i2mk
ex) "\\/1 e’-(MH )
3.

TR

De—f'i The P\’\'nCiPa\ Nalue of z‘* iS:

L
ze(_ eq 0%2.

ex) Compud'e, the princ\")a\ Value of ‘L{-

-Lt - e“‘°%‘ - et (‘1%) - e"TVz'

Nofe.'. Since Locb'Z 15 ama\\b'h'c. on @€ \ (-00,0]}
then 2°

\5 o‘nqhzh'c on @ \(-00,0]-




ex)

Lef\' f(z): Lo% (?_—" ) Where is £(?) O\V\a‘\aﬂ\'\'c’l.
2-2

Lo%w ' ad\q‘ahc oﬂ the bad sef %IMW =0 ,

Rew £0

=) Lo%(2—|) i5 O\ﬂa\\b'l'l'c, ot $ ‘\'»\e \)Acl Sej'i

22
Im(_Z_-!):O) Re(z_—l)éo.
2-2 2-2

\ 121*-22 -2 +2
-2 -2 | z-21%

T 2 .
X +y -3x+2-.Y%
lz-21%

=) y=0.

)
Re \2__\\ 0 D x-3x+2£0
(x-\)(x-2)< O.

.o £ X3 ana\‘-bh'c. o C \ S/
S= %x+£\3,: \3:01 |1.-X‘_-23




ex)

ex)

ex)

ex)
&)

S quare Y ooTs

|l
There ave two values of 272

\ .
Y Llogz _ S(Inlzl + Argz + 2 K)

- e e K=0,t1 t2 ...

(i 4 (ntel + Arg 2) aunwAraz)}
= é ) - e

\

\ y  LArq (@),
o.a F4 /1- = t 'Z‘ 2 e % .
Y

4% - *2.

Main Propertb: (Z\/")zz zZ.

2
OZ +b2+c =0 s 5olved 5'3

= —'\) + (\:2- 40\4)/7:
2o

y,  LArg(2)/
Principal Branch: \z = 1212 e vz

NL*G: ReJz 20 om principal branch, Ssince:

\ \ P ‘&
Jz = |2‘|/2 e\/z) -l £T0. €
Compu.‘\'e. 'H)e, Pri“CiPa\ \Ia\ue. o£3
(1 )%

i1 Ly W
lriz=Vze * D Jiel = 2%e 2.

\
()%= *¢

J-l = { on Ph'nc.iPo.\ branch.



ex)

Finc\ ‘SO\M\'ions to: ZZ+2-(=0
where 22 denofes the
principal Value.

v,
Re2?2==-2 240 = no solutions.

Wron% branch for this eqn\.
Consider Z= 3-4i.
Then iy
(-2+4i) = 3-4i .
2 =(2¥) . DH\Jz +2-(L=0-

AHCV‘V\«'\'C Square vool: Z= \’e.“P) ~-KLP 4T,

Nezor2 o

alf
e-d. \.)_Z = -2,

We call 4@(2) -‘-“\:E o different choice of \bramc\\
o{' Q(Z) = ZVZ.

Hﬂbh SOhoo\l In'\'roc‘u.ce, ima%inaﬂb number5 Yo “’ake,
Sg(uare roo‘ts of- ne%afc'\le nu mbers.

J-1 = ¢

Comp|ex oma\-bﬁsi Lej f(Z)Z\)—; \)e H)e pvmcipa\ branpk-
Then £ 15 ama\vbh'o on d:\(“D)D]-

A\): is in " bal sel" (-w,0].

Uz Aumps al -\

@>TC b i, Y
Ve —> Jzl e 2 =t]2”®
R - AN @->-T Yy -ifly

.
| _ JZ —> Jzl e *=-{)2)*

z=|zle'®



In\Ie\r\'in% Sine

Proposi‘l'ioni Let S=i2 : ‘Re(?)' é-n-/zl Im(?)?O}
The \mo\%e_ o:f- S  under £(?)= Sinz 5

s‘=<(w : Im(w)zo}

Sinz2 s

S

Pr00£3 F\'rsT) nofe. f’(s) < 5,. T\\is 15 because;

Sin (x-l-i\b) = SwnX “5‘“3' + ( cosx sm"\% .

Main sfeP: show that Hor any W with Imw 20, we
caon ¥ind 2e€S so that £(2)=w.

. , Sin2
O Use q_uadra'h'c £ormu|a\ ‘ - —

sinz =W L=)_|_(e —e )=w
2(

.2 .
= () -2iwe®-) = 0.

Quac\fa‘hc : e'zz 2w i\}-4wz+‘\' .

formula 2

Guess: Keep €'"=iw +I-w’ , with principal square vool-



@ Guess: keep principal log: seled this sola to sinz=w.
Z:-iLO%(iw rJi-w )

2= Arg (iw + (I—wz)\”') i) iw + 0-w%).

We found 2, bt we need zeS. This means:

* |Re(@)|¢™2 & -‘R’ 2 Arq (iw + 0-w)% 2

@
e In()20 & |iw +0-w»%| < ).

Proa* 0£ @: We need 1o show +_

Re (iw + (\—w‘)\’z) 20,

TN
NIA

This is equivaleit to: Re (I-wl\\/" 2-Reliw) = Imw,

Use \Aenhh}? Re\z =J7'_“2|+Rez)
2
5 Re(1-w?)* = (lz(h-w‘l ¥ Re(l-w‘))).\a'

So) 51uqre¢l \>ec.ome$‘-

(\t—w"\ * |-‘Rew1) 2(Imw\z

|
2

= ) (\\~w"\ +\- \w\‘) >0.
2
True by revere '\'v«am%\e. neq
| 1-w2l 2 \ | = w \

This proves ® once we understand




Prood 0{- '\Aen"'\' "'\3

Lef 2= xriy

2
(uriv) = x+iy =) wW-v
Z2z U+ iv

%

'Y

2iuv
Dzl = ut+ v

DV rurv = x+l2l D 2u= %+ |2l

=) u:(xnz\)"z v

Proot of @: |iw + L\-w")‘(“| Z .

Note: (iw + (l'wt)’i) ('i.w-l' (,\-w‘)"’) = Wr-v

(- iw + (1- w*)%) (-iw+ (\-w‘)”‘)
)

= \iwftl-w’)z‘= \

|-iw + (1-w?) % | |

We show : \"LW ¥ (\-w‘)\/’| 2. This proves @

|-iw + Q-w)%) = (ciw + G-w?)%) (i@ + 0-w2)?)

= \wi+ \\—w‘\zi- l (W (\-w‘)‘/"-w (\-w’)"’)
Asswnm% clam-

2 2
|-iw + O-w?)2] 2 lw® + h-w?)

2\ \3‘3 ‘\’r(am%\& ineq-
vz h-w? e w?
€ |i-w + |-

So the final S’fep 15 °

\ \
= (T 0-w)% - w(i-w)%) 20, provided Imw20.




Expand using : w:q+ab)

b 20
(-w)e=x+ip 20
= L(a-ib)(o(ﬁp) - i (a+ib) (°‘~ip\
= -Zo\p + 2ba.

Wil show: ap £0O.
E)(fam;\.; (o(-l-ip)z: :— Wl

o\‘\-i\o)z
TaKe Im Par‘\"- 2Zap L= -2ab (

o~\0p :—0(9240 = o2 £0.

20 .

(W]




Branch Chms\nté,_

e,x) Construct oo branch 0£ '2(2) (Z-\)

o\na\xbhc on €\, 1] and st f-(?-) J3 .-
Weite 2(2)= (2-1)2 (241)2
= (re9)® (e )

L P(2)= \r,‘/"r:" em/" eit?z/,_

'H\a.'\' \S
F\Y\A ‘?(“L)

Choosge Yange o an%'es'

“TLQ £, -MiL, £TC. ---..-4

Check Conhnu-“"% ocvross infer ’FaceS'-

SO IIIY SESSIESA) e
| |
Infer *a ce A . (P|+ =TT CO.: =T
@ =-T @, =-T
+
i r@,) | e
e ' /2 = e_‘ S Continuous across inter f'ace A
L(@+@y/2 -
e = e
Tnlerface B: cp|+ = ce =0
@ =-* ¢, =0

e; (LQ| + QZ)VZ ;1%_

€

A(scm‘l'muous aLY055 inferche. B.
| . o ¥
e! (@ +@) /7. é-f“/z

n




ex)

As ConsTmo“'eA, f(‘&\ s oma\-afic. on -
Compie % (2)° FR

@ =0 =1
@, =0 .= 3

-\ "\ 2 £(2\ - (\'3)‘,260/2 - \)-3

ComPu“'e 'e('i\ :

@ = -5Va Y, = V2
-1 | @, = -T/4 =2
o ! ((-3T -7
\/ )= (BR)2 e (¥-5)%
=L

-,

=J2e “=z-1V2.

Consfruof o branch °£ "g(z) = (Zz-\)\/z 'H\af 3
o.na\%"(c on €\ (o-1JUuLi,®) ond st f(o)=i.
Cowm pufe 2 (-0).

2(2)= (re)? etm‘m’vz, 0 <@< 2m
ML Q& T

././/‘ _____ . et _

Inferface A: (@t T

Q=T e ze \

@ =T (@ r ‘9;)/7. o J‘SConh NUovs .
¥ e ze

@, =-T




Inte\r face B (@ @) i

G i ; "% discontinuoss!
-z 2 o . | .

ccg;"' = 0 o (" ""Qz)/z: eo sconlinUovs

@, =0

" £(2) 1S Os“q\lb'hc on :

________

Co Mowe £ (0):

CO':T"' @, =0

\"‘=| Y‘|:|
-? 1 ) 1 27

f(o):(l-l)ze 2 = (

Cons"'ﬁw" o \Jr‘anck o£ '2(.2) (2 + |) omq\tahc
oy : ' si. P (o) = exp (ﬂn)

\ '{ Com Pud'c £(tz).

-
o

{(2)= (Z-L)%(Z-&i)‘/s

2@ = (r )2 bt @)/



ol TV‘Z‘ -3w L &
2
“TM <L, <
2

GooA news: ev(c\enﬂ‘b Conhnu.ous

on €\ L(w-TVi[y®) so no
inter faces to check.

W N
NI I

-t

\0

Bod news: flo)= 1 e = .
Wron% branch.
% i'("ﬁéu""'or)/3 ~

Ty 2@ = (v, Yz)3 e ) 0= + 2T,
K 4 Eé < S_Ir
2 2
((CE+2T+T 2k
Compute £ (o): 2(0) = | e.\( = 23/32 e 3
Y 121y % 2T
[ : \ = I 3 3 3 = 3 4
Comfu\'e 2(%):  $(%) (—; 2) ¢ (%) -

i
-
z




