Cauc\\ﬁ '5 In'\’ezrﬂ Formu‘ox

Previ ous ly : S £dz  for g eneral £(z2).
c
Next: S '-eJZ for omd\a"'(c f(z)

Thm: Suppose £(z) is am\»hc inside and on o loop C.

Then: S;QAZ = 0. @D

Proof: Sl#Jz = 2i gbg 2_; dA = O. .

Recall: ¥ ana\~b‘|'ic. on DEC means: £€C|(D) and Q_{ = O.
o7

Technical Remark:
Goursal's Thmj which we won't prove, states :

lim  $(z+h)-$(2) exists V2eD | (=5 [#e C'(D) and 3F = 0.
h>o h o2

ex) Ca\cu|a'\'e g Sinz Jz) C = unit circle cew =
C Z t loo

Since Sing 15 ana\ﬁic inside C) S Sinz dz = O.

Z + 100 c Z + loo

T\nm: Su?pose 4 'S anq\zhc n o cl\'sc D.
Then given 2; 2, € D,

S £J% =g gAZ £°r a“ curves C.,Cz g"om Z; "’o Zg,
C, C,




Prook: Consider C3=C -C,.
Cﬁ o
g $dz = S\ﬁdz = gﬂz -Sf—olz

Cy c-Ca a
Thm Suﬂaose £2) s omq\%hc in o disc D.
Then there exists F(z) such that
F (z) = $(2).
Proof—'- ConsiJer F(.?) = g £(W\ c’w where: C= Sh'm%m' Ime
T C gvfom Zo, to 2
/’ C '
' /z .~ : Zo€ D is a chosen
% _.'p fixed veference point

Flz) = g| $(0-tz,+ t2) (z-2.)dt.

0
m: = S 9 (‘f-hﬂﬂ)(z-z..)) J'l') w\\e.re, : 8[‘\'\: (\‘t)zo rte.
o2 o 92
| |
(z-2,) If () t It + g $(¥n) dt
oz o

= g‘ td fm) It + SJ £(3n) T
o dt o

= |t fte) - §' )it - (g ounyat



ex\

oF = $lxh) = $(2)
L

Simi lar calculation: Qf - 0.

o7
_9_.F =0 aml Q_F = f
cH 2 o

Green's Thm with imer circles

gmﬁ(z)az - zigcg g__:: JA

ex)

aSl= C“‘- ¥ C;“
aﬂ-_- Co,‘t ¥ Ciﬂ,| + Cin,I

It £ i qnq\%{'{c:
Zi gg ?_g._cJA = g $la +§f¢lz
o2 o 2\2

Q)
ccw
S.oj'éz - —cg;:\ He.
Ccw cw

'-tor £ ona) ‘\'io on
2 ( 23 aq um

outer innev oN= Cot * Cin

\”“"h'"b boundaries
ciw Clw

(g
.
—
N

]



ex)

ex)

Ca\cu\a'\'e, g ‘\_JZ where C = e.“ipse xz+4-.;‘=|
c Z cew.

Rep\ace oud'er e,l\ipse. with innee circle Ce'
/N

§¢4)dz = ( () 42

C C’e

C
| - r'_\—’\ S
Ce is crcle |2l=€ cew. k\_lc
Ce s Pafasme\'ri zed \)\b'n A
ZW=eet, octeam

SCL'/z )Az = Sﬂz‘a—\e’“’) (Leeﬁ) dt

€

= 2T.-
Ca\c.u ‘a‘\’e

S\(li*':-_")Jz, where C = circle 121210 cew.
C

Rep'ace C wiﬂx 2 ner circles: Cp = \?|=£ ccw
C, = lz-1|=¢ ccw

g (\/2 + 2/2-\ ) d2 c
Co

oy
= S £'et(eiet)dt g 2 _Jd; Coo Q

() Co z -‘

S ('/‘e ¥ 2/z-|)Jz

ralg

:‘SQ/Z)JE + 2§e"e';+(iiei+)¢l+



S :g +§ = 2T + 4WL = 6T..

< So C,
Co.uc\“é Tnfeqgral Formula c
Lej’ C b o |oop oriented CCW. .2.,

Le,f f(z) be m\a\\ahc nside and on C.
'e(z.,)'-' _\_ g £(2) JZ, #or al 2, inside

2Mi ¢ z-12, the lop C.

Froofi
£(z) dz - g £(2) J:

2-20

\?‘29‘ - i

\)3 Green's Thm. Lel's wete Cg= %‘Z-z.\'-' 52.
£(2) da =\ $() d f)-£(2) d
Sc: z_z. 2 S *\%) dz + ge 2 2

Ci ?-Z, ¢ - 2,
2 ] ‘
- x(z.)g fteietdt + (¥,

= 2T £(z°.) ¥ (*)2

|6 ¢ Max | 222D | Length (<)

= ¢ Max 1) -2 2Te

Ce

Since :e(z) _ :\’.(z.) \na Con“'mui""é)

2%

‘(*)8\ — 0 oas £-0.




ex)

c 2-2,

Note: | = |
2'-1 @) (z-1)

§ =0

()=__ (=1
AL vk P =

¢, @+)(z-)
Neayr 2z=-)
Az = 5(2)
C., (2+\3(2-I) g‘ 24\
= 2Wi g1)
= -Ti

A:ﬂ uP s:mbu\av Poin"'5=
S =T - =0.

c

g $@) d: = 2m $#(=).

]

ComPu.Te. g A? ) C = Circ\e, |Z|=2. CCW.

and  both +\)‘| ore inside C.

C C, (3

Near 2:z1: C.: lzr1l=¢ cew
C: lznlzg cew

g d2 z g 3(2) d2

¢, (@n)(z-) c, Z-|

S dz = 2Wigl) = i

Jz/ %(a)z #

()= -
3t = -1



ey ( 32-2 4

C:. \?\=|OO

cew
c Z(z-1)
Re.f\ac,e, C w;\'\\'- Co'- |2\=£ ccw
C, :12-1|=¢ cew
Near z:=0:
g 32 -ZJz'S %(,2) clz) %LZ):
c, z(22) c, Z
alo) = 2
= 2T %(o)
= 4T L
Neox 2=
g 32-2 dz = g 3(2) dz gl2) = 32-2
c, z(z-1) c. Z-| z
%(\\ = |
= 2T
g = 4T +2M = 6.
c
ex) S - dz C: cirdle |21=2 ccw
2 (9- 22)(z+0)

Rep\aca C wih C

f(2) dz, %=

24

=z.m(-_'%) = gc

\Zﬂ\ =

ccw

Z ) f(t)-—-t
y X
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= TC
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ex)

Cauc\ng ' S Deri \Ia'\'( Ne Form u\o\

‘g‘(zhz ‘_, f(?) c‘?, C: any curve Covr\‘\'odﬂivm;r
2M C(Z—?,\z *\\e Pom‘\' 2o

£: omq\\b‘\'ic. inside and

on C.

Ffoof Df Aerivu‘\'i\le "eormu‘a"

Cauc\n% In"'e%\'a\ Formula: f(z)= 1 g f(.;) A";
C

@ 2™ T-2
C

9 =2 1 gﬂ_ﬁ)ds - f(s)a(' )J’S
oz 2 2m ¢ §-2 c 2z \(5-2)
- ( #(») 1 4T
22 c (€-2)

Hicz,\\er derivatives:
£y =0l ( $R)  de

. n
awi o (2-2) H

Compu[\'e g Sin Z 42) C: lz\=1 ccw.
c T
S sin 2 :S 1 , £= sinz
C Z" C. Zz f': CoS5?
' $'l0) = )
= 2T # (o)

= 2T¢.




Lt £(@)= 22%+2 +5.

'2:: 4z +|
$'=4
§ =( 2@
c c (z+0)°
z 2Ti (i)
2!

2 g = (2m)(4) = 4T
C 2




