Mathematics 305 — Final Exam

Practice Final A

e The test consists of 12 pages and 11 questions worth a total of 60 marks.

e Electronic devices of any kind (including calculators, cell phones, etc.) are

forbidden.
e No work on this page will be marked.

e If you require extra paper then put up your hand and ask your instructor.
You must indicate your name, student number, test number and question
number on any extra pages.
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1. (a) Find all solutions to ¢ = —1.

Solution: The solution to e* = ¢i™ is

2 =ir+i(2nk), k=0,41,42, ...
Suppose first that £ > 0. In this case, then

2 =72k +1)e™? k=0,1,2,...

and so '
2= ++/m(2k 4 1)e™/4.

If instead k < —1, then if we let k = —m — 1 we have
2=r@m+1)e ™2 m=1,23,...

and so A
z=4/m(2m+ e ™4 m=0,1,2,...

Combining both cases gives the final answer:

z=+/m(2k + et k=0,1,2,...

(b) Find all solutions to y/z = 1 — i, where /z denotes the prin-

cipal branch.

Solution: We write the right-hand side in polar form.
1—i=2e ™1,

If 2 = |z]e" for — < < 7, then \/z = /|z|¢*?/2. Matching this
with 1 — 1 gives '
2 = 2e7im/?

which is just z = —2i.
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2. Consider the branch
22—1= ri/zr;meiwl*%)/?, 0<6; <21, —w<b<m,

with 2 — 1 = r1e" and 2z + 1 = r9¢%2, and define the inverse cosine function
by

cos '(z) = —ilLog (z + V22— 1>,

where Log denotes the principal branch of the logarithm. Using this defini-
tion, compute cos™'(0) and find the image of

S={-1<Re(z) <1, Im(z)=0}.
In other words, find S” = cos™!(S).

Solution: If z = x with —1 <z <1, then

z—1=(1-2)", z+1=(1+2)e".
Therefore

V22—1= (1 —2)Y2(1 4 2)Y2e™/2 = i1 — 22,

Next, we compute

Log(z + V22 — 1) = Log(z + iv1 — 22).
In polar form we have

r+iV1—a? = |z + i\/1—7x2|ew = e’

where

cosp =z, sinp=+v1-—zx2

Since x +iv/1 — x? traces out the upper unit semicircle as x goes from -1
to 1, we see that ¢ takes all values in [0, 7]. Thus

cos ! (x) = —iLog (:c + \/ﬁ) = —i(ip) = ¢,

and
cos (S) = [0, 7].

When z = 0, then i = ¢? implies ¢ = 7/2 and so

“10) =",
cos™(0) 5
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3. Let f(z) be an analytic function. Suppose
e <3

for all angles 0 < 6 < 27. Further suppose f(z) has a zero of order 1 at z = 0.
Find the largest possible value of |f(1/2)]. Hint: consider g(z) = f(z)/=.

Solution: The function g(z) = f(2)/z is analytic, and

lg(e) =1e7Ilf(e”)] < 3.

Therefore

max |g| <3
|z|=1

which implies |g(1/2)| < 3 by the maximum principle. Thus

f(1/2)
1/2

<3 — lr0/)< ;.

Therefore the largest possible value is 3/2. This bound is attained by e.g.
f(z) =3z.
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4. Evaluate

1
/ izdz
c <

where C' is the upper semi-circle C' = {|z| = 1, Im z > 0} running clockwise
from z = —1to z = 1.

Solution: Let
B 1+ 2

5 = 272 + 271

f(2)

We parametrize the curve C' by z(t) = e with ¢ : # — 0. The integral is

0
[ras= [ ety
C ™
IEN
-+t
0 —1

/ fdz=—i(ie™™ —i+m)=—2—in.
c

z

which becomes

/Cfdz = —j /Ow(e—“ +1)dt = —i

and evaluates to
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1
D. Compute / 2% sin = dz where C is the counterclockwise unit circle
C z

|z| = 1.

Solution: The Laurent expansion of the integrand is

zzsinl—z2 _1 z_3+2_5 B 11+11+
z 3! 5! B 6z 523
The line integral of 2™ over C' is zero unless m = —1, in which case the

integral is 2mi. Therefore the only term that contributes to the integral
is —#z~1. The result is

1 1 )
/022 sin;dz = —6(27rz') = —%.
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1
6. Evaluate / Wdz where C is the counterclockwise circle
c R7\Z
|z| = 2.

Solution: The only pole contained in |z| < 2 is z = 0. By Cauchy’s
derivative formula,

1 27 1
_ gp =y _ '
/023(2%—6) TR (0), 9(2) z+6

We compute two derivatives of g(z).

gd=—(2+6)2% ¢"=2(z+6)"

Therefore ¢”(0) = 2- 673 = 1/108. Hence

/ 1 v
—_—dz = —.
o 23(z +6) 108
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7. Find the first three terms of the Laurent series centred at zp = 3

of
1

1) = e o9

valid in 0 < |z — 3] < 2.

Solution: We rewrite f as

0= S5lare e sl
z) = = )
=312+ (z=3)] 4=-3) L0+ (5

The formula for a geometric series is

1
—  =l-w+w—wrt+w—...
1+w

and its derivative is

1
—m:—1+2w—3w2+4w3—,

and this holds for |w| < 1. Thus

over |z — 3| < 2. Therefore

a5 (%) () -]

The first three terms are

1 ., 1 3
f:z(z—?)) —Z+1—6(Z—3)+...
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8. Find the number of roots, counted with multiplicity, of
f(z) =22 +52+2+1

in the region {1 < |z] < 2}.

Solution: On |z| = 2, we have
122°] = 2° = 64
while
52° 4+ 24+ 1| <5z 4+ 2] +1=5-2"+2+ 1 = 43,

hence
152> + 2+ 1] < [22°] on |z| =2.

By Rouche’s theorem, f(z) = 22° 4+ 52 + 2 + 1 has the same number of
zeroes counted with multiplicity inside |z| < 2 as 22°, namely 5.

Next, we consider the region |z| < 1. On |z| = 1, we have
52°| =5
while
2% + 2+ 1| <212+ 2| +1=2+14+1=4.

Hence
12:° + 2+ 1] < [52°] on |z| = 1.

By Rouche’s theorem, f(z) has the same number of zeroes counted with
multiplicity inside |z| < 1 as 523, namely 3.

Putting everything together, we conclude that f(z) has
5—3=2

zeros inside 1 < |z| < 2, counted with multiplicity.
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9. Calculate

T 2
/0 5+2C089d9

by complex contour integration.

Solution: This integral is half the integral from 0 to 2m. We let z = €%,
so that dz =1z dy and cos p = %(Z + 271). The integral becomes

1/ 2 dz
2 ‘Z|:15+Z+Z71/L’Z.

==t
———————az
|z|=1 22+5Z+1

Q(2) =22 +52+1

This simplifies to

Write

The roots of () are

—5++25—-4 5 V21
z= - z=——x —.
2 2 2
The root z = —g — \/TQT is evidently outside the loop |z| = 1. Since

16 < 21 < 25, we have that 4 < v/21 < 5 and so z = —2 + 2! is inside
|z| = 1. By the residue theorem,

e (=15 Y
A|:1_édz_(2ﬂZ)Res(Q’ 5 2)

= —(2mi)

= (2m)

since '(z) = 2z + 5. Therefore

/“ 2 g0 — 27
o D+2cos® 21
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10. Calculate

/OO sin x d
——dx
e T2+ 2042

by complex contour integration.

Solution: We complexify the integrand by letting

eZZ

1) = 22422427

where sin z has been exchanged for e* for future application of Jordan’s
lemma. The singularities are located at

2422412
N 2

z

which simplifies to z = —1+4i. We close the loop by introducing an upper
semi circle Cg which runs along |z| = R from +R to —R. By the residue

theorem
/Oo i <y (27i)Res(f, —1 + i)
—————dz+ lim ———————dz = (2mi —1+1).
o T2 42142 R—o0 Jo, 22 +22 +2 ’

The residue is
eﬂ—1+n

2(—=141i)+2
—1—3

(2mi)Res(f, —1 + i) = (2mi)

By Jordan’s lemma, we can estimate
)

/ < dz| < ! — 0
o 2+2: 42 | " RR-2rR—2 "

as R — oo. Therefore the loop integral becomes

oo 67/1' X
——dr =7e '
/_Oo 2 42z + 2 "

We take the imaginary part to retrieve sinx. The right-hand side is

me ' = me ! cos1 —isin1)
and hence
& sin x msin 1
— dz = — )
/_OO 22+ 22+ 2 e
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11. Calculate

e 1
Ve ™

o x2+4

by complex contour integration.

Solution: We complexify the integrand and consider the analytic func-

tion P JiLog(s)
z Log(z
fz)==="—F—"—".
Q 22+ 4
Here /z and Log(z) denote the principal branches. The poles are at
z = +£2i, and this function is undefined at z = 0. Consider the closed

loop
C = OR + Cleft + Cg + Oright

where Cle; Tuns along the x-axis from —R to —e, C runs from —e to +e€
along |z| = €, Ciign runs from +€ to +R, and Cp runs from +R along
|z| = R until it reaches —R. This contour C' encloses only the pole 2i.

By the residue theorem

Vzlog(z) . . :
e dz = (2mi)Res(f, 21)
P(2i)
Q'(2i)

€m/4 n T
= (2mi )\/_ (1422 )

V2 1

—(7 + 27)(1n2 + z—)

:§(ln2—§+2<§+ln2>>

The integral over C'r goes to zero:

= (2mi)

vz Log(2) RV} (In R + )
’/C z2+4 dz| < T TR —0
R
as R — oo. The integral over C. also goes to zero:
vz Log(2) ?(Ine + )
—dz| < ——F -me =0
c. 22+4 7= 4 — ¢2 e
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as € — 0. Next, we parametrize Cig by 2(t) = €™t where t : R — ¢. The
corresponding integral is

vz Log(2) d / \/ (te'™)Log(te™) o

Crote 2244 (teim)? 44
B2 /t(Int + i)
= dt
. t2+4
Int t
_/ Vit LV,
g 2 +4

The loop integral is thus

© /i Int © /71
vilnt Vit g [T VE nxdm:g(ln2—z+i(g+ln2>)

o t*+4 2+4 x2+4 2

~.

Taking the imaginary part of this equation gives the final answer:

m\/glntdtzzz

vt In2).
. 214 y(3 +n2)

Page 13 of 12




