Mathematics 305 — Final Exam

Practice Final B

e The test consists of 12 pages and 11 questions worth a total of 60 marks.

e Electronic devices of any kind (including calculators, cell phones, etc.) are

forbidden.
e No work on this page will be marked.

e If you require extra paper then put up your hand and ask your instructor.
You must indicate your name, student number, test number and question
number on any extra pages.
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1. (a) Find all solutions to

Log(1/z) = —Log(2)
where Log denotes the principal branch of the logarithm.

Solution: Write z = |z|e”? with —7 < ¢ < . Then
Log(z) = In|z| + ip.
Since 1/z = |z|te ™, if —m < ¢ < 7, then
Log(1/z) = —In|z| — i¢p.
But this is not true if ¢ = 7. For example
Log(—1) =im, Log(1l/(—-1))=~.
The set of all solutions is:
z=|zle", —m<p<m |z #0.

In other words, z € C\(—o0,0].

(b) Find all solutions to sin z + cos z = 1.

Solution: We rewrite this equation using the complex exponential
function.

%(eiz ey 4 %(eiz fe) = 1.
Multiplying by 2¢ and regrouping gives
(1414)e” + (i — 1)e ™ = 2i.
Multiplying by e** and putting everything to one side gives
(1+14)e** — 2ie” + (i — 1) = 0.

Using the quadratic formula we can solve for z = e%*.

12

24 (—4— 41+ i) — 1)
B 2(1+14) '
This simplifies to

i+l 1—4i i+l

é%:u+01—¢: (=0
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The two options are

iz _ g im/2

Therefore .
z=2mk, or z=—+2nk

for k=0,+1,42,....
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2. Construct a branch of f(2) = (224 1)%/3 such that f(2) is analytic
in |z| < 1 and for which f(0) = 1. Evaluate f(1 +1).

Solution: First, we factor the polynomial.
f(z) = (z+ )PPz =)'
Next, we setup our angles.
2 —i=11e%, 241 =rye?,

where

The function is then
See the attached diagram.

A

idé%

| AP2
—1 9

v

The angle setup is such that the function can only potentially jump across
either i[1, 00) or i[—o0, —1], but this construction is analytic inside |z| < 1.
So there is no need to check continuity across any of the interfaces.
There are three choices of branch for the cubed root, so we should check
that we are on the right branch. For this, we verify f(0) = 1.

F(0) = (D)Mo =,

and so we are on the right branch. We can now compute f(1 + ). First,
we should compute the polar coordinates (r1, ¢1) and (rq, ¢9) for the point
1+

ri=1 =0, rp= V/5, oy = arctan(2).
Substituting this into the formula for f(z) gives

f(l + Z) — (\/g)l/3eiarctan(2)/3'
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3. Find the image S" = f(S) of the unit circle S = {|z| = 1} under

the mapping
f(z)=2z—-.

z
Sketch this set S’.

Solution: Write an element 2z € S as z = € with —7 < ¢ < 7. Write
w = f(z). Then ' '
w=e¥ —e ¥

Using the definition of sine, this is
w = 21 sin .
If —m < ¢ <7, then —1 <sinp < 1. It follows that
w=1y, —2<y<2.

In other words,
S'={iy:-2<y<2}
Here is a sketch:
*
S/

*—2
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4. Evaluate

23 cos(z7Y) dz
|z|=1

where the contour runs counterclockwise.

Solution: The Laurent expansion of the integrand is

1 1 1
3 -1 _ 3|1+t -2, *+ a4 L 6,
z2cosz T =z [1 2!2 +4!z 6!Z +
1 1 1
_ .3+ e R - S
=z 22+4!z 6‘Z +
Therefore 1

Since the unit circle encloses the only singularity of z3cosz~!, by the
residue theorem we conclude

5 1y, (2m)  im
/z|12 cos(z ) dz = TRERETE
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5. Evaluate

Iets

where C' = {|z — 1| = 1} runs counterclockwise.

Solution: The integrand has a singularity inside C' at z = 1. Therefore

z z
dz = (2mi)Res 1.
[, oy 02 = CriRen{ o)
Let P = z and Q = Log(z). Then

Res(@,l) B CO

Therefore

z
dz = 2mi.
/c Log(2)
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6. Evaluate
eZ
—d
=

where C' = {|z — 1| = 1} runs counterclockwise.

Solution: The integrand has a singularity at z = 1 which is inside C.
Let g(z) = e*. By Cauchy’s derivative formula,

(z) (271—7/) nn
/C(zg— s =9

Since ¢""(1) = e, we have

9(2) _.em
/C—(Z B dz = 75

Page 8 of 12



7. Let n € Z. Compute the Laurent expansion at zy = 0 of

ZTZ

22 -1

valid in the region |z| > 1. Then compute

Zn
d
/z|=5 2-17

where the contour runs counterclockwise.

Solution: We will use partial fractions expansion on

ZTL

22—1:Z”{<ZT1<2+1>}

For this, write

1 A B
G-+l 2-1 241 (z+1)+B(E-1)
Substituting z = 1 and z = —1 leads to that A = % and B = —%.
Therefore
N I B I |
21 " |2:-1 2z+1)

We would like to use a geometric series expansion valid on |z| > 1. So we
must bring out 27! as the expansion parameter.

N 11
z2—1_z 221 —271 2214271

Using the geometric series formula, we obtain

R |

k=0 k=0

We see that all the even k& cancel themselves and odd & combine. We are

left with .
z" . .n E —k
2_1 - {; { i }

k=odd, k>1

Thus
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For the integral, recall that

0 k#£ —1
/zkdz: T 71
C 27TZ7 k=—1.

So for a non-zero integral, we need to have k = n appear in the summation
so that 2" '27% = 271, which does not always happen; the integer n will
only be attained by a k in the sum if it is odd and n > 1. Therefore

/ 2" p 2mi, nodd and n > 1,
Z =
|2|=5 22 -1 0, otherwise.
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8. Find the number of zeros of the polynomial
f(2) =2+ 2 +522+22+4

in the right half-plane Re(z) > 0.

Solution: By the Nyquist theorem, the number N of such zeros is given
by

1
N = 2—(47T + 2Ap+argf).

™

So we must compute the change in argument of f(z) along the straight
line ray I',. Let

fliy) = (iy)* + (iy)® + 5(iy)* + 2(iy) + 4

for y > 0. This simplifies to

fliy) = Pry) +iPr(y)

with
Pr(y) =y" —5y* +4, Pi(y) = —y° +2y.
To form a sketch, we use the following information:

e As y — oo, we note that Pg > 0, P; < 0 and

| P
arctan —— — 0.
| Pr|

e P, = 0. This equation is solved for y > 0 when
y(—y*+2)=0 = y =0, y:\/i.

e Pr = 0. This equation is solved for y > 0 when

5+ +/25—4(4 5E3

Solutions are y = 2 and y = 1.
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From the sketch, we see that Ar, arg f = —27. The minus sign is included
since the curve from y = oo to y = 0 travels in the clockwise direction.
Therefore

N = % (47r _ 2(2@) 0.
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9. Calculate
/ de
0

24+ 2x +2

by complex contour integration.

Solution: We complexify the integrand and consider the analytic func-

tion P vz
z
=g~ arn e

Here \/z = \/|z]e*/? when z = |z|e?¥ with 0 < ¢ < 27; this is not the

principal branch. The poles are at

24 /4 —4(2)
2

2=
which simplifies to
z=—14+14, or z=-1-—1.
Consider the closed loop
C = Cc+ Ciop + Cr + Chot

where C, runs along |z| = €, Cl,, runs along the x-axis from +¢€ to +R,
Cr runs along |z| = R, and Cje runs from +R back to +e.
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By the residue theorem

vz dz = (27i) _Res(f, —1+414) 4+ Res(f,—1 — Z):|

c?+2z+2 I
o [P(=1+4)  P(=1—1)
- G G
. 91/4i3m/8 21/461'%“
A BT i s T g 2}

— 7r21/4<€i37r/8 . €i57r/8)

The integral over Cg goes to zero:

‘ \/_ R1/2

< 97R—0
cn 242242 z‘_R2—2R—2 "

as R — oo. The integral over C. also goes to zero:

\/— 61/2
dz| < ———— - 27e = 0
‘ 0224—22’—{—2 Sy _e—e

as € — 0. Next, we parametrize Cyor by 2(t) = €™t where t : R — €.
The corresponding integral is

e cay

t2+2t+2
t
= ——dt
/Rt2+2t+2

> t
0o t2H+2t+2
The loop integral is thus

> t o t A ,
0+ / L dt + 0+ / \/_ dt = 71_21/4(6z37r/8 . 6Z57T/8).
0 0

12+ 2t 42 12+ 2t 42

/0th2—|—22—|—2

Therefore .
_ VT dr — E21/4(ei37r/8 . ei57r/8)'
0 T¢+2x+2 2
We can simplify the right-hand side using

oI3T/8 _ ibT/8 _ 6i7r/2(e—i7r/8 o em/s) — 94in (%)

/ Zde:WT/‘lsin T .
0o T24+2x+42 8

Therefore
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10. The following integral can be computed as

T 20
I= /0 % df = 2mi (Res(f, 20) + Res(f, zl)>

What are f(z), 29, and 2,7

Solution: Let z = ¢ and dz = ie*?dp. Then
1 -1
cos p = 5(2 +2z7).

The integral becomes

]:1/ (24272 %
2 |Z‘:12+%<Z+271) ZZ

1_1/ (*+1) dz
2 42+ B4z iz

; / i (2P +1)
= ————dz
1211 224+ 423 + 22

This simplifies to

Hence

We read-off
i 241

fz) = 24 453 4 2

To find zy and z;, we solve
A4+ =0 = AP +424+1)=0.

Either z =0 or

z

—4++16—4
5 V3

Only —2 + /3 is inside the unit circle. Therefore

ZOZO, 21:—2+\/§
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11. Calculate

<1
/ 121(1:) dx
0 xXr +4

by complex contour integration.

Solution:

Consider P .
_ b _ Logz
f(z) = Q 22+4

Here we replaced In(z) with the principal logarithm Log z. The function
f(2) is undefined at z = 0 and there are poles at

z = 421.
Consider the contour

C = Cr+ Chot,1 + Ce + Cho 2,

as shown schematically below.

Cr

—R Cbot,l —€ 0c¢ C(bot,Q ,R

The only singularity of f enclosed in C' is +2:. By the residue theorem

Log 2 B _ .
/c e dz = (2mi)Res(f, 2i)
P(2i)
Q'(21)
o Log(2i)
= ™) =55

:g(an—H’g).

= (2mi)
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We now consider each piece of the curve C. First, note that the integral
over C'r tends to zero:

L 1
/ <L LN (M) AR50
Cr 24+ 4 R2 —4
as R — oo. Next, we estimate the integral over C..
/ I;ogz i=| < |lne| +7 e 0
o 2244 4 — €2

as € — 0. Next, we consider the integral over Chqy,1. For this, parametrize
z(t) = €™t from t : R — ¢. The result is

L € Log (tei™) .
/ Zogz dz = / —O§< c) e dt
Cbot,l z4 4 4 R t + 4

R .
Int
:/n—i-’mdt
. P+4

/Oolnx+i7r
— 2—dm
o T*+4

as R — oo and € — 0. Therefore the loop integral equation is

Eal| ; ]
/ —nf+Z7Tda:+/ N dx:z 1n2+z’z .
0 2 +4 0 r24+4 2 2

Taking the real part of this equation yields

* Ilnxzx T
dr = — In2.
/0 24Ty
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