| 0. Vector Bundles

Recall: Tan%en"' bundle TM

ot M=Uu°( Coord chavts on M .
e U 7l'.‘ (’ud) coord c.hav‘is on TM  with: 7T (’uq\ = u.( X ,Rn

(x4 v')
® On Tl'd(.'uq)n T"-‘('up) , hove coord chan%e:
(.X") V) (&) 7(': £|(x',.--, x") coords on M
V= 3_;2_‘ ve.
IJcA o£ Veti'or \wnJ‘e: 3)(‘

%enerali z_c coord ghgnae to:
';‘q = £'(x, o x")
V=Y’ vF  general Kxk matix Ye GL(X R)

Defn A; TC: E->M is o vector ban\e o£ rank K if—:

o ‘W‘-E—)/“\ 15 a Svr'te(,fi‘le map o{ mam"o.tls w;Hn W.'(P)‘z EP
o Vec‘\'or 594(& VpeM'

M=UU,, E=Ux(U,)
with éi“eos o «

@ (U) > Uy x IR
st ) meqglpVIzp
b\ (.9‘ : EP - ip} X lR isoMorphism .

® 3open cover

e K
E / ;__.T_,\ CP“ — u*x 'R
e
T | —

M vvvvvv y u* harl on Mn
Ted\n( ca“ta; “y.x : uc( ')'\K (U..)

@, (e)= (p,v) € U, xIR"

Coords on mPd E: T'(U.) ave charts b T (Us) > A (U= R"
Qq: T (U) = Uq x IR R
e L (&;,::‘, v ve) =@ (e) b led: [, ), V) Z:‘,‘E

A s N+
Coords on M" q\on% IR™ = (x,V) € IR



Trans: "ion f un ctio hs.

Consider Wy ° ‘-?; : (u«/\up)" R (u.‘ n ’lAP) x IR
(p,v) P (p, TpotpdV).

Call Yyo: UinUp > GL(K,R)  transition functions.
CoorJ_ c‘\am%e: (%,¥):= (f(x\l 'l',p(x\\l)
Note. Te(p Tp, = lay On Uun UP,\ u(-

De‘n B: Cover M‘-UU.( b\b coord charts.

Give malrix-valued smooth functions on overlaps

Tap : Uan Uy = GL(KR)
si. 'de TP" - 'qu on 'Ud n’up N u‘
Define: E = (\.‘}Uq*IRK)/N

V- 0 T
where: for (p,v) & Uy R" ( ) ( ,

u U
Going‘ between defn A > B

@ = ' A'reul} evp\ame.\ how to %a\' trans: tion gvnd'c‘o»s '\',(9 grom
trivializations @g: 7 (Uy) > U, > R".

@qo@g' (%,v) = (X, Vg LAV )

®>@ L[tevl e E=UUgx R/~

progection: T:E > M
% (Cp,va3)=p




e.x\

Ep=®'(p) is vechor space: LUp, w,8)3 € UgxR"
Cip,v,a)3

o E(PJu)d\] +bL(py, «)= L (p, au+by, )1
@q ¢ T (UL) D Uy x R"
Cep, v, Yl (p, V).

Seckions: S: MDE is o sekim i£2 s(x)e ¥ () Vxe M.

e

W, ° S = (X) Se (x\) for some smooth

Over Ud : S \ .
Uq Vector $unction Sa '-'M,‘-> IR

E

e No"'a‘\iov;: sel( E) means S is & Section
// \ ™ o ES>M.
\V4

/ M No‘q\'\‘on'. Wrile 5= 35« 3 w\\ere, S ,ud - |RK

qnl S“-'— ,qu S@ .
E=TM '\'am%enf bundle
@y * (U = U, x R

e ( V; %x\'\':) il (P) V‘J"'; V")'

"’pd:[a_'_*] (’u.,) Y\I ('uh’»‘z) oie.r\ap of cood charls
9% Jnun

Section o8 TM: Vector fedds Ve P(TM)

V\ = (X‘ V|(x\,---, V“(st\) with '\V/t = 9_3':‘ Ve-
'u‘ QXP



ex) Msbivs bupdle E -2 S (rank 1)
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Mi om? seofcon a£ Md\m’us \)uné\e mvsf pass ﬂnrovah Zevo.
Let s: 65 E, ), (e, s(e)
n
sy =(6,5)

It eq. S(O)>0 = =y 5
%0

we R

>0 o N
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O on U

ID_efl"- A |00a| grme. fo E OVer U is o basis of sect ions (e,) ---,e.()
over U. Je. e.:USE

$e (), et 3 basis for Ep, Vpel.

ex) TM on IR® U= IR™ $03 ex) E> 5 Mbivs bundle.
e =¥ 3, + ‘3 33 Comd have frome €, € r(e)
e,-.-.za,‘wa.a over all of 5" Buf have local

\
local frame over U $rames e, over U g S



Dual Bundle:

Reca“‘- Let V be o vector space, dimV = n.
Le¥ Se en} Se o basis for V.

1)

\/* = linear fmctionals on V
=iw:\l-‘3lR © W is linear '““?2

A\m\ basis: ie‘) a2 e,“z defined B\b: ei (eK) = Si K-

Can write: uev* 05 wuz=Wwe;
weV a5 w=we'

.Di‘le: Let E5M be bundle with: trans #um ’l;p'-'u‘nup - GL (K, IR)
The dvel bundle E* M

defined by: tram fm (TeeT)": Usn Uy > 6LUGIR)

Poml’ of +his: Sections s o4 E May, be paired trgether.

$ of E "0 F 2

4;(5) = 49“1' S« over ’uq.

5‘ (-*) Sa L"\) Sat = ’r:tp Se
Uy

| = (% 4u0) Pu=(Vip") b,

Uaq

T VY T
Note: by 50 =((Tap™) ) (Mg 50) = g 56
4>(5)'- M = IR  well-defined fn ction.

Point o view of local frames:

¢ ie{ z local frame for E _
¢ ‘(e‘} local frame for E" : etlp)e EP is dval vector to e, (Y E
e‘ (ex) = 5‘&




® S(p)= S'tp) € (p) local sechion of E
hd 4’(.?):4:0'- (p) ei(p) local section of E

$s) = s'e; (d.e")
= S.4>|< € (ek)
=5 5"

= 9 4’(

Xsomorphism of bwndles: E5> M
E'> M

) E am! E, aYe iSomo\rp\\i(, |f

3 smooth map F: EE’
sA. ‘) ﬂ‘oF =7

)

7-) F' : EP - EP 15 on inv.rfiHe ‘meaf Map-
Ee




