&) w e (M)

\4 Dif‘erenha‘ Forms

De£ A ditterentia\ form of order K, dendled w € Q (M)
is & section we M(T” M®K) which is ht““'ﬁ' anh-swamme‘\'nc-
w (V\ ) K\ = W v " Vv:K

R with Wi i omtss.bmmetnc

NG Lk,

w (V} W) S w;s V‘W* , W'\\'\\ wi-a = ‘wsi.

D w(V,w) = - w(w, V).

Notation: dxi‘/\---/\ Jx;" = é San (P) c\x tﬂ“@ @ clbe“(\
Pe S,

ex\ dx\/\ sz = éx‘Q sz - sz® A\(‘

ex)

' adx’ (\/J Z) = Ax\®<!xz (\/) 2) - sz'@clx' (\/Jz)
- \/lzz _ \/zz |'

Note: dx'a c\x = - sz/\ dx'
Note: dx A J" =

Note: dx'a-- AAx" (V,, Vi) = det (dx* (Vs\ ) = det (V(é)nxk
Nolation: w e S)-k (M)

wz= 1 Wi . Axt‘A---AA*\K'

<\ W e
we (M)
w= ) Wiy dx'adx?. W\\ua Y, 1

N\

i
= L owy (v'w* V”W)
2 -
= w,zv‘w* S\nce wi}’:-wa-t-.




\Ne,Aze Product © w e Q° (M)
Y e QY (M)

.| ‘. D a'
wa¥=1 W, .. i "Ja‘r‘h dx'A-ady A clxa'/\..-,\ dx*

ex) w. Y e Q' (M).

w" TK AvX.‘A JXK :
D(w%- weT) dx'a dx "
2

1 (waT) i dx'adx”
2

=) (wA’r)iK = wi’rk = OJK"I;

3
>
_2

(WaP) (V,W) = (wa?) V' W"
= WY VWS- w T ViwE
D (wa?) (VW)= w (V) Y(W) - w W) ¥ (V).

']
Note: wa Y ‘-'(‘\)K YA w, we QK(M)
Y e Q(M)

Nofe: YAY zo it TeQ“(M) with K odd-

2 3 4
ex) w = dx'adx + dxadx? on IR
WAawW = 2 dx‘/\c‘x'}\ Jx;/\ AY4

Pullback: F:MaN, we Q"W).
F'w e Q"(M) defined by:

-

FFoz)t w . oF d(w%eF)a-adl . F)
K! Wlk \3' \3'
Faotd =) w. (Fu) F" . 3F° dx™aea dx™
K\ Ix™ ox™®
w\\en'- . 4 Coorés on M ) \b— coords on N




(F'w), (V) V) = W LF (W), -, dF () WVieTm

ex\ w = AXI\A% on |Rz
Flr, 8) = (reose, rsing)
F'w = d(recose)a d(rsine)

z (coseér -rsin0do) A (smedr s \rcasBJe)
= AV‘A Ae

Exfe Yiovr Dex'i\lo"\'; Ne

d: Q" (M) > Q" (M)

loc

X = '_ X, ik Axi‘/\---;\ AXiK
K! _ .
d = L apqa....q‘ Ixa dx s adx”
K!
Why is dae Q' (M) wel-defined T Check for ot € Q' (M)
ol = ; Ax

AO( 90( JXAAX

= ) (9o - ao(.(\c)x,\éx
2

=2 (A"‘)K; = aK X, - D; ol

Neeé to S‘\ow: ‘,Ae()K‘ a;P g (Jd) Pq on
ax" x (u x\n('u %)

(Ad)m - Q o« - d "
°

— % -_— %
% ox" Ix*

= 9% 9%’ (éo&)
o9x' Ix* LY



An iéev\"iu\\ Cn‘Cu‘a“'ion S\\ov)s'-

Peop: §: MN  smocth map. Then "o = d 't Vae ')
eq. check for 1-forms e Q'(v).

o = °(" th
#dat), 00 = 2‘{: i—fiq‘@?“r % %) (#10)

(d £7«),. (x)= 2 (af‘« (fm) - (k&)
ax Iax*

Show these ave equal \)\3 Cav\ceumg, 2 2 $:=3 2§
MM I A"

&ﬁﬁ" Azz 0.

\’# A =1 9 D i AXAAXAAXA Aéx

:().D

Pop: d («ap) = daap + (0 wadp, o€ Q(M)
?f- d ( - !‘ Xiin Poo-gy c\xi‘,\...,\&x:“a Jx‘:;--méxh)

- \ﬁ <. ‘3 JXP,\ JXHA"‘AAX:KA éXhA---AJXOL
MY P ‘ e V44

| wdx e din diaa du™
+m_! L T PF’& 52 dxFa dx X x A dx D
e c”(IR?)

oz A dx r i dy + o dz € Q' (IR?)
B= Pyduady + Pydeadx + B, dyadz € QL7 (R?)

df = () dx + (3,8)dy « (3,%)dz




dot = (9o, - 9,0, ) dxady - (3,43~ 9,4,) dzadx
+(9°(3 93 %2) é\é/\d?

Ap = (a\ B, * 9, Py + 93 PS) Ax/\AaAéz

Prop: If w e Q'(M), then:
dw (X,¥) = X (wN)-Y(wh) - w (Lxv1)

Lg'- Recall w = w; in

dw:= \ (dw) g dx'a dx?
2

o) = dw; - 3 w;
duw (%)= ()5 X ¥ = (Juwy- ) X' ¥
X (w) - Y(wtx\) w(Ex v1)
= X'9, (wz\/*)—‘/ 3 (w, x? )
- w, (x*ay Y2 x')
= X'a..wi\/* - \/‘inéxa

Lie Derava\'i Ne

Low=4d| 6w S, fw ot V: d| 9, =V
cH' +=0 A‘t t=0

Carlon's Mac‘ic Formula

Lyw = Vadw + d(Viw)

where: Vi : QM) = QK-'(M)

(Vav) i, 2 VP’I’PC,...

“-K-'

(V-' 'Y) (wl) ) wK“\ = ,‘J (V) w\)"'l w\(‘\ )



Proo® of Cortan's Formula: Let's on\~3 prove it for 1-forms.

Let w e Q' (M)
L, w = d @;w
dt t=0

= é\ ( 9_6: Wy (e{_(x\) in’)
d"' =0 ax‘

:(.aivqwﬂ + gqi ‘apwq V?) Ax‘
= (aivdwe\ + VPani) Ax{

Vadw = VAW, dxt
VP (ani‘ 'aiw‘,) AX‘

d (V.\w)= d (VPwP) '
9;(\/"%) dx'
(E;VPw‘,i» Vv® . w‘,)&xi

-
-

-
-

D Vadw + dlVaw)= (VPaw; + 3 vPw, ) dx*

O




