ex)

ex)

ex)

\7 De R\\am CO»‘OMO‘O%?_

Ker $d: QL(M) > Q'(m) ]
Im §d: Q"'(M)> Q" (M) ]
Ho(m)= § $ec®(m): dE=0]

Exercise. Llet M be a conmected mid.
Then HO(M) = % constant ¥vnc+(on5}

2R

H(m) =

o v
Showed earlier : dwzo bt w X df for any ¥
© [wl=Cole H'M) = H'(IR*\$03) = O.
Consider w € Q' (R?) with dw =o0.
W= w, dx's wydx’

Check: ‘E s (wl ("»‘3) 1S conservative Vector £(e\c!-
wa y)

2Dcur|E: (sz\-'Q.wz)f—O Since Awso.

" F=Ve b\b. dassic Thm in Neclor calc.

= = w=de = [wl=[0].
3

. H'(IR®) =
Simi\av\«a: H\UR") =D \In 22.

w = X dx - W A'ﬁ' weQ'(M)} M= |Rz\‘io§



HomoTopy

Def'" #,AV" M>DIN ace »\ONOTOPio (47"_{4’) §
= Jsmoth F: Mx[o1] 5N st

F(xo0)= ¢
Fix1) =4,
D_ef: M M\A N ove hamo*op.‘c (M '-‘—’N) if
35"\00”: maps 'g'- MaN st °£ v ‘J
%: N S M o% ~ iJ

o) R" = $ptd 4. R" > §o)

9 io} — IR"
céof- v il via Fxt) = tx
De.£°Tma'\'ion Te,"rao‘\'l SuPPose L A ‘-—)M inclvsion anJ r: M?)A

o map st reizidy. I$ IF:Mxlopl1->M st
F(xl"):x, F(x1)= ter(x), then A is a deformation m‘:‘ufﬁ'«

ex)| IR*\ {03 S' via r:IR*\{o} = 5‘, r (X)) = X/x| -

ex\

FOgt)= (0-t) x + ¢ %A

€\ §o01} ¥ € via F(L2,-,2,3,4)= (2, 20, ()2,
P = § L2, ., 2,0 € CIP" ]

eX\ E>M Vector \Wm“e- T\\en E"—'M re,‘\'mo'\s Yo zevo Sec'h'on-

) VTS L5

ex)

IR\ {03, cylinder,
Mabivs strip all
rc;\'mo‘f +o 5'.

<
b ) re.Tra.of 'h?
- ’ bovguet of
~ two civcles




Pr_ot'. Lt w 6QK(M*I) be st dw=o.
Then [L.*w]'-'[i;w] € HK(M)) where :

ex)| w= (1+4x)dt + tdx
dwz duadt +dtadx =0
Vwzdx, {w:=0.
w=igw = d ($unckion on M)

, we Q'(MxR) M=R

Proof: Lt ©: MxT S5 MxT fhuw ot 3 .

S, (p,35) = (p, s41) ot
|
t:w-uw = S 4 L*twelf
&
Note u:w=é L:Gsw't:éew
dx dt dt
= L: e‘; Law
3t

‘g t(é Q.Jw+ QJAw)Jf
ot

Ag (aJw)Jt

= A (SOMeﬂlm%\

Th__m'. Lej F‘ M- N be hom«v“'o‘)ic, 5m00'“\ MQ?S-
G:M>SN

Then: LFwl=[G'wl.

R MxTI
p P (pt)

Ll we Q" (W)
with dw =0

Pf' Lt H: MxT 5 M be o hom::*opa. from F to G-
[Fwl:= [(Hot.,)w] [Q Hw]= [L Hw] [(Hot)w] [(fw]



NoTe: Gwen @ M - N) Con define

@ H' (M) > H (M) by: @ [11= [o'1].

Thn: MXN =) H (M) & H*(M).

PP Take £ M SN with oefxid
= a: N S5 M foq v id.

=> ($e4) [M3= [T & H"(N)
(4o #) Lol = [«3 € H*(M)

=) o $ [3 =[]
£ 'ﬁ* [a1 = La3

) £* : HK(N\ - HK(M) 1% iSomorPhibm- 0

Cor- H"(IR")zo Y K 21\,

Cort ¢ we Q°(R"), K2, and dw=0, then w:=d«
for some e Q.K- (R™).

ﬂ"’ Let M be o smocth manifold.
Vpe/"\) Anbhd U on which every cdosed form is exact

C\ose,é form: w e QK(M) with dw =0.

Exact form: w e Q*(M) with w=ds Ffor some o e Q"' (m).




\ 8 /V\O\UXCT' Vie '\'o s Seq_ue\n ce

let C = @ C—K be o diret sum of vector Spaces.
ke 2

C is a é(f*eren‘ha\ Comphx it Bhomomorphisms

- d Kk d K
.= CK > C = C e JE st. °|z: O.

M; |-|K(.C) = Key-SJ, CK"’CK“z

Im {d: ¢ > 3}

Chain map ' £: A’) B Befween Adfered'ia\ Comp‘exes
st. '-? JA z AB £

Exact sesVe.m.e'. Vector sp aces Vi with homvnorphisns

&_\ "' fm—\
=D Ve, DV = VK»\ -) - st.  Ker f,- z Im -f.--. Ve

Snake Lemma: Given o Shorf ea«wf se qvence

0O 5 A >B—>c, > 0

where: A, B C di #2evential com plexes
f',% chain maps,

then 3 |on} exact Sequence in ‘°“°"’"'°32

K+ K\

s H A S H @) S0 () S H () S ™ 8) SH™ () S -
where &)= ff‘o' %:' ('-\]-

Proo#i Let ce CK with dezo. S[]-= E“l wheve:

P
(0] >A‘(‘n - B8 \2) C —)o %(J\)\:J%‘,\ﬂ:dc; 0.
T4 T4 14
->A ‘3 BK;?)CK = 0 -fJo.=J-ta:JJ\;:O

=D daz0.




&)

Must check: Cale H*'(A) is indep of: ¢ € [e]
: choice of b
* choice o a
: |om3 exact Se quence
is exact:

Omifled.
(W)

Back to de Rham Cot\om"'oan
5u|>Pose. M=UuvV  uion o} open sefs.  Congider:

0->Q"(M) > Q" W@ O"(V) -» Q“(UaV) - 0

') A\l maps are chain maps
2) Seguev\ce is  exack

eq. it we Q(UMN) then w:-(-p,w)+ P w
)
where: Putpy =) (- Py w, Pu )6 .Q.K ('M\@.QKM
5""?/”14 _‘,'M) Svp‘:fv cVv.

Bwa the Svmke Lemma) 3 'on% exaof Seﬁ " Co‘wvm‘o%ta'-
- > H (M) > H (WOH (V) » H(uav) » H" (M) > -
Callel the Mmaer—\/ie"oﬁs Sequence.
v UV = fetiu Sty
010, Wi
Uzget], V= {et]

0> H(s) > H(WeH (W> H(Uav) =
= H'(5") > H(W®H'(V) » H'(Uav) 0

O>IRD ROR = |R1—>H‘(s') >0

Recall: T:VOW linear map,
dim V= dimker T + dimImT -



ex)

= dim H'(s')= 1.
Consider do € Q‘(S.). Note SJB - 2T
= [de] % o e H'(s").

= Cdel is a %enend'or o H'(s).
l_\lie_: Poincare’ Dua'i‘ha, [Lee Pro\)‘em \8-7]
H" (M) ¥ (H"'K(M\)* for M compacl oriented.

=> dim H*(#) = dim H™" (M)
=) J(m H" (M) = ') d.’mM: n, M Compu‘\' conneo\'el orien+e¢!-

We w:“ vse ‘“lis gree\» n h\e fa"owin% e.xamP|cs-
= dim H&(/"\)J ™" Betti number
A(MY= 2 (' b

£ 1%
@ @
‘o Mo

M Compa\o'\' conmected orsevﬂ'el Sur‘co\ce
DX (MY=z1-b, +] =2 -dimH (M)

frop: M=UuvV  union of open sefs.

=D A M) =X (U) + X (V) - K (UnV).
Pf. Given an exact seq of vector spaces
0=V, 2V, DDV, =0,

then 0= 2 () dimV; .



App‘% thie to Ma\zer—\l;e,‘\'on'S"

0->H' M s H'WY®H W) > H (Uavy > H M) .- > o

D 0z % WdmH(M) - Z(a)dm B (M) + £ @) dim H (UnV)
=0 = ) dimH (V)
=) 0= X(M) - x(U) -k (V) + X (UnV).

O
ex)

S"= () g Yoo, u= et
— @ vV x {et]
U

UnV= 0 2 O s'
X (5%)= () + X (V) - X (UnV)

=\ +\)1 -0
A=>2'ACMH‘=2
=) dim H'(s*) = 0. H°(s*) = IR
=> H‘(S'): (0]
H*(s*) = R
QX) T?—z@: U 5 u,‘—’o;s'
|
V2O-=5 | \
U Vv ’U/\V’¥OLIO=5LIS

X (T°) = xlu) + X (V) = X (UaV)

=~ O +0 -0

= 2- b‘ =0 =) B' =2 Ho(Tz)z IR
=2 ¢H'(+*) = IR®
H* (7%) = IR

Genera'\'ors o£ H‘ (Tz)1 Wrie T’-: S'X S.

do' de’
H'(1*) = span §[de'] [de1].

These camt be |mear|c3 JepenJen‘t" it Je'= de’ + C!f, :eec-”(Tz),

27T :S de' = gcle" + gdf =0+0. =D&
s'eiptd  s'xtetd  g'efet




ex)

2y, 4o 372 = : @V@
U v
COCPYE e

X (%) = (U + X($etd) - X (5')
O=X(W+\ =D X(U:=-)

X (£,) = X (u)+ XW) - X (Uav)
= -1 -1-0

D Jdim H'(i,b) - 4.
Genewm\ Pa tern: ’)((2%) = 2- 2%—) Qenvs o surface .

%@ D TAT s AT

Exerc.‘ge: "' 3 (Sn ) = g IR K=o, n

(0 oftherwise

Exercise: HK ( (.\Pn) = §|R K=0,2 4-,2n even

0 otherwise

One Move fewmrk on ’X (Mz)i G’Nen o h‘ian%v‘ahon o‘- o Compad'
Surface M‘, then:

X(M)=V-E+F.

Tﬁam)u'a’ﬁ'on of M: collection of pa\»%ons, each contained in a simzle
Coordinate cha"f, st

)] E“‘“b Pe M inside at least | Po\a%mﬂ

2) Tw, Po‘\abom are dis yoint or their infersection is an eév, or comman Verlex

3) Each edae is the elge of exadly 2 polyoons.



ex)

ex)

ex)

‘a Use oafaufs as fr{am%'es
‘v X(s*)=6-12 +8 =2

vse quarfers as 2-aons
(9 {9 X(sN=2-4+4 =2

ex) use halves as |1-gons
Y\of Valid
Az\-)4+2

P"oo‘-e °£’ K = NV-E+F:
Write M= U v M\iﬂ,'";P,:}

wheve: take one pont P in each pohyayon . (‘H Po\%%ons =F‘)
: /u = cks%oinf Uvion) 0# balls c.enfre.l d\' P(-

U x|y %pt’f
F

Un (M\$p,-, pe3) = 'Fl 5'

KM = X (W) + XM $p,- ) - X (Un (MR, 1))
XM)= F + X(M\§p,R1) . )

Nod: MNP, 73 = Th U M\ {ares 3

N
where: U= disjoint union of confrackible opens, one for each elge, |ankm¢b
\)A“S 0"- 0|A u with 2% radivs.
ares = Pqﬂ\s n 2UvU ﬁ'oiﬂf”% the PC‘ "‘7‘“‘-':',*“{/__'(/‘"1-4; r'l
. u e L.



Un (M\fares}) = | | 777
E ('/ {’ //

v %
2€
= XM\ gp,-,p3)= E+V - 2E

= X(My= F-E +V.
) O



