\ 8 /V\O\UXCT' Vie '\'o s Seq_ue\n ce

Lt C = @ C—K be o diret sum of vector Spaces.
ke 2

C is a é(f*eren‘ha\ Comphx it Bhomomorphisms

- d Kk d K
.= CK > C = C e JE st. °|z: O.

M; |-|K(.C) = Key-SJ, CK"’CK“z

Im (d: ¢ > 3}

d\m‘n m«p" £i A‘)B Befw?éan c‘Cﬂerenha\ Comp‘exes
- = d

st

Exact sesVe.m.e'. Vector sp aces Ve with homvnorphisns

&_\ "' fm—\
=D Ve, DV = VK»\ -) - st.  Ker f,- z Im -f.--. Ve

Snake Lemma: Given a Shorf ea«wf se qvence

O 5 A >B—>c, > 0

where: A, B C di #2evential com plexes
f',% chain maps,

then 3 |on} exact Sequence in ‘°“°"’"'°32

K+ K\

s H A S H @ S0 () S H () S ™ 8) S H™ () S -
where Sl = ff‘o' %:' ('-\]-

Proo#i Let ce CK with dezo. S[]-= E“l wheve:

P
(0] >A‘(‘n - B8 \2) C —)o %(J\)\:J%‘,\ﬂ:dc; 0.
T4 T4 14
->A ‘3 BK;?)CK = 0 -fJo.=J-ta:JJ\;:O

=D daz0.
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Mvst check: [ade H™'(A) is indep of: ¢ € [c] ) check |om} exacl
* chice o b Seq. is exact:

Omifled. * choice of a
O

Back to de Rham Cohom:;‘oan,
Suppose M=z Uy V union o open sets. Consider:

0 - Q (M) > Q"M@ O" (V) » Q" (UV) = 0

') All Mmaps are chain maps
2) ScQMev\ce is  exack:
eq. if we Q."('unv)) then w- —(‘va)*’ Py
T
where: Put Py =) (-Pv w, /Ou“’ )C—. _Q.Klu\ao."(v)

vap,uf;u) SVP‘D/DVQ\/.

By the Snake Lemma, 3 'on% exact seq i Co\wma‘ogcaz
-~ > HY(M) > H (WOH"(V) » H (uav) > H™ (M) > -

§S="fdg =D §[n]-= [‘“/”u"l)]-

= Mayer- Vietoris sequence.
UaV = O ~ fetdufet]
uzfpt] veziet]

0> H(s) > H(WeH (W> H(Uav) =
= H'(5") > H(W®H'(V) » H'(Uav) 0

s'= CvQ |
u Y

O>IRD ROR = |R1—>H‘(s') >0

Recall: T:VNOW linear map,
dim V= dimker T + dimImT -
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= dim H'(s')= 1.
Consider do € Q‘(S.). Note SJB - 2T

=) [de] % o € H'(s").
= L dol is a %enend'ov' o H'(s).

Poincare Dual;-l-\*_ [lee Problem 18-7]
M“ compad' + orienfable. Then dim HK(/V\) = dim Hn'K(M)) and
PD: H (M) => H™(m)*

[«] = So(,\-
M

Wil not Pr'mle. Poincare,’ dua\\’{'-&.

Def: \o,-' = dim H&(/"\)J iﬂ' Betti number
ved. X (MY: Z (D' b

M compact comected oriented surbace. PD = H'(m)2 H'(M) 2 IR.
D X(MY=z1-b, +] =2 -dimH (M)

&f" M=UvV union ot open sels .

D M)z XU + X (V) - X (UnaV).
Ee'- G«‘Ven an exw,f Seq, o# Ve(,‘\'or Spaces
0=V, 2V, DDV, =0,

then 0= 2 () dimV; .



App‘% thie to Ma\zer—\l;e,‘\'on'S"

0->H' M s H'WY®H W) > H (Uav)y > H M) .- > o

D 0z % (WdmH(M) - Z(a)dm B (M) + £ @) dim H (UnV)
=0 = ) dimH (V)
=) 0= X (M) - x(U) -k (V) + X (UnV).

O
ex)

S"= () g Yoo, u= et
— @ V= {et]
U

UnV= 5 2 O s'
X (5%)= () + X (V) - X (UnV)

=\ +\)1 -0
A=>2'ACMH‘=2
=) dim H'(s*) = 0. H°(s*) = IR
=> H‘(S'): (0]
H*(s*) = R
QX) T?—z@: U 5 u,‘—’o;s'
|
V2O-=5 | \
U Vv ’U/\V’¥OLIO=5LIS

X (T°) = xlu) + X (V) = X (Uav)

= O +0 -0

= 2- b‘ =0 =) B' =2 Ho(Tz)z IR
=2 ¢H'(+*) = IR®
H* (7%) = IR

Genera'\'ors o£ H‘ (Tz)1 Wrie T’-: S'X S.

do' de’
H'(1*) = span §[de'] [de1].

These camt be |mear|c3 JepenJen‘t" it Je'= de’ + C!f, :eec-”(Tz),

2T :S de' = gcle" + gdf =0+0. =D&
s'eiptd  s'xtetd  g'efet
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2y, 4o 372 = : @V@
U v
COCPYE ey

X (%) = (U + X($etd) - X (5')
0= +\ =D X(U:=-)

X (£,) = X (u)+ XW) - X (Uav)
= -1 -1-0

D Jdim H'(i,b) - 4.
Genewm\ Pa tevn: ’)((2%) = 2- 2%—) Qenvs o surface .

%@ D TAT AT

Exerc.‘ge: "' 3 (Sn ) = g IR K=o, n

(0 otherwise

Exercise: HK ( (.\Pn) = §|R K=0,2 4-,2n even

0 otherwise

One Move fewmrk on ’X (Mz)i G’Nen o h‘ian%v‘ahon o‘- o Compad'
Surface M‘, then:

X(M)=V-E+F.

Tﬁam)u'a’ﬁ'on of M: collection of pa\»%ons, each contained in a simzle
Coordinate cha"f, st

)] E“‘“b Pe M inside at least | Po\a%mﬂ

2) Tw, Po‘\abom are dis yoint or their infersection is an eév, or comman Verlex

3) Each edae is the elge of exadly 2 polyoons.



ex)

ex)

ex)

‘a Vse oafaufs as fr{am%'es
‘v X(s*)=6-12 +8 =2

use quarfers as 2-aons
(9 {9 X(s)=2-4+4=-2

ex) use halves as |1-gons
Y\of Valid
Az\-)4+2

P"oo‘-e °£’ K = NV-E+F:
Write M= U v M\iﬂ,'";P,:}

wheve: take one pont P in each pohyayon . (‘H Po\%%ons =F‘)
: /u = cks%oinf Uvion) 0# balls c.enfre.l d\' P(-

u* |y %pt’f
F

Un (M\$p,-, pe3) = 'Fl 5'

KM = X (W) + XM $p,- ) - X (Un (MR, 7))
XM)= F + X(M\§p,R1) . )

Nod: MNP, 73 = Th U M\ {ares 3

N
where: U= disjoint union of confrackible opens, one for each elge, |ankm¢b
\)A“S 0"- 0|A u with 2% radivs.
ares = Pqﬂ\s n 2UvU ﬁ'oiﬂf”% the PC‘ "‘7‘“‘-':',*“{/__'(/‘"1-4; r'l
. u e L



Un (M\fares}) = | | 77
E ('/ {’ //

v %
2€
= XM\ gp, -, p3)= E+V - 2E

= X(My= F-E +V.
) O



