3, Ta(\%eht \/eofors

Deg'« Lel M be smooth m#d with dimM=n.
T Let pe M.
A ‘|'am%cn1' vector V € -l;/"\ is de fined ’o»_ the *o"owm%:

For each c.\\arf ('M)LP) x"\eﬂf with pe'u) assiebn a  vectov

* ¢ ,Rn such ‘H)a."'

4. ovey (’U,ce, X;), assign (V‘)M,V")
(%%, %)

oveyr , @, | assign (V) v")
,v. n N- K
then: V'= £ 9Ix' Vv Vi,
K=\ axK

Common notalion:

D) Summation . V'=z 9% V"
Convention ox"<
i) Ve TP M) weite ';L Vi 2 . ovev (/u)xi).
ox!' p

Reasom for 001'0.‘\1010 2)
V eTPf"\ de fines o derivation V: CM(M\ - IR

V) = via 4
ox'

W\\% is V($) wel-defined?

1f. e - 0t~ ~

VEV2 owr Ux), VZV2  over (1K)
ox' J IX'

then:




ex)

SR VA

2l®
Q

V' 4 = Vv 9%fa
ox! 9x' IxP

M = IRZ \ io} with charts:

(’M, LX.%\) Cavtesian cwva\sj ’H=M X =Yco50
\é: voano

L;ii) (Y‘,Q\) Polay c.aarlg} ;i:{:M.

Define = =) \ oveyr ‘U. p=(xu)eM Fixed
206 P
How Joes V appear ovey (’u) x) ?

9 - x I + Y 2
20 20 9% 998\9_

= -Ys5ned 4+ Yeose I
X 2%

loc

= V =-‘g_9_) + X 9 over U.
ox lp 23 le
O‘HWV‘ V\a'\'ad'ion - ~ loc
V':'."(') ovey ’U.) V = ("5) over U.

0 x

Velo c\'\'ﬁ Vector o Cuvves

Def: A curve in M is a  smooth map ¥:J DM

- J IR intenal

Prop'. EVev\a, \/éT‘,M con be wﬁﬂem as

\V = A_l_g(o) for some curve ¥: (€€ DM with
at ¥ (o) = P.




ex)

Pf" CD W\\\b Joes A_Xlo} Jef'me o '\'M\%en"_ \lecj'or’l.
—_— it

let ¥: (€Y >M be st Ylo):= P

LC\— (.’u,x)) (.’&};(') ‘oe, Coové$ near P

\ |o(.

Over WU- X(ﬁ"o:o ’x‘ (" ) \/ cl)( (o).
M A‘t
| x" ()
~ ~ ~ loc ot
Over U: ¥ (4 loc !x.(ﬂ ) v' = A_>_< (o)
. A.k.
\ X" ()
Chain vale =5 4% - %' dx’.
r  oxP 4t
= v; = a‘%‘_ \/\. defines \IeTPM.

%P
@ Given Ve TP M) W“\a« does it come $rom V= é‘_{lﬂ”z,
o ax
Lt pe (U)X), wrte N =V S  and define

‘ | 2%’
- V
i) = P) + 4 ( |
" V"
O

Calc TIL. Sur face % G (x, 9,2) = o% ¢ IR?

e.q. x+~3+z *“| =o.

ToM = tongent plawe = plane Progh p with normal VG"P.

of P
(S

7



y N

Let VeT‘,/"\J write V= cﬂ'(o) ) ¥ ()= p.

&t
d GLsw) =
at
V(y\ +d¥ ) = 0 =D AN VeT M sdtisfy
L ve‘P- V=0

TeM = iVelRaz VG'P-V=02

dim 2 dim2

DTM = fve R V6|,V = o3

Def: ( va\n‘eorwanl) /V\) dimM:=m
N, dmN =n

F: M - N 5“"00'H\ MAP) PC.- M

D?—ieine: CJF T M - TF() /\/ l)\&

@ choose o P € (U,X) <M
coords ° F(P) e (V .an) €SN

ond o.m"(e F 'oc ( F (X) )

F (%)
@ define 2 c‘.F (V) aF (P)V 9 |
o’ 2" 'p

M ove ﬂo+a'h'on :

a) AF(

ox\




loc \
b) dF = [oF  aF -_(Q_Ff‘)
P 5’ o 3% e
9F” CA .

2% x*

If VeTM then dEMM €T N 50 ads
C-\ e’ n P F(p) n C.°°(N);

BN () = V (§:F).

To \lem'lf\z’ 4 FP (VB € TF(P) N) need to check:

OF = 9" OFF  for b (U@, x) o M
o' x' D% (b/) :}l) Yy ) on N
LV;*)Q;) on N

wheve: &0 A}l.\ (‘33 = (:'2‘ (‘9) ) fé" (‘3‘)

Tndeed: .a_lﬁ‘i ) -
ox' ox'




Comguhng dF veing o Emﬂ)

E‘rﬁe." F- M5 N smooth map

pe M
Ve T‘> M
dF, v) = é\ Fo¥(t)  for any path ¥: (g e) oM
at t=o with: \(‘.9) = P
dy)= V-
P_’?: Chain rule in coopds: dr
Cl\ Fo¥ 1) = QEKoD_fi(o) 2 = JF‘ (V).
dt t=0 ox' dt 8\3" P [j

ex) 5 = ix% %‘L:\} ¢ IR
Fb‘l‘b) = (“A)XS-

F: s'5 8.
(O) € -r(“ 0) 5‘ . Comes from  BUF) = (“51-) sinT)

\ ' Path Yilo) = (1,0)

o (%)

P= (o)

Co u‘re AF °\ = ?

WiP (\9) | :
AF o\ - d o K (‘\")

(1) ( \ ) Ii" \1_20 F

(- SMT) 60>'t') Aﬁot\/)

NG Bk o
P

-(2) -
,:




ex)

TaV\ zevf" Pun A\e

mfc\ dim TM=2n

TM = LI oM
peM

\

(M mtd, dimMer % ™

T: TM> M| T\'(P)V\:

C‘\AY*S on TM :

o Chart (’HJQ/X) forM

C.\‘)avT (T\'-\ (’M\ ) C'E )
for TM.

s ) » IRY
«Q (V; 2 ) - (x‘(‘,\/ = x"(',)l V‘, .,.jv”),
ox! P

chan %e of' ooore\s

L Coovés ('u X) (’M X ) on M

= :? (xl...l x")

2 B2

oham%e of cowds on M

® Coovds (‘H’.‘(’M\/ (x'.,v")), (Tt-|(ﬁ), (;v(", vi ) on M
%‘ = ‘f—i(x', ,x") chaﬂ%e of coords on TM
Vv = a‘i’(i VP

X%

s'- U v U= @ O



U = %eie: e (_0)21\')3 cowrd O

’?,i = %e;’é; éé (-T\',Tl') g Coovd ©

ComPu'l'C chamke Of- CODYJs on TS‘ anJ S)')ow:

Ts' = s'x R
ex) 5" ¢ R
G,: ‘RIM'\ S |R)
Glx) = IxI*.

$":$ 6= \75 o TS i ve IR™ chm-vwg

=S Ts" = i (x,v) € IR"'x IR™ : Ixl=1 an
X-V=0

X




