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4‘. Su\ome.rs.‘ons) Immevsions Em BeJA(nas

In verse Fwno'l' T-1% Th&onm

UV € R open
F’ UDV  smwth with DF|  invetble, aclU.
= JU, €U , &€ U,
vV, € V Fla) eV, . F:- U > V, is a J(ffeomw?k{sm-

( Recall  DF = ( a\:' ) ) F

9)(0 a2 'F(A)"‘

-, e
We w:l\ ossume the inverse Function ‘t\nm and  devive :

(A) Imp\tct Fonction Thm
(8) Rank Thm

Imf et Function Theovem

u < 'R Uz - lR open
F: U X 'U - |R smootTh
‘ﬁ\ = F("))
Let (a b) e U x U, be st Flab) =0.

Assume (a F‘ )\ is invertible.
(a\b)

V, €U : acV,
’)3 Vzg’Uz, be Vz .t \ILx,%\e\I\x\/,_) F(’S‘)\:O

g:V, >V, smeth & Y= 9.

In other wwc\5 can find Pava melers X £ov‘ the sef iF }
ct. Flx,30)= 0.
%= BL)

-
(a,b)
D,F|

e.q. Flxy) = X1+ \31— |
4F= 29 xo0 i§ yXo

(o)

F(x4)=0



PE: consider @ (x9)= (%, Flxy)).
De| = (In,,. 0 ) invertible
) | JF oF
% |(ap) 992 lap
TFT = Jlocal inverse <@ (x,9).
check: @ (%,9) = (X, A (x3))
De fine: o ) = A (x,0).
Then  F(x,400)= F(x, Axo)) = 0.
@ (@' () = (% 4)

A @ (X, Ay )= (x,9)
& (X, Flx,axp) = (4 y)

Converse |~3/ it F(X,«a)=o , (%9) near (A,b\/
= @lxy) = (¥, 0)
> @ ol )= @ (xe)

(%) = (¥ %Lx\) D Y= %(x\,

Dif": /V\)N Sm M£J) PGM
F'-M“)N smooth

vank o8 F of p = vrank of CIF.P: T;M-)-rF(P) N.

RanK Theorem

We |Rm open
F: W R" smoth with consTanT vank K

Vpe W 3 charts (W, @) centered of P suchy that
(V,¥) centered ot Flp)

'\\"’ F" CQ-| (X‘J ™) x"\)z (x‘f"/ XK) 0, -, o) :




Qx\

ex)

ex)

F LX,%'E) = x”.\. \27'+ zz’ Ne,ar (a, b,o) t (O,o'o))
F has o coord Yep fesen \'a\'c'on o:" ‘H)e fom
F L\A,V)w) = U,

F: Mm-) Nn i m2n
Yank (F) = n ) Then """‘“‘3 F (X‘J"') xﬂ) "b\;"u‘ém_ )= (X‘J "‘)‘xn) :

F:M"> Nn) m<n
Yank (F) = m then locq“» F (X‘J - x"’) = (X‘) - xm) O, - o)_

P'-?" For Convenience, assume P:=oO, Fp)=0,

Fix, )= (Quy), Rxy) , Q'
AL

inver tible.

(0]
Consider P (x,4)= (QL*,»\, ‘3\.
D‘Q' = Q_Qi QLD; inverti ble -
° ox? () ?‘aé o
o I
IFT D 3 local inverse of the form CP-‘(",‘Q) = (A(x,')), ‘3)

- wth Q(Alxy),4) = .
> Foed' () = x, RUAew,p))

a_fé ?E F rank K.

D(Foce‘\ :(Ikxl( o > must have vonK K since: @ is diffeo
) ‘33

= a_N%i_ zZ0. R does nof depend on Y -
‘0y?

=> Fo LQ-‘ (x,\a) = (_X) S(X\)/ S(x) = ﬁ(x,o).

Infroduce ¥: (U,v) > (4, v-sw) .
= Yo Fo @' (x,u) > (x,0). g



ImmeV‘S\'on'- smfm'n\ Map Fi M“'>N wi +h JF‘P inée,c‘t(\le Vpe/“\.

ex) ¥: (a,b) DM smosth curve with ¥ () ¥o V+.
ex) £, IR" > |R?

1?(@, e) = ((l+ cos @) cos @, (I+cosce) 5inO, smcp)

§|R3

Sub mersion: Smocth map F: MSN  with JF\P surjective Vpe M.

ex) F: IR*\ $0} = IR
Flxw2)=x+ w2t

ex) T TM -2 M
( Yecal : |o¢q“'} T (x‘-) % )= X‘- )

Embeddina: F: MDON immersion which is ho meomorphism
—2 onfo i¥s image F(Mm) e N

e,x) ‘-f-‘- $|x 5‘ - IR3 "N iS5 on em \oeJAimg of— the
torvs into IR

Exercise: 1) Show $ i$ immersion
2) Show £ is in jective
3) Use “closed map thm"  $rom +°po|o%ta,f

C‘osea Mag ﬂom SvPPose: X COMPM+

Y  Hausdor$$

F: X O5Y cont and biéech've
Then: F: XY is a homeomwphism

(ie. F' is continuous)




ex)

ex)

¥: (-7, 7)) > R3
I (= (S-‘n?—f, Sinf) 15 & immeysion, but net an
embedding since : (MT)  net compact
(mr) s Compa.c‘t

¥R > T
¥ = (™, &™) ae R\ @

¥ is an immersion, bit net an e.mbecumg smce  O(IR) is

dence in T -
\ ///_//4




