7- Lie G‘rou!)5

gs.i"‘ A Lie %rou‘) 5 o %\roup G’ w‘\ich 3 a.‘So a SMoo'H')
m £d sveh that:

Mu|‘|'ip|i6ahon GxG6 > G

in vey sion G =6
ove Smooth maps.

) (IR, +) (R" +)

ex) S =%$€°: 0co<2r]3

0@ eife - ')

ex) GL (n, R) = % invertible nxn ma.""‘l'cesg
= LA € M (R) : detA %0 3

GL(n,R) € My, (R) ¥ IR" = GLW,R) mfd of dim n*
open Sv\:sef

Coords. the n° enfries of the mafrix

e X'—[xi5]=(x;. X‘z)

X Xzz
The map AP A s smeoth L» Cromers rule:

A= 1 ki (A).
def A

ex) SL(n,lR) = iAé GL(n,R) : def A=z 2

Showed earlier: SL(NIR) € GL(MIR) is o svbm#fd.

ex) Oln) = § Ac GL(nR) : ATA= I3

¥ GLIY,R) = Sym (nIR)
A > ATA




C\aim: 1 5 o re%u\ar valve o:e ¥,

Llet Ae O(n) = 47 (D).

de, (M= d| (Artm) (Astn)
J"’ +z0
=MTA + AMT.
Sursec‘fwe'l. G‘Non Se S\bm (n} 'R\/
JiA ( éAS) =S b A&A is Svréeofive

o O(n) € GL(R)  subm$d
~ O(n) Le AYoup.

e) SO = §AeGLINR) * ATA= T, detA: 1 ]

> {Ac 0M: detA>0 3. Open sef in Oln)
= SO(n) € 0n) is o svbmfd.

ex) GLIn, €)= § Ae M, (©): deF A %0}

ex

~

2 2n*

cc" ¥R open svbset

) SL(N, €)= §Ac Mo () 1 detA=1 3

UM :fAcm (0 AA=T] A:-A

ex\

Exevase: se %: M, (€) = Hern ()= {AcM,,, (€): A™:A ]

c 'RM,M\)
¥(A): AA.
Show Ul = (1) is & m#d.

SU( = §Ac Ul : det Az 1]
Y: M, (€) > Herm () x IR
Y (A) = (A*A, -5 (detA - det A™) )




SUl) = ¥ (T,0) N §detA>03
one component of ¥7(T,0) has det A = +1, the other

has AJA" -\
dy, () - é‘ Y (A +tm)
J'\' t=0

= (M*A + A*M) -4 (Je"A TrA-‘M - Jd’AT"A-‘M) )
2

d def AW =Wt A)TF A" A
a4
Exerdse: Show AiA s svry. Take (H,f)e Heve (n) ¥ IR
A € SU(n)
Veﬂ‘\a JiA(-'iAH"' liA) = (H,f)

Je (I)O) reb \la‘\lﬁ gof i
. SU(n) is o mEd. Note: SU(R) g connected.

&f’ Le¥ &G be o conneded Lie 0 roup.
WEeG open sel Con‘h.imn% iéenh*\s
Then: W generates G.

No_\'e,.z i$ G'—'%rwp} S SG') the Sv’\:%rovp %enera“eé \)3 S is the smallest
svb o rovp Con‘\'ainin9 S. LHEG st if abeH, then: abeH
‘ol e H
Proo®: Lef HEG be the Sv‘)%TovP %ener.fe.l b’ w.

). H is open:

H‘QWK, W, - 3 o, ag : & €Wuw" V;}
W,z Wow'z wu -';v(W) = open

Wz U g (W) - i::: v

W, A 4, £%e0

2. H is closed.




ex)
ex)
ex)
ex)

ex)

G\H=UgqH
9&H

3. H is c'open =) H= G
O

Deg'- An ac.\'ion o‘-c o Lie obrovp G’ on o\ manifou M iS5 an ac\'ioni
= GxM oM st. e pz=p
(o,p) k> 9P 3 (3.09) = (3,3,) p

w\\io\\ 15 SMooﬂ\ 05 o map of- m«nigo\és.

N;.‘e"' GGM = V%é G’, P9y p defines o diffeo MOM

GL(n,IRY & IR", A.-v:= Ay

Om Y IR"

GUG, oh=ghy'

Def. G U M. Action is:

® free it: g p=p for some peM = g:e

® transitive i¥: VpqeM, 396G st op=g.

Orbit of P~ G-p-= i%.P:%e(sg
S*a.\)i\'\zer o P = GP = %%e G-: %PgFg

Free, e eNev-a stabilizer is +n'v.'a\.

Trans.'h«. [ G’F = M fcr ony, P




ex)

ex)

ex)

exp is 001'

\\omomrp\ﬁsm

lD_ef'.‘. I G, H ave Lie oyroups, Then €@ G>H is o Lie oy Youp
homomorphism i$ it is & smooth map si. @(9,9,):= @(g) «(9,).

@ (R > (s,) T b ik
+ » eaf

@: GL(n,IR) = R det (AB) = deTA det B
A JQTA

D_ef: Let G be o Lie grovp with iAevﬂ'i‘\'c& €. Denote:

%' - Lie (G‘)zT-e_G’

G': GL(“, 'R) GL(“, 'R) SMnxn ('R) OPen SGt $0o
37 M8 TLGLORYE T, My, ()

Recall matrix exponential: exp: Mpen (IRY = GLn,RY:

oo

exP(M):I +M+/‘_‘\z+ ﬂa.,.... = 2 MK

2! 3! Ko K|

ke\} pro pwfiegz
(\) explo) = I
(2) exp (MT) = (expMm )T
(3) exp (SMS') = S exp (M) S~
(4) exp (M) exp(-Mm)= I
(5) det exp (M) = exp (Tr M)
()d| epltM)=M

dt i,

\)_llt 3M+~ > QMQN .' Baker— Camp\ﬂ«"- Haws Jor:‘-‘

f2ormula
(7) If M\Mzz Mz M.) +h¢h
exp (M+M,) = exp (M) exp (ML)

Vseful formi\a:
12 F GLR) > IVJ then
AFe (x) = d\ F (efx)/ since: YY) =t solves Ylo)=- e
dt Y=o *(o) c )( .



RCCQ“‘- i"" '_\L; M - N_) C eN V'e% Va,‘uc,
S: F (o),
they TPS = Ker A':V_P,

ex)|G = SL(n,IR) |
(A= det A, SL,R) =¥ 1).

'1; G = Ker Jﬁl’.eu cl'ie (MY= T+ M

=Y oz_ = sl Ln}n?\ = matrices with trace zevo.

e) G = O(n)
¥: Mp (RY = Sym (n,IR)
A P ATA

d, (M) = MTA + ATM
oy = o('\) = %M € M(nR) : /“\T: -M }

&) G = SO = Ol N § det > 03
O(n) and SO(n) oare the same near the iclcnf."\"s.

% < So (V\) = 0(“) = Skew— swam ma\'rices

ex)| G = SU (n)
¥: M, (€) © Herm x IR
A e (A*A) m Je“'/\)

Adﬁe(M)z (/‘1“+MJ im Tr M)
(9 = Su (h).' %.Memmm(¢) : M*=-M, TrM‘O}

ex) T\\em ave MapS:

exp: alln IR) = SL (n,IR)
exp: so (n) = SO(»
exp: su (n) = SU (n)




