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8 . Vector Fields

D_efﬁ I M is a mfd, o vedor field is & smosth mp V:M5>TM st
ToV:=id.

Cooréinafe re,PV'QSen“'ahon: IQ \/ is o Vea‘\'or fieu)
then over o coord chart (’u, xt):

VI =2 V3, VUSSR smoth. Sometimes wrile: for peM,

U ox' \/ = V' 2
: V' (9 il
Think of: V'2 v (x) column vedtor.
Ixt
A

On overlaps (_’u)x")/\ (ﬁ)gf);

\/\ = V"mQ \/\ ;'/Q) Q with : Q’/;: a_;_(li VP.

o' 1 ox°
How “'o Vc's\mhze e-%. a ‘ /2 U$e Paﬂ\sl '\'M\%enf Ved‘or 73 Ve‘ooi‘la

. ox' 0 vector.
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chlo) |$ vector in
d‘\' lR COY're.spmea to 3 \

Iy %e.nem\: Given a path Bl on M with Yl =p,
obtain VGTPM via* i# ('UJ ((JJ X'.) c.hu‘t con‘faininb PJ

vlu = (g}‘ X‘Lul"') ) a/g . Exercise: derive
U,

s'- Uv

N

‘te'e- 046421r} é:(ie on /)
{e‘e -we e

X'=2'9  is a well-defived vedor field: X°: 28 x°.
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( cose, sine)

Tedhnically: N o — O
X| =x°2:12 1:38, ; )

U % 9@ Gl 0 1 2w
x| =%°3 =13

S\‘\ow: 9/99 > (.3) n 'Rz O

LeY Xl (8)=9 | e Teos‘ with 0¢@,¢2m
N

2l
Consider: YW = (cos(t+0)), sin(t+8)) = (X, y (M)
Vo) = e'.
¥| W= oaw=tro, X| - é,‘ ¥) )Q_ =9
n u dth=e "™/ g
Cormspondin% vedor in let Jj(o\ o ('SM ©, ) = ("a )
dt cos 0, X
52 = v Ste\’eo%rap‘\ic Coords
U U
(uv) (&,v)

?

SVPP%@ W is a \Jecjor ¥a¢,\¢\ on S s.t.

W‘ = _3_ ) Show W=0 at the North po|e-
o\
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~N ~ 2 ~2
a(ulv): a_ﬂ u \ = vVi-u -24V
'a(u)v) u 9:
CARC) -2UV w-v
U oV
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W = 9x wf
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W\N = (V-W) 9 -2V g .
N U oV
W\ =0 ot (&,9)= (00
(o,0)
v
v A 2
- 2 = 12 2 Sy
Cpd . 2 I 2> W) Su
VAR
N ~ =S 4O =
)
Ny ML
-w )9/
v ) %
=2UV 2
oV

DLQ-. M is parallelizable # & admits a smodcth %‘o\)a‘ $rame.

Global frame: Vector fields i)‘,)...) X,,} st. <i){."’) ., X“L} are o bags for

S‘ 73 Para“c||'zq.ue2 9 )
oe
Sz 1S nof paralh'z.bk.
Fanws Thm: eVev» vector *icu mvst Vom‘sh some where.
Def: F: M >N ditheo
X \lu\'or gic.w on M
E X vector ‘ieﬂ on N JG‘GMJ ‘)* (vah #O"WQIA)
(E'x)1= AFF"(Q,(XF"(Q\\'
Recall: dF,: T,M > T N
Cords: X = OF' (Fig) X (Fiy) 3 (Ux) on M
v oxP 3»‘ (V, ‘a‘) on N

Fl. = (F, -, F't»)
u




DL*" Let: M be wmid
: VJW Vechor fields

Lie bracket: ) - .
Ev,wlz( v‘aw"—w'av")g , V=V
™ ax ] " ax'
\ER A
Exercse: check [V) wl is o x'

well-defined veckor field:
ot ¢ ~y P
[vwl -23x' [vwl.
oxF
Proterhes:

0y [anu*' blvz,wl = 9, EV.,W] ta, [V,)W]
) LV,wl=-LwV]
(3) [V, [wx3])+ Cw, [x,vi]l + [X Dywi]=o0

Pr_oti Le“' F= MDN be o Jiffeo.
Then F.Cv,wl=L[Fv,Fwl

E'- Omitted.

Bcr.k to Lie A rovpsS

Lt G be o Llie grovp. Let o€ G Lt eeC dendle the ideatily.
L% GG

= ] diffe
Lﬁ (W) = %‘\ is o 0.

Given X € Te (T) con define: X%_ = (L%)* X
I$ X %0 =5 obtan non-Vanishing vedor field  since Kerﬂ.%\'_: ioi.

Given basis : e.\ - en' e 1.6,

e (A

oblain %\oha.\ #rame'« (L%\* e 'e N “’5‘» e, 'e
\ "
e, en

. G 1) Pan."eh‘:auc-



N;te,'- TG X G xR"  teivia) fangen" bundle

F:6xR"=> TG

Fla, (v;)) = v e,-'% di #{eo.

Di'- A vetor §ied X on G is left-invariat if:
(L%\* X“ s X%“ . ( Same as X% = (L%\,, X,)

CorrespmAgnce: 1:_ G' %'e“’ inv«vionf \led'or gie”s on 6’ ¥
v -
X X%° u-ﬁ\‘ X

No_\'el'. It VJW left- a'nVawan"'
then LV,Ww1 is left- invariant.

Tadeed: (Ly), [v,W = [L,),v, (L), wl= LV, wl

.. E,] equs % = Te(‘r s %"eﬁ"mv VF} with o brackel.
XeVee o X,Y lebt-inv VF CX,Y3 left inv VF
e A

(03—) [',']) is the Lie a‘zebm ox' the Lie %roup G-

Main Example: G = GL (n, IR)
o) = Mo (R)

[A) B] = m«"n'x 60mmufa.for.

Indeed: A € Te.G', A=[Ai§]mm

A=A’ 2
ax','
Leﬂ’—ivw VF‘I.
(L%\*A =d| Lo ¥, B path in GL(,R)
dt 1o Slo)=g  ¥lo):=A
= A . |
= *iP(”APi 2 Xely)=9'p = ("")ﬁe"""a ot o

ax‘é




Brackd?l ABeTo &

[AB] - (x"PA"@ 3 (x8%)- %' B;‘ 3 (x% Alm)) 2
ay ox'y m

= (xxp A"a B*m - XKP BPaAam) a_

_ "
LAB]) = (5% A"; B'm - 57, 8" A%) 2
X m
= EA,B]KM 9
/‘ aka

malrix commutator



