6‘- F‘ows o‘-e Vector Fie'Js

D_d: M be a smocth méd. A %|o|>.| fbhw on M is a smocth map
©:IRxM->2M

S, (x) = ©lt,x)

st.

©,°6,=6,,, ©,:=id,.

No_h,: For each telR,
Gt:M—V"\ S o dif’tem

ex) Gt= IR* > IR*
O, x,y) = (x+t,y4)

ex) ©,: GL(n,IRY > GL(n,IR)
Gt(A\ = exp (“'M)A, for some Me M., (IR)

Pr_oe-. Lt @t be o %‘oLa‘ Phw on M. Then X:c% Gt
tlt=0

is o vector field.

E: VP& M, i) = e{_lP) s a\Pa‘ﬂ\ w;\'») X[o);P

'.' %(0‘ (2 TPM

: é e LP\ € TPM VP&M Ii X S'Moi"\? look n Cooszz
(H"{:o ¢

In o coordinate chat (U, xt) :
e, =(e.m,, el
t J
\] t N -

Xly = d| w3 =x'23

dt f:o axt ax‘ | D
2 2 '
ex) O, R 2R |
8 )= (X t, ) .
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ex)

ex)

r T
9{_'- R > IR

S, 1xy) = (xcost - ysint, X sint + Y cost )

X==l e,c=—%a + X 0

A"' ¥=0 5.)( a»—

——L—s—*

ThM'- Let M be o compac‘\' méd.
Le\' X be o Svnoo“\ Vector #ie\A-

N glba fhw O, MSM st j-t o:X
+=0

Pf: [Lee Coro"aha, q‘?]
—_ O

Buf i# M S ﬂot c.ompwf) {'\\e "ﬂow mwa ﬂoT GXisr V't

X= x‘_a_ on IR
9x -
et (x) = x(1-tx)

é e{rb‘) = - XUr (-»
dt (-t

Oh\\a defined on %"fx >02 < IR x IR.

T\'\_m: Lef X be o smooﬂ') Ved’or fie\J on o Smooﬂ\ m-@l M-
Jopen set U S IRxM Confainin% ‘{o}xM st.

®» 6:U>2M is a local flow with X = é ‘ ef .
dt 4=
Local fbu: 6,26, =0, , 6,(0:=01ltx)
©, = idu () elU

It éiﬁ-)/“\ satis fies L*)/ then é‘—’@ on Un ’U

.P_t." [Lee T\\eonm q.\z]
o




E‘:‘)_" Le.T @t \ae - %lotu‘ x‘ow w:‘H\

Then: :‘%et (p) = Xetl-l’\.

v d S, @ =4d Sp.y, P

dt tot, dt e

Def: Let ¥ J\/ be vector fields.

ot Y wrl X dt t=0
where e't' is the Plw o X.

Pop. LY = CX Y1
dtli.,

Jt t=0 ax‘

= [X, Y] 3

Pp: LX,Y1z0 & (9),7, =Ye*

d
I" 'f=‘|’o +=0

X = é_ 9{,.
CH' t:-0

P%: d (©.,), \/etlﬂ = é a_e_t.:x\\/i(et(ﬂ) 9
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©,), Yo, * i | (8w, (e, %,

Lie JeYN&"'N& - (Lx y)P = A.— (e't\* Yef(l’\

ox~

==X "Y' 3, * S5 9, ¥ X" I,

- -Y‘- Q;XK BK ¥ Xlan ‘/KQK

G, fhe of X

.P_{' (=7) Svppose [X,‘/]=°, |ef 6{. be £low £ X.

¢ le‘fo (P‘)



= (84,), [xyIg dl (e,

L) al,., ©, ()
=0 s [X, \/]P
~d (e Y 0
o)
=) (e-t)g 794.(9) = (eo\g \/eo 2] = \,P f-onsf n_time
2 Yo, = O Yo (8,), (&,), = i
(g) Run m,,ume..’r in Yeverse. Owm tted.
m: Let M be o compact mfd
Lct 9,“4‘, \u %‘o\’a. t.ows ui‘“w 9, ﬂow 0‘ x A /0\
4’, fow of \’ l | ¥=2
[X,\Ilzo & e.t°'\'/5=*,°e¢ ° 7%
E: (=7) Svppose CX,Y]=0
EX)\[] =)
Fix s Lt tzlt,p)= O, ¥, (p) Gk"\}'s'-'\h"@t
“\5(1’)9) = «I’,-e‘, .
dyunsd Q=X d00: X,
d Gltp)=d 4, -6, = H{*)* Xe T
s 3t *
= X*s.e*m [x,¥1=0 implies (prev prop)
L*s\*xp = X,\v’ u,)
Tn o coord chat [ 1s-thce):
o d Q- 2': 2 (- 4 (X-
;_*\3 4! 53,&%\») |
' N, - = '
¢ 21y \3||x¢’.9* x?,_*’_f:,\ X\z [X (\3:*,9)3]
£C\%-‘a|z L X is Lipschita
-ct ~
C_‘ é"f's-.b."‘) L e,c (—-C. +C) "3"3'1 =0

dt




-, 641"%-\3‘7— = consT

\"‘5“3-\ z0 since %(O’P) = \a,(o)p) = '\-Ps (e).

(&) omitted.
g

T\'\_m: Le" M be o smoocth m#d
V., ) VK \incw‘ca im\qnmdenf vedor Helds wi“\ EV,-IVst:D Vu‘,a'.

Then: Yee M, Tchart (U y') st V=3 Via .k
3\55
\E'- LClee Thm 4.461 .




