Problem Set 4: Vector Bundles

Problem 1. Recall that in a previous problem set, we covered RP" = (R"*\{0})/ ~
by the open sets

Ui = {[l’o,. .. ,.’L"n] X 7é O},
and equipped each set with local coordinates. Let

L ={([z],w) € RP" x R"™ : w € [2]}.

Define the projection
m: L — RP"

by 7([z],w) = [z]. We can view L as a line bundle by trivializing L over U; by
i (U) = Ui xR, gi([a], w) = ([], wi).

Here we write w = (wg, w1, ..., w,).

(a) Compute the transition function
Tij Uz N Uj — R*.

Recall our conventions ¢; o ¢; ! (2,v) = (x, 75v).
(b) Let v € R™"!. Such a vector defines a section o € I'(L) by

ofa] = (Ieprodig (1) ).

For concreteness, let us just take n = 1 and v = (1,0). Using the conventions (¢;00)(z) =
(x,s;(x)), compute so and s; and verify sy = 79151. Use the following notation: the local
Up-coordinate is denoted u = x1/x¢ and the local Uj-coordinate is denoted @ = xo/x;.
The local section sg(u) should be written in terms of its own local coordinate, and similarly
for sy (a).




Problem 2. Let E C S x R? be the set of points (¢, vy, v5) such that
(cosO)vy + (sin@)vy = vy
(sin@)vy; — (cos )vy = vs.

0

This space forms the Mobius bundle £ — S with projection m(e?, vy, v5) = €. We will

use the charts over S' = U U U given by
U={?:0¢c(0,2m)}, U= {eié 0 e (—m,m)}

with coordinates (U, 6) and (U, ).
(a) Show that when 0 < 6 < 27 and (¢, vy, v;) € E, we can write

)=l

V2

"7 sin(0/2)

with

Similarly, when —7 < < 7 and (eié, v1,v2) € E, we can write
v cos(€/2)
v — 7 sin(6/2)

cos(0/2)

We see that when the angle turns 0 ~» 27 around the circle, the vector flips direction.

with

(b) Give E the structure of a vector bundle over S! by defining a trivialization over U

by
io . |cos(0/2)
(e X [sm(e/z) = (6.r),
and a trivialization over U by

g Jeos@/2]Y L, g
(6 7p |:Sln(0/2) = (97 p)
Compute the transition function 75 : U N U — R*.

(c) Show that ' '
o) = (¢ sinfh,1 — cosh) € E

defines a smooth section o € I'(E) by finding the local representatives over the trivial-

izations 71 (U) and 7' (U). Write
0|U = (97 5(9))7 0|(7 = (év ,§(9))7

and verify § = 7y5s.




Problem 3. Let E — M and E — M be two vector bundles. Suppose F and E can be
trivialized by the same cover M = |JU,. Let

Tap - U, N Ug — GL(k’,R), 7:(15 UL N Uﬁ — GL(k,R),

denote the transition functions.
(a) Show that E is isomorphic to E if and only if there exists local functions hq : Uy —
GL(k,R) such that

7~'a5 = hoﬂ'aghil,
on U, NUs.
(b) Show that a line bundle L — M is isomorphic to the trivial bundle M x R if and
only if it admits a nowhere vanishing section.

Problem 4. In this problem, we will show that the direct sum of two copies of the
Mobius bundle is isomorphic to a trivial bundle. To do this, you may use the cover
Sl = U1 U U2 with

Uy={e?:0e(0,2m)}, Us=1{c":0€ (—m )}

with change of coordinates

i_ 0, fo<f<m
Clo—2m, ifr<6<o2m

As we know from the previous problem, the Mcbius bundle £ — S! is defined by the
data (Ul N U277'12) with

1, ifo<fd<m
T2 = .
-1, ifw <6< 2m.

To show E @ E — S! is the trivial bundle, find
he : Uy — GL(2,R)

such that on U; N U; there holds

T 01,
Lyxo = Iy { 0 m} '

Hint: the h, will be of the form

cosY —siny
siny  cosy |’

where 9(6) on Uy and () on U,.




Problem 5. Let m : £ — M be a vector bundle and let s : M — E be a section. Show
that

S={s(p):pe M}
is a submanifold of £ which is diffeomorphic to M.




