Problem Set 4: Vector Bundles

Problem 1. Recall that in a previous problem set, we covered RP" = (R"*\{0})/ ~
by the open sets
Ul’ = {{1'07...,33'”] - 7£ O},

and equipped each set with local coordinates. Let
L ={([z],w) € RP" x R"™ : w € [2]}.

Define the projection
m: L — RP"

by 7([z],w) = [z]. We can view L as a line bundle by trivializing L over U; by
pi o (U) = Ui xR, gil[z], w) = ([a], wy).

Here we write w = (wg, w1, ..., w,).

(a) Compute the transition function
Tij U;N Uj — R*.

Recall our conventions ¢; o gpj_l(x, v) = (x, Ti0).
(b) Let v € R™"!. Such a vector defines a section o € I'(L) by

ofe] = (Ieluprodig (1))

For concreteness, let us just take n = 1 and v = (1, 0). Using the conventions (p;00)(x) =
(x,s;(x)), compute sg and s; and verify so = 75151. Use the following notation: the local
Up-coordinate is denoted u = x1/xg and the local Uj-coordinate is denoted @ = zg/x;.
The local section so(u) should be written in terms of its own local coordinate, and similarly
for sy (u).

Solution. We compute 7;; = ¢; o goj_l. We start with
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and we read-off .
Tii — —Z.
1T
Next, we study the section o € I'(L). First, we expand the orthogonal Euclidean projec-
tion proj, v of the vector v = (1,0) onto the line [z].

olz] = ([:vo,xl], ﬁ@‘”“))'

22
$YoCO0 = ([$0,$1]7 —0)-

z3 + a7

To find sg, we compute

In terms of the local Up-coordinate u = z1/x¢, we can read-off

1
So(u) = .
(1) 1+ u?
Similarly, we compute s; by
[ ] Lol
oo =||xg, 11|, 55—
¥1 0, L1], 22t a2
and in terms of the local U;-coordinate @ = x¢/x1, we have
. U
si(u) = )
1( ) 1+ 2
We can now verify
S0 = To151,
which is just the equation
1 1 4
T+u?  ul+a?
under the relation @ = 1/u. O



Problem 2. Let E C S x R? be the set of points (¢, vy, v5) such that
(cosO)vy + (sin@)vy = vy
(sin@)vy; — (cos )vy = vs.

0

This space forms the Mobius bundle £ — S with projection m(e?, vy, v5) = €. We will

use the charts over S' = U U U given by
U={?:0¢c(0,2m)}, U= {eié 0 e (—m,m)}

with coordinates (U, 6) and (U, ).
(a) Show that when 0 < 6 < 27 and (¢, vy, v;) € E, we can write

)=l

V2

"7 sin(0/2)

with

Similarly, when —7 < < 7 and (eié, v1,v2) € E, we can write
v cos(€/2)
v — 7 sin(6/2)

cos(0/2)

We see that when the angle turns 0 ~» 27 around the circle, the vector flips direction.

with

(b) Give E the structure of a vector bundle over S! by defining a trivialization over U

by
io . |cos(0/2)
(e X [sm(e/z) = (6.r),
and a trivialization over U by

g Jeos@/2]Y L, g
(6 7p |:Sln(0/2) = (97 p)
Compute the transition function 75 : U N U — R*.

(c) Show that ' '
o) = (¢ sinfh,1 — cosh) € E

defines a smooth section o € I'(E) by finding the local representatives over the trivial-

izations 71 (U) and 7' (U). Write
0|U = (97 5(9))7 0|(7 = (év ,§(9))7

and verify § = 7y5s.




Solution. For (a), let (e v;,vy) € E with 0 < 6 < 27. We start from (cos@)v; +
(sin@)vy = v and solve for v;.
sin ¢
= ———u.
1—cosf °
Using trig identities sin 2z = 2sin x cos z and sin® x = %(1 —cos 2z), this can be rewritten
as

U1

oy = CS072)

" sin(0/2)
Set r = vy/sin(#/2). Then
vy =rcos(6/2), vy =rsin(0/2)

as required. The other formula over —7 < § < 7 is verified similarly and the verification
is omitted.

For (b), the transition function is defined on U N U = U, U U_, where
Up={e?:0<0<7}, U_.={":7<0<2n}.

On U,, we have § = 6 € (0, 7) and so

Ul U — T 1
= — = =T T =
COS<9/2) COS(Q/Q) 121U+

v1|  |cos(0/2)
ve| = |sin(6/2)
together with 6 # 7 on U, (otherwise division by cos(6/2) is forbidden). On U_, § =

6 — 27 and so

where the last line follows from

U1 U1 U1
= = = = —T.

005(5/2) cos(6/2 — ) _005(9/2)
Altogether, p = 7157 on U N U with

{1, on U,
Ti2 =

—1, onU_.

For (c), the section o : S' — F, written in the trivialization over U, takes the local

expression
_ va(0)
)

B 1 — cos®

) = 562

On the other hand, written in the trivialization over U, the local expression is

and so
= 2sin(0/2).



and so

50) = 19 ogn@)2).
cos(0/2)
It follows from
i_ 0, on Uy,
e 2, on U_,
that
5= T12S

since sin((6 — 27)/2) = —sin(6/2).

Problem 3. Let E — M and E — M be two vector bundles. Suppose E and E can be
trivialized by the same cover M = |JU,. Let

TaB - U, N U/g — GL(]C,R), 7~—a6 UL N Uﬁ — GL(k,R),

denote the transition functions.
(a) Show that E is isomorphic to E if and only if there exists local functions hy : Uy —
GL(k,R) such that

7~'Oé/3 = hoﬂ'agh_l,
on U, NUs.
(b) Show that a line bundle L — M is isomorphic to the trivial bundle M x R if and
only if it admits a nowhere vanishing section.

Solution. We start with part (a). First, we suppose a collection {h,} exists and construct
a bundle isomorphism H € I'(Hom(FE, E)). We can define this isomorphism by the
following local expressions over the induced trivializations of Hom(FE, F):

Hly, = (x, ha(z)).

Since
ha = f‘agh/BTojﬁl,

the local sections h,, glue to a global section of E*®E = Hom(E, E). Since hq € GL(k,R),
we know that .
H(p): E, — E,

is invertible for all p € M, hence H € T'(Hom(F, E)) is an isomorphism and E = E.

For the reverse direction, suppose £ = FE via an isomorphism H € I'(Hom(FE, E))
Writing out this isomorphism in local trivializations, we see

Hly, = (x, ha(2)),

and the h, : U, — GL(k,R) satisfy h, = %aghm'a_ﬁl on overlaps.

bt



Next, for part (b), let L — M be a line bundle. A nowhere vanishing section s € I'(L)
is equivalent to the data
So Uy = R, 54 = Tupss.

Let h, = s;'. Then a nowhere vanishing section s € I'(L) is equivalent to a collection of
local functions h, : U, — GL(1,R) such that
1= haTaghy". (1)

By part (a), the relations (1) are equivalent to L being isomorphic to a bundle with

transition functions 7 = 1, namely the trivial bundle.
O

Problem 4. In this problem, we will show that the direct sum of two copies of the
Mobius bundle is isomorphic to a trivial bundle. To do this, you may use the cover

Sl = Ul U U2 with
Uy ={e?:0e(0,2m)}, Us={e?:0€ (—m )}
with change of coordinates

i_ 0, fo<f<m
B 0 —2m, ifrm<6<2m.

As we know from the previous problem, the Mobius bundle £ — S! is defined by the
data (U1 N U27 ’7'12) with

1, ifo<f<m
T2 = .
-1, ifw <6< 2m.

To show E @ E — S! is the trivial bundle, find
he : Uy — GL(2,R)

such that on U; N U; there holds

01,
Lo =My lTlQ 2} hy'.

0 1
Hint: the h, will be of the form

cosY —siny
siny  cosy |’

where ¥(#) on Uy and 4(6) on U,.




Solution. Recall that U; N Uy has two components: an upper circle {0 < § < 7} and a
lower circle {m < 6 < 27}. We are looking for matrices h; and hy such that hy = hy
on the upper circle and h; = —hy on the lower circle. The following matrices have the
required properties. Let

_ |cos(6/2) —sin(6/2)
= {sin(Q/Z) cos(0/2) } , 0<f<2m

over Uy, and . 3
hy — |:COS(€/2) —sin(6/2)
sin(0/2)  cos(0/2)

over U,. These matrices solve

], —r <8<,

Iyxo = haTiohy " (2)
Over the upper circle, § = 6 and (2) is immediate. Over the lower circle, 6 =60 —2r and
S0
b cos((0 —2m)/2) —sin((0 —2m)/2)| _  [cos(0/2) —sin(0/2)
7 |sin((@ —27)/2)  cos((0—2m)/2) | —  |sin(0/2) cos(6/2) |’
which means h, ' = —hy'. This implies (2) since 715 = —1 over the lower circle, and so

the pair of minus signs become +1.

[]

Problem 5. Let 7 : £ — M be a vector bundle and let s : M — E be a section. Show
that

S={s(p):pe M}
is a submanifold of F which is diffeomorphic to M.

Solution. Denote the dimension of M by n and the rank of £ by k. Let x’ be coordinates
on M over U, C M. In alocal trivialization ¢, : 7~ 1(U,) — U, x R¥, the section appears
as

slu, = pa0s = (xt,... 2" st(2),...,s5(x)),

where s, : U, — R¥ is a smooth function. Denote coordinates in the trivialization ¢, by

We can define slice coordinates on 7=*(U,) by
v = sh() — v
In other words, we have equipped 7~ *(U,) with new coordinates
(.. 2™yt )

such that
T U)NS ={(z,y) e (U) iyt =--- = y* = 0}

7



and so S is a submanifold. For the diffeomorphism, consider
F:M—S, F(p)=s(p).

This is bijective with inverse F~! = 7|g. We must check that F' is smooth with smooth
inverse. In the coordinates constructed above, namely z* on M and (z%,%") on E, the
map takes the local form

F(z) % (x,0),

as a map into E. As a map using the coordinates x on S = {(z,0)} C E, the map F is
simply x + x. Therefore F' is smooth and locally a diffeomorphism. Therefore I’ is a
diffeomorphism. n



